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EDITORIAL 


The Editors wish to call the attention of authors to the importance of abstracts. 
The number of people who read the abstract of a paper is usually more than ten 
times those who read the paper itself. The abstract should be designed 


(a) to help readers to decide whether the content of the paper is such that 
they desire to read it, 

(6) to give readers for whom the paper is of “ fringe interest’ as much 
information as possible so as to make it unnecessary for them to read the 

whole paper. 

The Editors wish authors to know that they are willing to publish abstracts 

of somewhat greater length than has in recent years been customary. For 
example, a half-page abstract of a paper which occupies 10 pages (or propor- 
tionately rather more in the case of a shorter paper) would not be regarded as 
excessive. 
Specific reference to work of another author or to a figure in the paper may be 
given when appropriate. 
The abstract should be designed to give precise and definite information, 
rather than vague indications. Consider the two following possible abstracts 
as an example of bad and good abstracting: 


A. The absorption of cadmium has been measured in the range 10004 
to 5004 and results are not in agreement with theory. 
B. Absorption measurements for cadmium vapour yield a smooth curve 


(fig. 3). Measured cross sections of 7, 9 and 12x 10-8 cm? (+ 10%) at 

500, 700 and 10004 are not in agreement with values of 20, 25 and 

27x 10-48 cm? calculated by Smith (1946) using a dipole velocity 
formula. 

The second abstract is very much more useful and the extra length is justified. 

Many authors find a special difficulty in abstracting their own papers. It is 

therefore suggested that authors should consult a colleague in regard to the 

adequacy of the abstract which they include with a manuscript submitted for 

publication. The Editors will be helped if Fellows of the Society who are 

communicating papers by junior workers will give special consideration to the 


abstract. 


PROC. PHYS. SOC. LXXV, I 
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Abstract of 
PRESIDENTIAL ADDRESS 
Recent Trends in the Theory of the Ionosphere 


By Jz-Az RATCLIBEE 
Delivered before the Society on 21st May 1959 


Note. The full Presidential Address is published in the 
Year Book of the Physical Society for 1959 


ionizing radiation incident on a uniform atmosphere in equilibrium under 

gravity and the electrons disappeared by a process of recombination with 
a constant coefficient. Later theories due particularly to Bates and Massey 
suggested that electrons were lost by a double process of the type illustrated by 
the reactions 


ale HE early theory of Chapman supposed that the layers were produced by 


O++0,>0,7*+0 
O,*+ +e+0'+ 0". 
In the E and F1 layers, where the concentration of O, is great, this double process 
simulates recombination of the type envisaged by Chapman; higher up, where 
the concentration of O, is less, it simulates attachment with a coefficient 8 which 
varies with height as though it had a scale height H, determined by the scale 
height of the O,. 

It is supposed that the gas which is ionized in the F region is atomic oxygen, 
and that the peak rate of production of electrons is near the peak of the F1 layer, 
at a height of about 170 km. Above the F1 peak the loss process is effectively 
attachment (with coefficient 6) having a scale height H;. The magnitude 
of H, is less than the scale height Hj of the ionizable atomic oxygen, with the 
result that the electron concentration increases continuously upwards above the 
peak of F1, and if no other phenomenon intervened it would increase indefinitely 
up to heights so great that there was no air left to be ionized. It has, however, 
been shown by Yonezawa that a process of diffusion causes the electron 
concentration to reach a maximum at the peak of the F2 layer. 

Recent results concerning (a) the density of the upper atmosphere, measured 
by satellites and rockets, and (b) the vertical distribution of electron concentration 
under quasi-equilibrium conditions, are considered in relation to this theory. 
It is concluded that the ratio Hi/H, is of the order 1 to 1-2. If Hi represented 
atomic oxygen, and H, were determined by the distribution of molecular oxygen 
this ratio would be 2. The fact that it appears to be smaller seems to require 


that the O and Oy are fairly completely mixed up to the level of the F2 peak. 
The results are compatible with values of B given by 


B=10~* exp [(170 —Aym)/50] sec 
which also agree with observed decay of electron concentration at night. 


~~ 
~< 


en 


Presidential Address 3 


Itis pointed out that small changes in the ratio Hi/H ay Which could be produced 
by small changes in the amount of mixing, would profoundly alter the shape of 
the electron distribution. A small change of this kind could, for example, explain 
the striking anomalies in the critical frequency of f)F2 known as the ‘winter’ 
and the ‘ December’ anomaly. 

Another consequence of the theory outlined here is that the equilibrium 
electron distribution above the F2 peak is controlled entirely by diffusion in such 


a way that the electron concentration decreases upwards with a scale height 


equal to twice the scale height of the ionized gas. Recent results of Bowles fit 
in with this explanation. 
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High Energy Photo-spallation leading to od 


By T. G. WALKER anp W. T. MORTON 


Natural Philosophy Department, University of Glasgow 
MS. received 9th Fuly 1959 


Abstract. The cross sections for the production of 8F from #F, *Na, Mg, 
27A], 28Si, 31P and 82S by bremsstrahlung with a maximum energy of 240 Mev 
have been measured. The cross sections for the production of *F from °F, 
23Na and 27Al have also been obtained for bremsstrahlung with maximum energies 
of 180 Mev and 120 Mev. ‘The results are compared with other spallation work. 


§ 1. INTRODUCTION 


ANY workers have investigated spallation reactions induced by high 
M energy protons. Similar reactions induced by high energy y-rays of 

peak energy greater than 100 Mev have been reported only for middle 
weight nuclei (Debs e¢ al. 1955, Sugihara and Halpern 1956, Wolke and Bonner 
1956). The present investigation extends these results to elements of lower 
atomic weights. 

In general, spallation experiments have involved the measurement of the 
activities of the residual nuclei produced in reactions of the type (y, xN), where 
x is an integer and N is a nucleon, for a particular target element. This method 
has a number of disadvantages. Comparisons of the activity of radioactive 
nuclei of different half lives are very sensitive to fluctuations in beam intensity, 
while the decay schemes of the various residual nuclei may be known with different 
degrees of accuracy. This method usually necessitates an accurate radio- 
chemical separation. These difficulties have been overcome in the present 
work by inducing the spallation in a series of nuclei of increasing mass number, 
and measuring the residual activity of the same isotope in each case. 


§ 2. EXPERIMENTAL PROCEDURE 


The targets consisted of sodium fluoride, sodium peroxide, red phosphorus, 
silicon and magnesium in powder form, aluminium in the form of thin sheets, 
and sulphur cast into thin blocks. The powders were packed uniformly into 
thin walled copper boxes. All the materials used were of high purity. 

The elements being investigated, together with a piece of distrene (C,H,), 
were exposed in groups of three, all of the same surface area, one behind the 
other, to the uncollimated bremsstrahlung beam of the Glasgow synchrotron at 
‘a distance of one metre from the 0-02 in. diameter tungsten wire target. The © 
attenuation of the y-ray beam in passing through the sample was never greater 
than 8%. 

After exposure the material was transferred to another copper box with walls 
‘thick enough to absorb the 0:65 Mey positrons from the decay of 8F. The half 
life of this nucleus is 111 minutes (Ajzenberg-Selove and Lauritsen 1959). The 
activity was measured by placing the samples between two 1} in. diameter and 
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2in. thick Nal(Tl) crystal scintillators mounted on E.M.1.6262 photomulti- 
pliers, and counting in coincidence the two 0:51 Mev quanta from the B+ 
annihilation. 


§ 3. RESULTS 


The ratios of the cross sections for the formation of 8F from 2°Na, Vig, et AT, 
28Si, 31P and **S to the cross section for the formation of !8F from !°F were obtained 
for bremsstrahlung with a maximum energy of 240 Mev. These results are 
shown in the figure plotted against the number of emitted nucleons. The 
natural isotopic abundance of the most abundant isotope for all the elements. 
investigated here is greater than 95%, except magnesium for which it is 74%. 
Thus it has been assumed for simplicity that each element consists entirely of its. 
most abundant isotope. 
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Yields relative to 19F(y, n)*F at 240 Mev. 


The figure indicates, as would be expected, that for a given. bombarding 
energy the cross section for a reaction decreases as the number of emitted particles 
increases. For processes in which more than one ; nucleon is emitted, the 
logarithm of the yields relative to the *F (y, n) *F reaction lie, within the present 
accuracy, on a straight line of gradient 0-30 + 0-04 when plotted against the number 
of emitted nucleons. No attempt was made to draw this line through the point 
corresponding to the reaction F(y, n)!*F, since (y, n) processes are in general 
produced by the low energy quanta of the bremsstrahlung beam (Barber, George 
and Reagan 1955) and so are not of the cascade type. 
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As is common to most spallation studies there exists a slight ambiguity as to 
the direct product nucleus of the spallation. The nucleus °F can arise as 
a direct result of spallation or by the emission of one or more B* particles from a 
nucleus with the same atomic mass number, but a larger charge than *F. A 
nucleus of this type would be expected to have a very short half life. It is shown 
in the work of Rudstam, Stevenson and Fowler (1952) that for proton-induced 
spallation the yield of nuclei of the same mass number decreases with the distance 
of the residual nucleus from the line of stable nuclei on the isotope chart. A 
photon-induced spallation might reasonably be expected to give a similar tendency. 

Because of the spread of points in previous photo-spallation experiments it 
was not possible to compare the gradient of the logarithm of the yield against the 
number of emitted nucleons with the present results. Rudstam (1953) reports 
for the spallation of medium weight elements bombarded with protons with an 
energy of 187 Mev a gradient of the order of 0-32, and that the gradient increases 
as the bombarding energy decreases. Since the present experiments employed 
a bremsstrahlung beam with a maximum energy of 240 Mev, the effective photon 
energy will be considerably lower than 240 Mev. ‘The low momentum of a photon 
compared with that of a proton of the same energy suggests that the Serber (1947) 
cascade part of the spallation mechanism will be different for photons and protons. 
This would make a direct comparison of photon- and proton-induced spallation 
difficult. 

The f+ activity of 'C in the irradiated distrene samples was determined by the 
method outlined previously for *F, and the results of Barber et al. (1955) on the 
cross section for the reaction #C(y, n)"C as a function of maximum ray energy were 
used to obtain absolute values for the cross sections of the reactions studied here. 
The cross sections for the reactions originating in the nuclei studied were 
BF, 3540-3; Na, 0-3340-03; Mg, 0:20+0-02; Al, 0-12+0-01; 
8Si, 0-06+0-01; P, 0-08+0-04; 2S, 0:03+0-01; all in units of 10-27 cm? 
per equivalent quantum. 


Maximum bremsstrahlung Yield of 18F from 1G (yt) ee 

energy (Mev) Ore 23Na 27 A] ; yield 
240 1:83(17) 0-18 (9) 0-062(13) 1:62 
180 1-78(16) 0-18(16)  0-058(16) 1:59 
120 1-6(14) 0:15(14) 0-045(14) 1-34 
100 1:5 — — 1-27 
70 1-4 0-11 — 1:15 
50 1-22 0:07 — 1:0 


The table shows the variation of the cross section for the production of 18F 
from 1°F, *8Na and ?’Al at peak bremsstrahlung energies of 120, 180 and 240 mev. 
The errors in these results are less than 8%. The numbers in brackets indicate 
the number of determinations which were made. Also shown in the table are the 
results of Perlman and Friedlander (1948) on the reaction MF (y, n)!8F at maximum 
bremsstrahlung energies of 100 and 50 Mev, those of Holtzman and Sugarman 
(1952) on the production of !8F from #*Na at 50 mev and those of Schupp and 

Martin (1954) on the production of !8F from °F and 23Na at an energy of 70 Mev. 
All these results have been normalized to the cross section for the reaction 
®C(y, n)4C of Barber et al. at a maximum bremsstrahlung energy of 50 Mey. 
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The table shows the expected increase in cross section for a given process with 
increase in maximum bremsstrahlung energy. No abrupt increase was observed 
as the maximum y-ray energy increases above meson threshold. 


§ 4. CONCLUSIONS 


‘The present results show that photo-spallation reactions in the region of maxi- 
mum bremsstrahlung energy of 120 to 240 mev and light nuclei exhibit the ex- 
pected trends of decrease in cross section with increasing number of emitted 
nucleons and with decreasing photonenergy. ‘The gradient of the logarithm of the 
yield against the number of emitted nucleons is similar to that obtained in proton- 
induced spallation work at 187 Mev. 
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The Saturation Magnetostriction of Polycrystals 


By R. R. BIRSS 
Imperial College, London, S.W.7 


MS. received 12th May 1959, in revised form 24th Fune 1959 


Abstract. Relations between the single-crystal and polycrystalline saturation 
magnetostriction constants are derived for cubic materials of positive and negative 
anisotropies. ‘Terms which are independent of the direction in which the 
magnetostrictive strain is measured are not neglected and the formulae obtained 
are thus directly applicable to the corresponding magnetoresistance constants. 
The method used is perfectly general and is extended to deal with materials of 
hexagonal (and cylindrical) symmetry for which the hexagonal axis is a direction 
of easy magnetization or for which the basal plane is a plane of easy magnetization. 
The relations obtained are compared with experimental data. 


§ 1, INTRODUCTION 


INCE a polycrystalline substance is, ideally, an aggregate of a large number 
S of individual crystallites orientated at random, it is possible, in principle, 
to relate the magnetostriction of a polycrystal to that of a single crystal 
specimen of the same material. In general, the mean magnetization in each 
crystal grain is influenced by that of its neighbours, but above the point of 
technical saturation a suitably shaped polycrystalline specimen may be uniformly 
magnetized by a uniform applied magnetic field. However, even at saturation 
the magnetostriction of a polycrystal may not necessarily be obtained by averaging, 
over all the relevant crystallographic directions, the magnetostrictive strain 
corresponding to a single crystal. 

It has been pointed out by Vladimirsky (1943) that polycrystalline magneto- 
striction should depend not only on the magnetostrictive behaviour of single 
crystals but also on the elastic constants of the material, except in the limiting 
case in which the stress is uniform throughout the polycrystal. The situation 
has been reviewed recently by Lee (1955) who concluded that the assumption 
of uniform stress is, in fact, the best approximation. Moreover, this conclusion 
has been convincingly supported by more recent experimental work (Birss 1958) 
in which the polycrystalline magnetostriction constant of iron has been accurately 
determined and in which the relation between the single-crystal and poly- 
crystalline saturation magnetostriction constants of nickel has been established 
experimentally over an extended range of temperatures. The latter measurements 
also show that this relation is substantially independent of temperature which 
suggests that the elastic constants of nickel are not involved and hence provides 


further evidence that the assumption of uniform stress is avalidone. Itis therefore 
of some interest to calculate the relations which exist between the single-crystal 
and polycrystalline magnetostriction constant 


s for the crystal classes to which the 
common ferromagnetic materials belong. 
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§ 2. CuBic CRYSTALS 


A relation between the single-crystal and polycrystalline saturation magneto- 
striction constants of cubic materials has been given by Becker and Doring (1939) 
for substances, such as nickel, for which the first anisotropy coefficient is negative, 
that is for materials in which the directions of easy magnetization are parallel to 
ternary crystallographic axes. For such materials it has been shown (Birss 1957) 
that the experimental data at present available are completely consistent with the 
assumption that the magnetostrictive strain which accompanies the magnetization 
of a single crystal to saturation is given by the well-known equation 


A = hy (028, + %2Bo? + %92B8g?— +) 
+ 2he(% 4288 + %%3885 + %3%, 8581) 
+ hg(s— 3) + hg(y4B,? + %04 Bo? + 03485? + 2s —4) 


+ 2hs(%1%903"By By + %9%3%1"BoB3 + 0%3%1%2"B381) nee (1) 

ppth gg dg ae 

where a, %, «3; and §,, By, 83 are the direction cosines, relative to the crystal axes, 
of the magnetization vector and the direction of observation respectively. Becker 
and Doring assumed that the coefficient h;—which is associated with an isotropic 
change in volume—could be neglected, and by averaging A over all the relevant 
crystallographic directions they obtained, for the fractional change in length 
associated with magnetization, the expression 


Wi O (cos £22) ee ee (2) 


where O was determined as a function of the constants /,, h,, hy, h; and where E 
is the angle between the polycrystalline magnetization vector and the direction 
in which the magnetostrictive strain is measured. It may be noted that equation (1) 
does not represent the spontaneous or intrinsic magnetostriction of a single crystal, 
but rather the strain accompanying magnetization to saturation referred to the 
ideal demagnetized state, in which the crystal is composed of many domains 
orientated so that there are equal numbers parallel to each of the crystallo- 


_ graphically equivalent directions of easy magnetization. 


Equation (2) is generally accepted as governing the saturation magneto- 
striction of polycrystalline materials, the saturation magnetostriction constant 
As being defined as $Q. In fact, however, equation (2) is only obtained if the 
coefficient hz is neglected. Whilst it is true that this is a reasonable assumption. 


- for nickel and certain nickel-rich alloys (Bozorth and Hamming 1953), measure- 


ments on other single crystals (Bickford, Pappis and Stull 1955) have shown 
that hs may not be neglected for all cubic materials. There is considerably less. 
evidence to show that the coefficient associated with an isotropic volume change 
may be neglected for crystals of lower symmetry. For cobalt, which is hexagonal at 
room temperature, this coefficient is found to be of the same order as the other 
experimentally determined magnetostriction coefficients (Bozorth and Sherwood 
1954). Further, the magnetoresistive behaviour of single crystals must, from 
symmetry considerations, conform to equations of the same form as those 
governing the magnetostriction, and magnetoresistive measurements, even for 
nickel, lend no support to the view that the coefficient corresponding to h, may 
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be neglected. For example, measurements of the saturation magnetoresistance 
of single crystals of nickel (Becker and Doring 1939) show that the coefficients 
corresponding to those of equation (1) are 


k,=63 x 10-8, ky=29x 10-8, k= — 36x10, ky= —51x 10%, k= 14x 10°. 


It therefore seems desirable to deduce the relationship between the single-crystal 
and polycrystalline saturation magnetostriction constants for cubic materials of 
both positive and negative anisotropy under the assumption that i, may not 
be neglected. No details have been published of Becker and Doring’s calculations 
although the general method of procedure was indicated. A different treatment 
is adopted here which may be more readily extended to deal with non-cubic 
materials and which proceeds not by averaging A over various directions but rather 
by averaging the spontaneous magnetostriction A both for saturated and for 
demagnetized states. The polycrystalline magnetostriction may thus be calculated 
as follows. 


If the cubic axes of an individual crystallite are x1, x2, x3 as shown in the figure, 
then the measuring direction OX may be defined by the polar and azimuthal 
angles @ and 4, whilst the position of the magnetization vector OY, which makes 
a constant angle € with the measuring direction, may be defined by the auxiliary 
angle %. The spontaneous magnetostriction, unlike A, may be expressed in the 
same form for all cubic crystals whatever the sign of the first anisotropy coefficient. 
In terms of the constants h,...h; of equation (1) 


A= Ig + hy (ay?B 1? + ayo” + a4g?B5”) 
+ 2Nig(%1%o8 Bg + %p% 38983 + %3%1 838) 
+ (Tig + $ltq) (1209? + 697013” + o1g%ar4?) 
+ hy(o*By? + x4Bp? + 9485”) 


sah + Dis (%41%9%3"Bi Bo + %9%3%"B oy + 0%g%1%97BsB,) -««- (3) 
a = cos sin @ cos ¢ + sin (cos 6 cos ¢ cos 7+ sin d sin) 
%=cos € sin @ sin ¢ + sin € (cos sin f cos — cos ¢ sin) 
ag=cosécos@—singsinOcosp = = = |... = (4) 
~ 


B,=sin 8 cos ¢, By=sin @sin 4, Bs3=cos 6. 


If the individual crystallites are orientated at rand 
om then, for any one crystallit 
(1/87) sin 6 d0 dd dis is the probability of the measuring sieeottay Aes in ae 


— —s 


aE ays 
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range from @ to 8+ d@ and ¢ to 6 + d¢ whilst the angle defining the position of XY 
lies between y and 4+ ds. For the polycrystal the spontaneous magnetostriction 
in the direction OX is thus 


a il Ca P24 (27 
A= => AsinOdbdpd. = ca neee 6 
allele iE oe ( ) 


It is shown in the Appendix that if the values of «,, #, a3 and B,, By, Bs given by 
equations (4) and (5) are inserted in equation (3) then, after integration, equation 
(6) may be written in the form 


x 23 % 

= (t+ eh, hg + Shy + hy 35") + (Shit sha Tht 5s) Hee 
The corresponding spontaneous magnetostriction in the initial demagnetized 
state \; may be obtained by repeating the integration of equation (3) subject to 
the condition that the domains are magnetized parallel to directions of easy 
magnetization, the f’s being again given by equations (5). When the easy 
directions are the quaternary axes, as in iron, the result is 


Ai=hg+ gh, + gh 
whilst when the easy directions are the ternary axes, as in nickel, 


In neither case does the value of \i depend on assuming that the domains in each 
crystallite are initially divided equally between the various easy directions. 
Thus the fractional change in length of an ideal polycrystal between the 
demagnetized state and saturation is given by . 


diji= P+ Ocosttwwe a) wh) U) gossers (7) 
where 
Z, 3 T, 3 
= 5 = — Sligo ul ie ae ares 8 
O git shat gelat 35 5 (8) 
and where, for a material of positive anisotropy, 
2 1 1 4 1 
=—~—h— = sh,—~h,— =h 
Dis Rar agi ags era 


and, for a material of negative anisotropy, 
2 1 ys 4 1 
2h, he ha =n eh 
fee Ys ree enti 


It may be observed that in neither case can equation (7) be put into the form 
of equation (2). 


P= 


§ 3. HEXAGONAL CRYSTALS 
The hexagonal case, which is applicable for example to cobalt and gadolinium, 
does not appear to have been considered previously. The axes x1, %2, %3 may 
now be assumed to be the [12-0], [10-0] and [00-1] crystallographic axes 
respectively. In order to include a term which is characteristic of hexagonal 


‘symmetry, the expression for \ must, like equation (3), be of at least the fourth 
‘order in the «’s. Such an expression was first derived by Mason (1954) and, 


a“ 
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when two additional terms which are independent of the as are included (Birss 
1958), Mason’s expression becomes 
A= A[20,% 8 + (a4? — a9”) Bo]? 

+ Bos? [ (211 + %B2)® — (4182 — %281)"] 

+ C[(%B, + #282)? — (2182 — %281)*] 

+ D(1—«32)(1 — Bs”) + Bag”B3?(1 — x3”) 

+ Fo,2(1 — ag”) + GB3"(1 — 3”) 

+ HasBs(%18y + %2B2) + 103? B3(%1P1 + %282) 

tJ KB 2s oo ee ee 2 eee ee eee (9) 


If the substitutions given by equations (4) and (5) are made in equation (9) then, | 
after integration, equation (6) may be written in the form 


ee 


ee /-16 ge thyae 4 2 4 1 1 1 | 
4 feller Le eee Feet da 
: (we 4 fog Baie O teh gs eee 5 ers ahaa Pees ) 
So gd cred: tea ee RD 3 , 
+ (qt yg B+ C+ D+ apg E-gG+ 5 5 H+ ga1) costé. 


The corresponding spontaneous magnetostriction in the demagnetized state Ai | 
may be found by a similar procedure to that outlined for cubic crystals in § 2. | 
For hexagonal materials for which the easy directions are parallel to the hexagonal | 
axis, 
| 
| 


=I +4K 
whilst if the basal plane is a plane of easy magnetization 
Mi =444+3D+4G+I4+4K. 


It may thus be seen that in either case the fractional change in length of an ideal 
polycrystal between the demagnetized state and saturation is again given by 
equation (7) where the corresponding values of P are respectively 

pie 6: a 4 ope 4 2 4 2 ee 1 


105 105’ eet eD+ jos E+ i eae 


Bee au, -¥ 12F OME a 
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demagnetized state. A preferred domain orientation may arise either from shape 
anisotropy or from residual stresses in the polycrystalline specimen. Itis therefore 
generally of little value to attempt a comparison of the theoretical and experimental 
values of the coefficient P of equation (7) until accurate measurements have been 
made on well-annealed and spherical polycrystalline specimens containing 
crystallites of no preferred shape. Such comparisons are, however, of some 
value for materials, such as cobalt, which have very high values of magnetic 
anisotropy. The coefficient Q may, of course, always be unambiguously 
determined from measurements at saturation. 

For nickel the generally accepted (Lee 1955) value of Q is —51 x 10~° whilst 
the value obtained from equation (8) by the substitution of the values (Bozorth 
and Hamming 1953) 


h, = (—68-8+3-8)x 10, hg=(— 36-5 + 1-9) x 10-% 
hy=(—7:5 45-2) x 10, hs = (7:7 +3:1) x 10-8 


is —51-3 x 10-® with a probable error of 2-6 x 10~°. 
For iron it is known (Carr and Smoluchowski 1951) that 


hy=31-1x10-8, hg = — 31-8 x 10-8 


and that the constants /, hy, A; are negligible. The figure obtained for O by 
inserting these values in equation (8) is —6:-6x10-® which is in reasonable 
agreement with the figure of —5-6x 10-® obtained from measurements at 
saturation on polycrystalline iron (Birss 1958). 

At present there is no hexagonal material for which the constants of equation (9) 
have been measured. It is possible, however, by assuming cylindrical rather 
than hexagonal symmetry, to caculate the coefficients P and Q of equation (7) 
for cobalt using an expression for the spontaneous magnetostriction of the form 
(Lee 1955) 


N= ky Bo2(%32 — 1) + Ro (41781? + %2"B 2”) 
+ Re (o42 Bo? + 049284”) + 2 (Re — Rs or %2P1 Be 
4+ 2Ryat383 (0181 +%282) + J +-KB5" 
and the experimental values (Bozorth and Sherwood 1954) 
k,= —110x 10~*, ky = —45 x 10-8 
kg= —95x10-8, 2ky= —465 x 10 ae: 


The theoretical expressions corresponding to equations (10) and (11) are then 


4 1 1 2} 
P=—qehyt qe hat 3 ho— 75M 
2 Wl 1 2 


and the figures obtained by inserting the experimental values of k,... k, in these 
expressions are P —25-7x 10-8 and OQ= —97-0x 10. These figures appear to 


— ” 
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be in reasonable agreement with observations on polycrystalline cobalt but as 
yet no accurate values have been obtained because such large fields must be 
applied to saturate polycrystalline specimens. The work of Nishiyama (1929), 
for example, who measured the longitudinal and transverse magnetostriction of 
polycrystalline cobalt in magnetic fields of up to 7000 Oe, shows that P> 13 x 10-%, 
Q< —53x10-* and that P+Q~ —60x 10. It may be observed in conclusion 
that, if the value for P deduced from the single crystal measurements is compared 
with —40=32:3 x 10-®, it may be seen that the saturation magnetostriction of 
polycrystalline cobalt is unlikely to conform even approximately to equation (2). 
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ACEP Te IND TAX. 
To facilitate the calculation of A for cubic crystals, ) may be expressed in 
the form 
A= y BS; 
i=0 


where S,...S; are the angular functions occurring in equation (3) associated 
respectively with the coefficients ho, h,, 2h, (hg + $h4), hy and 2h;. The quantity A 
may then be evaluated from equation (6) by separate integration of the functions 
Sey de 


: 1 aw PQ (PQ 4 
haga [ i. S,sin 0 d0 dd db 


it may be seen that /)=1, and the evaluation of the remaining J, is considerably 
simplified by the fact that many of the terms occurring in the S, integrate to 


zero. Using equations (4) and (5), the quantities J,...J; may be evaluated as 
follows. 


BySy = By (%?By? + a9” Bo + 0328s”) 
The terms in S, which do not integrate to zero are 
cos? (1 — 2 sin? 4 cos” @ — 2 sin‘ 0 sin? ¢ cos? ) + sin? € (sin? 4 cos? 6 cos! ¢ cos? ys 
+ sin” @ cos? 6 sin* ¢ cos? y + sin? @ cos? 6 cos? yy + 2 sin? 6 sin? $ cos? d sin” ) 
oe 2 10. |e eres Pace 8 5 al) 
Si, = tos" S| Ba a at oe Ce ee 
1 é| 15 a teinte| +5 +a +3 


: ed boy A ; 
{ey = = 2 
1 5 + gcos’é. 
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ByS_= Bo (4% 1 Bo + %o%3RoB3 + %30%4 8381) 
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The Thermomagnetic Behaviour of Pure Nickel Ferrite 


By L. F. BATES anp H. CLOW 
University of Nottingham 


MS. received 6th Fuly 1959 


Abstract. ‘The small heat changes accompanying the magnetization of pure 
nickel ferrite have been measured for a rod specimen at —10° and 18°c. By 
making use of the correctness of current theory for thermal changes accompanying 
the magnetization of ferromagnetic substances in high fields, the results have been 
analysed, and some slight support found for the Lilley disperse field theory. 


§ 1. INTRODUCTION 


HE thermal changes which accompany changes in the magnetization of 

| a ferromagnetic material in low and moderate fields are usually discussed 

(cf. Bates and Sansom 1959) in terms of a theory by Stoner and Rhodes 

(1949), who showed that the reversible component of a recorded thermal change 
AQ’ accompanying a field change from H, to H is given by 


rH H 
[AO'l=2| 7 (gedaad Le eae (1) 
H, Hy 
where J is the intensity of magnetization and a and 6 are constants for the material. 
The first term on the right-hand side of equation (1) gives the thermal change 
due to the change in the intrinsic magnetization J) the constant a being equal to 
—(T/Iy)(8Ip/8T). The second term gives the thermal change due to reversible 
rotation processes alone, and b is equal to (T/K,)(0K,/0T) where K, is the 
appropriate anisotropy constant. 

The constant a is usually positive, so that for a field decreasing from a high 
negative value the integral is negative, since by convention we always start with 
a field described as negative. Consequently, the first terms usually represent a 
cooling. As rotational processes are very small in high fields, the second term 
is very small or zero, if a and b are of reasonable magnitude. Hence, an initial 
cooling of the specimen is expected. 

In low fields, rotational processes are usually important and the second term 
is no longer small. The sign of b depends on whether K, increases or decreases 
with rise in temperature. In low fields, especially around the coercive point 
H,, irreversible processes occur, and equation (1) does not apply. Therefore, 
we subtract from the observed thermal changes those which are due to changes 
in intrinsic magnetization, and we write 


Q’= ¥ dg'—a | d(H) = | oat <oerese (2) 


In equation (2), ” corresponds to 6 in equation (1), but it is placed within the 


- integral sign to allow for possible variation when calculated from experimental 


e 


results. 
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Bates and Sherry (1955) endeavoured to make full advantage of the above 
theory by separating reversible and irreversible thermal changes by the method 
of small backward changes, writing 


Otot (total change) = QO’ (reversible) + QO’ (irreversible) 
Oy’ a Oi’. SoG (3) 


We may further denote the energy changes due to rotations by O,”; these may 
be obtained by subtracting from Qy' the effects due to changes in intrinsic 
magnetization. Hence, the Stoner and Rhodes theory may be tested by the 
consistency of the coefficient 6", defined as AQ,’/A(/ Hdlr). We are greatly 
concerned in this work with the comparison of b and b”. 

The effects of processes other than rotation against crystalline anisotropy 
on the value of b” may be found by the procedure of Teale and Rowlands (1957) 
by writing 

H H 

Ea uel aiircie (4) 

H, H, 
The second term on the right in equation (4) now gives the contribution of the 
magnetocaloric effect to the thermal changes, both reversible and irreversible. 
The first term applies, as before, to reversible changes only and is determined 
by the kinds of magnetization processes which occur during the change from Hy, 
to H. 

The anisotropy constant K, of nickel ferrite varies with temperature in such 
a way that it is worthwhile to study its thermomagnetic properties. Healey (1952) 
found that K, has a minimum, negative, value at —10°c. Consequently, at that 
temperature there should be no magnetothermal effects due to rotation of domain 
vectors against crystalline anisotropy and, therefore, any observed thermal 
changes due to wall movements should be clearly defined. It would be expected 
that b would vary with the field since, above the knee of the magnetization curve, 
rotations now unaccompanied by measurable heat changes account for very 
large changes in | Hdl,. 

Moreover, Christoffel (1957) found a ‘dip’ in the QO” curve of a specimen 
: capeiatiyy Ee es size was about 5 ce 10 4, at room temperature, and 

g to know whether a ‘dip’ is present at —10°c, when 


ri ela is zero. Hence, thermal curves were taken at 18°c and at 
sa Cs 


§ 2, EXPERIMENTAL DETAILS 


A sample of pure nickel ferrite was available in the form of a rod some 0-38. cm 
in diameter and 19-3 cm long, supplied by the Philips Research Laboratories 
Eindhoven. It had been prepared by milling Fe,O, and NiCO prefirin st 
1000 c being followed by thorough milling. The rod was feted : 
ie sintered os 2 hours at 1300°c. Chemical analysis showed it to contain 
‘9 and 47-:3% of Ni and Fe by weight, respectively, whereas the corresponding 
Pete for pure NiFe,O, are 25-0 and 47-6. The grain size was approximately 
ie ‘ eee ccc of the specimen was 5x 10°ohmcm. The overall 
ensity, gcm'", corresponding to 90% packing, was low compared with 


5°38 for pure nickel ferrite because of a f 
ew | . 
of the rod rather than because of general oe oe running down the middle 


by extrusion 
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The length to diameter ratio of the rod was 50-4, and the corresponding 
demagnetization factor 0-015 (Bozorth and Chapin 1942). The (J, H) curves 
were moderately square, with a retentivity of 0-65/; for the maximum fields 
used below. At 18°c, Js was 205 gauss and the coercivity was 8-6Oe, the 
hysteresis loss of 5650 erg cm~ per cycle being rather large for a ferrite specimen. 

The thermal Oot’ and QO,’ curves taken by the direct method (cf. Bates and 
Sherry 1955) are given in figure 1, where the sensitivity of the apparatus was 
43 ergcm~* per mm scale deflection for high field measurements, and 10 erg cm~* 
per mm for low field measurements. The measuring system could not be calibrated 


Q (ergs cm’) 


Figure 1. Curve of thermal changes at 18°c measured by the direct method; Qjo¢’ ‘ total’ 
measured changes; Q,’ reversible part of changes. 


directly, and the above values were obtained by fitting the experimental results 


to the Stoner and Rhodes equation (1) at high fields, where it undoubtedly 


holds. ‘The measured value of a was +0:23, while from Healey’s results 
(T/K,)(0K,/dT) was —0-26. Using these values in equation (1) exact agreement 
was obtained with the measured thermal changes over the range — 950 to — 300 Oe. 
A check value of —0-45 for (7/K,)(0K,/dT) for the specimen was obtained by 
measuring {HdI over the magnetization range 0-86/s to saturation at the 
temperatures — 10°, 18° and 38°c respectively. But good agreement between 
the two values of (7/K,)(0K,/0T) was not expected as evidence of wall movement 
was found in high fields. 

The shape of the Qtot’ curve is determined mainly by the magnetocaloric 
(intrinsic magnetization) effect. The observed cooling from high (negative) 
fields down to — 300 Oe is, as already stated, in good agreement with the Stoner 
and Rhodes theory, and a large ‘dip’ is apparent in fields below 1000e. The 
value of b” changes gradually from the value of ( T/K,)(¢0K,/0T) in high fields 
to a slightly larger (negative) value in a field of 300Oc. In lower fields b” becomes 
positive, because of the presence of the ‘dip’, and reaches a value of about +2 
in fields smaller than 50 Oe. 

For the thermal measurements at — 10°c, the specimen and its thermocouple 

leads were placed inside a glass tube within a Dewar tube which lined the solenoid. 


$ : Shea 
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Between the surfaces of the glass tube and Dewar a mixture of eee ies aes 
alcohol was packed. ‘The thermal capacity of the cold Bee eee the ives 
was increased by filling the glass tube with transformer oil, so that the gee a 
of the whole rose only by about 1°c per hour. I'he mean temperature of the 
specimen was measured by a copper-—constantin thermocouple. ‘The specimen 
was first cooled to about — 12°c and readings commenced after aber one hour, so 
that readings were taken at temperatures between —11° and —9 c. pemets 
drift of the recording system was troublesome and could not be entirely prev pee 
by feeding an opposing current into the recording system from a pom 
on an electrically heated bar. In view of the experimental difficulties only the 
O,' curve was recorded. The sensitivity, found by the method described above, 
was 50 ergcm~* per mm deflection, which meant that the accuracy of the low 
field measurements was not high. / . 
The results are given in figure 2 and, as expected, there is no appreciable 
heating in high fields due to domain vector rotation against crystalline anisotropy. 


Q(ergs cm-?) 
-Ts-0-6SHaT, 


H(oersteds) 
-1000 -500 05) 500 1000 


ae a 
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Figure 2. Curve of thermal changes at —10°c measured by the direct method. 


From —950Oe to —450 Oe there is no thermal change other than that due to 
change in intrinsic magnetization, and for fields from —4500O¢€ to —150 Oe, 
b" has the constant value —0-65. Above — 150 Oe 8” rises to about — 0-3, although 
it was expected to fall as the proportion of {fHdI due to rotations decreased. 
There is some tendency to the formation of a ‘dip’, but 6” does not actually 
take a positive value. However, in view of the limited experimental accuracy 
in this region, this feature should not be emphasized. 

Measurements at 18°c were also made by an indirect method (see Tebble, 
Wood and Florentin 1957). ‘The specimen was heated and cooled by a circulating 
liquid method. When the temperature of the specimen was changed in the 
course of about a minute by causing oil of appropriate temperature to replace oil 
already around the specimen, the corresponding change in magnetization was 
measured by a search coil connected to a sensitive electronic fluxmeter. This 
has undoubted limitations in the case of poorly conducting ferrites, where one 
cannot be sure that the specimen is uniformly heated throughout its volume. 
Consistent results were obtained, but the recorded magnetization changes were 
only half as great as were expected. Consequently, the results were again 
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calibrated by application of the Stoner and Rhodes theory, when the sensitivity 
was found to be 0-0285 ergcm~* Oe~! per mm scale deflection. In figure 3 the 
results are compared with those expected for rotation processes only on the Stoner 
and Rhodes theory, and also with the measurements obtained by the direct 
method. There is agreement between the three curves from —950 down to 
about —400 Oe, but in lower field regions the indirect method gives smaller 
values of 0Q’/dH than does the Stoner and Rhodes theory, while here the direct 
method gives larger values, corresponding to the ‘dip’ phenomenon. 


6Q a 
ay eres cm-30e"') 


H(oersteds) 
OL 


a T 
-1000 500 1000 


-20 
(i) Direct method oe 
(ii) Indirect method —— 
-40 (iii) Stoner & Rhodes theory ---~ 


-60 
Figure 3. Comparison of the direct and indirect measurements of 0Q/0H at 18°c. 


§ 3. Discussion OF RESULTS 


In figure 4 are given the values of b” obtained by the two methods of 
measurement at 18°c. In fields from —950 to —300 Oe the values agree very 
closely. In the higher fields 5” is 0-26, the value of (T/K,)(@K,/0T), in exact 
agreement with the Stoner and Rhodes theory. There is at first a steady change 
in b” which is probably due to wall movement, although the field region would 
appear a priori rather high for such movement to occur. However, there may 
be within the polycrystalline material certain grains exposed to peculiar 
demagnetizing fields, and these could account for the change. But, in the low 
field regions where wall movement predominates the values of b” found by the 
two methods are greatly different, perhaps because the method of backward 
steps on which determinations of QO,’ depend is valid for small steps only, and it 
is virtually impossible to make the steps sufficiently small. 


H (oersteds) 
-600 -400 -200 - 20 40 


(i) --- Calculated from direct. measurements 
(ji) —-———s » » indirect » © Note change 
of scale 


Figure 4. Values of b’. 
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However, as in high fields where the two methods give similar results, there 
is the same downward slope of the 5” values in figure 4, one feels inclined to trust 
the indirect method rather than the direct method in low fields where the former 
values continue to fall. Again, there is slightly less spread in the b” values obtained 
by the indirect method. If this view is accepted, it would follow that the ‘dip’ 
phenomenon is due to the failure of the backward step method to separate 
reversible from irreversible changes, although one cannot see why this failure 
should give positive values of b”. 

The results obtained with the specimen at —10°c confirm the theoretical 
expectation that there are no thermal changes due to domain vector rotation. 
But, the variation of b” with field is not like the expected variation. Instead of 
falling gradually from zero to a reasonably constant, negative, value in low field 
regions, it has a relatively large and constant, negative, high field value which 
becomes less negative in low fields. The specimen tends therefore to show the 
‘dip’ phenomenon, although 6” only changes from —0-65 to —0-25 and never 
becomes positive. 

Expressions for the quantity b of equation (4) based on the assumption of 
specified magnetization processes have been calculated by several workers, and 
the numerical values in the case of nickel ferrite for some of these expressions 
are given in the table. The value of (T/As)(@As/8T), where As is the saturation 
magnetostriction, was measured using a strain gauge over the temperature range 
—70° to +70°c. 

The Lilley disperse-field theory expression for b, namely —1:2, gives the 
value nearest to 6” found by the indirect method of measurement, which lies 
between —1-5 and —2:0. As neither value is very accurate, the agreement is 
as good as can be expected. The measured value of 6" in high fields for the 
specimen at — 10°c should be smaller than the appropriate calculated value of b 
as some contribution to the experimental value of {Hdl is due to rotation 
processes. This value of 6” is —0-65, and the only value in the table less than 
this is the value —0-9 from the Lilley expression. We may therefore conclude 
from the above experiments there is some slight evidence in favour of the disperse 
field theory of magnetic coercivity. 
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Abstract. Quasi-elastic interactions of 930 Mev protons with bound protons in 
carbon have been investigated, using a propane bubble chamber. A method has 
been devised to relate the measured scattering angles to the momenta of the 
bound nucleons. A Gaussian curve falling to 1/e at a momentum corresponding 
to a kinetic energy of 13 Mev has been fitted to the experimentally determined 
momentum distribution. The cross section for quasi-elastic reactions in carbon 
is found to be 46+10mbn, considerably higher than values which might be 
inferred from results of previous experiments. 


§ 1. INTRODUCTION 


HE aim of the work reported here is to investigate the internal momentum 
| distribution of nucleons in carbon. Several workers have already described 
high energy scattering experiments yielding information about the structure 
of the nucleus in terms of this distribution. Such experiments can be divided 
into three main groups, according to the reaction involved: deuteron pick-up, 
meson production and quasi-elastic scattering. ‘The interpretation of the results 
is usually based on the assumptions that an independent particle model for the 
nucleus is valid and that the interactions involve only the incident and struck 
particles, so that the presence of other nucleons has small or negligible effect. 
The evidence for the validity of these assumptions is quite strong in the case of 
quasi-elastic scattering, since the definite angle and. energy relationships existing 
in the free nucleon-nucleon case are found experimentally to be replaced by 
distributions peaked about these values (Chamberlain and Segré 1952). Gaussian 
momentum distributions have been found to give the best fit to most experimental 
values (Cladis, Hess and Moyer 1952, Wilcox and Moyer 1955), except perhaps 
in the region of high momentum components. A linear combination of two 
Gaussians has also been used to fit the experimental results (Selove 1955, 1956). 
However, since the tail of the distribution falls in the region where the above 
assumptions may not be valid and the corrections for background effects can be 
very large, most authors have been unable to give much reliable information 
about the high momentum values. 

Chew-Goldberger distributions (Chew and Goldberger 1950) with parameters 
determined experimentally have also been used (Helmholz, McMillan and 
eset: but they predict too many high momentum components. 

gas model distribution (Block, Passman and Havens 1952, Henley 
and Huddlestone 1947) has been found to give too few. 
t On leave of absence from the University of Pisa, Italy. 
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With the exception of that of Selove (1955, 1956), no experiment has been 
performed so far yielding the 1/e value (or its equivalent) of the distribution to 
better than about +3Meyv. The 1/e values obtained range between about 11 Mev 
and 20 Mev. 

The disagreement amongst the results might perhaps be ascribed both to 
the inadequacies of the methods of deriving the distributions from the data and 
to the fact that the background is of a different kind in each case. This, combined 
with poor statistics, has prevented the reasons for the discrepancies from being 
isolated. Counters have been employed in each case, with the exception of the 
experiment of McEwen et al. (1957), where nuclear emulsions have been used. 

The present research is concerned with the analysis of quasi-elastic interactions 
of 930Mev protons with the protons bound in the carbon nuclei present in a 
propane bubble chamber. ‘This method has proved particularly satisfactory, 
since accurate measurements of the directions of both scattered particles can be 
made, whilst contamination from other complex nuclei is not present. 


§ 2. EXPERIMENTAL PROCEDURE 


A propane bubble chamber having a useful volume 9 in. x 3in. x 25in. was 
placed in a beam of 950 Mev protons from the Birmingham proton synchrotron. 
Magnetic selection of the beam and the use of collimators ensured an energy 
spread not exceeding + 20 Mev. The beam entered the central part of the chamber 
parallel to the main axis, through a thin window. The beam intensity was 
adjusted, within the limits set by amplitude fluctuations and time jitter, so that 
about ten protons per pulse traversed the chamber, since this number of tracks 
is convenient for scanning and measuring purposes. The cycling time of the 
chamber was of the order of 2 seconds, and since the synchrotron produces a 
pulse every 10 seconds, the remaining 8 seconds allowed the thermal equilibrium 
to be re-established. 

A more detailed description of the bubble chamber and of the methods of 
scanning and measurement is given elsewhere (Musgrave 1958). 

About 5000 stereo-photographs were taken, and 1200 events from protons 
moving parallel to the main beam direction, within 30’, were analysed. Scattering 
and azimuthal angles of each prong were measured. Ranges of particles stopping 
in the propane and, where possible, relative ionization density measurements 
have been used to provide auxiliary information. 


§ 3. DYNAMICS OF THE QUASI-ELASTIC REACTIONS 
cme 

Before discussing the criteria which have been adopted to select the 
quasi-elastic events, we shall describe how the scattering angles of the quasi-elastic 
events have been used to calculate the momentum distribution of the protons in 
carbon. ; 

In what follows, we have assumed the validity of the impulse approximation 
(Chew and Wick 1952), since the energy of the incident protons is high enough 
to justify this assumption. 

We use the following notation (cf. figure 1): M is the mass of the proton 
(mev), Me. the mass of the carbon nucleus, p the momentum of the incident 
proton, q, s the momenta of the outgoing protons, k the momentum of the struck 
proton within the nucleus, before the collision; all quantities are referred to the 


__ laboratory system. 
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(a) Before collision (b) After collision 


Figure 1. Dynamics of the quasi-elastic collision. 


Under the above assumptions, the momentum acquired by the recoiling 
nucleus (1/B) will be just equal and opposite to k. Therefore, we can write for 
conservation of momentum p=q+s-+(—k) and for conservation of total energy 
Ey+M.=Eq+Es+(Mce—M)+E, where Ep, Eq, Es are the total energies of 
protons having momenta p, q, $ respectively and Ey, is the energy given to the 
recoiling nucleus, as kinetic energy, binding energy, etc. 

Hence 


Ey +M—E,=Eq+ Es sala: \e) ee (1) 
and DAK=Q+$. 8g i eee (2) 


Among the quantities which appear in these equations, p is known, the directions 
of q and s can be measured and a reasonable estimate of the value of E,,, which 
in any case is small compared with Ey +, can be made. We are left with five 
unknowns (the magnitudes of q and s and the three components of k) to be 
determined from four equations, so further approximation is required to solve 
the problem. 

For this purpose we resolve k into three mutually perpendicular directions, 
with components k, and k, in the plane of q and s, and with k, perpendicular 
to this plane. If k, is taken to be the component of k which is contained in the 
same plane as p and ks, and if the effect of k, is ignored for the moment, 
equation (2) can be represented by the vector diagram given in figure 2. 


Figure 2. Non-coplanarity in quasi-elastic events. 


Now hk, is given by k,;=psina, where « is the angle of non-coplanarity (cf. 
figure 2). k, may be obtained from the equation 


pcosa+k,=|q+s|. 


al his describes an interaction where the bound proton, before the collision, 
1s moving parallel to the incident one, which now has a momentum pcos. 
Whichever of the suggested momentum distributions is chosen, the value of cos « 


corresponding to the average value of kg comes to about 0-995. Therefore the 
above equation may be re-written as 


pP+k=q+s. spent) 
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Using relativistic mechanics, equation (1) may be re-written as 
(p? + M?)#24 M— BE, = (gq? + M7)? 4 (52+ Maye, wd. (4) 
From equation (3) we have (cf. figure 1) 
pt+k,= cos 6, +5 C08 6g, 
qgsin@,=ssin@,=t, say, 


where ¢ is the momentum transfer. 


Therefore 
@—=1 cosec YU) 35 = Cosec dg, 
and 
ptk,=t (cot 6, + cot 4) 
=< 1(C,;<Co essa) eens memeers, wer: « (5) 
By putting the left-hand side of equation (4) equal to E, we obtain 
#(c,2— c,*)® —2F7(c7 + ¢c.2+2)2 + B?(E?—-4M*)=0. ...... (6) 


- This may be solved for ¢, which enables +k, to be found from equations (5). 
For convenience, however, 6, is obtained in terms of 6,. Equations (5) and (6) 
| give: 
Cen (G4 Co) Gs cas (7) 
' where 

Fe 
(p+hy)*[(p +’)? — B*] 

B=(p+hk,)— (E?—4M"*) 

» and C=4(p+hk,). 

C;—C, can be calculated in terms of c,+¢, for a series of values of k,, and 
| hence a family of curves relating 6, to 6, may be plotted. Some typical curves 
are given in figure 3. For each event a value of k, may be determined by 
| interpolation between curves of this family. ks is obtained from the measured 
values of x. The resultant momentum (k,2+h,”)"? can then be calculated in 


each case. 
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Figure 3. Relation between scattering and recoil angles, in quasi-elastic scattering. 
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3.2. Effect of ky 


Figure 4 shows the effect of the undetermined component hg, which is to 
rotate the vector q+s and to change the angles made by q and s with p by fe 
amount B, where B has the same range of values as x. This increases one angle 
and decreases the other by the same amount, so that the effect is to move a point 


peered 


Figure 4. Effect of the momentum component kg. 


on the (6;, 6.) plane along a line of slope —1 (cf. figure 3). Consequently, the 
recorded change in the value of k, is small. In the extreme case the effect of k, 
may change k, by one unit of (Mev)!*. (For convenience, instead of plotting k, 
we plot k/(2M) which is the square root of the kinetic energy corresponding 
to a momentum k). 

k, and k, have been chosen so that the determination of k; is not affected by 
k, or ky. ‘This improves upon the method used by McEwen et al. (1957) where kg 
was not defined normal to the (q,s) plane, and no component was independently 
determined. Furthermore, they treated the interaction as a free collision between 
protons, which is a bad approximation for large values of k, because this implies 


that the total energy of the system increases with increasing k, whereas the total 
energy in fact remains constant. 


3.3. Evaluation of Ey 


For a value of k corresponding to a kinetic energy of 80 Mev the recoil energy 
of the “B nucleus is 7-3mev. The separation energy for carbon is 8-5 Mev. 
Therefore, on the average, the value of E,, is of the order of 10 Mev, and may be 
neglected. Sisley “sib adtaer! ina eo es ae > a 
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§ 4. SELECTION OF EVENTS 


To select quasi-elastic events, the following limits have been imposed : 

(a) The resultant momentum (k,? + ks”)"” must be less than that corresponding 
to a kinetic energy of 80 Mev. Other authors find this value to be well out on the 
tail of the distribution. This automatically imposes the condition «< 14°. 

(b) For the angles less than about 10° in the laboratory system (cf. figure 3), 
the determination of k, is likely to be rather inaccurate, because of both the large 
changes in slope and the uncertainties in the angular measurements. We must 
therefore impose an arbitrary angular limit for the acceptance of events, which 
is independent of k. An examination of p-p scattering data shows that the 
elastic and differential cross sections are relatively independent of k. ‘Thus the 
limit may be chosen at a fixed angle in the centre of mass system which the two 
nucleons would have in the case of a free collision. We therefore reject all events 
to the left of the line (6,,, =30°) which is plotted on figure 3. The exact 
definition of this limit is not important, because only a few events are thus 
excluded. 

It has not always been possible to use relative ionization density measurements 
as a reliable criterion for the identification of mesons; apart from 25 mesons 
which were identified in this way and 165 elastic hydrogen events, all the 
remaining events were selected according to criteria (a) and (b) above. ‘The 
correction for pions is considered in the next paragraph. 292 events were found 


Carbon 


N(k)/2mkak (arbitrary units) 


4 P 6 8 
ut) g ip 
Ce i (Mev) 


Figure 5. ‘The momentum distribution of protons in carbon. 


‘to lie within the accepted range. The momentum distribution derived from 
- these events is shown in figure 5. Since the distribution N(R) of the resultant 
momentum is proportional to P(k)2ak dk, the quantity N (k)/2ak dk has been 
plotted against &, P(k) being the momentum density distribution. 
+ An investigation of the p-p elastic events found during the same scanning, is reported 
in a separate paper (Dowell et al. 1959). 
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4.1. Evaluation of Meson Background 


Meson production introduces an unavoidable contamination in the present 
experiment. In order to evaluate its magnitude, we have performed an analysis 
of 200 meson events from the experiment of Batson et al. (1959) on proton-proton 
scattering at 970 Mev. A representative sample of z+ and 7° events was studied 
and it was found that (a) 40% fell within the quasi-elastic selection limits, 
(b) the distribution of the apparent k for the events was flat within statistics. 

The result (a) immediately enables a lower limit to be placed on the number 
of background meson events. From the values of the elastic and total p—p cross 
sections at this energy (Chen, Leavitt and Shapiro 1956), and from the number 
of elastic p-p events found (Dowell et al. 1959) during the same scanning, we 
estimate that about 190 meson-producing events occurred in free p—p collisions. 
Thus a minimum of 75 background events is obtained. 

No figures are available for meson production for carbon at this energy, and 
at lower energies measurements have been made only at certain angles 
(Meshcheryakov et al. 1957). However, from considerations of the relative 
numbers of free hydrogen and carbon events, an additional background of 
100 events has been estimated. This would bring the meson background to 
175 events. This figure is an upper limit because we have assumed no 
reabsorption in the target nucleus. 

The evaluation of background from carbon is necessarily crude. It is likely 
to be an overestimate because there are probably more quasi-elastic events which 
fall outside the selection limits. On the other hand, there may be some events 
which appear to be quasi-elastic, but which involve an evaporation of the nucleus 
into low energy particles which are either neutral or do not produce a visible track. 

Therefore a total background of 160 events has been subtracted and the 
corrected distribution is given in figure 5. A Gaussian curve falling to 1/e at 
13 Mev has been fitted. An error of 20 events in the estimation of the background 
will still allow this fit to be made. 

The foregoing arguments are only valid if the scanning efficiency for 
background events is the same as for elastic p-p events; an azimuthal plot of 
background events has shown that this is the case. 


§ 5. Discussion oF RESULTS 


The 13 Mev Gaussian distribution found from this experiment agrees, for 
momenta corresponding to energies below about 30 Mev, with that obtained by 
Selove (1955, 1956). For greater momentum values, however, Selove’s 
distribution is slightly higher than the present one. Our distribution is broader 
than that found by McEwen et al. (1957), but since a high proportion of their 
events come from heavy nuclei, the disagreement is not surprising. 

A Chew-Goldberger distribution gives poorer agreement with the present 
results than a Gaussianone. Although there is some uncertainty in the background 
correction, the former appears to predict too many high momentum components. 

Brueckner, Eden and Francis (1955) have calculated momentum distributions 
for the shell model (independent particles in a potential well) using both a harmonic 
oscillator and a square well potential, and find that fewer high momentum values 
are predicted than experiments have shown. ‘The high momenta can be 
accounted for by including strong two-body interactions in the nuclear ground 


a 
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state wave function, in addition to the potential well. In this way it is possible 
to derive momentum distributions agreeing with experiments, while still retaining 
the general features of the shell model. 

If the high momenta are correctly accounted for by strong short range inter- 
actions between pairs of nucleons, then this sheds doubt on the assumption that 
quasi-elastic collisions result in only two prong events. This might suggest a 
systematic loss of high momentum components, both in the present experiment 
and in those of other authors. 

In the present work no correction has been applied for the effects of the 
opacity of nuclear matter on the behaviour of the two secondary particles. 
To a first approximation this should not change the shape of the momentum 
distribution, since the effect of k on the elastic and differential cross sections may 
be neglected. A calculation of the magnitude of this effect is very difficult ; 
calculations based on Monte Carlo methods for a uniform model (Metropolis 
et al. 1958) underestimate the probability of p-2p reaction in heavier nuclei by 

a factor of 3. A similar calculation performed by McEwen et al. (1957) for 
- carbon gives an equally low value. Compared with the approximations already 
- made, refraction effects are probably small at this energy. 


§ 6. Cross SECTIONS 


| To obtain the values of the total cross section for carbon and the cross section 
| for quasi-elastic events (with 6,,, >30°), 311-15 metres of track have been 
_rescanned. Taking into account the number of free p—p events, the following 
_ relative numbers of carbon interactions with 1, 2 and 3 or more prongs have been 
, obtained: 

| 

| 


Number of prongs Number of events 
1 é 530 
2 390 
3 or more 280 
Total 1200 


The density of expanded propane at 60°c has been taken to be 0-429 gcm~, 
which gives a partial density for carbon of 0:351gcm~*. The total cross section 
for carbon is found to be 420+50mbn, which is in good agreement with the 
results of Booth et al. (1957) at 895mev and those of Chen et al. (1955) at 
860 mev, who obtain respectively 392 mbn and 405mbn. Recently, Law, 
Hutchinson and White (1959) have obtained a more accurate value of 
362 +2:-4mbn at 910mev. In our experiment about 130 quasi-elastic events 
fall into the selected region, and they comprise 11% of the total carbon events. 
Another 20 to 30 events, which fall outside the limits of acceptance, increase 
to 13% the probability of a carbon interaction being a quasi-elastic proton—proton 
event. This figure, when normalized to the total cross section for carbon given 
by Law et al., yields a cross section for quasi-elastic collisions in carbon 
of 46+10mbn. McEwen et al. estimated about 8% of the interactions in light 
nuclei at this energy to be quasi-elastic proton—proton events. ee a al. 
(1955) measured a cross section of 20mbn for the reaction *C(p, pn)"C at 
950 Mev, although this value may be low by as much as 7mbn (e.g. see 


'Prokoshkin and Tiapkin 1956). 
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The present experiment gives a higher value for the cross section for p-2p 
reactions in carbon than that reported by other authors. The direct nature of the 
technique employed here and the small degree of ambiguity in the identification 
of these events suggest that this value may be more correct. 


§ 7, CONCLUSIONS 
The results of the present research indicate that the momentum distribution 
of the protons in carbon is represented, to a very good approximation, by a 
Gaussian distribution falling to 1/e at 13 Mev. The uncertainty in the background 
prevents very detailed information about the tail of the distribution from being 
obtained. Whilst the method is more direct than most others which have been 
used, additional means would be desirable in order to identify meson background 


events. 
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Internal Ferromagnetic Resonance in Small Cobalt Particles 
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Royal Holloway College, University of London, Englefield Green, Surrey 
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Abstract. Experiments are described in which small particles of cubic cobalt 
have been obtained by precipitation from a 2% Co-Cu alloy for the purpose of 
measuring the total internal magneto-crystalline anisotropy field as a function 
of particle radius. Two methods have been used, namely static torque measure- 
ments of the principal anisotropy constants and dynamic measurements based 
on spin resonance in the anisotropy field. ‘The two methods yield fair agreement 
in the values calculated for the anisotropy field in a range of particle sizes. 

The field is found to vary little with particle radius in a single crystal specimen 
and this is interpreted as evidence that internal resonance is independent of shape 

anisotropy. 


§ 1. INTRODUCTION 


N a recent paper (Anderson and Donovan 1959, to be referred to as I), it 
| was reported that a resonance phenomenon, attributable to a spin resonance 
in the magneto-crystalline anisotropy field, had been observed in chemically 
_ prepared colloidal particles of nickel. 
Reference was made in I to the difficulty of preparing a single crystal specimen 
: suitable for the apparatus and type of measurement being made. The requirements 
are that the specimen should be a single magnetic domain and a single crystal 
of known orientation. 

Becker (1957) produced single-crystal small particles of cobalt by controlled 
precipitation from an alloy containing 2% cobalt in copper and showed that the 
particles had the same crystallographic habit as the copper crystal in which they 
were precipitated. Since the particles can be grown small enough to be in the 
single domain range this alloy provides an ideal specimen for the internal resonance 
experiments. 

The internal anisotropy field is calculated from the observed resonant frequency 
using the simple spin resonance theory. Static torque measurement of the 
anisotropy constants was undertaken to ascertain whether they would yield the 
same calculated values for anisotropy field as those obtained from the internal 
resonance measurements. The agreement obtained is reasonably good, and the 
values obtained for K,, the principal anisotropy constant, for cubic cobalt are in 
fair agreement with those reported by Bean et al. (1958). 


§ 2, EXPERIMENTAL DETAILS 
2.1. Polycrystalline Specimen 


To establish that internal resonance would be observable in precipitated 
cobalt in a copper matrix it was decided first to produce a polycrystalline alloy 


specimen. The alloy was melted in a graphite crucible under an atmosphere of 
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dry nitrogen, maintained molten for 30 minutes and then quenched in iced brine. 
The resulting ingot was halved, one half being kept as a ‘blank’ specimen. 
This exhibited no ferromagnetic effect in a field of 15000 oersteds. The other 
half was annealed in vacuo at 600°c following the pattern adopted by Bean et al. 
given in table 1. No attempt was made to measure the particle diameters, it 
being assumed that they would not differ radically from those reported by Bean 
et al. 


Table 1 
‘Total duration (min) 7 15 90 150 400 2400 
Mean radius of particles (A) 12 21 a7) 43 60 ah 


The resonance was observed using the apparatus described in I. A modified 
Foster—Seeley discriminator is used to measure complex permeability of the test 
specimen over the frequency range 140 to 250 Mc/s. Resonance is revealed by 
an increased absorption of power in the specimen, characterized by a peak in the 
curve for the imaginary part (2) of permeability, and by a phase shift of the 
induced signal, characterized by a deviation in the curve for the real part (,) 
of permeability, both being plotted against frequency. 


Frequency (Mc/s) 


Figure 1. Real and imaginary parts of permeability as a function of frequency for cobalt 
particles of mean radius 12 A ina copper matrix. 


Results obtained for the 12 A and 77 A specimens are shown in figures 1 and 2. 
In the former a wide frequency range was covered, but only one pair of peaks 
was found. This was also true of the 214 particles, but at 37A a third peak 
began to emerge at a frequency above that of the first peak, and this increased 
in amplitude until the situation shown in figure 2 obtained for the 77 A particles 

A graph showing the value of effective internal field, deduced from ite 
frequency of the first resonant peak in each case, plotted against reciprocal radius 


is drawn in figure 3. A rather tentative extra olati i 
approximately 110 Oe for infinite radius. ie nye i 3 
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; 
‘Figure 2. Real and imaginary parts of permeability as a function of frequency for cobalt 
a particles of mean radius 77 A in a copper matrix. 
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2.2. Single Crystal 


A single crystal was grown by the Bridgman technique using a graphite 
crucible in a dry nitrogen atmosphere. ‘The crystal was grown at a rate of 
1cm per hour by lowering through a suitable furnace. Back-reflection Laue 
x-ray photographs were taken to determine the orientation, which showed that 
the axis of the crystal was approximately 15 degrees off a (100) direction. The 
diameter of the specimen was 0-6 cm and the length 6cm. After annealing for 
30 minutes in vacuo at 1000°c the crystal was quenched in iced brine and tested 
for absence of ferromagnetism. ‘Two discs were then cut off, one having its 
faces parallel to a (100) plane and one to a (111) plane. The remaining crystal 
was halved to provide a specimen and a blank for the resonance measurements 
and all the pieces were given a fairly deep electro-polish to relieve strains produced 
by the cutting. 

The resonance measurements were carried out as for the polycrystalline 
specimen, annealing times being arranged to give particles of 12, 21, 43 and 
77 A in radius. In this case only two peaks were observed for each particle size, 
a typical result for 12 A particles being shown in figure 4. 

The variation of the effective anisotropy field, calculated from the resonance 
results, with particle radius is slower than that observed with the polycrystalline 
specimen, but the mean magnitude of field agrees fairly well. 


§ 3. Sratic MEASUREMENTS 


The discs described in the previous section were annealed with the resonance 
specimen each time and then mounted in a torque magnetometer having a 
variable, uniform field of maximum strength 15000 oersteds. Torque curves 
were plotted with the object of determining the anisotropy constants. 

A full torque curve plotted for 12 A particles with the (100) disc was found 
to be symmetrical. For other particle sizes the torque was measured at various 
field strengths for a known angular displacement of the disc from a <100) 
direction lying in the plane of the disc. Extrapolation of the resultant curves 
to infinite field gives the value of K, from the formula 


Dig 


—3 
— ———_—_———_ ergpcm 
volume x sin 46 8 


= 
where L,, is the torque in infinite field and @ is the angle from a (111) direction. 
One of the major difficulties in the accurate determination of Ky is the 
production of a disc having as its surface a (111) plane. This has been pointed 
out by Sato and Chandrasekhar (1956) who adopted the principle of carrying out 
a Fourier analysis of the torque curve to pick out the component involving only Ky. 
This method was used in the present instance, a twenty-ordinate analysis being 
made to evaluate the maximum coefficient of the 66 component, @ in this case 
being the angle measured from a (110) direction. This coefficient is equal to 
K,/18. The torque curve obtained from the (1 11) disc in a field of 15 000 oersteds 
is shown in figure 5 for the case of 12 particles. | 
Table 2 gives the values determined, together with the effective anisotropy 
field calculated from them, by means of the equation given in I for a (111) 
easy direction. For comparison the values found by Bean et al. are also given. 
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Table 2 
(1) (2) (3) (4) (5) (6) (7) 
2) —4:78 — 6:62 + 0-412 — 62-0 myo) 
21 —5:12 —755 +1:78 +0-96 63:3 48°5 
43 —5:74 —9-0 + 1:67 — 66:2 47°5 
WF | —6:14 —9°5 — 0-76 —8:3 67:8 56°8 


(1) Mean radius (A); (2) Ky (erg cm~*x 105); (3) K, (Bean) (erg cm™* x 10°); (4) 
K, (erg cm-* x 105); (5) Ky (Bean) (erg cm~* x 104); (6) H* resonance (Oe); (7) HE static 
(Oe). 
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Figure 5. Torque curve for (111) disc of 12 & cobalt particles in a copper single crystal. 
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§ 4. DISCUSSION 


It has been shown by Bean et al. (1958) that in the early stages of precipitation 
the cobalt particles in 2°/, Co-Cu alloy are of spherical shape, but that as the 
size increases above about 25 A they become ellipsoidal with increasing eccentricity 
and at a radius of 65 A are markedly plate-like. With departure from sphericity 
the particles develop demagnetization coefficients with associated _shape 
anisotropy. A relatively small departure from unity in the ratio of the principal 
axes will give rise to a quite large shape anisotropy field. The relative constancy 
of the total effective anisotropy field calculated from the internal resonance 
measurements is therefore surprising. 

The concept of a demagnetizing field only has meaning when an external field 
is applied to the specimen. In the present type of experiment no external field 
is applied; it is considered that the observed resonance frequencies are 
independent of the shape of the specimen. 

Further support for this view may be found in the remarkably narrow line 
widths invariably observed in the internal resonance curves. Becker has shown 
that there is a considerable range of particle sizes in the precipitated cobalt 
particles, and it may be assumed that there is also a distribution of particle shapes. 
If shape anisotropy were of importance this would certainly lead to line widths 
considerably greater than those observed. 

It is thought that the main features of the results may be explicable in terms 
of the mechanism, proposed by Kittel (1958), by which spin waves are ‘ pinned’ 
at the surface of the specimen because of the different anisotropy of the spins 
in the surface, brought about by their different environment. 

The emergence of the third peak in the case of the polycrystalline specimen 
could be explained as a higher order resonance mode becoming sufficiently strong 
to be observed, due to the increased ferromagnetic content of the specimen arising 
from the growth of the particles. It is difficult to understand, however, why 
additional peaks did not emerge in the single-crystal case. 

The double peak invariably found in both polycrystalline and single-crystal 
samples is thought to be a splitting of the main peak, possibly through the 
occurrence of an anti-resonance similar to that proposed by Kittel (1957) for the 
case of an externally applied field. Interpretation of the subsidiary peak as an 
even-order resonance excited by non-uniformity of the radio-frequency field 
does not seem to be well supported. 

Although the internal resonance frequency is independent of specimen shape 
it will be strongly dependent upon anything affecting the state of atomic ordering 
and strain. It is suggested that the differences observed between the single-crystal 
and the polycrystalline specimens might be accounted for in this way. In the 
polycrystal the cobalt particles may be expected to be subjected to strains; the 
initial quench from melting temperature would give rise to very small crystallites 
and, if the precipitating anneal at 600°c does not allow much crystallite growth, 
the particles will be subj ect to increasing strain as they grow. This would account — 
for the more rapid increase of resonant frequency with particle size observed 
in the polycrystalline sample. 
- Peete es (Anderson and Donovan 1957) with nickel in the form 
eit : ‘a 0 @ bugher apparent anisotropy field than that obtained with the 
ycrystalline disc specimen described in I. Subsequent examination of the 
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strip specimen showed a marked preferential domain orientation in the direction 
of rolling of the strip, suggesting a strain anisotropy field in this direction. 

Bean and Livingston (1959) have pointed out that particles in the range of 
sizes used in these experiments are superparamagnetic. ‘This implies that, 
although they are single domains, the direction of magnetization is subject to 
thermal fluctuations, so that the saturation magnetization is reduced. They also 
suggest that the value of K, is reduced by superparamagnetic effects. ‘The 
present experiments do show a reduction of K, with particle size, as determined 
by static measurements, but K, actually increases as the particles become smaller. 
The most important point, however, is that the internal anisotropy field is 
dependent upon the ratio of the anisotropy constants to saturation magnetization 
and this has been shown to be relatively constant over the range of particle sizes 
studied. 

Clearly if all the particles were paramagnetic there would be no such thing 
as an easy direction of magnetization and therefore no anisotropy field. It is 
known that the range of particle sizes is, in all cases, fairly large and even in the 
case of the 12 A mean radius there are probably some particles in the ferromagnetic 

range present. It must be assumed that it is these which account for the results 
-_ observed; some confirmation of this is to be found in the fact that the magnitude 
_ of the variation in permeability increases as the mean particle radius increases 
| towards the ferromagnetic range. 


§ 5. CONCLUSION 
The total effective magneto-crystalline anisotropy field of cubic cobalt has 
| been shown to be relatively independent of particle size when it is precipitated 
in a single crystal. 
| The agreement obtained between the anisotropy field calculated from static 
_ measurements of anisotropy constants and of saturation magnetization, and the 
field calculated from internal resonance, is sufficiently good to justify the latter 
as an experimental technique for the measurement of total anisotropy field in a 
ferromagnetic material. 
With suitable modification this type of experiment may be used to provide 
evidence in support of the pinning of spin waves in a material by surface 
anisotropy. 
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Some Measurements of the Time Dependence of the Viscosity of 
Thixotropic Fluids 


By E. W. BILLINGTONT 
Admiralty Oil Laboratory, Brentford, Middlesex 


MS. received 6th January 1959, in revised form 9th Fuly 1959 


Abstract. The time dependence of the viscosities of certain thixotropic fluids 
has been measured at constant rate of shear, using a Couette type viscometer. A 
time dependent yield value has been introduced which relates the instantaneous 
value of the observed viscosity, for a given rate of shear, to a time independent 
residual viscosity. The transient behaviour of the yield value has also been 
examined. 


§ 1. INTRODUCTION 


HIXOTROPY is defined as the reversible time dependent decrease of the 
| resistance to flow accompanying the application of a shearing stress. ‘lhe 
decrease in viscosity with shearing stress has been examined by Green and 
Weltmann (1943, 1946) using a rotational viscometer of the Couette type in which 
the rate of shear is continuously controlled. Green and Weltmann plot the rate 
of shear against shearing stress for continuously increasing and decreasing values 
of the rate of shear ; if thixotropy exists two separate curves are obtained forming 
a hysteresis loop. ‘The curve of decreasing rate of shear is the type indicated by 
Reiner and Riwlin when Bingham bodies are measured and the Reiner—Riwlin 
(1927) equation can be used for calculating a yield value. This method does not 
take account of the time dependence of the system, though Weltmann (1943) has 
attempted to develop the method to relate breakdown with time. An absolute 
method of measuring thixotropy using a Couette type viscometer has been 
developed by Goodeve and Whitfield (1938) by considering thixotropic break- 
down as a form of chemical rate process. The concept of viscosity, and thixotropy 
in particular, as a rate process has also been developed by Ree and Eyring (1955) 
based on Eyring’s (1936) general theory of absolute reaction rates. 

It is desirable in any study of the flow properties of thixotropic fluids that 
the viscosity measurements be made under conditions of either constant applied. 
shearing stress or constant rate of shear. The viscosity measurements on natural 
‘wax containing’ residual oils to be described have been made at constant rate 
of shear, using a rotational viscometer of the Couette type. The thixotropic 
behaviour of wax containing oils is attributed to the individual wax crystallites © 
which coalesce to form an internal structure of crystal aggregates (Ackroyd and 
Cawley 1953) when the system is maintained free of stress and in thermal equili- 
brium with the surroundings, thus showing increased resistance when sheared 
again. The crystal aggregates can be considered as deformable particles of time 
dependent particle size, which produce a time dependent increase in the resistance 
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to flow. Viscosity experiments designed to examine the decay of flow resistance 
with time of shearing must be made on samples of the material which initially 
have the same uniform concentration of deformable particles. 

A method of making viscosity measurements on samples which are known to 
be uniform throughout, and which have not been disturbed by unnecessary 
shearing prior to the viscosity measurements, has been developed. 


§ 2. THE YIELD VALUE 


The thixotropic behaviour of the materials examined is attributed to a sus- 
pension of deformable particles of time-dependent particle size, in a Newtonian 
base liquid. Continuous shearing of the fluid causes breakdown of the deformable 
particles into ‘individual particles’ which are the smallest products of breakdown. 
Dispersed in the base liquid are the remaining fraction of individual particles 
which at any given instant are not contributing to the formation of the internal 
structure. The size of the individual particles is assumed to remain constant 
independent of the time of shearing. The size of the deformable particles 
increases with the time for which the system is maintained free of stress thus 
producing a time dependent internal structure which results in an increase in the 
resistance to flow; thus there will be a limiting value of the applied shearing stress 
below which flow does not occur. This limiting value of the applied shearing 
stress will be referred to as the yield stress or yield value py. The use of the term 
yield value is confined to describing the change in resistance to flow produced 
by the internal structure. The yield value is defined as the maximum force per 
unit area that the deformable particles can sustain without flow occurring ; that is, 
the yield value is a measure of the strength of the internal structure. It is assumed 
that the strength of the internal structure at any given instant is a characteristic 
property of the thixotropic fluid, dependent only on the concentration and size 
of the deformable particles and on the extent of consolidation in the structure. 
Thus at any time of shearing the force per unit area required to deform the internal 
structure to produce viscous flow, that is the yield value, should be independent 
of the rate of shear. The effect of an applied shearing stress greater than the yield 
value is to produce viscous flow accompanied by breakdown of the internal 
structure. After an infinite time of shearing the system has been transformed 


_ from the ‘near solid state’ to a liquid consisting of the individual particles dis- 


persed in the Newtonian base liquid. At any time of shearing the system con- 
sisting of the remaining fraction of individual particles dispersed in the base liquid 
will be referred to as the residual liquid. The viscosity of the residual liquid, 
assumed to be Newtonian, is related to the rate of shear S by the equation 


Pr= TR Sorc (1) 


where 7p is the residual viscosity and pp is the shearing stress per unit area. 
The instantaneous value of the viscosity 7 at a given time ¢ of shearing is 


related to the rate of shear by the equation 


p(t)=nS . Ayia) 


where p(t) is the observed shearing stress at time ¢. The difference between the 


observed shearing stress p(t) and the shearing stress Pp associated with the viscous 
flow of the residual liquid is interpreted as a direct measure of the yield value at 


‘a time t of shearing; that is, from equations (1) and (2), 
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p(t)—Pr= (m—R)S = Py(t)- ceecee (3) 


From equation (3) the yield value at any given time of shearing is therefore the 
slope of the (viscosity, reciprocal rate of shear) curve. A relation similar to that 
given in (3) was proposed by Goodeve and Whitfield (1938) for the steady state 
condition in which an apparent equilibrium is maintained between the spon- 
taneous growth of internal structure and its breakdown by an applied shearing 
stress. The steady state condition does not provide any information relating to 
the initial strength of the internal structure or the time dependence of the viscosity. 
In order to examine the decay of the yield stress and its dependence on the applied 
rate of shear and on the initial yield value, it is necessary to consider the transient 
behaviour of the viscosity. 
Defining a new variable # by the relation 


_ (m—7R)S _ py(t) 
Se (jo—7R)S — py(9) aaa 


where py(t) and py(0) are the yield values at time ¢ and at zero time of shearing 
respectively. Introducing the variable % into (3) we obtain the relation 


(m—7R)S =1)(t) 
Py(0) 

where 7, is the instantaneous value of the viscosity at time ¢ of shearing. The 
variable y% is a dimensionless quantity which relates the viscosity for a given rate 
of shear to the two time independent quantities 7, and py(0). For the limiting 
condition ;s;= 1 the size of the aggregates is assumed to be a maximum such that 
prolonged storage of the material in a condition such that it is free of stress and in 
thermal equilibrium with the surroundings will not produce any further increase 
in the size of the aggregates. After an infinite period of shearing ¢% is zero which 
corresponds to the thixotropic fluid having been completely transformed into 
the liquid state. The variable % is an indication, at any given time of shearing, 
of the degree to which the internal structure has been reduced by continuous 
shearing. 
The general case of a thixotropic fluid is that in which decay and growth of the 
internal structure occurs simultaneously. A distinction must be made between 
the rate of change of the viscosity and the rate of change of the yield stress. The 
property which is changing with time is the size of the deformable particles, that 
is the yield value; the viscosity changes with time only as a result of the change in 
resistance to flow. Further the viscosity is dependent on the rate of shear, whereas 


it has been assumed that the yield value is independent of the rate of shear. 


Thus the simplest assumption to make is that the change in the yield value in unit 
time 1s proportional to the strength of the remaining internal structure; that is 


— apy(t)/dt = Kpy(t) 


where the factor K is related to a specific rate constant. Consider a steady state 
in which equilibrium exists between the spontaneous growth of the internal 
structure and its breakdown by an applied shearing stress. The specific rate 
constant associated with this steady state will be referred to as the absolute rate 
factor C and is defined as the number of times an individual particle passes between 
the internal structure and the residual liquid in unit time in the absence of stress. 
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Following Glasstone, Laidler and Eyring (1941) it is assumed that the factor K 
is related to the absolute rate factor C and the yield value by a relation of the form 


ele oie ed sy a 
K=2Csinh (23) 
2kT 
where v is a constant for a given temperature 7. The rate of breakdown of 
internal structure is therefore given by the equation 


Ipy(t sie 
— wee =py(t)2Csinh{tapy(t)} ne wee (6) 
or introducing ys we obtain 
d| : 
= = SEY OUR oe eee oe roe (7) 
where 
b v 
Co ————— 
py(0) RT 


§ 3. EXPERIMENTAL 


The change in viscosity with time of shearing for a given constant rate of 
shear was measured with a viscometer of the Couette coaxial type. The general 
design of the inner and outer cylinders is shown in figure 1; Dj and Do are the 
diameters of the inner and outer cylinders respectively, and H is the height of the 
inner cylinder. The outer cylinder A is driven at constant speed by a high 


Figure 1. The viscometer cylinders. 


torque synchronous motor , the inner cylinder B is suspended in jewelled bearings 
and is free to rotate against a calibrated spring. Attached to the inner cylinder 
is a pointer which moves over a fixed scale to indicate the angular deflection of 
the inner cylinder. The cut-away parts of the inner cylinder reduces the ‘end 
effects’ to negligible values, thus ensuring that the whole of the sample is measured 
under uniform shear conditions. ‘The fixed guard ring C confines the shear 
volume of the test sample to the cylindrical annulus between the cylinders. The 
tufnol tube D connecting the outer cylinder to the gear box acts as a thermal 
insulator to prevent transference of heat to or from the test sample by way of the 
‘main body of the instrument. A number of independent values of the rate of 
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shear are provided by the combined effect of a three-speed gear box and a set of 
nine interchangeable inner cylinders together with three outer cylinders. The 
values of the rate of shear and the maximum values of the shearing stress corre- 
sponding to full scale deflection, together with the main dimensions of the 
cylinders, are given in table 1. 


Table 1. Dimensions of the Viscometer Cylinders 


D, (cm) 4-767 4-767 2-225 

Gearbox speed Shear rate S (sec~) Shear rate S (sec~*) Shear rate |S (sec~1) 
1 3-20 melet 00-69 1:63 0:84 0:58 0:79 0-43 0-31 
2 13345 See oD 6:75 3:50 2°42 3°28 1-7Omle29 
3 36°9° 12°75 7-91 iiss = RB eIAL eer 9:05 4:93 3-59 

D, (cm) 3-971 4-285 4-605 3°813 4:129 4-445 1:270 1-590 1-905 

Max. shear stress 

pm (dyn cm~*) 142 159 189 PA wehasyas PARTE 2260 3420 5760 

H (cm) 3°78 2-52 1-26 


It is evident from table 1 that the number of individual viscosity measurements 
which can be made at different rates of shear is limited by the maximum available 
shearing stress pm for a given combination of inner and outer cylinders. From 
equation (3) the maximum available shearing stress must exceed the initial yield 
value by at least the shearing stress p, associated with the residual liquid. In 
practice it is found that the viscosity measurements are in general confined to 
four rates of shear, though for limited ranges of the yield value viscosity measure- 
ments at five rates of shear have been obtained. 

The degree of rotation of the inner cylinder is obtained from a linear scale 
which is divided into one hundred divisions ; individual readings can be measured 
to +0-1 of a division. The calibration of the viscometers is accurate to within 
+1% of full scale deflection on all ranges; a check on the calibration of each 
instrument was made before each set of viscosity measurements. As the 
deflection of the inner cylinder tends to zero, corresponding to small restoring 
couples, the accuracy of measurement decreases due to such possible effects as 
friction at the bearings; viscosity measurements were therefore discontinued 
when the deflection fell to five per cent of full scale deflection. 

The time interval between setting the outer cylinder in rotation and the inner 
cylinder attaining its equilibrium position, corresponding to the viscosity of the 
liquid under test, will be referred to as the ‘delay time’. The dependence of. 
_ the delay time on the rate of shear was examined for a Newtonian oil and a thixo- 

tropic fluid by attaching a mechanical pointer to the outer cylinder which in the 
stationary position could be aligned with the pointer attached to the inner 
cylinder. On rotating the outer cylinder the relative motion between the two 
cylinders could be directly observed. The same general dependence of the 
delay time on the rate of shear was observed for both the Newtonian oil and the 
thixotropic fluid. For rates of shear greater than 1-3 sec— the delay time did not 
exceed ten seconds, but for smaller rates of shear the delay time increased rapidly 
with decreasing rate of shear. For all values of the rate of shear it was observed 
that the relative motion between the cylinders produced only a small relative 
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angular displacement; that is the inner cylinder follows the rotation of the outer 
cylinder very closely to the point at which the viscosity of the thixotropic fluid 
begins to decrease with continued shearing. During the delay time it is assumed 
that the velocity profile of the fluid is being developed across the annular gap 
between the cylinders. It is further assumed that viscous flow accompanied by 
breakdown of the internal structure of a thixotropic fluid does not occur until the 
velocity profile has been completely developed, that is from the instant at which 
the inner cylinder attains its maximum deflection. ‘The time of shearing was 
therefore measured from the instant at which the inner cylinder attains its maxi- 
mum deflection. 

The viscosity measurements have been made on bulk samples maintained 
free of stress and in thermal equilibrium with the surroundings for a period of 
time sufficiently long to ensure that the build up of internal structure was complete ; 
the normal period of storage was of the order of three weeks. The bulk sample 

was contained in a double walled bath having an exposed surface area sufficient to 
- accommodate several sets of viscometer cylinders. ‘The oil samples were intro- 
duced into the bath in the ‘as received’ condition, without any previous heat 
treatment. Three complete viscometers, each one with a different pair of 
_ cylinders, were mounted ona rigid framework which could be moved smoothly in 
the vertical and horizontal planes to enable the viscometer cylinders to be 
immersed in the oil without producing unnecessary shearing of the sample. ‘The 
_ viscometer cylinders and the bulk oil sample were contained in a refrigerated 
vessel. A continuous record of the temperature at twelve points was obtained 
| using thermocouples distributed over the surface of the bulk sample at varying 
| depths of immersion. The temperature of the sample could be controlled to 
| within +0-05°c. An estimate of the storage period necessary to produce maxi- 
‘ mum internal structure was obtained as follows. A sample of oil was set up 
under identical condtions to those of the test sample; a weighted glass tube, 
| similar to a mercury in glass thermometer, was supported in a vertical position 
with the weighted end in contact with the surface of the oil. The tube was 
released and the time to penetrate a fixed distance at different points on the 
surface was measured. ‘These measurements were repeated daily and when the 
penetration times for three consecutive days were in approximate agreement it 
was assumed that the internal structure was fully developed. ‘The results from 
‘the control experiments showed a considerable scatter and could only be used to 
give a very approximate estimate of the degree to which the internal structure had 
developed in a given time of storage. ‘To allow for the possibility that the internal 
structure was still being generated when the viscosity measurements were com- 
menced, the three viscometers were set in operation with an interval of not more 
than two minutes between each. This procedure ensured that the initial con- 
dition of the bulk sample was the same for each of the three viscosity measurements. 
One or two of the viscometers were replaced in an unsheared portion of the oil 
sample, depending on the combination of inner and outer cylinders which would 
cover the viscosity range, and stored for a further twenty-four hours. At the 
end of the twenty-four hour period of storage the change in viscosity with time 
of shearing was measured. In this way viscosity measurements were obtained at 
four or five different rates of shear. 

‘The temperature at which the thixotropic behaviour was measured for the 
samples examined is given in tables 2 and 3; the temperature at which the 


) 


46 E. W. Billington 


viscosity measurements were made lies in the range 0°c to 5°C. The thixotropic 
behaviour of sample B was measured at several temperatures in the range 1-7°c 
to 32°c. The temperature dependence of the residual viscosity in the temper- 
ature range from 82°c to the critical temperature at which thixotropic behaviour 
could just be detected, was obtained using capillary tube viscometers. The 
viscometers were mounted in a double walled bath the temperatures of which 
could be controlled to within +0-01°c. 


§ 4. RESULTS 


Figure 2 shows how the viscosity depends on the time of shearing for sample 
A. The high initial yield value of this sample restricts the viscosity measurements 
to four different rates of shear. The graphs (7, 1/S) in figure 3 show how the 
viscosity depends on the reciprocal rate of shear, for samples A and D. For 
sample D viscosity measurements have been made at five different rates of shear 
but the time of shearing has been limited by the small initial deflection which 
decreased to five per cent of full scale deflection in about forty minutes. From 
equation (3) the intercept on the viscosity axis corresponds to the value of the 
residual viscosity 7, and the slope of the curve for zero time of shearing is the 
initial yield value py(0). The initial yield value and residual viscosity for four 
samples representative of the oils are given in table 2. 


Table 2 
Sample E(cG) Np (poise) py(O) (dyn cm~*) Cx 108 (sec) a x 10? 
A 5:0 22 1320 61-3 0-58 
Bl 5:0 25 poo 12:3 1°72 
B2 5:0 25 250 6-9 3-60 
¢ 0:0 8 470 6°5 1-64 
D 3-0 3 300 5:7 2°31 


The viscosity data for samples B1 and B2 were obtained from two bulk 
samples of the same oil; both samples were stored under identical conditions with 
the exception that sample B1 was stored for three weeks and sample B2 for eight 
days. Sample B2 was examined at the same rates of shear as for B1 and the same 
value of the residual viscosity was obtained for both samples. 

To obtain the yield value at a given time of shearing the residual viscosity is 
obtained from the intercept of the (viscosity, reciprocal rate of shear) curve as 
shown in figure 3. Using this value of the residual viscosity together with the 
experimentally determined values of the viscosity for a given rate of shear, corre- 
sponding yield values are calculated from equation (3). Several independent 
values of the yield stress for a given time of shearing are obtained, depending on 
the number of viscosity measurements at different rates of shear that are available. 
In this way sets of results similar to those shown in figure 2 compound into a single 
curve, showing the dependence of the yield value on the time of shearing, as shown 
in figure 4. For yield values greater than 140 dyn cm-? the independent measure- 
ments of the yield value corresponding to the several rates of shear reduce to a mean 
yield value which can be measured with an accuracy to+4%. For yield values less 
than 140 dyncm~ the accuracy of measurement decreases with decreasing yield 
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value, the overall accuracy of measurement being to the order of +7%. 


It is 


further important to note that the deviation of the individual values of the yield 


stress from the mean yield value is not a function of the rate of shear. 


That is the 


yield value at a given time of shearing does not decrease with increasing rate of 
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‘temperatures in the range 1-7°c to 32-0°c, are given in table 3. 
ivalue for sample B at a temperature of 32-0°c was obtained from viscosity measure- 
ments in which the initial deflection was less than five per cent of full scale 
) The small initial deflection made it impossible to determine the time 
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Figure 4. Variation of the yield value 
py(t) with the time of shearing. 
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Dependence of the viscosity on the reciprocal rate of shear. 


The initial yield value and residual viscosity for sample B, at several 


The initial yield 
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Table 3. Experimental Results for sample B1 at different ‘Temperatures 4 

T (°c) Nr (poise) p (0) (dyn em-*) C x 108 (sec-*) ax 102 n | 
17 50 1040 10°8 1-09 7 
5:0 25 85) 12:3 ey 

10-0 11 250 30-4 2°50 ~ 

14-0 6:0 90 33-0 6°32 

21-0 DES 25 72-0 24-0 

32:0 0-9 2 = as 


The temperature dependence of the residual viscosity is shown in figure 5. 
The experimental results which are available for samples C and D imply a linear 
relationship between Inj, and 1/T over the temperature range —3°c to 77°C as 


Residual Viscosity 7, (poise) 


76.9 250 t3:0 sl ee 3:34) QU35 Tes Ces; 


10/7 (Tink) 


Figure 5. Temperature variation of the residual viscosity np. Open symbols: Couette 
type viscometer; black symbols: capillary tube viscometer. 


shown by the graphs (In, 1/7) of figure 5. For sample B the graph (In7,, 1/T) 

is linear with decreasing temperature in the range 82°c to 43°c; in the ane 43°C 

to 1-7°c the residual viscosity changes rapidly with temperature indicating chat 

the oil is approaching the natural pour point. It was observed that above 43°C 

the thixotropic property could not be detected either by the Couette type vi co- 
= meter or the capillary tube viscometers. The linear relationship between 
_and 1/T for samples C and D implies that the variation of the residual vis 
with temperature can be expressed by an ¢: saiaeattes 
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existed between the spontaneous growth of internal structure and its breakdown 
by the applied shearing stress. 

The conclusion that the yield value is independent of the rate of shear leads 
to the concept of an absolute rate of flow as introduced in §2. Equation (6) can 
in the initial stage of the breakdown of the internal structure be approximated to 

dln py(t 
p= PP _ Cexp(aps(t)} 
from which it follows that the relation between In B and py(t) should be linear, the 
‘parameters C and « being obtained from the intercept and slope respectively. 
The relation between In 8 and ¢ is shown in figure 6; the values of the absolute 


102 
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ald 
Figure 6. Variation of 8 (=d In py(t)/dt) with ¢. 


“rate factor C and the parameter « are givenin table 2. The linear relation between 
In 8 and the parameter over the whole range for which experimental values of x 
are available implies that the growth of internal structure at any instant 1s such 
that it cannot be detected by the method of measurement. The failure to detect 
he growth of the internal structure is possibly due to the large shear volume of the 
Ean e, and the slow rate of growth of internal structure compared with the rate 
f breakdown. It is assumed that a marked deviation from the linear relation 


2 = al ~~ 
kr.e4 i. 3, —___—_ a 
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between Inf and y would have been observed if a steady state, similar to that 
obtained by Goodeve and Whitfield, had been approached in any of the viscosity 
measurements which have been made. ‘The initial yield values for sample B 
are given in table 3 together with the values of the parameters C and «. 

The dependence of the parameter « on temperature is shown in figure 7, 
together with the absolute rate factor C. The change in « with decreasing tem- 
perature is relatively small as the near solid state is approached. ‘This is in general 
agreement with « being independent of temperature in the solid—plastic region 
(Ree and Eyring 1958). 

Viscosity measurements on a suspension of carbon black in mineral oil at a 
temperature of 21°c gave an initial yield value of 5000 dyncm ® and a residual 
viscosity of 1300 poise. The change in yield value with time of shearing follows 
the same pattern as that observed for the wax containing residual oils. 


a a a 
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The Hyperfine Structure of the 3°P,,, State of Sodium 
and the Quadrupole Moment of *°Na 
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Abstract. Using the double resonance technique a study has been made of the 
hyperfine structure of the 3*P,). state of sodium in a magnetic field sufficiently 
strong to decouple completely J and J. ‘The values of the hyperfine coupling 
constants are a=18-5+0-6 Mc/s and b=2:25+0-4 Mc/s. The Landé factor 
for the state is g, = 1-3341 + 0-0003. 


§ 1. INTRODUCTION 


gE have recently made a study of the hyperfine structure of the 3? P sia 
\ x state of 28Na by using the double resonance technique. The results 
can be analysed in terms of the a and b coupling constants which are 
related respectively to the magnetic dipole and electric quadrupole moments of 
‘the nucleus. The relations are given by Kopfermann (1958). The values of 
-aand b for this state have previously been determined by Sagalyn (1954) using 
double resonance and by Perl, Rabi and Senitzky (1955) using an atomic beam. 
| Both experiments were performed at zero magnetic field so that the transitions 
| were observed between the various hyperfine states of the Ps). level characterized 
\by F=J +I, the frequencies of the transitions being 3a+b, 2a—b, a—b. The 
‘fact that only two transitions were observed led to an indeterminacy in the 
Bcults: a—19-06+0-36 Mc/s, b= +2:58+40-3. or —21:64+0-7 Mc/s. The 
smaller positive value of 6 was preferred since it leads to a more likely value of 
the quadrupole moment and indeed some experimental confirmation of this 
‘value was obtained by Perl, Rabi and Senitzky by working in a stronger field, 
} sufficient to produce some decoupling between J and J (the Back—Goudsmit 
effect). We have previously pointed out (Bogle, Dodd and Purser 1956) that the 
doubt could be resolved by working under complete Back-Goudsmit conditions. 
|The present experiments use a fixed frequency of 4245 Mc/s (7 cm) and require 
a field intensity in the region of 2270 gauss. The conditions are therefore extreme 
for Back-Goudsmit effect; indeed the field is sufficiently strong to produce an 
incipient Paschen—Back effect (decoupling of L and 5S), thereby producing a 
slight admixture with the nearby 3?Pj) state. The effect of this is of the same 
order as those due to hyperfine structure. This causes a complexity in the 
analysis but it has an important advantage: it enables a distinction to be made 
between positive and negative values of 6, which is not possible (in the case of 
excitation by n-polarized light) if the effect is negligible. 
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§ 2. THE DouBLE RESONANCE ‘TECHNIQUE 

This method of studying the structure of excited states has been described 
by various authors (Brossel and Kastler 1949, Brossel and Bitter 1952). The 
atoms are excited to the level to be studied by the absorption of suitably polarized 
radiation, thus producing differences of population between the various magnetic 
sub-states of the excited level. If, during the life of the excited level, transitions 
are caused by paramagnetic resonance between these sub-states, some charac- 
teristic (e.g. the polarization) of the resonance radiation will change; a measure 
of this change, called the double resonance signal, detects the occurrence of 
paramagnetic transitions. 

Excitation may be accomplished by using either z, o or circularly polarized 
light. In the case of 7 excitation only the |3, + 4) sub-states become populated. 
In the case of o excitation the |3, + 3) sub-states become more strongly populated 
than |3,+4). In either case the paramagnetic transitions m,= 3-3 and 
m,= — 3-4 will be detected by the change in the ratio of 7 to o components 
of the resonance radiation. 

Excitation by circularly (c+) polarized light results in a greater population 
in |3,%) than in |3,4), with zero population in the other sub-states. The 
population difference may also be enhanced by an optical pumping action tending 
to concentrate the ground level sub-state m;y= +4. Consequently, the para- 
magnetic transition m, = 34 only is observed and not the corresponding negative 
one. If circular polarization in the resonance radiation were measured, transitions 
m,= +4-— 4 would also be detected, but in the present experiments only the 
ma and o (=ot+o7~) components were observed and for this case there is no 
difference in the observed polarization of resonance radiation from m= +4 
and m,;= — 4, 

§ 3. APPARATUS 


The apparatus is similar to that previously described (Bogle, Dodd and 
Purser 1956, Bogle, Dodd and McLean 1957); a schematic diagram of the 
essentials is shown in figure 1. 


Recording 
Potentiometer 


Resonance Aantal ne 
Cell \ rom ys ron 
Oven 
Figure 1. Schematic diagram of the essentials of the experimental apparatus. 
The incident radiation is produced by a laboratory lamp operating either 


from a 50 c/s or a 1400 c/s supply, and the series resistance used to control the 
+ The notation is |J, m,) 
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intensity. After polarization, the radiation is focused into sodium vapour 
contained in a fused quartz cell situated at the centre of a microwave cavity. 
The resonance radiation is analysed by a polarizing prism of calcite with two 
fused quartz end pieces, and the 7 and o components led to photomultipliers 
(RCA 6217) via fused quartz light pipes. 

The microwave cavity, resonant for 7 cm waves, operates in the Hy mode 
producing an oscillating magnetic field at the centre. ‘The cavity is excited by a 
CV 80 klystron which delivers power of the order of 100w continuously, 
sufficient to produce an oscillating field of several gauss. In order to produce 
the appropriate sodium vapour pressure the cavity is heated by flat elements 
on the side walls and the coolest temperature of the cell is controlled by an oven 
into which the end of the cell extends. 

The cavity is placed between the poles of a 4 in. electromagnet, the field of 
which has been adjusted by the use of ring shims to give maximum homogeneity 
at the position of the cell. ‘The magnetizing current is produced by a d.c. 

- generator and is stabilized electronically to nearly 1 part in 10°. ‘The current 
may be increased linearly with time by the use of a motor-driven Helipot in the 
reference circuit of the stabilizer. ‘This enables the double resonance signal to 
be recorded while making a slow transit through the resonance region. ‘The 
complete assembly of sodium lamp, polarizing equipment, microwave cavity and 
_ oven is mounted ona pivoted arm so that it may be moved out of the electromagnet 
to allow measurement of the field by a proton magnetometer. 

The detection of the double resonance signal is accomplished by a method 

_ similar to that used by Brossel and Bitter. In order that the result can be displayed 
- ona 2 myrecording potentiometer, one stage of current amplification is introduced 
using transistors. The balance resistors (R, and R,) then do not need to exceed 
100 ohm and the response time of the recorder is of the same order as the traverse 
- time (4 sec). However, instead of adjusting the resistors to balance the photo- 
) multiplier currents (/, and [,) it was found better to balance o/,/dV and a1,/0V, 
where V is the e.h.t. applied to the photomultipliers. The circuit is thereby 
stabilized against changes of e.h.t. The recorder is then brought to zero by 
introducing a small voltage in series with it. 

Modification of this arrangement is required for excitation by circularly 
polarized light. A beam of circularly polarized light is directed perpendicular 
to the field direction along the outside of the cavity and reflected along the field 
direction by a metal mirror. The beam passes through a hole in the side of the 
cavity and hence into the resonance cell, The reflection changes the sense of 
polarization relative to the light direction. In order to preserve a reasonably 
high Q-value for the cavity, the hole, which is situated at a position of maximum 
microwave current density, is crossed by a number of metal louvres parallel to 


the current flow. 


§ 4. "THEORETICAL CONSIDERATIONS 


The energies of the hyperfine sub-states of 2P,. under conditions of complete 
‘Back—Goudsmit decoupling can be expressed as 


= | selec’ 5 5 
w= SEF mn, + amm, + i (m? i) (me i) , 
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all terms being expressed in units of frequency. ‘The first term expresses the 
Zeeman splitting, g being the Landé factor for the state. The second and third 
express the hyperfine splitting due to the magnetic dipole moment and electric 
quadrupole moment respectively of the nucleus. The energies of the states are 
shown in figure 2, which is drawn for positive a and 6. The transitions detected 
in the experiment are indicated. The resonances are situated symmetrically 
about B,=hf/gB, where f is the frequency of the oscillating magnetic field. If d 
were zero four resonances only would be found separated by 5B=ha/gB; with 
a finite value of 5 eight resonances occur, but they would not be resolved since 6B 
is of the order of 10 gauss whereas the natural half-width at half-height of each 
resonance is about 6 gauss. However the shape of the overall resonance curve 
should enable a distinction to be made between small and large values of 5. 
Since the effect of a change of sign of b is simply to interchange resonance positions 
of m,=4>% and m,=—}—>— } transitions, an experiment performed under 
these conditions could not give the sign of b. 


he 
. flrs 


Figure 2. Zeeman effect on state J =3/2, [=3/2 including perturbation by bait sat 
moment of the nucleus. ; 

i ihe: field used in the present experiment causes a further perturbation to. 
the P35». state due to an incipient Paschen—Back effect which mixes a small amount 


of the Py» sub-states with the m,— +} sub-states of Pay. ‘The effect on t 
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The field at which resonant transitions occur is given by the condition 
W’—W’" =f, where W’ and W" are the energies of the two sub-states between 
which the transitions occur. Solution of the equations lead to eight resonances : 


Bm) = Bo | 1m, 4-5 (m2 37 + stl Bion =<: 


gil Seba wal ; 
B(m)=By| 1m, += (m3) 4-5 : for My = — 3 — 3 
3 
Ba 


where m, takes the values 3, $, —4, —$. The term in f/A is the lowest order 


Paschen—Back term, the one of next order (in f?/A”) having zero coefficient. 
Omitted from the expression are higher order terms in @/f?, B°/f?, a/A, b/A, 


f3/A®... which are not significant in the present experiment, although they have 
been considered in the analysis. 


a 
Wo eS eee eee eee ea . a 
‘ =40 -30 =20 ~-j0--— 0 19708 0 0 : oa: 
a By (gauss) pia 
> mA Prat 
- = - Paaeee: ai 
e 3. ‘Theoretical overall resonance curves for 7 polarized excitation using various 
‘tae drupole coupling constant b (in Mc/s)) iq 
a ia 5 u 
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If irradiation by circularly polarized light is used, only the first four resonances 
given above are observed with o* light and the last four for o~ light. ‘The overall 
resonance would be asymmetrical since the four resonances are not equally 
spaced : 


¢ 


Bo 


7 
B(=1)- BU) = 
By 
o! (a~b). 


The resonance curve for o~ irradiation should be the mirror image of that for o*. 


B(4)— B(3)= = (4+8), 


B(-3)-B(-})= 


§ 5. EXPERIMENTS USING 7 PoLaRIzeD LIGHT 


An experimental curve obtained using 7 polarized light is shown in figure 4. 
It is obvious from a comparison with figure 3 that a value of 6 of about +2 Mc/s 
explains the observed shape. This confirms the results of earlier workers and 
disposes of the second alternative possible in their experiments. Agreement 
between theory and experiment is illustrated in figure 5 where the theoretical — 
curve for a=18-5, b=2-25 Mc/s is drawn superimposed by crosses taken from 
the experimental curve. It has been assumed that the individual resonances 
have a Lorentz shape with a half-width of 7:3 gauss instead of the natural 
half-width of 5-7 gauss. ‘To obtain best agreement it is necessary to use a shift 
of +3-6 gauss instead of the value 2-35 gauss deduced for the Paschen—Back 
perturbation. Justification for these assumptions is discussed in § 7. 


5 
a - q “ 
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The centre of the overall resonance curve occurs at By (the higher order 
terms neglected in the above expressions shift the resonance to a lower field by 
less than 0-1 gauss which is less than the experimental error); accurate measure- 
ment of this field and of the microwave frequency determine the g, value of the 
pP, 2 State of 3Na. Many determinations were made using the following method. 
The field of the electromagnet was brought into a cyclic condition by raising and 
lowering the magnetizing current between two accurately determined values on 
each side of resonance. ‘The field intensity was measured for various settings 
of the Helipot which controls the current. The cavity and associated equipment 
were then placed between the poles and the field taken through two cycles while 
recording four double resonance curves. Along the chart were marked readings 
from the Helipot, showing equal increments of the magnetizing current. Finally 
the field was again measured over several cycles. Throughout this procedure 
care was taken not to lose the cyclic condition. The experimental error in finding 
B, was estimated at 1 part in 4000. The frequency of the microwaves was 

: measured by the use of a co-axial wavemeter making appropriate corrections for 
air temperature, pressure and humidity (Millman 1958). The estimated error 
was 1 part in 7000. The g, value is deduced to be 1:3341 with a standard 
- deviation of 0-0003, which is in excellent agreement with the theoretical prediction 
_ (1:33410) based on Russell-Saunders coupling. 

| Experiments were also carried out using o irradiation and apart from 
_ asymmetries due to causes discussed in §8, the results are similar to those for 
7 irradiation. 

§ 6. EXPERIMENTS USING CIRCULARLY POLARIZED LIGHT 


Typical experimental curves for excitation by o+ and o™ light are shown in 
figure 6. That the ratio b/a is positive may be deduced from the fact that, for 
o* irradiation, the broadest spacing occurs on the low field side of resonance. 
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Figure 6. Figure 7. 


Figure 6. Experimental curves obtained using circularly polarized excitation. 

‘Figure 7. Theoretical overall resonance curve for circularly polarzeid excitation using 
; a=18-5 Mc/s, b=2°25 Mc/s, with experimental points. ‘The individual resonances 
z shown have a_ half-width of 7-3 gauss and are weighted 0-9: 1:0: 1:0: 0°85 
u respectively. 
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The experimental curve has been fitted by four appropriately spaced Lorentz 
resonances. ‘The agreement between theory and experiment is illustrated in 
figure 7 in which a curve drawn for a=18°5, b=2-25 Mc/s is superimposed by 
crosses marking points taken from the experimental curve. ‘The half-widths of 
the separate resonances have been made 7-2 gauss instead of the natural half-width 
value of 5-7 gauss. A small increase was expected; for in order to accommodate 
the light input assembly for this experiment, the poles of the electromagnet had to 
be withdrawn further apart and the cavity placed near one pole-face. ‘This 
resulted in the use of a less homogeneous field. Broadening is also expected 
due to the effect of the microwave field. 

It has been necessary in fitting theory to experiment to weight separate 
resonances; the weighting used is indicated in figure 7. Justification for this 
procedure is discussed in §8. The agreement in the position of the peaks of the 
curves is reasonable but it is not so good on the sides, especially in the case of the 
o~ results. We believe that this is due to the less favourable experimental 
conditions in these experiments as compared with those achieved in the experi- 
ments using 7 polarized light. ‘Theoretical curves for various values of a and b 
have been constructed in order to find the range of possible values which will fit 
the experimental results; the values of a and 6 used in figure 7 are those that give 
the best agreement. 

The shift of + 3-6 gauss needed to explain the z excitation results was confirmed 
by measurement of the fields at which the o+ resonances occur; these are in fact 
shifted by +3-6+0-2 gauss respectively from the positions expected in neglect 
of the perturbations due to Paschen—Back and microwave field effects. 


§ 7. PERTURBATION DUE TO THE MICROWAVE FIELD 


Both the experiments using excitation by z polarized and circularly polarized 
light lead to the conclusion that the resonances m,= 4-3 have been shifted to 
a higher field by 3-6 gauss and that the resonances m,= — 4+— 3 have been 
shifted to a lower field by an equal amount. The contribution to this effect by 
incipient Paschen—Back effect is 2:35 gauss; the rest can be explained by the 
effect of the oscillating magnetic field of the microwaves. The microwave field 
has two effects. Firstly it reduces the life of the sub-states involved, and thereby i 
broadens the resonances. Secondly it can, under certain circumstances, shift 
the resonances. For a sufficiently strong oscillating field a resonance may be 
split (Brossel and Bitter 1952); but even for a weak oscillating field a shift of 
resonance may be produced if the sub-states involved are not equally spaced. 
A case in which the spacing of three Zeeman sub-states is altered by Stark effect 
has been studied by Blamont and Winter (1957). , 

‘The situation relevant to the present experiment is illustrated in figure 8. 
The broken lines represent the Zeeman effect on a J = } state unperturbed by 
the effects of an oscillating field producing transitions. Owing to incipient 
Paschen—Back effect the sub-states are unequally spaced, the sub-states m = ee 
being raised slightly as discussed in §4. The resonant transitions which would 
be expected for a given frequency are indicated. The solid lines indicate the 


effect on the energy levels due to the microwave field (Pryce 1950). It can be 


seen how the presence of m, = — }->+ } transitions effect the resonant condition 
for m, = 4-3 transitions. 


Ma The m,= —}++4 transitions, which are resonant 
at the field By, cause an increase of energy of the sub-state m,=4 on the high 


\ 


The Hyperfine Structure of the 3°P., State of Sodium 59 


field side, thereby producing a further shift to higher field for the m,= 4 
resonance. 

Application of the methods described by Salwen (1955) leads to the conclusion 
that the extra shift is proportional to B,?/AB for small B, (B,< AB) and propor- 
tional to B, for larger B,, where 2B, is the amplitude of the oscillating magnetic 
field and AB is the shift caused by the incipient Paschen—Back effect. A calculation 
of the magnitude of the oscillating field required to increase the shift from 2°35 
to 3-6 gauss gives 2B,=5-3 gauss. We had expected a value in the range two to 
ten gauss from an estimation based on approximate knowledge of the power 
consumption and the Q-value of the microwave cavity together with the frequency 
and the cavity dimensions. A similar argument applied to the m,= —3>—3 
resonance gives an equal shift in the opposite direction. 


Figure 8. Illustrating the effect of the microwave field on 
unequally spaced Zeeman sub-states. 


In the foregoing analysis it has been assumed that the overall resonances are 
obtained by a superposition of Lorentz curves. The assumption is true only 
if B, is much less than B’, the natural half-width of the resonances (5-7 gauss). 
The resonances are broadened by the action of the oscillating field and the figure 
used for the half-widths (7:3 gauss) is appropriate to the value of B,. However, 
for larger values of Bj, the resonances do not have a Lorentz shape as has been 
shown by Brossel and Bitter (1952); furthermore Blamont and Winter (1957) 
have shown, for a three-level system, that more complicated resonance shapes 
are obtained when the levels are not equally spaced. ‘The view has been taken 
in the analysis of the present experiments that these multiple quantum effects 
simply broaden the resonances. In justification of this we point to the ie 
Deviation from pure Lorentz shape is due to terms involving (B,/B’)?, which 
in these experiments is only of the order 1/4. Also by the use of Lorentz curves 
it has proved possible to match the experimental results not only in the position 


60 ¥. N. Dodd and R. W. N. Kinnear 


of the peaks but also, to a large extent, incontour. However, in view of the doubt, 
the quoted errors are rather larger than those expected from the analysis. 


§ 8. EFFECT OF THE DISTRIBUTION OF INTENSITY FROM THE ExcITING LAMP 
ON THE SHAPE OF THE OVERALL RESONANCE 


Because of the Zeeman effect, the optical frequencies in absorption between 
the sub-states of 32S, and 32P,, are spread about the mean frequency. The 
magnitudes of the displacements are comparable with the breadth of the optical 
line from the exciting lamp, and consequently the hyperfine sub-states may be 
excited with different strengths. Estimations of the distribution of intensity 
obtained from measurements with a Fabry—Perot interferometer make it possible 
to explain the asymmetrical resonance curves obtained with 7 polarized 
excitation when the lamp temperature was too hot or too cold and to justify the 
weighting assumed for the experiments using circularly polarized light. 


§ 9, SUMMARY OF RESULTS 


From a consideration of the quality of fit between experiment and theory 
using various values of the coupling constants, we have arrived at the following 
results: a=18:5+0-6 Mc/s, b=2:25+0-4 Mc/s, the ratio b/a being positive. 

Using this ratio of b/a, the value of the quadrupole moment of ?Na calculated 
from the formulae given in Kopfermann is Q=0-097+0-013 barn. If Q is 
calculated from the value of a for the 3?P,). state (a,2=94°45 Mc/s, Perl, Rabi 
and Senitzky 1955) the value obtained is 2% lower. If OQ is calculated from the 
fine structure splitting (6 = 0-516 x 1012 c/s) and the inner atomic number Z, = 7:40) 
the value is 7% lower. No corrections of the type discussed by Sternheimer 
(1954) have been applied. 

For the 3?P3,. state of sodium, g, = 1:3341 + 0-0003. 

The breadth of resonance is consistent with a mean life of (1:5 + 0-2) x 10-* sec 
for the 3?P./. state. 
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The Angular Correlation between some Coincident y-rays of '°’Pt 


Bye Deeks BU dt 
Birkbeck College, Malet Street, London, W.C.1 


MS. received 1st Fune 1959 


Abstract. Are-investigation of the combined angular correlation existing between 
the 296, 308 and 316kev y-rays of !°2Pt has been found to be in agreement with 
spin 3 for the 4th excited state and M1/E2 mixtures of about 3% and 5% for the 
308 and 296kev transitions respectively. 


§ 1. INTRODUCTION 


12Pt (308-296-316kev) has been studied previously by Taylor and 
Pringle (1955), Kelly and Wiedenbeck (1956), Mraz (1957) and Kawamura, 
Hoki and Huyaski (1958). This study is of particular importance since not only is 
it at this nucleus that a transition from rotational to vibrational excitation occurs 
(Mottelson 1957), but a knowledge of the mixing ratio for the 296 kev transition 
provides a method for observing the presence of E0 radiation in this 2+ 2+ 
transition (Lindqvist and Markland 1957). 
The measurement is a difficult one because the spacing of the y-rays is well 
within the energy resolution of y-scintillation spectrometers and the effects of 
several interfering cascades can by no means be neglected. 
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Figure 1. Principal modes of 1°Pt de-excitation according to Baggerly et al. (The 
terms in brackets denote the relative intensities of the y-rays.) 


The spins of the levels A, B, C and D of Pt (figure 1) are known to be 0, 2, 2 
and 4 respectively (Baggerly et al. 1955); hence an investigation of the angular 
correlation of the triple cascade gives information concerning the spin of level E 


_ and the mixing ratios of the 308 and 296 kev transitions, 
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Taylor and Pringle, Kelly and Wiedenbeck and Mraz showed that the corre- 
lation could be interpreted by assuming a spin 4 for level E and a small M1/E2 
mixture for the 296 kev transition. Kelly and Wiedenbeck’s results indicated that 
spin 3 was permissible also; however this work made no allowance for the inter- 
fering correlations. Mraz was unable to obtain agreement between the mixtures 
obtained for spin 3 and those from internal conversion studies. Recently, 
Kelman et al. (1957) have investigated the relative intensities of the L subshell 
internal conversion lines of !°2Pt with a high resolution spectrometer and it appears 
from this work that both the 308 and 604 kev transitions are mixed, requiring level 
Eto havea spin 3. Kawamura et al. have shown that approximate agreement can 
be obtained between the angular correlation and the data of Kelman et al. on the 
assumption of spin 3 for level E. 

The present work represents a re-investigation of this angular correlation and a 
more detailed comparison of it with internal conversion data. This has been made 


possible by the appearance of the tables of theoretical internal conversion coefficients 
of Rose (1958) and Sliv and Band (1958). 


§ 2. EXPERIMENTAL METHOD 

The correlation was measured with a conventional high speed coincidence 
circuit, similar to that of Bell e¢ al. (1952) incorporating two lin. x 14in. Nal(T1) 
crystals and two slow channels with differential discriminators. The discrimina- 
tor gates were set to span the 300 kev group photo-peaks. The resolving time of the 
fast circuit was 1-2 x 10~*sec and the true coincidence to accidental counting ratio 
was about 30: 1. 

The source was a 3mm diameter spot of natural iridium which had been 
sputtered on to a thin flake of quartz and irradiated in the Harwell Bepo pile. Its 
activity was about 10 microcuries. It was assumed that none of the transition 
probabilities involved in the disintegration was small enough to allow any extra- 
nuclear perturbations to influence the correlation. 


§ 3. EXPERIMENTAL RESULTS 
When the measured angular correlation was expressed in the form 
W(0)=1+ A,’ P,(cos 0) + Ay’ P,(cos 8), 
A,’ = —0-0512+ 0-003 and A,’ =0-0863 + 0-004. After correction for finite 
counter apertures according to the method of Church and Kraushaar (1952) the 
coefiicients were A, = —0-0520 + 0-003 and A,=0-0904 + 0-004. A comparison 


of the present results with earlier ones is shown in table 1. An exact comparison, 
' however, demands a knowledge of the gate widths used in each case. 


a 


Table 1. Total Angular Correlation Coefficients corrected for finite solid angles of 


counters 
Authority A, A, 
Taylor and Pringle No compari i 
parison possible. 

Kelly and Wiedenbeck — 0-056 + 0-004 0.0929 : 0:005 
hoa — 0-056 + 0-0085 0-104 + 0-013 

<awamura et al, — 0-055 + 0-004 0-102 + 0-005 
Present author — 0-052 + 0-003 4 


0-0904 + 0-004 
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§ 4. INTERPRETATION OF RESULTS 
By measuring the slow channel pulse amplitude distribution for single y-ray 
emitters whose energies corresponded approximately with those of the two higher 
energy y-ray groups in '**Pt (468 and 600 kev approximately)} an estimation was 
made of the amount of 468 and 600 kev radiation which passed through the gates 
spanning the 300kev photo-peaks. ‘The method used was similar to that 


cLable: 2 


(1) (2) 
296-316 1-00 
308-296 0-80 
308-316 (1st—3rd) 0-81 
308-612 0-04 
468-316 0-26 
588-296 0-04 
604-316 0-09 
588-316 (1st—3rd) 0-04 


(1) The cascades (kev); (2) the relative intensities of the participating angular correla- 
tions allowing for the discriminator gate settings. 
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Figure 2. 


A A, for the 308 kev transition 0-7%, M1/E2 mixture and the 296 kev transition pure E2. 

BA, for a 0-7°% M1/E2 mixture for the 296 kev transition and a pure E2 308 kev 
transition. 

C,D,E A, for the 308 kev transition 3%, 5%, and 7% mixed, respectively, and a 0-7% 
mixture for the 296 kev transition. 

‘FA, belonging to curves B, C, D and E. (The differences between these cases were not 
great enough to warrant separate plots.) 


GA, belonging to curve A. 
Pairs of short dotted lines parallel with each curve show the errors due to the 


inaccuracy of the y-ray intensities. Pairs of broken lines show the statistical error of the 
experimental coefficients. 

+ The isotopes used were *Au for the 468 kev y-ray and '°*’Cs for the 600 kev group, 
These isotopes emit y-rays of 411 and 662 kev respectively. 


Dy Ky But 


64 


“OLF 
(au 


0 
€-0F 
Z-£ 
9-0 F 
t+ 

7a/TIN% 


1-0 
L-+ 
70-0 + 

2-7 
Z0-0F 
BE-7 
0-0 F 
SEZ 
dxa(’T/M) 


L¥ 
I-+1 

1 

I 
ELF 
0-2 
ETF 
cg 


800-0 # 
860-0 
900-0 * 
LOE-0 
100-0 ¥ 
L0€-0 
10-0 
OLE-0 


Za/TING, Fx0@'T + °T)/*1 


SF 10-0 
€-91 £1-0 
€-0F 10-0F - 
Ll €L-0 
$0F 10-0 
gS 19-0 

L0F 70-0 
ES +L-0 


ZTA/TING —4x0("T/*T) 


a CLAR 


“Ajestooid o10Ur ORI SITY} SULINsvoUt JO qoatqo ayy yaIM AroyerOgey sty) UT ssordox 
uy ‘Joi aB1e] Joys & 0} aUOId aq 0} sivadde ‘1aAaMoy ‘9}BUUT}SA STY,T, 1 


! “e-OL URY? sseT oq 
(LS61) purpyreyy pure ystAbpury = *payoaysau oq 0} Ysnoud [[eUIs SBM SORT ABY 967 94} OF 


The Angular Correction between some Coincident y-rays of °*Pt 65 


employed by Mraz. ‘These data, together with the relative y-ray intensities} and 
internal conversion coefficients of Baggerly et al. (1955) allowed the relative 
intensities of the participating angular correlations to be calculated (table 2). 

The total theoretical angular correlation coefticients were then calculated for 
the case of spin 3 for level E (Rose 1953, Biedenharn and Rose 1953). ‘The work 
of Kelman et al. shows that the 604kev transition is highly mixed. A 14% 
M1/E2 mixture (table 3) with a negative mixing ratio (Shiel, Wyly and Braden 
1957) has been assumed for it for this calculation, although the overall correlation 
is not highly sensitive to this figure. 

Figure 2 shows the angular correlation coefficients for a number of selected 
cases as a function of mixing ratio. Only negative values of the mixing ratios have 
been used, since positive ones give positive A,’s over the range of mixtures con- 
sidered. 

The theoretical conversion coefficients of Rose (1958) and Sliv and Band 
(1958) make possible a recalculation of the M1/E2 mixtures for the 296, 308, 316 

and 604kev y-rays from the K and L shell ratios of Kelman et al. Dynamic 
nuclear structure effects are not expected to be present in these transitions (Nilsson 

-and Rasmussen 1958). 

The results for these in table 3 are based on Rose’s tables. ‘The internal 
- conversion coefficients in Sliv and Band’s tables differ from those of Rose in some 
cases by as much as 10%. However, the mixing ratios computed from them 
_ differ only slightly from those of table 3 (usually within the errors quoted in the 
table and never much more) so they have not been included. 

The accuracy of the L sub-shell intensities of Baggerly et al. was not sufficient 
to warrant their inclusion here; there is, however, no significant disagreement 
- between the two sets of results. 

. It is interesting to note that the L,/L, and L/L, ratios for the 316 kev transition 
_ lead to the presence of a significant amount of M1 radiation. On the other hand 
_ the K/L and L,/(L,+Lz,) ratios lead to a pure E2 transition within the limits of 
| experimental error. ‘This disagreement could be explained by an over-estimate 
| of the L, line intensity owing to the fact that its tail runs into the L, line. A 
) similar disagreement is noted with the 308 kev transition mixture. 

From an examination of table 3, it can be seen that there is strong evidence for 
an M1/E2 mixture of approximately 5% for the 296kev transition. Figure 2 
shows that this requires an approximately 3% mixture for the 308 kev transition. 

The agreement with internal conversion data is therefore fair. 


§ 5. CONCLUSIONS 
Satisfactory agreement can be obtained between internal conversion and 
y-y angular correlation data with the assumptions that level E has spin 3 and 
the 308 and 296 kev y-rays have M1/E2 multipolarity mixing ratios of about 
3% and 5% respectively. 
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+ Although Baggerly et al. claimed accuracy only to +20% for their intensities their 
results agree, in fact, to within +10°% with those obtained by averaging the values of 
Bashilov et al. (1952), Johns and Nablo (1954), Baggerly et al. (1955) and Sumbaev (1957). 
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Electron Detachment from the Negative Hydrogen Ion by Electron 
Impact 


By 8S. GELTMAN 


Atomic Physics Section, National Bureau of Standards, Washington, D.C., U.S.A. 


MS. received 22nd May 1959, in revised form 20th Fuly 1959 


Abstract. ‘The Born—Oppenheimer approximation has been used to evaluate 
the cross section for the detachment of electrons from H~ by electron impact 
over an energy range from threshold (0-75 ev) to 75ev. An empirical correction 
was then applied to account approximately for the long range Coulomb repulsion 
between the incident electron and the negative ion. The resulting cross section 
has a broad maximum of 700za,? centred at about 45 ev. 


§ 1. INTRODUCTION 


' HE detachment of electrons from negative ions by the impact of free 

| electrons is a process which has not yet been directly measured in the 
| laboratory. The process is of general interest for the study of the properties 
_ of negative ions and how they compare with those of neutral atoms and positive 
| ions. The H- in the sun’s photosphere has long been recognized as a primary 
; source of continuous opacity for the visible spectrum. Consequently, it is of 
, astrophysical interest to know to what extent the dissociation of H~ by electron 
| impact influences photospheric processes (Pagel 1956). The rate of this process 
} is also needed in the investigation of arc plasma properties (Boldt 1959). 


§ 2. FORMULATION OF SCATTERING PROBLEM 


The total cross section for the detachment of an electron by electron impact 
from H- in its ground 15, state is 


a | [| sin 0 d0 dp *2 £4] f,- OPS [g OP cee (1) 
J p 


where kp(kp, 0,0), Kq(Ra, 9,4), and x are the incident, scattered, and ejected 
electron wave vectors, respectively, and in the Born—Oppenheimer approximation. 
(Bates et al. 1950) the scattering amplitudes are 


1 1 1 
Ef 8°} = (27) A dr, d7,d7, exp (—tkg. 11) O* (re, rs) (- a a ae —) 
(ieee ome 


x fexp (ikp.11)fo(Fa Fs), exp @kp. re)fo(ti ts) 
(singlet-singlet transition) 


1 1 1 
g P= OE AT {fy dz, dt, dr, exp (—tkq. r,)p,2* (re, rs) (- ite —) 
. 1 


x exp (ikp. Fs)Po(F Fe) 
(singlet-triplet transition). aerate (2) 
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In the above, yy is the ground state wave function while ,” and #,® are the 
final state singlet and triplet wave functions corresponding to one electron bound 
and the other electron free. The integration over x in (1) is restricted to the 
volume in x-space where energy is conserved, Le. where kp?+2E)=hkq? +k? 
(E,=one electron binding energy in H-). The atomic units used are length 
in units of a), energy in e2/ad), and wave number in units of 1/dp. 

Bates et al. (1950) have tested the Born—Oppenheimer approximation for 
excitation to discrete states by electron impact and have found it to be very poor 
at low energies. It has until now not been applied to the case of ionization. 
The source of difficulty in the Born—Oppenheimer exchange amplitude is that the 
contribution of the electron—nucleus interaction term remains present even 
though the initial and final state atomic wave functions are orthogonal. We 
shall show that this term provides a negligible contribution to the angular 
integrations of both the direct and exchange amplitudes in the present calculation, 
except at the lowest energies. Thus we are relieved of the objectionable feature 
of the Born—Oppenheimer approximation encountered in excitation to discrete 
states. 

An improvement in the approximation for this particular case of electron 
scattering by a negative ion would consist of replacing the incident plane wave 
in (2) by a repulsive Coulomb wave. The effect of this would be to reduce the 
cross section, as the wave function for the incident electron would be decreased 
in the region of greatest overlap. However, the use of a Coulomb function 
in (2) would make the integrals intractable, so we defer until later in the 
calculation an approximate correction for the initial Coulomb repulsion. 


§ 3. EVALUATION OF SCATTERING AMPLITUDES 


The simple product-type wave functions for H-, 


bo = Po("1)Po(2) 
PO=PolTyPu(7a)+Polra)Pc(71) vee ee (3) 


have been found (Geltman 1956) to yield photodetachment cross sections in 
good agreement with more elaborate calculations and with experiment (Smith 
and Burch 1959) when one chooses ¢y and ¢, as the solutions of a one-electron 
Schrédinger equation with a short range attractive potential containing one | 
bound 1s state at the known binding energy of 0-75ev. For the present. 
calculation we retain the above form for %) with the normalized orbital 


re 0:757n-42 exp (— 1-058r),F,(0-0548; 2; 2:116r), r<1-88 
0 0-393a-1/27—1 exp (—0-234r), eR ee (4) 


‘while taking for the continuum state the simpler normalized form 


the= 212m) f(r) exp (Be. Fa) + bu (7o) exp (HM-y)] vee. (5) 


where $y is the ground state hydrogen function and the + and — signs go with 
the singlet and triplet states respectively. 
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Inserting these wave functions into the expressions for the amplitudes we 
obtain 


f.O=2922n)-9{ —2 | dradalra)dults) 


. | de ae [1(kp—kq)- 1a] 


The 


dtob)(12) exp (— 7K. ra) 
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x | drs$o(12)bu("2) (= i. oa ; 
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g,2=2-I(2n) | — | arabulradbu(rs) | drafolra) exp (ia Fe) 


« [an [i(kp —»)- ru] 


"h2 


+ | aradulrs) exp (ikp. rs) | dtoh9(72) exp (— 1%. Fy) 
| Dre caer) & ries +) 


ige = UE) 


= { (pes Ol eae | Me ern ann) 


x | drabalra)balr) (= - ~\\, 
RN fis ae em et ieee at (6) 


The last term in g, will vanish because of the plane wave integration 


| drexo Giga hte 0 


since energy conservation requires that kp>«. Note that if we were presently 
dealing with excitation rather than detachment, exp (ix. r) in (6) would be replaced 
by a bound state function. Hence, instead of the last term in g, vanishing 
identically, it would have its largest value at small kp and thus contribute to the 
peak near threshold obtained by Bates et al. (1950). We neglect the second 
terms in f,”, g and g,® and retain only the first terms. The justification for 
dropping these terms is discussed inthe Appendix. This results ina considerable 
simplification in performing the space integrations, yielding 


J(K) 
Ge Aq 2 — De aes 
ip Alkp ka| K 


J(K 
g,0= —2n MAI ky —x|-? 


where 
K=kp—kg—x, A= | drbybq = 0-944, and I(K)= | drrdysin Kr. 


0 
The function J(K)/K, which is (47)~* times the Fourier transform of 4,(7), 
is given in figure 1. 
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Figure 1. The quantity (47)~* | dro eK + for (a) 6=dy and (6) d=¢do. 


§ 4. ToTaL Cross SECTION 
To obtain the total cross section we must integrate over the angle of scattering 
(6, ¢), the angle of ejection (6’,¢’), and the accessible range of ejected electron 
wave number, «=0 to (kp?+2E,)/*. The integrations over azimuthal angles 
may be done immediately by the proper choice of polar axes. These integrations 
can be conveniently described in terms of the dimensionless variables 


Kp ekg _ %+ (Kp —kg) 
Rpkq «|kp—Kka] ’ 
gq=Ralkp, s=k/k,, #2 =2|E,|/kp? = 1 —s?—q?. 


The total cross section in units of za,? is 


o= (8A*/kp) i ds*sq (2 da abe aBLI(, B, 4,8) + 1y(%, By 8,9) —Io(a, Bq, 5)] a 


in ; — ia pean ae 
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It is of interest to compare this result with that obtained from the Born 
approximation, i.e. 


oe ( de | 


sin 0 dé dd i ee = = Seater (9) 

: p 

As the contribution of the cross-term was found to be small and that of [f,/ 
is four times that of |g,? or |g,[?, the cross section without exchange is 
reduced by about half with the inclusion of exchange. Unlike the case of 
excitation to a discrete bound state, the exchange amplitudes here do not become 
small compared with the direct amplitude in the high energy limit. Comparison 
of these results with a future experiment would give an indication of whether 
the Born or Born—Oppenheimer method is better for the case of ionization. 


o-(1ra2) 
DS 
(e) 
fe) 


. oO ao seo—e Go GO ~ 1 
INCIDENT ENERGY (ev) 


| Figure 2. Total cross section for electron detachment: (a) Born—Oppenheimer approxi- 
mation and (6) corrected for Coulomb repulsion. 


§ 5. CORRECTION FOR INITIAL COULOMB REPULSION 


The use of a plane wave to describe the initial state of an electron—negative 
ion collision is clearly a rough approximation. As mentioned previously, a much 
better one would be to use the repulsive Coulomb wave 


1/2 —1/2 7 
2n\ Toy (2%) 1] exp (ikp- PFs (— 5 15 i[kor—k-). 
kp kp kp 


The use of this function resulted in space integrals which could not be reduced 
analytically to a sufficient degree to make the entire calculation feasible. We 


were thus led to the necessity of attempting to correct the Born—Oppenheimer 
cross section for this effect. We consider the high and low energy regions 


separately. 


5.1. High Energies 


Our present result corresponds to the case of the long range repulsive field 
| between electron and negative ion being switched off. As the effective radius 
| for detachment by (where o=7b ”) is large compared with 1/Rp it is reasonable 
| to think of the incident electron’s trajectory classically. With the repulsion 
switched off the distance of closest approach is equal to the impact parameter. 
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When the repulsion is switched on, the distance of closest approach becomes 
larger than the impact parameter so that the apparent cross section is decreased 
by a factor equal to the ratio of the square of the impact parameter to the square 
of the distance of closest approach. Using the well-known relation between 
impact parameter and distance of closest approach for a Coulomb field (Goldstein 
1950) the correction factor is 
1=2/b)Rp* aly Aime Si taoda: Ps (10) 
where b, is equal to 7"? times the square root of the Born—Oppenheimer cross 
section (in units of zra)°). 
5.2. Low Energies 

A difficulty with the above procedure is that below a particular incident 
energy, (10) will become negative. We also do not expect the above procedure 
to be valid because the electron trajectory is no longer classical, i.e. b) becomes 
of the same order of magnitude as 1/kp. We therefore take the correction factor 
at low energies to be of the form 


(constant) 4 | exp (=) — le ala Stes (11) 


which is proportional to the probability that the incident electron is at the centre 
of the negative ion. The two forms, (10) and (11), are joined at the wave number 
kp =0-475, where their logarithmic derivatives are equal. The constant is chosen 
to make the correction factor continuous (figure 3). The corrected cross section 
is also shown in figure 2. 


PT 15 ~ 2.0 
Kp <° 4 : 
Figure 3. Correction factor for Coulomb repulsion. 
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omparison of the Fourier transform of 49 (divided by 47) with that for },. 
At K=0, where momentum is conserved and we have the greatest contribution 
o the differential cross section, J(K)/K for ¢) exceeds that for ¢, by a factor 
of 3-54 (see figure 1). The square of this then accounts for a factor of about 10. 

(b) The remaining factor of 10? must then arise from the use of a plane 
wave to describe the final state %, rather than an attractive Coulomb wave. 
The differential cross section for the direct ionization of a hydrogen atom using 
1 Coulomb wave for the ejected electron has been evaluated (Massey and Mohr 
1933) and this may be compared with the easily obtainable analogous quantity 
using a properly normalized plane wave for the ejected electron. The resulting 
expressions for the differential cross section (after integration over all angles of 
ejection) are 

| Ber Ce diaes we eee ems 2 

: Rpk*[1 + (R+« PPL + (R—«)"P 


2 2k 
exp| — -tan-!( ——.—, 
[2 +4 (x2 +1)] aD f seer (; + k?— 3) | (Coulomb), 


x (1 — eW nik’) 


2k 
where k=|kp—k,|. We have numerically performed the integrations over 
energy of ejection and scattering angle at an incident energy of 30ev. ‘The 
ratio for the differential cross section 


eer de [7.40 
0 


with ejected plane wave to that with ejected Coulomb wave is 870 for 0=0, 
6°8 for 0=7/2, and 5-2 for @=7z. The ratio of the total cross sections is 289. 
This is quite consistent with our results when we recall that a factor of 2 


‘reduction in total cross section resulted from the inclusion of exchange and the 


factor of 10 from (a) is an upper limit (see figure £): 


ie et 2B i) + hte | (Plane), 


6.2. Semi-Classical Model 


| Here we consider the photon flux corresponding to the Fourier transform 
lof the electric field pulse at an H~ ion (or H atom) due to the straight line 
‘trajectory of an electron with velocity v and impact parameter b. Integrating 

his over the photodetachment (or photo-ionization) cross section, op, gives the 
probability for electron detachment (in c.g.s. units), 


sets ated exp (—42vb/v) 12 
P(b) = os | * avon) me (12) 
from which the total cross section is obtained by integration over impact parameter, 
o(v)=nb2 +21 | AGA IA Eee aD (13) 
b; 


The difference between the detachment cross sections for H- and for H is seen 
o depend on the threshold frequency v) and op. The maximum op for H~ and H 
are 4-0 x 10-27 cm? and 0:63 x 107" cem2, while their hvy’s are 0-75 ev and 13-6ev, 
respectively (although the shapes of op near threshold differ). Both these sets 
of values work in the direction of a larger detachment cross section for H~ than 


; 
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for H. Estimating an upper bound to the integral in (12) we find b,(H~) < 8-3a) 
and b,(H)<1:4ay) for a 50ev electron. As the critical impact parameter for Hi 
is so small, the semi-classical model is inappropriate in that case but should be; 
reasonable for H-. Similarly, taking an upper bound to (13) gives o(H~) < 208749" 
and the apparent overestimate of o(H) < 6-379”. / 


j 


§ 7. CONCLUSIONS 


As this is a three-electron problem involving excitation from bound to freq 
states, various approximations had to be employed, not all of which can be given 
quantitative justification. We review these below with some remarks as to thei 
expected validity : . 

(a) The Born—Oppenheimer method permits the separation of the incoming 
electron and bound electron parts of the total wave function. For analytica| 
convenience we have represented the incoming electron beam by a plane wavd 
even though it is in a repulsive Coulomb field at large distances. There are nq 
analytical criteria available for the validity of this approximation for the presen 
process. However, the work of Fite and Brackmann (1958) indicates that the 
Born approximation (ignoring exchange effects between incident and bouna 
electrons) for the ionization of H atoms gives a result up to 50% too high below 
75 ev. | 

(b) The wave function for H~ in the 1S state was taken to be of a simple for 
which proved satisfactory in describing the continuous absorption of radiatiom 
by H- in the optical region. In the ultra-violet the continuous absorptiom 
coefficient obtained with this function becomes larger (by about 30%) than thag 
obtained with more elaborate ground state wave functions. ‘This would indicat 
from the known relationship between the optical properties of an atom and it: 
inelastic electron collision cross section, that our present cross section might b: 
too large by a similar amount (Miller and Platzman 1957). The use of : 
many-parameter Hylleraas function in the present calculation would certaid 
improve the results but would also make the spatial integrals in (2) considerably 
more difficult to evaluate. The approximation used for the free state of a 
is probably quite good for all except the lowest energies of electron ejection 


(c) The retention of only the first term in the scattering amplitudes i 
discussed in the Appendix, with the conclusion that it results in an uncertaint: 
of the total cross section on the order of 10°% between 15 and 75 ev. 

(d) The magnitude of the Coulomb correction at the higher energies i 
apparently less than the possible error from other sources. ‘The method 
joining the low and high energy corrections is somewhat arbitrary but base: 
on the reasonable assumption that the correction factor be a monotonic functio: 
of energy. Most likely our low energy Coulomb correction (<3 ev) gives a} 
extreme upper limit to the actual cross section and can be given no quantitativy 
reliability with regard to magnitude, even though the shape is probably roug 
correct. ‘This is unfortunate for the application to solar physics where tl 
electron temperatures correspond to energies close to threshold. 

We conclude that the main features of the shape and magnitude of the cr og 


section are properly described by our resulting curve, to within the abow 
uncertainties. 
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method. It is, however, very much larger than was obtained for Cl~ (Massey 
and Smith 1936), also on the basis of a partial wave method. A possible 
explanation for this disparity might lie in Massey and Smith’s neglect of terms 
corresponding to p-—p transitions, which terms Watanabe and Miida find to be 
exceptionally large. 


ACKNOWLEDGMENTS 
This research was supported in part by the Office of Naval Research. ‘The 
author is indebted to Mrs. Sally Peavy for performing all the programming 
operations for the numerical integrals, and to Dr. E. C. Beaty for suggesting the 
semi-classical analysis in § 6.2. 
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TrerMs NEGLECTED IN SCATTERING AMPLITUDES 


For the purpose of testing the smallness of the neglected terms in (6), let us 
replace 4) by 4, so that most of the space integrations may be performed 


analytically, giving 
fO~ | eden ht eee order 2) (St 5) 
LS ae (1+ K?)? (1 + x?)?(4+ R?) . 


7 


In the integration over «, 
i 1+4¢ 
[aap —4ahy? | daILOP, 
v —l 1-—@ 


and the greatest contribution will arise from forward scattering (k~1—g) for 
energies much greater than threshold. As the denominator of the first term 
in f,™ gets very small while that of the second term does not, we neglect the second 
term. For the exchange amplitude, 


eit 1 8 
g@~ =| — ——, + hoa mn 
ez [ R214 K*)? 0 (L+kq?)(1+4°)(1 + kp’)? 

a ay {I ee exp (—tkg. r, )ou(71)¢u("2) {=P (ikp.t) a exp (—7ix. oh] 

4qr Boat Tis (1+«?)? (1+ Rp”)? 

where k’=|kp—x|. Similarly, in the angular integration of |g, or |g? the 
largest contribution will come from small angles of ejection with respect to 
direction of incidence, and hence we retain only the first term above. It is not 
possible to get a simple analytic reduction of the last term in g, above, but it 
clearly will not contain any resonance denominator for forward electron ejection 
as is contained in the first term. 
An estimate of the magnitude of the error involved in dropping all but the 
irst term in f, and g, may be made by doing the angular and energy integrations 
h the above simple form for f, and the additional simplifications: K?~«? 
n the first term and #2~0 in the second term. These simplifications are based 
n the fact that largest contributions to the integrals are for very small values of k. 
The resulting ratio of the contribution of the neglected term to that of the retained 
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0:33 at 1-5ev, 0-04 at 15ev and decreases as kp~ for higher incident energies. 
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The relative effect on the cross term 
i] 


| FER | ae i apf Og ; 


of neglecting all but the first terms in f, and g,® is probably greater than in 
the case of the square terms because the neglected terms will contain a resonance 
denominator of the same order as the retained term. The net effect on the total 
cross section should not, however, exceed the order of 10% since in the present! 
approximation (§§3, 4) the entire cross term contributes less than 5%. : 
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Pair Distribution of Simple Non-spherical Liquids 
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Abstract. A procedure is discussed by which the spatial structure of classical 
simple non-spherical condensed systems (i.e. systems composed of non-spherical 
particles interacting in pairs) can be determined using the well established 
formulae of statistical mechanics without the need to appeal explicitly to vectorial 
integro-differential equations. In the mathematical method, the effects of particle 
asymmetry are introduced gradually starting from an appropriate symmetry 
already known from alternative calculations. ‘The superposition approximation 
is invoked but its effect may be controlled if necessary. The case of slight molecular 
asymmetry is the one most conveniently treated although the procedure has a 
wider usefulness. 


§ 1. INTRODUCTION 


often expressed in terms of a pair distribution function describing the 
distribution of molecular pairs in the liquid, derived experimentally from 
X-ray, or neutron, diffraction data. The classical theory of the pair distribution 
is based on the principles of particle dynamics and statistical mechanics, 
augmented by a simplifying mathematical hypothesis, namely the superposition 
approximation, relating the many particle correlations to that between a 
representative pair (see for example de Boer 1949, Cole 1959a). The use of 
the superposition approximation dictates the subsequent development of the 
theory. Because it largely disregards the particle interaction its direct introduction 
into the theory is unreliable (Yvon 1935) except in perturbation effects 
(Eisenschitz and Cole 1954, Cole 1958a). The consequent rearrangement of 
the theory into a form which minimizes the role of the particle interaction has 
led to the development of non-linear integro-differential equations whose solution 
isthe pair distribution. Equivalent first order vector equations have been proposed 
by Yvon (1935), Kirkwood and Boggs (1942), and Born and Green (1949); 
alternatively, Cole (1958b) has proposed a second order tensor equation. 
In addition to these special forms of the general theory, the effect of the 
superposition approximation can be gradually reduced, in principle almost 
indefinitely, by a procedure of variable interparticle coupling (Cole 1959 b). 
Any calculations based on these several equations must be fraught with very 
severe computational difficulties even for the least complicated case of liquids 
mposed of strictly spherical particles, where all the equations have scalar form. 
For this reason no full test of the theory is yet available; but the numerical 
solutions of the first order equations, involving electronic computer techniques 


T HE short-ranged molecular spatial ordering characteristic of a liquid is 


— 
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(Kirkwood, Lewinson and Alder 1952), and using data adapted, though rather 
crudely, to argon add confidence to the approach. Further solutions of the theory} 
are in hand but not yet available. | 

The situation becomes complicated in the extreme when non-spherical 
liquids, whose constituent particles deviate from spherical symmetry, ard 
considered. The equations now have full tensorial form, and the present electroni¢ 
computer facilities are scarcely adequate to treat the problem in a reasonable way) 
There is, therefore, a great need to reconsider the determination of the spatia} 
structure of simple non-spherical liquids with a view to simplification and thi¢j 
is the aim of the present paper. By accounting for the effects of particle asymmetry 
gradually, a procedure is developed which reduces the calculation for simpl¢ 
non-spherical liquids to a form of the same type as that for simple sphericay 
liquids; emphasis is placed on the case in which particle asymmetry is slighty 
This study will allow a numerical study of the theory of the liquids to include als« 
non-spherical liquids which are of great practical importance. | 


| 

§ 2. 'THE PREMISES ! 

The classical liquid is represented by N identical particles contained in | 
volume V, the average particle number density being denoted by m (=N/ V)| 
The system is at temperature 7, and k will denote the Boltzmann constanti| 
Each particle is in interaction with its neighbours and ‘P(ry, ro, ...0y) will 
denote the total interaction potential of the system, where r; is the configuratioy 
vector for the centre of the ith particle. It is convenient to define also a reduce: 
potential X(r,, ry, ... ry) according to the relation RTX=". 
The normalized probability for the instantaneous occurrence of h (<N 
arbitrarily chosen particles in the configuration (r,,r,...r,) 18 writtel 
n™(r,, ry, ...¥,,) and according to statistical mechanics is defined by 


dimensionless distribution n” to unity 


1 
oe wi || expt-Xdar de, (2) 


When /h is set equal to 2, these equations define the pair distribution n (ry, to 


A relation between distributions of consecutive order follows immediate} 
from (1): 


if | 
NN rs) = 7 { n®)(r,, Po, fs) drs. 


Alternatively, the superposition approximation asserts the validity of t 
sequence of relations the first two of which are: 


MO(Fy, Fy, tg) =NO(Ky, ra)n (ry, 0s)M™%(ro,t3), we ee (3) | 


n (ry, Fo, Fg, 4) =n®(r,, Fo, P3)AO(r,, Pg)n(ra, M,)n(rs, 04). wees (35) 
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For simple liquids, such as will be treated here, the total potential is to be 
equated to the sum of the separate pair potentials, each member being concerned 
with the mutual interaction between a single particle pair, whether or not the 
particles are spherically symmetric. If y(r,;,r;) is the mutual force potential 
for the particles 7 and j, and if we define a corresponding reduced potential 
function x(r;, r;) according to the relation kTy=y%, then 


X(ry, hg, ++ Py) = S S Cee | a Gere (4) 


t=LIS4 
For spherical particles y is a function of the particle separation distance alone, 
but any departures from particle spherical symmetry demand also the inclusion 
of the relative particle orientation. In this more general case it will be assumed 
that each y can be written as the sum of a term y,(r) that is angular independent 
and an angular dependent remainder y,(r,9,~) where (r,9,y) are spherical 
polar coordinates with origin centred on the particle. 

As a matter of nomenclature the insertion y=, into (1) and (2) provides a 
definition of the pair distribution, written (rj) with r4.=|r,—ra|, for a 
system of spherical particles, a function to be regarded as already known, e.g. 
from the equations mentioned in § 1. 


§ 3. VARIABLE ASYMMETRY 


We are concerned now with the selection of the functions x, and x, appearing 
in (6). Clearly such a separation of the known function y can be done in many 
ways: it is best to choose a form which lays most emphasis on the symmetric 
function y, although this is not critical. For the present purpose we forget for 
the moment the actual particle under consideration and choose a function xo 
for some different particle for which calculated data for the corresponding pair 
distribution 1,” are already independently and accurately known. This different 
particle can have a classical radius somewhere between the maximum and 
minimum radius of the actual particle. For definiteness the separate symmetric 
particle will be given a radius 7) equal to the maximum radius of the actual 
asymmetric particle; the minimum actual particle radius will be written 7m. 

The angular function, xj, can itself be split into two terms, namely €, referring 
to the spatial region r > 7, and €, referring to the spatial region rm<r<7. While 
€, accounts for asymmetric attractive features, €, describes partly attractive 
features but mainly the repulsive effects due to particle shape. é, can be expected 
to have a form similar to that associated with a simple dipole, or perhaps multipole. 
This separation remains unchanged whatever the particular value 7) chosen. 
If asymmetry is only slight, €, > almost everywhere. 

The mathematical experiment of (hypothetically) varying the particle 

symmetry from zero to its actual value in the real system can be effected by 
introducing a parameter of variable asymmetry and so writing x; aS x1. 
% is assumed continuous in the range 0 to 1. When a=0 each particle has 
complete spherical symmetry; when a=1 each particle has the asymmetry of 
the actual particles. 
; § 4. SOLUTION PROCEDURE 


- It will now be explained how the pair distribution for a liquid composed of 
asymmetric particles can be related to the corresponding function for a liquid 
f symmetric particles by using the technique of variable asymmetry. 


eliminated. 
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4.1. Slight Asymmetry : 
Apart from the case where the particles actually deviate only slightly from! 
spherical form (when no parameter need necessarily be invoked since it is usually, 
sufficient to put €,=0) this situation can be mathematically simulated more 
generally by requiring that «<1. The exponential function in (1) and (2) 
then need be expanded only as far as the first term so that 
N ON 
exp{—X}=exp{—Xo} E Ch De IDI) O(a) | 
i=1j>i 
where X, refers to complete spherical symmetry. In this case the equations (1) 
and (2) can be rearranged into the following relationship between n®)(ry, Poa) 
and 7'(745)) 


Fn(ry, yg %) = My? (ry2) 1 — 2 Xa (Ta Dy Pv V2 Pe» $2)] 
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the subscript 0 denoting angular independence. ‘The triplet and quadruple# 
functions, referring to spherical particles and appearing on the right-hand sid¢| 
of (7 a), are defined from (1) and (2) by putting X = X, and setting / successively 
equal to 3 and 4. 2), and n)“ can be expressed in terms of m)® by invoking} 
the relations (3): alternatively greater accuracy, but also greater complicationjy 
is obtained if these functions are obtained by the procedure of variable coupling| 
explained elsewhere (Cole 1959b). | 

If the particle asymmetry is actually very slight (ie. yy>y13 &~0) tha 
equations (7) are sufficient in themselves with «=1. | 


4.2. Appreciable Asymmetry 


When the expansion of the exponential to only the first term in y, is inadequate 
(7) must be augmented. In this case, with n® known for some value « foi 
which (7) does apply (and written n®(«)), the parameter can be continuall 
increased by (if necessary unequal) increments Ax until the value «= 1 is reached 
a each stage the potential to be inserted into (1) and (2) is separated into thi 
orm: 


ape yy tx, it Actor mraeerrre thesia inertia ec catl (8) 
and Aw is chosen so that (x9+«x,)> yA. For each successive form of (8 
inserted into equations (1) and (2), an equation for n®(«+A«) applies whic 
has the same form as (7) but with 1%, u® and n® replaced respectively b 
n(x), n(x) and n(x), and « replaced by Ax. All the distribution functiot 
are now angular dependent. Again the distribution functions n® and n™ can | 
expressed in terms of n® through the superposition approximation (3 | 
Alternatively, variable coupling can be employed for this purpose; although th 
effect of the approximation can be reduced in this way it is still not completell 


Dt 
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In principle the pair distribution appropriate to any molecular shape can be 
accounted for although the procedure is clearly most simple if the asymmetry is 
only slight (€, almost everywhere zero). 


§ 5. CONCLUSIONS 


A procedure has been proposed by which the pair distribution for a simple 
classical liquid composed of asymmetric particles can be determined if the pair 
distribution for a corresponding liquid of spherical particles is already known. 
The method involves taking account of the asymmetry only gradually by using the 
mathematical procedure of introducing a coefficient of asymmetry which is 
continuous in the range 0 to 1. The simplest situation, and one of great practical 
interest, is that for which the particle asymmetry is only slight. If the asymmetry 
is small enough there is no need to use an asymmetry coefficient in order to employ 
the perturbation approach employed in the present arguments. 

For only slight asymmetry no unacceptable error need be expected to result 
from the direct use of the superposition approximation with the triplet and 
quadruplet functions. This might not be true for stronger asymmetry and here, 
in principle at least, errors can be reduced by employing a process of variable 
interparticle coupling considered in a previous paper (Cole 1959b). 

The application of these arguments to actual liquids cannot avoid lengthy, 
though elementary, numerical operations even for the simplest case of slight 
asymmetry. However, the effort will be much less than that associated with any 
direct application of the most general formulae of statistical mechanics and should 
not prove impossible in practice. Indeed it is hoped to conduct numerical 
calculations along these lines for liquid particles that deviate only slightly from 
spherical symmetry. 
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Ultrasonic Relaxation in Liquid Methylene Chloride 
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Abstract. In order to answer the question left open by a previous publication | 
ultrasonic measurements have been made in liquid methylene chloride at —22°¢. | 
These confirm that there is a relaxation of the vibrational specific heat less the | 
contribution of the lowest frequency mode of vibration. The paper ends with a| 
short discussion of some hypersonic measurements recently reported by Pesin | 
and Fabelinskii. 


§ 1. INTRODUCTION 


| 


HE conversion of thermal energy from translational molecular motions to( 
| internal molecular vibrations gives rise to ultrasonic relaxational behaviour} 
in many liquids (Andreae, Heasell and Lamb 1956, Andreae 1957, to d 
referred to as I, Bass and Lamb 1958). In the case of carbon disulphide it has¢ 
been shown (Andreae, Heasell and Lamb 1956) that the relaxation of the whol 
of the vibrational specific heat occurs with a single relaxation time. 
Measurements of the ultrasonic absorption in methylene chloride reported 
previously in I indicated that only part of the vibrational specific heat was respon 
sible for the relaxation in this liquid in the region of 170 Mc/s at 25°c. Unfor- 
tunately, it was not possible to ascertain which part of the vibrational specific heat} 
was responsible for the relaxation because three different divisions of the specifiay 
heat led to values compatible with the ultrasonic results. 
In the first division it was assumed that the vibrational mode having the lowest, 
frequency (v=283cm~) was associated with a relaxation at much higher fre- 
quencies, leaving the remaining modes, 2-9, to contribute an amount C4, ta 
the relaxation observed below 200 Mc/s. 
In the second division Fermi resonance was invoked to combine pe | 
1, 4, 5 and 7 to give a relaxing specific heat C,,;,. A third division associated 
vibrations of the same species, nos. 1, 2, 7 and 8 in a possible specific heat Cistel 
At 25°c the quantities Cy, Cy45; and Cy.,, are approximately equal and sq 
the ultrasonic measurements at this temperature could not be used to determin«| 
the appropriate composition of the relaxing specific heat. It was pointed ou | 
in paper I that at lower temperatures the values of Cy, Cy45; and Cjo7, woul 
diverge and ultrasonic measurements could be used to identify the right one. | 
Measurements of the ultrasonic absorption in liquid CH,Cl, at —22°c ari 
presented below and these confirm that Cy, is the relaxing part of the specific heat 
in the region of 170 Mc/s. In view of the discussion on energy transfer to vibra 
tions given in I and because of the recent work carried out by Bass and Laml| 
(1958) on liquid sulphur dioxide, this result was to be expected. . | 
Pesin and Fabelinskii (1958) have reported hypersonic velocity measurement 
on methylene chloride which indicate a surprisingly large velocity dispersion bed 
tween the ultrasonic and hypersonic frequency ranges. This is discussed in 4 
| 


a 


i 
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§ 2. RESULTS 


The ultrasonic absorption, «, in methylene chloride at —22°c is shown in 
the figure as a graphical plot of the parameter «/f? against « (i.e. points for B=0). 
The five groups of points correspond to frequencies near 30, 70, 110, 170 and 
230 Mc/s respectively. The scatter of the experimental points indicates that the 
experimental accuracy is not greater than +4%, but this is sufficient to demon- 
strate the nature of the ultrasonic relaxation. ‘The measurements were made 
with a pulse technique described by Andreae, Bass, Heasell and Lamb (1958) 


© Measurements plotted with B=O 
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Methylene chloride at —22°c. Areas of +4°% error shown for B=0 and B=40~x 10-1’, 


Measurements of the ultrasonic velocity cy in methylene chloride at 2 Mc/s 
are presented in table 1, from which the velocity at —22°c is calculated by inter- 
polation to be 1259 metres per second. ‘These measurements were made with a 
simple ultrasonic interferometer using an X-cut quartz crystal and a movable 
reflector. 


Table 1. Ultrasonic Velocity in CH,Cl, at 2Mc/s 


TALC) —92°9 —77/-2 — 63:8 — 43-1 — 21-4 — 9:5 
Co (msec?) 1546 1473 1422 - 1344 - 1255 1209 


The well-known formula (recently discussed by Bass and Lamb 1958) 


~—e A 
ledges jrariiind 


a/f?—-B=—(a—Bf*)[fr+A = seen (Zia 

from which it follows that a plot of «/f?— B against «— Bf? should yield a straight . 

line when the correct value of B is chosen. The intercepts of this line with the 
coordinate axes are then equal to A and Af,”. 
The ultrasonic absorption measurements are analysed in the figure for B=0 
and B=40x10-27sec?cm-1. It can be seen that B=40 x 10” is the maximum 
value of B which allows a straight line to pass through the area describing + 4% 
xperimental scatter. 
In order to determine limits for the maximum value of the absorption per 
avelength, pmax=4Acfe, we note that the area under a straight line fitted to” 
F2 


can be written 
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the experimental results in the figure is equal to 3 x A x Af.*= 4A*f.2, which 
is proportional to (u max)”. 

The two lines, PQ and RS have been drawn in the figure to give the maximum 
and minimum values of max compatible with the experimental results. The 
small velocity dispersion which makes the velocity c, measured at the frequency 
fe, larger than cy has been taken into account in calculating the limiting values of : 


/emax given in the figure and table 2. 


Table 2. Calculation of y,,,, for CHCl, 


— 22°c =251°K 


‘Temperature 25°c = 298°K 

Density, p(g. cm-*) (Morgan and Lowry 1930). 1:3167 1-4013 

= —(1/p)(0p/0T)p(deg!) (Morgan and Lowry 1930). 0-:001367 0-001285 

Cp, (cal mol~? deg*) (Timmermans 1950). 24:18 23°29 

Cy m séc~ (table 1). 1074 1259) 

Yo= lt c°MT/Cp.. 1:5391 145725 
(STA 14-81 


Cy, (cal mol“ deg™). 


Z v,(cm-) / 

1 283 1-366 1-704 1-622  1-603@ | 

2 704 3-398 0-821 4-035 0-593 | 

2 (714)t (3-447) (0:802) (4-092) (0-575) 

3 73d 3-558 ©0:759 4-224 0-535 

4 899 4:340 0-501 5-152 0-309 

5 1155 5°575 0-236 6-619 0-116 

6 1266 6:1115+0-165.7:255. , 0-078 

7 1429 6:898 0-096 8-190 0-037 

8 2984 14-40 0-000 17:10 0-000 

9 3048 14-71 0-000 17-47 0-000 
Cog =Ce+Cz.. 2. Cy 2°578 (2°559) cal mol! deg? 1-664 (1-645) cal mol-! deg? 
Cyss7= C1 + Cy+C;+C, 2:537 cal mol—! deg-+ 2-065 cal mol“! deg? 
Crog=Cy+Ce2+Cz+Cs 2°621 (2-602) cal mol-! deg“? 2-233 (2-215) cal mol-!deg™ | 
Ctot =CitC,....Cy 4-282 (4-264) calmol-!deg-! 3-267 (3-248) cal mol-! deg 


jie 0-104 (0-104) 0-071 (0-070) 
Hra57 0-103 0-090 

re 0-107 (0-106) 0-098 (0-098) 
Mot 0-194 (0-193) 0-154 (0-153) 
icep 0-102 0-059-0-069 


—E a) 
x=hv/kT C, x=hv/kT C,; 


Equation (3) is used together with the Planck—Einstein formula 
| C,= Rx® e-* (1—e-*) 
where x=hv/RT. Molecular weight, M= 84-94. 


Tele appears from Herzberg (1945) that there is some doubt about the frequency v, and 
so the calculations have been done for the alternative values 704 and 714 cm-!. All bracketed 
figures correspond to the latter. ; 


§ 3. CALCULATIONS 

The calculation of the three specific heats Cy, C1457 and Cyo7g is carried out 

in table 2 in a manner similar to that used in I. The specific heats are then used 
for the computation of values of u,,,. from the formula - 

(Coy-Cy)Cy 2 6y8 

aT | ; 

4 


My xii 
max= 5 
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where Cp, and Cy, are the static specific heats of the liquid and C;, is the relaxing 
part of the vibrational specific heat. The formula is given in full in Andreae 
and Lamb (1956, eqn (35)), but the correction term involving the constant B has 
been omitted here because it contributes a negligible amount to jzmax in the present 
case. 

The ultrasonic velocity in methylene chloride was erroneously taken to be 
1050 msec" instead of 1074msec—! in I. Values of umax at +25°c have been 
recalculated with the correct velocity and are shown in table 2 together with those 
at —22°c. 

A comparison of the values calculated for j1,,,, in table 2 with the experimental 
limits 0-059 < max < 0-069 leads us to conclude that the ultrasonic relaxation is 
associated with the vibrational specific heat Cy). The difference between the 
experimental value of pmax, i.€. exp, and [sq is probably not significant, while 
P4457) 1973 and ptot are considerably larger than pexp. 

This conclusion confirms that a second relaxation, associated with the vibra- 
tional mode of frequency v=283 cm~, is to be expected at higher ultrasonic 
frequencies. 


§ 4. HyPERSONIC MEASUREMENTS 

Pesin and Fabelinskii (1958, to be referred to as PF) have reported a value 
of 1245 +36 metres per second for the hypersonic velocity in methylene chloride 
at 20°c. PF assume that the velocity dispersion from 1092 metres per second 
at 500 kc/s to 1245 metres per second at hypersonic frequencies} is accompanied 
by the disappearance of the parameter «’/f?(=«/f?—«,/f?), where «/f? is taken 
from ultrasonic absorption measurements below 10 Mc/s and «, is the absorption 
due to shear viscosity. Using the approximate formula ~ 


with A=a’/f?, they estimate f, to be 480 Mc/s. Since it has been shown already 
in paper I that the major part of «’/f? takes part in a relaxation near 170 Mc/s, 
this procedure is not justified. PF’s comment that the experimental results 
given in paper I do not fit a single relaxation time curve is difficult to understand : 


the agreement is within +1%. 


. 


An interesting calculation results from considering the dispersion due to the 
relaxation of the whole of the vibrational specific heat of CH,Cl, between 500 kc/s 
and hypersonic frequencies (10°—10'°c/s). The specific heats at frequencies 
above and below the relaxation of the vibrational specific heat can be obtained 
for 20°c in the same manner as that followed in table 2 for temperatures of 25°c 
Mid —22°c: they are Cp =2412; y= 1:543; Cy =15-63; Cym=417; 
p= 19-95; Cy,,=11-46 (cal mol-! deg-1). The subscripts 0 and oo signify 
that the parameters relate to frequencies below and above the region of relaxation, 
respectively. 

The velocity dispersion may be calculated now from the elementary formula 


ER POA Cog Coll viteeaund ii mami 8 (5) 


Behich assumes, only, that the isothermal compressibility, B,, is unchanged 


yy a thermal relaxation, i.e. C2=Cp,/(Cv, BrP)» €0*=Cp,./(Cv,,Bre). In the 


+PF do not give the hypersonic frequency but 5000 Mc/s is deduced from their results. 
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present instance the thermal relaxing specific heat is Cyip and so Cp =Cp , + Cvin 
and Cy,=Cy,,+C,,. From equation (5) and the values of the specific heat 
given above, we find c,,/cy=1-062, compared with the hypersonic—ultrasonic 
dispersion of ¢../¢y= 1245/1092 = 1°14. 

If the hypersonic velocity 1 is correct, we must look beyond the vibrational 
specific heat for the origin of the observed dispersion. Also it is clear that PF’s 
procedure of assuming a single relaxation time for the ultrasonic—hypersonic 
dispersion is invalid: there are likely to be at least three relaxation times, two 
associated with the vibrational specific heat and one other. Presumably the 
latter will be due either (i) to the appearance of shear rigidity in the liquid by the 
‘freezing’ of shear motions, or (ii) to some equilibrium between ordered and 
disordered configurations of the molecules in the, still, liquid state. a 
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Ultra-violet Extensions of the Arc Spectra of the Alkaline Earths: The 
Absorption Spectrum of Barium Vapour 
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Abstract. The absorption spectra of the alkaline earth metal vapours have been 
photographed in the quartz ultra-violet and Schumann regions, by means of a 
3 m vacuum spectrograph and large King furnace. Considerable extensions of the 
arc spectra of these elements have resulted, many of the new lines being two- 
electron transitions. Extreme cases of autoionization and many examples of 
series perturbations occur. The results are presented for the case of Ba, including 
assignments for 64 out of about 68 new lines. The presence of a doubly excited 
level practically coincident with the lowest ionization limit has striking effects on the 
photoionization cross section and on the intensities of the high members of the 
singlet principal series of Ba, which is extended to the m=37 member. 


§ 1. INTRODUCTION 


HE arc spectra of the alkaline earths, Ca, Sr, Ba, have been of central import- 
| ance in the interpretation of line spectra, since it was in these that Russell 
and Saunders (1925) recognized for the first time multiplets due to simul- 
taneous excitation of two electrons. The presence in these spectra of large 
numbers of lines superfluous to the simple series scheme of singlets and triplets was 
thus explained. The reason, of course, for the prominence of the lines which 
involve doubly excited states is that the ground-state of the atom has, in each case, 
an empty d-subshell of principal quantum number less than that of the s? valence 
electrons. 

In addition to having this historical importance, the doubly excited energy- 
states of these atoms are of much interest in the study of the, still rather unexplored, 
phenomena of series perturbations and autoionization. ‘Thus the spectra of 
Ca1, Sri, Bat receive emphasis in the most important contribution to date on 
series perturbations, that of Shenstone and Russell (1932), which is essentially 
an empirical quantitative description. Also, the occurrence of autoionization 
effects in these spectra has been illustrated by White (193 1) in classifying a number 

_ of diffuse lines. 

It is well recognized from the work of Beutler} that there are often better 

prospects of observing transitions which involve strongly autoionized upper states, 
when the spectrum of the element is obtained in absorption. In the elements 

_ mentioned we anticipate the combinations with the ground-state s*4S,—dmp *P,’, 
8P,°, 3D,°, to be strong. Lines of this sort are observed in emission for the 
lowest values of m; they fall amongst the lines of the sml series spectra, which are 
perturbed in consequence. For higher values of m the doubly excited dp levels 


+A bibliography of Beutler’s papers is given by Boyce (1941). 
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lie above the ground-state of the ion, in each case, and do not produce observed | 
emission lines, partly because of ready autoionization into the SE(p) continua of 


similar parity and J-value. 


With these considerations in mind it was decided that the absorption spectra of | 


Ca, Sr, Ba vapours be examined in the regions about, and the short-wavelength 


side of, the respective principal-series limits. Another consideration was the | 


following. A number of new lines, some showing strong autoionization broaden- 
ing, were obtained recently by us in absorption by Yb vapour, in the quartz 


ultra-violet and Schumann regions. In this case, the ground-state being | 
4f146s21S,, the absorption spectrum will be expected more complicated than that | 
of an alkaline earth, since in addition to single and double electron jumps of the | 
s-electrons, we anticipate transitions of the type 4f!46s?1S,—4f1 6s? md (g)*P,° | 
etc. It was hoped that comparison of the Yb absorption spectrum with that of the | 


nearest alkaline earth, Ba, might assist analysis of the former. 


The experiments have, in fact, yielded considerable extensions of the spectra | 
Cai, Sri, Bai. In each case many new lines of the singlet principal series | 
(s21S,—smp1P,°) have been found, and new long series, due to double-electron | 
jumps, and thus converging on excited states of the respective ions, have been | 
observed. Extreme cases of autoionization and interesting examples of series | 


perturbations occur in these spectra. 


In the present paper the experimental technique is outlined, and the results | 


and their analysis for Ba I are presented. 


§ 2. THE BAI SPECTRUM 
The most recent paper on Bal, that of Russell and Moore (1955), summarized 
all data then available and listed 390 classified lines. The ground-state 6s?715S, 
combines with 6smp !P,° to give emission lines for m= 6 to 12, and with 6smpP,° 


to give intercombination lines, m=6 and 7. Double-electron jumps to 615s, | 


with Al, = 1, Al, = 2, listed by Russell and Moore are: 61S,)—5dmp 1P,°, ?P,°, ?D,°, 
for m=6 and 7. Perturbations in the series level positions, occasioned by the 
5dmp levels, have been discussed by Shenstone and Russell (1932). 


The Ba*6?S,/. limit of the 6smp!P,° series is given by Russell and Moore | 


(1955) as 42032-4cm-, corresponding to Ayac=2379A. The 5dmp levels con- 
verge on Bat5?Ds3 5), lying respectively 4873-85 and 5674-82cm-! above 
6*S,2. A simple Rydberg extrapolation from the m=6 and 7, 5dmp !P,°, 3P,°, 
*D,° levels shows that the next members (m=8) will lie close to the 62S,), limit, 
and the m=9 etc., levels will lie beyond it, and be thus in a position to autoionize. 
The region expected to be of greatest interest is thus 618,—62S,), to 61S)—5 2Dsjs, 
corresponding to A=2379 to 2096 A. : 


s 


§ 3. EXPERIMENTAL 


‘Lhe absorption spectra have been photographed with a recently erected 3 metre 
normal-incidence vacuum spectrograph provided with a Bausch and Lomb 
aluminized replica grating of 30000 line/inch, blazed at 15004 in the first order. 
This instrument has excellent definition and speed. The mechanical arrangements 
permit recording of six or seven exposures on one plate (12in. x 3 in.) by control 
from outside the vacuum housing, the wavelength range of one exposure roa 


roughly 8004. Region and focus adjustments can also be made by externa 
controls. 


| 
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As absorption vessel, a large King-type carbon tube furnace has been used. 
This furnace can operate with a tube of graphite, or refractory carbide (e.g. TaC, 
ZrC), of up to 13 inches length and 3inch bore. A stepdown transformer, with an 
inductive voltage regulator inits primary, cansupply up to40kw. Inexperiments 
with the alkaline earth metals, graphite tubes 13 in. long, din. to $in. bore and }in. 
wall have beenused. ‘The central 8 in. length of graphite tube has been lined with 
a loosely fitting 16-gauge nickel tube, insulated from the graphite by thin mica. 
The alkaline-earth metal under study has been held inside this nickel liner by a 
few thin washers spaced at intervals within it. The purpose of the lining tube 
was, of course, to prevent rapid carbide formation by the Ba or other metal. 

In operating the furnace, a fresh graphite-nickel assembly having been 
inserted, the temperature was raised to about 200° above that anticipated for the 
absorption spectrum, and the furnace tube outgassed for some minutes in an 
atmosphere of flowing helium at about 20-30 mm Hg pressure. 

The furnace was then allowed to cool, and the pressure raised to atmospheric 
on the helium supply. The furnace was then opened and the metal under study 
introduced in small freshly cut pieces. ‘The furnace was now connected to light- 
source and spectrograph slit and re-pumped. Before and during the exposures a 
current of helium was maintained within the furnace at 20-30 mm Hg pressure. 
It has been found that this sort of schedule—particularly the step of collapsing 
the furnace vacuum with clean helium, after outgassing a fresh furnace tube—is 
essential to the suppression of CO and H,O absorption bands, which are common 
troubles when working in the Schumann ultra-violet. Moreover, when working 
with a strongly reactive metal, like Ba, it is important to avoid traces of oxygen 
and nitrogen in the furnace gases. 

The background light-source used in the absorption experiments on Ca, Sr, 
Ba has been a ‘Lyman continuum’ flash tube, described previously (Garton 
1953). Usually no window has separated this from the furnace, though it has been 
found advisable to place an insulating glass ring between the end of the flash tube 
and the earthed housing of the furnace. A window of lithium fluoride has been 
used to separate furnace and spectrograph slit, when working in the range above 
11004; in this way differential pumping between spectrograph and furnace has 

been avoided. 

Using a slit width of 10, set by the grain-size of the Hford Q2 plates used, 
exposures of good density have required 100-500 flashes, spaced once per second. 
This seemingly large number of flashes is explained by the high dispersion, 
2:7 Amm-, and by the fact that the discharge tube has been used at about four feet 

from the slit with, so far, no intervening converging lens or mirror. 

Measurements of the absorption lines have up to the present been made with 
respect to impurity lines arising either in the furnace in absorption, or in emission 

_ or absorption in the flash-tube spectrum. Care has to be taken in utilizing the 
-flash-tube lines, since the extreme conditions existing in the discharge frequently 
produce shifts of the lines from their normal positions. As will appear, the 
"measurement accuracy required on many of the new absorption lines is low, on 
account of large autoionization breadths. Some of the new lines are fairly sharp 
and will justify remeasurement against good wavelength standards. ‘The 
_ measurements given in this paper are believed good to 0-O1 A. 


| 
: 
| 
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§ 4, RESULTS AND INTERPRETATION 


The absorption spectrum of barium vapour reproduced in the plate (a) was | 
obtained at a furnace temperature of 1050°c. For accurate measurement of the | 
sharper lines it was necessary to use other spectra obtained with less dense vapour — 
inthe light path. The few emisison lines present, anda few of the absorption lines, 
arise within the flash-tube light-source. Absorption lines of impurities occurring | 
within the furnace are weak and are due mainly to Mg, Ca, Sr. Some of these 
impurity lines have been listed previously and hence have been used by us as 
wavelength standards; some of the Sr lines belong to an extension of the Sri | 
spectrum to be reported in another paper. 

The classification into series of the new Bat lines, which is indicated in the | 
plate (a), and listed in tables 1 to 3, is based on the following considerations. 

At the long wavelength end of the plate (a), the principal series | 
6s215,—6smp 1P,°, can be seen converging, with a peculiar course of intensity, to | 
an apparent ionization continuum which extends a little way beyond the limit. 
This part of the spectrum is shown enlarged in the plate (0). 

The apparently large photoionization cross section at and near the 6754). limit | 
is due to the presence of a strongly autoionizing level 5d8p1P,°, which is almost | 
coincident with that limit. This provides explanation of the fact that the normal 
intensity decrement in the 6smp1P,°, series, from m=15 to m= 22, is followed, | 
after a gap, by a re-appearance in fair strength of the higher members, which can} 
be measured as far asm=37. ‘This type of intensity perturbation in the members | 
of.a series seems peculiar to barium, at least at the present date. Putting the! 
explanation in alternative terms we can say that the higher 6s?15,)—6smp1P,°! 
transitions acquire oscillator strength from the long wavelength wing of the} 
extremely broad 5d8p 1P,° level, the centroid of which lies slightly to the short-} 
wavelength side of the 67S,/. limit. | 

The principal series is additionally perturbed, in both intensity and quantum! 
defect, by the presence between the m= 13 and m= 15 levels of two other foreig 
levels, classified below as 5d8p °P,°, 3D,°. 

The assignment of the diffuse absorption near the 67S, limit to! 
6s?15)—5d8p1P,° is easily justified, since the 5d6p and 5d7p 1P,° membersi 
have been earlier listed (Russell and Moore 1955). A simple Rydberg extra 
polation shows that the next member will lie near the 62S,). limit and the higher 
members then form the obvious series indicated in the plate (a), converging as 
expected on Bat 52D;/.._ The lines show the usual characteristic of autoioniziley 
levels in becoming progressively less diffuse to higher m values. 

It is reasonable to expect that the extended series mentioned could be used ta 
improve the accepted value for the Ba I ionization potential (Russell and Moore 
1955, Shenstone and Russell 1932); that value was obtained by making the bes 
apparent adjustments in the formulae for the 6sml series, all of which exhibii 
pronounced perturbations. Obviously, the new extension of the 6smp 1P,° serie 
is not a great help without, at least, very accurate measurement of the tail of thu 
series, which shows the curious enhancement of intensity. A casual inspection 0 
the 5dmp tES Series, at any rate from m= 13 onward, suggested that this might b 
perturbation free, and thus give an improved limit. _ If, following the techniqu 
of Shenstone and Russell (1932), we plot quantum defect against term value, t 
of the Russell and Moore (1955) value for 6?S1/2 (which makes 52D,).=47707-2) 
produces a rather rapid rise in the series tail. The appearance of the (n*, ) ple 
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can be improved by increasing the previous value for the limit by 0:8cm71. 
Nevertheless the plot is still rather irregular, and before investigating the matter 
further the measurements on the high series members will have to be repeated 
against more reliable wavelength standards and with still larger dispersion. It is 
remarkable that the limit of Shenstone and Russell (1932) was judged so well, when 
we consider the irregular course of the series at their disposal. 

Of the 5dmp series levels the 1P,° thus give, as expected, the strongest combina- 
tions with the ground state; the other J = 1 levels of 5dmp are 3P,°, ?D,°, and these 
have next to be located. Since 5dmp 1P,° converges to Bat?D,), the other two 
series must go to 7D,j. at 4873-85cm-! above 67S,).. The first two members 
5d6p, 5d7p °P,°, 3D,° have been found (Russell and Moore 1955) and a Rydberg 
extrapolation enables easy recognition of the next three members of each series. 
The m=8 members lie amongst the higher 6smp 1P,° levels, producing the 
perturbations already noted. ‘The °P,°, m=9 and 10 members give very diffuse 
lines beyond the 67S, limit. The diffuseness is in conformity with the auto- 
ionization rules; the m=9 and 10, D,° levels are correspondingly sharp. Identi- 
fication of the *P,°, 3D,° series beyond m= 10 is based entirely on the run of the 
quantum defect since the intensities behave peculiarly. Thus, there is certainly 
a very sharp intensity decrement, together with loss of line breadth, between 
5d10p *P,° and 5d1ip 3P,°. This may occasion less surprise, since other cases 
are known where a °P series exhibits a rapid intensity decrement. More sur- 
prisingly, the higher members of the 61S)—5dmp 3P,° combinations, if correctly 
identified in table 2, show an alternation of intensity, seemingly according to the 
following rule. A given 5dmp °P,° line lies, of course, between two members, 


ne 


Table 1.+ Bai 6s?1S,—6 smp 1P,° Series Extension. Limit =42033 ema 


Rydberg 

Avac (A) t v (cm-?) Identification denominator 
2453-12 2 40764-4 m=13 9-301 
2439-55 6 40991-2 14 10-263 
2428-17 10 41183-3 15 11-364 
2420 85 8 41307°8 16 12-301 
2414-83 6 41410-8 17 13-280 
2409-98 5 41494-1 18 14-270 
2406-03 4 41562:2 19 15-268 
2402-81 3 41617-9 20 16-259 
2400-15 2 416641 21 17-247 
2390-58 1 41830°8 27 23-296 
2389-70 l 41846-3 28 24-243 
-- 2388-86 2 41861-0 29 25-259 
———-2388-14 2 41873-6 30 26-238 
me 2387-48 2 41885-2 31 27-248 
2386-90 2 41895-3 32 28-230 
ie 2386-35 3 41905-0 33 29-280 
——- 2385-86 3 41913-6 34 30-316 
me 2385-43 3 41921-2 AX 31-330 
2385-04 3 41928-0 36 32-328 
3 41933-8 37 33-260 


2384-71 


+ The intensity figures in the second column in tables 1-3 have only very rough signi- 
ce, since the absorption lines are of such varying breadths. The symbols u, U, UU ete. 
icate increasing breadth; s indicates asymmetrical shading to shorter wavelengths. 
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Table 2. 6s21S,—5dmp 1P,°, °P,°, #D,°, Series | 
: 5 Identification Rydberg denominator 
Avac(A) I v(cm™) Sdmp 1P,° Limit =47708 cm 
2380-3 20UUUUs 42012 m=8 4-389 
2271023 20UUUs 43911 9 5-376 
BMC 20UU 45009-2 10 6°377 | 
2188-74 20U 45688°4 11 West | 
Z1NG7*55 20u 46135-0 i? 8-352 | 
2152-68 15 46453-7 13 9-354 
2142-14 i 46682°3 14 10-343 
2134-25 14 46854-9 15 11-342 
2128-25 12 46987-0 16 125337, 
2123-511 iy 47090°5 17 13°334 
2119-83 WD 47173-6 18 14-330 
2116-81 10 47240-9 19 15-327, 
2114-33 10 47296-3 20 16°326 
PAOPEAT 10 47342-4 Pa 17:326 
2110253 8 47381°5 22 _ 18-333 
2109-08 8 47414-0 23 19-320 
2107-83 6 47442-2 24 20-319 
2106-76 6 47466:2 25 21-303 
2105°81 6 47487-7 26 22-319 
5dmp °P,° Limit = 46907 cm 
2433-28 15 41096°8 m=8 4-346 
IRV PII 20UUUs 43027 9 5-318 
2264-2 20UUs 44165 10 6:326 
2229-43 12 44854-5 16 72312 
2207-15 18 45307:3 12 8-283 
2191-70 2 45626°7 13 9-258 
2180-40 13 45863-1 14 10-253 
PATQAQ 5 46038-0 15 11°237, 
2165-78 13 46172-7 16 12-225 
Sdmp *D,° Limit = 46907 cm-! 
2445-38 10 40893-4 m=8 4-272 
2328-10 20 42953°5 9 53269 
2266-24 20 44125-9 10 6°282 
2230-48 12 44833-4 11 T27> 


5d(n—1)p and 5dup say, of the strong 1P,° series. 


If the °P,° line lies closer to 
5d(n—1)p 'P,° than to 5dup 1P,°, i.e. closer to the 1P,° line of longer wavelength, 
then it is relatively intensified. In the absence of a fuller understanding of the 
effects of series perturbation than currently exists, this conclusion has to remain 
empirical. It certainly seems impossible to make any better selection of the 
6 o eae *P,° series from amongst the absorption lines, than that suggested in 
table 2. 

The above assignments, which apart from intensity peculiarities, are fairly 
straightforward, still leave unclassified some twenty-three lines, the pair \A2311-38 
and 2356-47 being quite strong, and asymmetrically shaded to shorter wavelengths. 
These lines cannot arise from 5dmp, if the AJ rule is to be met. The mo 
obvious possibility is that some of the lines are 6s? 1So- 6pmd1P,°, *P,°, i.e. for 
series converging on Ba+ 62P, having first members in common with 5dmp. T 
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Table 3. 6s? 1S 9—5dmf 1P,°, 3P, (?) Series 


vrs ve Soon Identification Rydberg denominator 
Avac(A) BRD peel 1P,°? Limit =47708 cm 
2454-81 2 40736-3 m=4 3-967 
2311-38 20Us 43264-2 5 4-969 
2240-27 15u 44637-5 6 5:978 
2200-64 12 45441-3 7 6:957 
2175-14 5 45974-0 8 T9955 


Series B 5dmfP,°? Limit =46907 cm-1 


— — 39905+ m=4 3-959 
2356°47 20Us 42436-4 5 4-954 
as =. ws 6 =i 
2241-43 3 44614-4 a 6:918 
2213-95 10 45168-1 8 7:944 
2196-12 3 45534-8 9 8-943 
2183-55 5 45797-0 10 9-943 
2174-32 5 45991-4 11 10-946 
2167-30 20 46140-4 12 11-961 


t Level given by Russell and Moore (1955) as due 5d4f with J=1 or 2. 


suggestion is discarded, since 6p6d etc., should lie above 2D;), of Bat, and no 
absorption lines have been detected beyond the latter limit. Similarly, 61S,—6p7s 
cannot account for the two diffuse lines mentioned, though possibly represented 
by weaker lines towards the ?D limits. The only remaining possibility is 
6'S,—5dmf, which is a two-electron jump having Al,=2, Al,=3. The authors 
had the benefit of a conversation with Prefessor A. G. Shenstone, who recalled 
having identified such transitions in his analysis of Cutt. The suggested transi- 
tions will give two J=1 series converging on *D;/. and one on ?Dgj, since in 
(jj) notation 

"Dsatfo gives (5/2, 5/2)1, 

*"Dsetfrie2 gives (5/2, 7/2), 

*Dsjotfsj2 gives (3/2, 5/2). 


A study of all the possible ways of arranging the residue of absorption lines leads 
to the assignments listed in table 3. ‘That the transitions indeed involve an 
f-electron is very probable since the quantum defects are seen to be nearly zero. 
Also a Rydberg extrapolation from the diffuse line at 2356-47 A would place the 
first member of the series A at 39889cm~ which is close enough to the level 
39905 cm— listed by Russell and Moore (1955) as due to 5d4f with J=1 or 2. 
The series B, if correct, shows the same peculiarity of intensity alternation discussed 
above for the case of the dp 3P,°series. In particular the effect, if it is indeed real, 
accounts for the fact that the m=12 member of 5dmp 1P,° has a close companion 
on its short wavelength side of practically the same intensity. It will be noticed 
that the m—6 member of series B is missing altogether. This, though awkward, 
© consistent with the intensity alternation since the predicted position of the 
ine is slightly to the long wavelength side of the strong m=9 member of the 
Sdmp 1P,° series. It must be admitted that series B of table 3 is very tentative. 

It has been seen that the presence of 5d8p 1P,° overlying the 6”S,/. limit has 
uliar effects on the course of the 6sE(p) photoionization cross section and on 
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the series lines converging to that limit. These effects presumably will have an 
important influence on the ionization balance in moderate and high ion-density 
discharges in barium vapour. 
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Abstract. ‘The energy spectra of the protons emitted from a vanadium target 
when bombarded by 8-9 mev deuterons have been measured by magnetic analysis 
at angles of observation between 5° and 70°. The angular distributions of sixteen 
proton groups have been measured and compared with theoretical stripping 
curves to obtain information on parities, spins and reduced widths. Most of 
the transitions required an /=1 assignment. The results are compared with 
results on the *1V(n, y)*?V reaction. 


§ 1. INTRODUCTION 


HE present paper is the first of a series reporting the results of d, p reactions 

| in which deuterons of energy about 9 Mev have been used to bombard 

targets of medium heavy nuclei in the mass number region 51<A<65. 

Measurements have been made on the energies of the proton groups and of the 
angular distributions of these groups. 

The energies of some of the excited states of °?V have been determined by 
Schwager and Cox (1953) from a study of the *'V(d,p)**V reaction. They 
were able to ascribe 23 proton groups to the above reaction, corresponding 
to transitions to states of ®V up to an excitation of 3-30 Mev. Angular distribution 
measurements have been made on two proton groups from the same reaction by 
King and Parkinson (1953). One of their groups corresponded to the combined 
effect of the ground and first excited state at 0-131 Mev, for which they reported 
an J=1+3 combination. ‘Their other group corresponded to an excitation of 
0-8 Mev and gave an /=1 angular distribution. Recently El Bedewi and 'T'adros 
(1958) have reported angular distribution measurements of nine proton groups 

from the same reaction. 

In the present investigation, the proton energy spectra resulting from the 
‘bombardment of *“V with 9 Mev deuterons have been measured using the apparatus 
described by Green and Middleton (1956) and Dalton, Hinds and Parry (1957). 
Exposures were made for observations in the range 5° to 70°. From these spectra 
‘it has been possible to obtain angular distributions of many proton groups corres- 
ponding to transitions to the ground and excited states of **V. These distribu- 
tions have been compared with theoretical curves deduced from stripping theories 
to obtain information on parities, spins and reduced widths. The results have 
been compared with the results of work on the *V(n, y)?V reaction (Bartholomew 
and Kinsey 1954, Groshev et al. 1957, Braid 1956). 


3 § 2, EXPERIMENTAL PROCEDURE 


Targets were prepared by the evaporation of powdered vanadium metal on 
to thin gold leaf. An alpha particle thickness gauge was used to select targets 
: 
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initially and a final selection was made after the yield and resolution had been 
checked by a trial bombardment. The thickness of the target was estimated 
as 0:25 mg cm~? from data on the stopping power of materials for alpha particles. 
The yield of protons was small and to get good statistical accuracy on the 
observations beam exposures of about 900 microcoulombs were necessary. 
Exposures of this magnitude would normally result in a background of scattered 
deuterons completely obscuring the proton spectra at most angles of observation, ; 
These deuterons were absorbed in a thin aluminium foil placed over the surface 
of the photographic emulsions used to record the protons. Over the length of | 
the plate a varying thickness of absorber is needed. Fortunately the design of | 
the spectrograph is such that the angle of incidence of particles on the emulsion | 
decreases with decreasing energy. This makes it possible to use a strip of | 
aluminium of uniform thickness with the variation of incidence angle providing | 
sufficient variation in the effective thickness along the plate. j 
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Figure 1. Proton spectrum observed at an angle of 20° from a target of ®!V bombarded | 
by 8-9 mev deuterons. 


This technique permits the use of large exposures and is particularly important} 
for observations at small angles where numerous disagreements between 
experimental and theoretical angular distributions have been reported for J=1 
transitions. : 

§3. RESULTS | 


. In figure 1 the proton energy spectrum obtained at 20° to the beam direction 
is illustrated. The energies of the proton groups were obtained from theirt 
positions on the plate using a calibration curve which had been jamais | 
determined from transitions with well-known Q-values. Where possible these 
groups have been identified with those reported by Schwager and Cox, who used 
an energy resolution considerably better than that of the present investiga 

' 


The groups which have been identified with transitions to excited states of 2\ 
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have been labelled with their excitation energy in Mev. Proton groups arising 
from impurities of carbon and oxygen in the target were identified by their well 
established positions and shift with angles. These groups are labelled Cp, C,, 
O, and O, the subscript signifying the level excited. 

In the present investigation a number of proton groups additional to those 
of Schwager and Cox were observed and the corresponding levels in °?V are 
2:76, 3:51, 3:74, 3:96, 4:32 and 4:43 Mev. Some of these levels have also been 
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Figure 2. Angular distribution of proton groups from the *'V(d, p)°*V reactions. The 
distributions are labelled by the excitation energy of the corresponding final state. 
100 units of relative cross section are equivalent to 2:5 millibarns per steradian. 


reported by El Bedewi and Tadros. These authors also reported groups corres- 
ponding to excitations greater than 4-43 mev and assigned energy values, but in 
our spectra these are shown to be composite groups due to closely spaced levels. 
From the spectra it was possible to plot the angular distributions of many of 
the proton groups seen, corresponding to levels of ®2V. This was not possible 
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for the groups corresponding to states at 2-415, 2-458, 2-525, 3-189, 3-306 and 
4:32 mev which were masked at several angles by impurity groups. ‘The angular 
distributions are shown in figure 2. Each distribution has been fitted with Butler 
type stripping curves using the form suitable for numerical computation given 
by Enge and Graue (1955). ‘These curves were fitted to the experimental data 
by means of weighted least squares fit calculations using the Manchester Mk. I 
computer. The use of a computer allowed a thorough search for the ‘best-fit’ 
curves and the calculations yielded the combination of /,r and (2J,+1)y values 
giving the best fit for each transition. In figure 2 the / and r values are shown | 
for each curve. Angular distributions have also been calculated using the 
Gamow-Critchfield (1949) radius of 6-22 fermis, and a number of these curves 
have been drawn in figure 2 for comparison with the best fitcurves. Assignments 
have been made for the /-value of the ingoing neutron for each transition. It is 
not possible to decide between /= 1 and /=2 for the distribution to the 2-848 level. | 


(1) (2) (3) (4) (5) | 
0 1 5-97 100 | 
0-131 1 5-93 oa} 
0-418 1 5-68 5-1 
0-780 | 
0-834 1 6-01 55 
1-402 1 5-27 9-5 
1-475 a & a 
1-545 1 5-44, 44 
1-753 
1-785 1 4:96 22 
1:841 1 6-19 3-5 
2-088} 

2-131 : 1 4-47 43 
2-150 
2-307 1 4-89 13 
2-415 42's thas 7d 
2-458 A pe = 
2-525 2 =_ fb 
2-76 1 5-08 5-1 
2-848 1 3-79 21 
or 2 7-15 11 
3-002 
3-051 1 5:05 22 
3-189 Ea. cs ff 
3-306 = b> < 
3-51 = = “ 
3-74 1 4:55 49 
3:96 1 5-16 10 
4:32 mod = we 
4-43 2 6:22 32 


(1) Levels of orl in Mev determined-by Schwager and Cox; (2) additional levels from 
Present investigation; (3) /-value of ingoing neutron; (4) radius r in fermis chosen fo 
Butler Stripping curves; (5) relative reduced width (2J¢ +1)y .y is as defined by Blatt and 
Weisskopf (1952) and Evans (1955). It differs by 1/r from the more usually quoted reduce 
width having the symbol y’. 100 relative units correspond to 0:56 Mev. 


For those angular distributions which appear to be best fitted by an 1 ; 
assignment the radii used in the calculations are all less than the Gamow-Critchfield} 
value of 6:22 fermis. For about half the /=1 transitions the experimental cur e) 
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lies below the theoretical curve at small angles, and this effect is more marked if 
the Gamow-Critchfield radius is used in calculating the theoretical curves. The 
Q-values for the transitions showing these differences lie in the range 1:3 to 5 
Mev. In the table are listed the excitation energies of the levels corresponding 
to observed proton groups together with the selected values of J and r for the 
transitions to these levels, and the calculated values of the relative reduced widths. 
Approximate values of the absolute cross sections can be calculated since the 
thickness of the target is known. In figure 2, 100 relative units of differential 
cross section correspond to 2:5 millibarns per steradian. 


§ 4. Discussion 


The shell model suggests a ground state configuration for *!V consisting of 
three f,. protons outside a core of 20 protons and 28 neutrons. The orbits 
available for the ingoing 29th neutron should then be 2ps), 1fs. and 2p,).. It 
is interesting to note that no clear cut /=3 transitions are seen and a large number 
of /=1 transitions is obtained. Regarding the absence of /=3 transitions, Bethe 
and Butler (1952) have suggested that for °*V the f;,. and ps. levels should have 
almost the same energy. It is therefore possible for final states of °*V to consist 
of mixed configurations which include the captured neutron in fs). or pgp states, 
their spins being suitably coupled to that of the initial nucleus of *4V. Such 
arrangements would mean that /=1 and /=3 transitions would occur together 
and the /=3 component would be difficult to detect in the presence of an /=1 
component even if the reduced widths for the two transitions were equal. It is 
obvious that a number of the experimental distributions shown in figure 2 have 
appreciable yields at larger angles which could possibly be ascribed to /=3 
contributions. No attempt to estimate such contributions has been made, 
because they could equally well be due to effects neglected in the simple theory. 
To explain the large number of /=1 transitions it is necessary for the ground 
state of *1V to contain admixtures of a number of configurations. The values of 
the reduced widths for these transitions show that the probabilities of such 
admixtures are quite appreciable. As the target nucleus *!V has nuclear spin 
yy parity 7/2, odd, it is not possible to make unique spin assignments for the 
excited states of the final nucleus **V. For the /=1 transitions the selection 
rules predict 2<J;<5, even; and for /=2 transitions 1<J:< 6, odd. 

The ®V ground state decays by beta emission to the 1-44 Mev level in Cr 
which has spin and parity 2+. Since the value of log ft for the decay indicates an 
allowed transition, the selection rules forbid the possibilities of spin 4 or 5 for 
he ground state of *V. El Bedewi and Tadros point out that the weak coupling 
tule given by Nordheim (1951) would eliminate the 2* possibility, leaving 3+ 
as the final assignment. However, Way et al. (1955) give the ground state of 
2V as probably 2+ and most of the subsequent literature quotes this value. 

The results are also used to extend to vanadium the comparison made by 
Groshev et al. (1958) between the results of (n, y) and (d, p) work on many 
slements. The basis of the comparison is the assumption that in the (n, y) 
reactions the stronger gamma rays observed from the state capturing the thermal 
1eutron are probably E1 radiation arising from transitions of the captured neutron, 
tially in an s state, to a p state of the final nucleus. On this single particle 
sw of the (n,y) process the transition is comparable with the /=1 transition 
_ same final level seen by a (d, p) process. If Jis the intensity of the emitted 


s G2 
i 


100 A. W. Dalton, A. Kirk, G. Parry, and H. D. Scott 


gamma ray of energy £ then I/E° should be compared with the reduced width 
for the (d, p) reaction to the same final level. 

Groshev et al. list values of I/E® corresponding to 13 levels of °V. In our 
(d, p) work groups corresponding to all these levels are observed and angular 
distributions corresponding to eleven of them have been obtained. The assign- 
ment for ten of these angular distributions is /= 1 showing that the corresponding 
states for the ingoing neutron are p states, thus confirming the general assumption 
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Theory of Ultrasonic Vibration Potentials in Pure Liquids 


By A. WEINMANN 


Mathematics Department, University of Leicester 
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Abstract. Various possible mechanisms, which could produce potentials in a | 
pure liquid through which an ultrasonic wave is propagating, are discussed. | 
Alignment of molecular dipoles, due to density gradients, appears to be the most 
effective mechanism, and could account for the potentials observed in polar 
liquids. It is suggested that the non-polar heptane (and the similar paraffins 
of this series) really contain weak quasi-free dipoles, whose moment is of order | 
0:2 x 10-18e.s.u.cm. This could account for the small potentials which have | 
been observed in heptane by Rutgers and Rigole. 


§ INTRODUCTION 
18) EBYE (1933) has suggested a method of measuring the effective masses 


of ions in solution, by measuring the electric potentials produced when | 

ultrasonic waves are passed through an electrolyte. Recent experiments 
to detect this effect (Hunter 1958, Rutgers 1946, Rutgers and Vidts 1950, 
Rutgers and Rigole 1958, Yeager and Hovorka 1953, Yeager, Dietrick and 
Hovorka 1953, Yeager et al. 1949, Yeager, Booker and Hovorka 1959) show 
disagreement with Debye’s formula, in that potentials are also observed in some 
pure liquids. 

So far no satisfactory explanation of these effects has been given, though the } 
results of Yeager, Booker and Hovorka (1959) seem to indicate that most of the 
anomalous effects are due to potentials produced at the liquid-glass—electrode j 
surfaces. Their results are not however in complete agreement with those of 
Rutgers and Rigole (1958), who observed potentials in the non-polar heptane. 
Rutgers and Rigole also suggested various possible mechanisms for the production 
of potentials, but they found no satisfactory explanation. 

It is the purpose of this note to investigate the possibility of potentials being} 
produced in pure liquids by ‘genuine causes’. Thus, for instance, varying 
contact potentials at the liquid-electrode boundaries, or various possible} 
condenser-microphone effects are not considered. Such ‘spurious effects’| 
are perhaps best studied experimentally. 


§ 2. PossIBLE MECHANISMS FOR PRODUCING POTENTIALS 


When an ultrasonic wave is propagating through a liquid, density gradients} 
are present. As a result the environment of any particular molecule is non 
uniform, and its interactions with the other molecules not isotropic. This could 
lead to potentials being produced by, for instance, the alignment of molec 
dipoles, or by induction. The effects of inertia, in displacing parts of a molecule 
relative to each other or the electrons relative to the nuclei, will be ignored exc 
for a brief discussion in §5. We will now discuss the above possibilities. | 
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‘To clarify the situation, consider first the case of rigid polar molecules. Let 
coordinates specifying the orientation of a molecule be denoted by R. We note 
first that in general 

(a) If the density is constant, then the probability that a certain molecule 
has orientation R is independent of R; and the potentials are zero by symmetry. 

(>) For rigid molecules interacting as point dipoles (together with a central 
interaction), the probability of any configuration of the molecules is the same as 
that of the configuration in which the directions of the dipoles are reversed, 
provided there are no external fields, and the average electric potential at any 
point is therefore zero. 

From (5) we conclude that potentials will only be produced if more complex 
interactions are present besides dipolar forces. 

For ordinary polarizable polar molecules, the theory would clearly be very 
difficult. ‘The polarizability is not an essential feature for the production of 
potentials by the mechanisms discussed here, and will be neglected for this case. 
The errors thereby introduced could clearly be quite large, as this approximation 
is known to be unreliable in evaluating dielectric constants. 

An estimation shows that rigid molecules with no dipole moment, but only 
higher pole moments, could only produce potentials very much smaller than those 
with both dipole and higher moments. It is therefore important to investigate 

the effects of induced dipole moments, in the case of non-dipolar polarizable 

' molecules. (In this connection it is important to note that the dipole moments 

are usually deduced from dielectric constant measurements. This is not very 

accurate for small dipole moments p, as it measures essentially only »?._ In some 

cases a molecule with a moment as large as 0:2 x 10-e.s.u.cm is classed as 

non-polar. As the potentials will be found to depend linearly on p (and also on 
a combination of u and the higher moments), a moment of this magnitude might 
not be negligible.) However, a very crude estimation shows that induced dipole 
moments, though possibly quite large for certain configurations of the molecules, 
tend to cancel out on averaging over all orientations, and give rise to very much 
smaller potentials than would result if permanent dipoles were present. 

A more important case of deformable molecules ‘without dipole moment’ 
is that in which parts of a molecule are quasi-free to move relative to each other, 
for example, hindered rotation about a bond. If the parts each have a small 
dipole moment, then the average dipole moment may be zero or very small. 
The theory for such molecules would clearly be rather difficult, but it seems 
reasonable to suppose that potentials are possible, though perhaps smaller in than 
ordinary polar liquids. 

In the following sections, estimates will be made of the potentials in the simple 
case of non-polarizable molecules with dipole and higher moments. In an earlier 

method of evaluation (unpublished), approximations more suitable to a 
description of the liquid state were made. Here we will employ a different 
method, which would be more appropriate to a dipolar crystal lattice. This 
shows more clearly the approximations made and gives similar results. The 
basic assumptions made are: (i) The molecules are located at the points of a 
crystal lattice, whose motion is independent of the orientations of the molecules. 
(ii) The vibrations of the crystal lattice due to the sound waves are slow compared 
with the period of rotational motion of the molecules. The orientations of the 
“molecules can thus adjust themselves to an equilibrium distribution. (iti) When 


: 
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the system is in equilibrium (with no sound wave), all orientations of any single 
molecule are equally likely. (iv) Polarization effects may be neglected. 
(v) A ‘liquid’ approximation of averaging over all directions of the crystal is 
permissible. Assumption (v) is more a matter of computational convenience 
than an independent assumption (see the remarks before equation (13)). 


§ 3. EVALUATION OF THE POTENTIALS 


Let {R,, Ry,...,R,}=R denote the set of coordinates specifying the 
orientations of the m molecules, when at the displaced positions pj, Po, ---, Pp: 
Let rj, ,.-.,¥,, be the equilibrium positions of the molecules, so that, by 


assumption (i), when a small amplitude plane longitudinal sound wave is 
propagating through the crystal 

p,=r,;+u(r,,t), u(r, 2)=bexpiz(k.F—ob)) eee (1) 
with b parallel to k. Let V;; (=V;;) be the interaction potential between 
molecules 7 and j, and let V=42XV;;, the sum being over all 7,7 with 74). 
By assumption (ii), the probability density n(R)=n(R,, Ry, ..., R,) for the 
molecules to have orientation R, is given by 


n(R)=Z—exp(—V/«T),  Z= fexp (CYT IR = aoe (2) 


where « is Boltzmann’s constant, and 7 the temperature. If p,; is the dipole 
moment vector of the jth molecule then its average value (u;), in the strained 
lattice, is 


(v= | m(Rw, Ch Ces eRe he oh Ma Ve (3) 


It is convenient to express this as an average over the equilibrium distribution 
n©(R), which is given by (2) when u(r,,t)=0. This is achieved by expanding 
Vis? VO) TPO cs oe VO ee (4) 
where VY is the potential when u(r,, 2) =0, and V = V— V is the perturbation 
caused by the sound wave. Inserting (4) into (2), and expanding the exponential 
with the small term V in it, as far as the linear term, and using the isotropy of 
the equilibrium distribution n(R) implied by assumption (ili), gives the 
approximation 
(By) = — (KT) (Bj V Yo 
= (RT) AD Cry Vo PED ey Ke yoly | isaes (5) 
where &’ is a sum over s with s4j, and =" is a sum ovre r, s with r# s, and both 
crs from j; and ¢ )) denotes an average over the equilibrium distribution 
“s ; 
The main contribution to the sums in (5) come from the nearest neighbours” 


of the jth molecule. We proceed to estimate the simpler first term of the last 
member of (5). The summand can be written 


(25V 550 = | pV; nO(R) dR= ic VO, MR; RAR dR ...... (6) 


where mR, R,) is the equilibrium probability density for molecules j and : 
to have orientations R,, R, respectively, when the rest of the molecules are no 
observed. If dipole and higher moments are allowed for in the evaluation o 
n7(R;,R,), then this will give different probabilities for molecules j and s to 
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parallel or antiparallel: the dipole-dipole interaction term in V,, already gives 
a contribution to (6). Other contributions will be neglected. The dipole-dipole 
part of V;, is 

Vie= (Wy +ths) (Djs) 9 — 3 (By + Pis)(Ms+Pys)(Pjs) >, we eee (7) 
where p;,=p,—p;. ‘The second term on the right-hand side of (7) will be 
omitted for brevity (see Appendix A); in the first term write 


Pys="jet Wier Wie sll tf) aU eit), ue) atten (8) 
where r;,=r,—r,;. It is found sufficient to expand the corresponding term 
in V® as far as the linear term in w,,, so that 


aha —3 (ty bs) (ys+Wye)(73s) ER Onis (9) 
Let the constant A, which depends on 7;, and T, be defined by 
| ps (iby Pag) (Ry Rg) AR, dR, =Nw jal swe ee (10) 


This gives a quantitative measure to the parallel—antiparallel asymmetry of 
n(R;,R,). Inserting (9), (10) into (6) we obtain 

(sVj_)o= — 3d (Rg Wye)Ris (Mpa) seas (11) 
This must be summed over s, the nearest neighbours giving the only significant 
‘contribution. As the wavelengths of ultrasonic waves are very long compared 
co the intermolecular distances 7;,, |k.r;,|<1; so w,;, can be expanded: 
: w;,=u(r,, 2) [exp (¢k.r,;,)—1] 
Ar; 2) kery— ker ee] ee OU, EARS (12) 
The first term of (12) will give a zero contribution, when summed over s, for a 
sufficiently symmetric crystal. This is also zero, on average, in a liquid. The 
calculation can be simplified by use of assumption (v), which allows the sum 
over s to be calculated for the nearest neighbours by replacing r;, by p, the nearest 
neighbour distance, and replacing &’ by 


(4n)-4N, | sin 6;,d0;,db;s5 


N, being the number of nearest neighbours, and 6;,, $;, the polar angles of r;,. 
This procedure yields ; 


<u; )= —3Au3N,Ru(r;,t)/(10«Tp?), eee ee (43) 
approximately. The electric polarization P in the liquid is then 
P =n) u,;)= — [3Au2Nymok?/(10« Tp?) ]b exp {i(k . 4; — Cia ee ere (14) 


where 7, is the equilibrium number density of molecules. Comparing this with 
‘the phenomenological expression P = («—1)E/(47) + aVn (Weinmann 1959), we 
find the following approximation for the constant «: 

4 qe 2 Slut Nel (10 p*),0 see (15) 
where < is the dielectric constant. ‘The peak potential ¢max follows from this, 


or more directly from (14), 
¥ mage 127pnyp Au? Ny XQ (16) 
a ¢max = ri oe pias AS Cae OF eens 

eh ere a, is the velocity amplitude of the sound wave, and c the speed of 


ropagation (see also Appendix A). 
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§ 4, NUMERICAL MAGNITUDES 


The constant A, defined by equation (10), depends on the type of molecule. 
For water molecules we have tried to estimate it, by use of the model proposed 
by Lennard-Jones and Pople (1951), and Pople (1951). The result is very 
sensitive to the value of the H-O-H angle used, but a value for A of order 0-02 
seems reasonable, as explained in Appendix B. The combination Au2N,|p?kT, 
occurring in (16), would appear to depend more on the higher pole moments 
than on ». The other constants for water are taken as 


c= 4x 10° cm sec =, figs 3 LU" Cia, 
Tig on Steel Usscacy HB Hpciere ny p= 29 < Wee, | 
N,=A4, T=300°*K. | 
Inserting these into equation (16), and converting from e.s.u. to volts, | 
pies 10-840 eee | a (17) | 


The approximations on which this is based will be discussed further in the 
next section. Similar potentials would be expected in other polar liquids. 


§ 5. DiscussIon 


The use of the approximations (i) to (v) stated in §2, or some similar ones, | 
is required because the statistical mechanical theory is at present insufficiently 
developed to allow a more systematic reduction (see, for example, Green 1952), 
The errors made are difficult to estimate. In the detailed calculations, the 
estimation of the asymmetry parameter A appears to be the weakest point. The 
neglect of the higher powers of V™ in equation (5), combined with the neglect 
of the polarizability of the molecules, is similar to neglecting ‘local field corrections’ 
in dielectric constant calculations (see, for example, Brown 1956). We have not 
found a systematic method of allowing for this. 

The calculations show that potentials of the magnitude observed experi- 
mentally could occur in polar liquids. Similar potentials would be expected in 
crystals consisting of polar molecules, such as ice. 

The only case where potentials have been reported in a non-polar liquid is 
in heptane (Rutgers and Rigole 1958). Yeager, Booker and Hovorka (1959) 
however find no potentials. The dipole moment of the ‘non-polar ’ heptane 
has been measured by Dornte and Smyth (1930), using the temperature variation 
of dielectric constant method. They find that the ‘ polarization’, instead of 
decreasing steadily with increasing temperature as expected in a polar substance, 
increases from a value of 34:09 cm at —90°c, to a maximum of 34:56 cm? at 50°c, 
and then decreases to 34-44cm* at 90°c. They do not account for this small 
variation of ‘polarization’ with temperature, but conclude that the dipole | 
moment of heptane is very small. It appears to us that this variation of the 
‘polarization’ with temperature is of the type to be expected for molecules 
containing quasi-free dipoles (see, for example, Smyth 1955). We have tested 
the possibility of this by calculations using a very crude model of heptane, in 
which the dipoles are placed at the ends of the molecule, and the polarizability 
of the central portion is partially allowed for. This leads to a formula for the 
temperature dependence of the ‘ polarization’ which can be fitted to the observed 
values with much greater accuracy (to within about 0-06 cm?), and suggests a | 
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moment of order 0-2 x 10-1%e.s.u.cm for the dipoles. Similar moments would 
be expected for the other paraffins of this series. If this view is correct, it might 
account for the potentials observed in heptane by Rutgers and Rigole (1958). 

Rutgers and Rigole (1958, equation (4)) give an estimate for the potentials 
due to inertia, resulting from the displacement of parts of a molecule relative to 
to each other. ‘The occurrence as a factor 1/D of the dielectric constant D in 
their formula appears to be incorrect. ‘The factor depends on the details of the 
interactions of the molecules. If one uses the very crude ‘ Lorentz local field’ 
(Brown 1956, §22), then one finds a factor (D+2)/(3D), instead of 1/D. This 
would increase the potentials due to this cause only to a few tenths of a microvolt 
for unit velocity amplitude, for typical molecules. Inertia effects would also 
displace the electrons relative to the nuclei. An estimation shows that this 
effect is in general smaller than that due to the displacement of parts of a molecule 
relative to each other. 

At present, it is not clear if the ‘genuine’ potentials discussed here have been 
observed in the experiments. As the estimate given in equation (17) may well 


- be somewhat large, there may be some difficulty in detecting these potentials, due 


to the high noise level of existing detectors; even if the ‘spurious effects’ can 
be successfully eliminated, or allowed for. Hunter (1958) has proposed 
integrating his signals over many pulses. This would increase the signal/noise 
ratio by a factor N1? approximately, where N is the number of pulses; and this 
gives some hope that the potentials may be detected. 
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AUP REND TX oA 


It appears likely that the second omitted term in the dipole-dipole interaction 
(7) will not cancel out the first term treated in the text, and this is confirmed by 
the complete calculations, with the whole interaction (7). ‘The result of this 
calculation is to replace A, in (13) and all the following equations, by the factor 


& —4(4A, + 4A, 4+ 6A3); 
where the constants A,, As, As, Ay are defined by the equation (which follows from 
the symmetries of the left-hand side) 


} 14j°Hj6 4g? (R;, R,)dR,dR, = p8[A,5°%p%p + Aa 5%" + 5%%p%)p+ 


+ Asp%p"p%p—8 + Ay(e*™p,p® + €°™p,p*)p*]. 
In this equation components of vectors and tensors are denoted by the appropriate 
subscripts or superscripts «, 8, y, #3 $28, e*87 are the usual § and e tensors; and 
p* is the vector rj5 
AP? EN DEB 
¢ EVALUATION OF A 


No attempt was made to evaluate the more correct combination 


hich replaces A (Appendix A), as this refinement did not appear to be justified. 
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The estimation of A proceeds as follows. According to Pople (1951) 

n(R,, R,) = const. exp {g(cos x; + Cos x,)/K« foe aed lear oe ke (B 1) 
where y;(y,) is the angle between r;, and a ‘bond-forming direction ° of the | 
water molecule j(s); g is a force constant; and the constant is included to 
normalize n. Let A(#;,,) denote the value of A, calculated by inserting (B 1) 
into equation (10), when the angle between p,(u,) and one of the four ‘bond- 
forming directions’ in the j(s) th molecule is 3;(%,). We find that | 

A(9;,85)= —4coso ,[cothé —§™] 

x [sin? 8; + (3 cos? &, — 1)(1—2€ + coth€é + 2€-*)], ...... (B2) 
where €=g/«k7T. Now the expression (B 1) is incomplete, since there are four 
‘bond-forming directions’ in each water molecule; therefore to get A, the 
expression (B 2) must be averaged over all eight combinations giving hydrogen 
bonds between neighbouring molecules. Collecting equal terms, we obtain 

N= S(A(GOVPAG GIS 8 Eevee (B 3) 
where 29 is the H-O-H angle and 2(z—#’) the angle between the ‘lone-pair 
directions ’. 

According to Pople (1951), =g/«T=10 at 300°c. If one assumes an exactly 
tetrahedral structure for water, than cos#?=—cos#’=3-"?, and each A has 
magnitude 0-2, while A=0 due to exact cancellation in(B 3). However, the alter- 
native assumption 2%= 105° (the experimental H—-O-H angle quoted by Pople), 
with cos #’ = —3-42 as before, gives A=0-002. 

The cancellation effects make the estimation of A difficult. Also, the derivation 
of (B2) assumed that each water molecule rotates about the oxygen nucleus, 
whereas it seems more correct to suppose that the rotation is about the centre of 
mass. ‘The neglect of polarizability is also a cause of error. ‘There is however 
no special symmetry which would make A necessarily zero. Because of these 
various effects, it appears unlikely that A is less than 0-002, while it seems probable 
that A is less than 0-2. The order of magnitude estimate 0-02 used in the text, 
results from this in the absence of a better estimate. 
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Abstract. Kirkwood’s expression for the friction constant is compared with the 
expression implicit in Brownian movement theory. Relations between the 
friction constant f and the fluctuating force F(t) are obtained in the case of a 
white spectrum and of a general spectrum. ‘The former relation resembles 
Kirkwood’s expression and depends on the correlation function of F(t) being 
sufficiently sharply peaked to permit the integral to reach a plateau value in a 
| time 7, such that Br7,<1. 

Since Kirkwood’s expression involves the total force X(t)=F(t)— Bu, the 
correlation integral of this force is calculated in the macroscopic theory of 
Brownian movement. ‘The infinite integral 


| “ (X(t)X(t+7)),dr 


is found to be zero, but the incomplete integral 


1 : (X(t)X(t+7)),dr 


is found to be equal to the incomplete correlation integral of the fluctuating force 


ie (F(t)F(t-+7)),dr 


provided that the upper limit of integration 7, is large enough for the correlation 
function (F(t)F(t+7)),to have decayed to zero, but is sufficiently small to ensure 
that Br,<1. 

It follows that there is correspondence between the microscopic and macro- 
scopic theories provided this condition holds. 


: 
y 


§ 1. INTRODUCTION 


(1946) starts from the Liouville equation which determines the distribution 
function f) for the joint distribution of the N molecules of the system. A 
‘coarse graining ’ procedure is used to obtain partial differential equations for the 
joint distribution functions f of m molecules (n< N) which have the property of 
irreversibility. These equations have the same form as the Fokker—Planck— 
Kramers equation of Brownian movement theory. A similar procedure enables 


ik E molecular theory of transport processes in liquids developed by Kirkwood 


+ Formerly at E.M.I, (Electronics), and now at the Atomic Weapons Research Establish- 
ment, Aldermaston, Berks. 
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the equation of motion of a single molecule to be obtained in a form similar to the 
Langevin equation. 

This reduction of the problem of irreversibility to equations of the Brownian 
movement type depends on the hypothesis that the integral of the auto-correlation 
function of the force reaches a plateau value. ‘This hypothesis leads to an expres- 
sion for the friction constant. Kirkwood’s theory has been applied to the problem 
of the viscosity of liquids and has been found by Eisenschitz (1949) to give a 
temperature dependence of the right form. The theory of Eisenschitz has been 
used to calculate the anisotropy of flow in a pure liquid (Champion 1958) and the 
result has been confirmed experimentally. An application of Kirkwood’s theory 
to liquid phase chemical reactions leads to the well-known transition state 
expression as a first approximation (Wood and Suddaby 1957). 

The evaluation of the friction constant constitutes a major problem in the 
application of the Kirkwood theory to real physical systems. Kirkwood’s 
assumption of a plateau value leads to a formal expression which relates the 
friction constant to the intermolecuiar forces. This expression has been 
regarded by some as the main contribution of Kirkwood’s theory (Green 1952) 
and has been the basis of attempts to evaluate the friction constant (Suddaby 
1954, ‘Turner 1958). 

In this paper we consider relations implicit in the ordinary Brownian movement 
theory which lead to an expression for the friction constant similar in general form 
to the expression of Kirkwood. This expression of macroscopic theory is com- 
pared with the expression of Kirkwood which arises from microscopic theory and 
the reasons for the difference are discussed. Conditions are found under which 
the expressions are compatible. 


§ 2. KiRKwoop’s EXPRESSION FOR THE FRICTION CONSTANT 


The starting point of the theory of the Brownian movement is the Langevin 

equation, 

du 

oat (3 ee ee a i (1) 
which is based on the assumption that the force per unit mass on a Brownian 
particle may be divided into two parts, a frictional component — fu which is 
proportional to the velocity and a random fluctuating component F(t) which is 
characterized by a sharply peaked auto-correlation function. 

In the paper on the statistical mechanical theory of transport processes 
Kirkwood (1946) has established that, under certain conditions, the Langevin 
equation is valid for a system of molecules n forming part of a large assembly N. 
This paper has formed the basis of the modern theory of non-uniform liquids 
(Eisenschitz 1951, 1952). In the following, Kirkwood’s procedure, which is 
three-dimensional, is presented in a one-dimensional form. } 

In the classical equation of motion for a molecule, 
du 
A A) ; 


where X(t) is the total force on molecule 1 due to all the other molecules, Kirkwood. 
makes the substitution F(t) = X(t) — ((X (t)), )” to give 


‘ 


& _ (X(),)*=F(t). ees 
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{(X(t)), >“ represents the average total force, the average being taken successively, 
over a short time interval 7, microscopically large but macroscopically small, and 
over an ensemble of the assemblies N in which the molecule considered (denoted 
by 7) has the constant initial velocity z. He then establishes that 


((X(¢)), = — fu 


where 
dd 


= hi | ' CX (EA dem 3 apenas (2 a) 


When the hypothesis is made that, for values of 7, still small compared with 
macroscopic times, the value of the integral reaches a plateau value independent of 
7, ¢ becomes a constant, independent of the time and (2) becomes formally 
identical with the Langevin equation (1), ¢ taking the place of B. Thus (2a) 
provides a relation between the friction constant and the total intermolecular 

force X(t). 


_§3. ‘THE EXPRESSION FOR THE FRICTION CONSTANT IN BROWNIAN MOVEMENT 
‘THEORY 


There are two methods of developing Brownian movement theory from the 
Langevin equation. In the method of Uhlenbeck and Ornstein (1931) averages 
/are taken over an ensemble of particles with constant initial velocity u), denoted by 
| <...)“*, whilst in the spectral method (Ming Chen Wang and Uhlenbeck 1945) the 

averages are taken over the time, denoted by ¢...), which as a consequence of the 
'stationary property of the process, corresponds to averages over an ensemble in 
equilibrium. 


3.1. Ensemble Theory 


The Langevin equation (1) is integrated subject to the initial condition u= uy 
when t=0. On squaring and taking the average over the ensemble, this gives: 


(ut) =u," 69 + SN | "ee (F(E)F(n)) didn. s+. (3) 
0/70 


By taking v=€ +7, w=é—7 as new variables, and using the fact that 
(F(E) Fn)” = $(E—1) = o@) 
where $(zw) has a very sharp maximum at w=0, the second term becomes 
1 oO 
= dw. 
7g | _, $e) ae 


If we now let t-> and replace the left-hand side by the equipartition value 
kT|m, we obtain the relation 


=| (20) dav. 


‘Thus j 
| AE (EEE Py nde ae 9 Ls 4 
B= pr), POR E+) year (4) 

3.2. Spectral Theory 


The fluctuating force is a stationary random function of the time. Relations 
lid for functions of this kind are now applied. The fluctuating force F(t) is 
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specified by means of its spectral density G,(f), defined by 
eee 3 
Gp(f)= lim T | Ap (f, T)P 
Tax 


where 
+ 7/2 


A,(f,T)= | F(t)e—27"tdt. 
—T/2 
The correlation function is defined by 
; 1 +7/2 
(F(t)F(t+7)),= lim = | F(t)F(t+7) dt 
TH sh —T7T/2 
and is related to the spectral density by the Wiener-Khintchine relation: 


(F(t)F(t-+7)),= | ; EAE PLA EY hummus ace (5) 


which is obtained by applying Parseval’s theorem to the definition above. 
In particular 


(F(?),= lim 7 7 i F(t) dt 


zs ie GE (Pj dfrowndvnd i teespaeae (6) 


Integration of (5) over 7 gives 


| 7 GAA CEA + (em (IPs ie Bens. (7) 


where G,,(0 + ) is the limiting value of G,(f) when f— 0 from positive values. 
If we take the Fourier transform of the Langevin equation, apply (6) to the 
velocity and substitute the care value of (u?(t)), we obtain 


wG;)™ 
2 a F 
W(t))= an a ce (8) 
Relations (7) and (8) are Ree te of any assumptions about the spectrum of 


F(t). However, in Brownian movement theory it is usually assumed that F(t) has 
a white spectral density: 


G,(f)=G,(0+)=D, a constant. 
Then, from (7) and (8) we obtain 


-7 ap i> GE(e sitter) \ dae oh eee (9) 


which is the expression in spectral theory corresponding to (4). 
The relations (7), (8) and (9) appear to be well known to Brownian movement 
theory although they are not formulated explicitly in either of the references quoted. 
% 


§ 4. "THE GENERAL EXPRESSION FOR fB AS THE PLATEAU VALUE OF THE CORRELATION 
INTEGRAL 


The chief interest in relations (4) and (9) lies in their resemblance to the | 
expression (2) obtained by Kirkwood. The Kirkwood expression involves an 
ensemble average over the initial phase of molecules 2 to N to which the ensemb! 
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average in (4) is made to conform by the equipartition assumption. ‘The spectral 
theory, on the other hand, involves an average over the time but the assumption 
that u(t) may be taken as a stationary random process together with the equi- 
partition assumption ensures some correspondence between the two expressions. 
The expressions of Brownian movement theory, however, differ in important 
respects from Kirkwood’s expression. In Kirkwood’s expression, the integration 
is carried out over an interval 7, in which, according to Kirkwood’s hypothesis, the 
value of the integral has reached a plateau value. In Brownian movement theory, 
on the other hand, the integrals extend formally over the infinite range but the 
assumption that the correlation function is sharply peaked means that the major 
contribution from the integrand is made in the region for which 7 is still small. 
Both (4) and (9) were obtained by assuming an extreme but unspecified sharpness 
of the correlation function. The precise degree of sharpness required in order that 
relation (9) may hold may be determined by obtaining more general relations based 
on more realistic assumptions about the spectral density. 
If it is assumed that G,(f)=D,f<fi; Gp(f)=9, f> fi, thus introducing a cut- 
off at f=/,, the evaluation of (8) and substitution into (7) gives 
fo 6) 
pO aera i (F(t) F(t+7) dr sane (10) 
kT 7 6s 
| When f,> 8, arc tan 2zf,/8 ~ 7/2 and (10) approaches (9). 
Taking the inverse relation of (5), namely, 


| G,(f)=4 | " (F(t) F(t +7))1608 2afz dr, 
. 0 
| substituting into (8), and changing the order of integration we obtain a relation 
independent of any assumption about the spectrum: 


2 rl. (F(t) F(t-+7))e® dr. eel) 


For this expression to assume the form (9), it is necessary that the main 
contribution to the integral must come from the range of 7 for which e*" does not 
\ differ significantly from unity, namely the range 7< 7, where B7,<1. The time 
then corresponds to the time in which the integrals (9) and (11) reach a significant 
proportion of their asymptotic values. 

Thus the relation between the fluctuating force and the friction constant in 
Brownian movement theory assumes the form (9) which resembles Kirkwood’s 
‘expression provided that the correlation properties of the fluctuating force permit 
the integral to reach a plateau value in a time 7 such that Br, <1. The infinite 
integral in the Brownian movement expression may thus be reconciled with a 
plateau value if the correlation time satisfies the stated condition. 

There is another difference between (2a) and (9), however, which appears to be 
‘of a more profound character. The Brownian movement expression for B 
involves the fluctuating force F(t), whereas Kirkwood’s expression, on the other 
hand, involves the total force X(¢) or F(t)— Bu. In order, therefore, to investigate 
further the correspondence between Kirkwood’s theory and the conventional 
heory of Brownian movement, it is of interest to evaluate the correlation integral 
of the total force in Brownian movement theory and to discover whether a simple 
elation exists between this integral and the friction constant. 


PROC. PHYS. SOC. LXXV, I H 
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§ 5. EVALUATION OF THE CORRELATION INTEGRAL OF THE TOTAL FORCE 
The total force per unit mass X(t) is, by (1), 

X(t) = = F(t) Bult) ; 
and its correlation function is : 
(X(t) X(t+7)) = (F(t) F(t-+7)) — BF(t) u(t + 7)) — BCF(t+ 7) u(t)) 

EPR? (u(t) u(ttem:)) fe ieee eae Ameen aa (12) 


where ¢...) stands for either kind of average. We wish to evaluate 


{ - (X(t) X(t-+7)) de. 


5.1. Ensemble Theory 
The terms on the right-hand side of (12) may be calculated by the method that 


was used to solve (3). 
Thus we obtain 


| 
(F(t)u(t +7) yee i of (F(t) F(E)y"dé : 

=2BRT|m | 
CF(t+)u(d)ymer |e (P(E 7) FU) "dé = | 


This last result is due to the fact that ¢ + 7 falls outside the range of integration of € | 
and would be expected in any case because F(t+7) and u(t) are uncorrelated. | 
Finally, 


t adi 
(u(t) u(t he 7) yuo = Ug? ePQt+7) 4 Ce | . iF eb +n) (F(é) F(n) yuo dé dy me 


kT hee 
= askt) —2Bt 2 oe 
as etistenl | 


and (12) peace. 
ae 


(X(t) X(t-+7) m= FO F(t+ 7) yu — BRP gor. ge oe (ut ->)o* 
hereretion of (13) ) with reapeke to 7 gives . q 


ats cif Sct ate ea sa og 
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(E(t+7)u(t).=4 - : Ft zesh df 
{u(t)u(t+7)),=4 peer en ean id 
oP +O 
where the asterisk denotes the complex A Sets 
If we now insert the white spectrum value of G,(f)=48kT/m, we find 


(F(t)u(t+7)),= EE if X joy! 2BRT on 
(F(t+7)u()y= = [Fo af=0 


_ where this result is due to the at fis e—trit| (8 —2z7if) has no poles in the lower 
half-plane. Finally, 
e2zifr fag 


ue 2 
Gilt yu(tes)) ee (5 opt a 
_ Substituting these results in wor we obtain 
(X(t) X(t+7)),= (F(t) F(t +7)):- au Chiat. cone (15) 
| so that | 576.6). Gs) 7 lores (16) 


The relation (15) will be used in the discussion of the incomplete integral in § 6, 
and although (16) follows directly, this result is independent of any assumption 
aboutthespectrum. Ifwesubstitute the relations for a general spectrum into (12), 
we obtain 


—s--— — 


§ 
| 
1 
/ 


(X(t) X(t+7)),=4 { ; : Se EEE 


Integrating this over 7 first, we obtain 


[2 xe@xe+nyaraa[” GET ands 


which clearly leads to the result (16). 


a § 6. COMPARISON WITH KIRKWOOD’S EXPRESSION 


Both the ensemble and spectral theories of Brownian movement lead, on the 
assumption of a sharp peak for (F(t) F(t +7)) at 7=0 or a white spectrum for F(¢), 
to the results 


(3 “(FO Ftd, (17.4) 


13 (X(t) X(t+7))dr=0 aut (175) 


where <.. .) indicates a partial ensemble average in the ensemble ee, and atime 
average in the spectral theory. 
On the other hand, Kirkwood obtains a result which may be expressed in the 
form 
5 ie (X(t) X(t+ 17))dr= PEA 
be 
where the average has the same significance as in the satel form of Brownian 
H2 


a 


a 
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movement theory, but the right-hand side of the expression is a plateau value which 
the integral is assumed to attain after a macroscopically short time 7. The 
relation (17b) is derived from the ordinary assumptions of Brownian move- 
ment theory which are known to lead to results which agree with experiment. 
We should therefore expect Kirkwood’s theory to lead to the same relation. 

However, the Kirkwood expression is obtained only after the neglect of terms 
having the order of magnitude of 7,. Our equation (15) gives the Brownian 
movement expression for (X(t) X(t+7)) in terms of 7. If this is integrated from 
+=( to some arbitrary value 7,, we have 


yes we: kT 
| (X(t) X(t+7))dr= | (F(t) F(t+7))dr+ ee (e#% — 1) 
~w O 0 
ie BRT : 
ss | (F(t) F(t+7))dr— a [B7,+ higher powers of f7,]. 

The second term is negligible if 7, is small enough to ensure that Bz;<1. Then 
if 7, is still large enough for the first integral to have reached its plateau value of 
BkT|m we have 


| E (X(t) X(t+7))dr= | 4 (F(t) F(t+7)) dt= 


which agrees with the Kirkwood expression. 

Relation (18) depends on the assumption that the appropriate upper limit of 
integration can be both small enough to make the higher terms negligible yet large 
enough to ensure that the plateau value is reached. 

In § 4 we have shown that the relation 


BkT 
m 


oO 
} (F(t) F(t+7)) dr = BEE 

0 m 
in Brownian movement theory depends on the assumption that the function 
(F(t) F(t+7)) is so sharply peaked at t=0 that the integral reaches a value 
substantially equal to its asymptotic value in a time 7,, sufficiently short to ensure 
that 87;<1. The condition for relation (18) to hold is thus implicit in the ordinary 
Brownian movement theory and to this extent Kirkwood’s expression for the 
friction constant is consistent with the latter. Relation (18), however, does 
not in any way indicate that the integral 


{ ; (X(t) X(t-+7)) dr=I(z) 


reaches an asymptotic value of BkT/m. Indeed since Brownian movement theory 

attributes the asymptotic value BkT/m to the other integral.(17 a), the value of I(7), 

after rising rapidly to the value BkT/m, would decrease at a slower rate until, for 
large 7, itagain became zero. This situation is illustrated in figure 1. If the peak 
of (F(t) F(t+7)) is sufficiently sharp, the ordinate at the origin will have a value 
of the magnitude BkT/m7,. The ordinate of the curve representing the remaining 
terms e~*" 6? kT/m in (X(t) X(t+7)) is of the magnitude 6?k7/mat7=0. Thus, 
if Br, <1, only (F(t) F(t+7)) contributes appreciably to the integral I (7) in the 
interval 0<7+<7,. The value of both integrals at r= 7, is substantially equal to 
the area A. On further increase of 7, there is no appreciable change in the valu ! 
of the integral (11a) but, in the case of I(z), the area B ultimately cancels out the 


area A and the value of the integral tends to zero. Figure 2 shows the behaviour 
of the correlation integrals. 
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Thus, provided 87 <1, there is correspondence between Kirkwood’s expression 
for the friction constants and the expression of Brownian theory. It has since 
been shown by one of us that the higher terms of Kirkwood’s expression which are 
neglected in obtaining his expression, are in fact of the magnitude f7;. 


X(t) X (CL +T)> 


Figure 1. The correlation function of the total force as a function of T. 
Note. B should read f in expressions on curves. 


S.@@ FU) dt 


Correlation Integral 


q 


Figure 2. Correlation integrals of the fluctuating force F(é) and the total force X(t) as 
functions of the upper limit of integration. 


It is from the outset unlikely that the conservative forces of molecular inter- 
action should give rise strictly to the frictional force which is essential in the theory 
of Brownian movement. It is shown in the present paper that there is an approxi- 
mate agreement which allows the microscopic equations of motion to be reconciled 


with the irreversible approach to equilibrium. 


¢ 
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§ 7. CONCLUSIONS 


(a) The complete correlation integral of the total force in the theory of the 
Brownian movement has the value zero, regardless of assumptions about the 
nature of the spectrum of the fluctuating force. 

(b) If the incomplete integral 


| ; (F(t) F(t-+7)) dr 


attains its plateau value ina time 7, such that 87, <1, then, for values of 7, for which | 
this condition is still satisfied, the incomplete integral of the total force is sub- | 
stantially equal to | 


| ; (F(t) F(t+7)) dr 


and therefore to BRT/m. Kirkwood’s expression for the friction constant can 
thus only be consistent with ordinary Brownian Movement theory in circum- 
stances when the upper limit of integration is subject to the condition 67, <1. 
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Abstract. Using pure single crystals of rhombic sulphur, of volume a few mm3, 
conduction counting occurs for «-particle bombardment but only in a region close 
to the negative electrode, indicating a barrier effect. If the applied voltage is 


_ increased there is an increase in the counting rate proportional to V" where n=0-7, 
_ but no increase in the maximum pulse height. Creation of a space charge barrier 


eee”: 


is essential before counting can begin, after which the counting rate decays with 
time but the crystal can be reactivated by light or other ionizing radiations. 
Examination was made of the primary photoconductivity between 4400 A and 
9000 A, down to 130°K and the photoconductive efficiency was found to be about 
1-5 paw. 

Comparing these results with von Hippel’s interpretation for the alkali 


| halides, a mean value of N=10!%cm~* was obtained for the donor density. 


' Secondary currents were also observed and breakdown pulses were attributed 


to field emission at the electrodes. The free path w per unit field was 
estimated as > 5 x 10-8cm, and the lower limit of the mobility je of the electrons, 
which were the charge carriers, as about 10-tcm?v-tsec"t. The energy per 
ion pair was found experimentally to be about 32 ev which agrees with the value 
deduced from independent data on the electionic band structure of sulphur. 
The thickness of the barrier layer was approximately 10-*cm with barrier field 
strength of the order of 10°>vcm~!. The conductivity pulse magnitude depends 
upon the position of the «-particle track inside the barrier and the excitation 
mechanism for conductivity pulses in a molecular crystal like sulphur differs 
considerably from that of a covalent crystal like diamond. 


§ 1. INTRODUCTION 


HOMBIC sulphur was tested for conduction counting properties soon after 
Re first successful detection of this effect in silver chloride by van Heerden 
(1945). Both natural and synthetic crystals were investigated by Jentschke 
(1948), Ahearn (1949) and Hofstadter (1949) but all these workers reported 
negative results both with «- and with f-particle bombardment. Georgesco 
(1949) reported positive results both for #- and f-particle bombardment, but 
later Saki and Lurcat (1952) using the same apparatus concluded that these results 
had been due to air breakdown. 
Parsegian and Maininger (1949) used thin polycrystalline films of sulphur 
under very high field strengths (~10°vcm) and observed small conduction 
counting pulses with «-particle irradiation for some electrode configurations. 
There was a rapid decrease in the number and the height of the pulses with time 
of bombardment. 
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In view of these conflicting reports and because of an interest in extending 
work on the conduction pulse process in covalent crystals like diamond (Champion 
1956) to molecular crystals, it was decided to re-examine the properties of single 
crystals of pure sulphur. An account of the preliminary experiments and the 
earlier results has already been given by Royce (1957) and therefore the present 
paper is concerned mainly with the confirmation and extension of Royce’s work 
by Dean, enabling a degree of interpretation which could not be made from the 
earlier results alone. 


§ 2. EXPERIMENTAL 
2.1. Preparation of Samples 

The crystals used in these investigations were grown from sulphur of very 
high purity supplied by Johnson Matthey. ‘This material had been spectro- 
scopically standardized and no impurity elements were found in a test capable 
of detecting 1 part in 104. The material showed a negative result in the test 
described by Bacon and Fanelli (1942) for the presence of organic oils which have 
a very disturbing effect on the viscosity and other properties of sulphur. It is 
claimed that this test is capable of detecting these oils if they are present to more 
than 1 part in 10°. This material was dissolved in Analar carbon disulphide 
(total impurity content not greater than 1 part in 10*) and the solution was allowed 
to evaporate slowly in a constant temperature enclosure held at0°c. The resulting 
crystals were normally of a plate-like form similar to that described by Wiggins 
(1951) for these conditions of growth. ‘The specimens selected were generally 
about-4mmx3mmx1mm in size. The top surfaces, which had been in con- 
tinuous contact with the solvent during growth, were usually smooth and regular 
but the opposite large surfaces were comparatively rough because of starvation 
of solute. The crystals were examined with a binocular microscope and only 
those with the best surfaces and no internal flaws were selected. 


2.2. Apparatus 

The crystals were mounted with various types of electrode configuration, 
some of which are shown in figure 1. This electrode system was mounted 
horizontally in a small metal chamber, with provision for irradiation of the crystal 
with a- and £-particles from radioactive sources contained in suitable holders 
inside the chamber. A lithium fluoride window was mounted in the wall of 
the chamber to enable electromagnetic radiation of a wide range of wavelengths 
to be focused on the crystal from sources external to the chamber. The light 
sources were a 250 watt mercury arc lamp, used in conjunction with a Wratten 
18A filter to provide an intense source of radiation of wavelength 3650 4 anda 
tungsten strip filament lamp which was fed from a Variac and run at constant 
current. With the lens system employed the tungsten lamp provided an intensity 
of illumination of 3-5 x 10 ft candles at the crystal surface with a filament colo r 
temperature of 2900°K. Chance ON20 heat filters were used with both sources 
For the experiments on photoconductivity described in $3.2 the electrod 
system was mounted vertically on a brass block soldered to the bottom of a thin- 
walled stainless steel Dewar flask. ‘This Dewar flask fitted into the top of 
larger chamber which was equipped with all the irradiation facilities mentionec 
in the previous paragraph. The temperature of the crystal could then be varie 
between 130°k and the melting point of sulphur. 130°K was the equilibriui 
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temperature recorded on the electrodes by a thin-wire thermocouple when the 
Dewar flask contained liquid air. Another convenient fixed temperature was 
210°K obtained by the use of solid carbon dioxide. 


: s T 
E 


(c) 


' Figure 1. Electrode arrangements. A, to amplifier, B, P.T.F.E. base; C, crystal; E, 
brass electrode bars bolted to Perspex cylinders embedded in base of Dewar flask; F, 
camera shutter; G, gold electrodes; H, hole; P, a-particles; S, P.T.F.E. or glass 
sheets; T, to high tension. 


Conventional pulse counting apparatus was used to detect the conduction 
pulses. The photocurrents were measured by a vibrating reed electrometer 
_which was sometimes used with a pen recorder. Some measurements of the 
| photocurrent were also made with a Tektronix type 545 oscilloscope equipped 
| with a 53/54L preamplifier modified so that a current of 5 x 10-™ amp could 
| be detected. 


§ 3. RESULTS AND DISCUSSION 


| 
| 3.1. Conduction Counting in Rhombic Sulphur: Preliminary Survey 


Alpha particles of 5-3 Mev energy (from *!°Po) or B-particles of 2-2 Mev energy 
(from °°Sr) were allowed to fall upon the surface of crystals grown as described 
| in §2.1. The electrode system of figure 1 (a) was employed, except that in these 

experiments the strip of insulating material was not used. Voltages of up to 
+4kv were applied to the ‘high tension’ electrode. No effects were observed 
for any experimental arrangement when B-particles were used. With «particles 
a small number of conduction pulses, of magnitude equivalent to the full separation 
of about 10° electron-hole pairs, were observed under some conditions. The 
“number of pulses per unit time was always very much less than the flux of «- 
particles striking the surface of the crystal. With a crystal of typical size, having 
(111) faces of about 0-1cm? area, about 5 x 10° «-particles per minute were 
absorbed in the crystal, yet with the arrangement of figure 1 (a) the observed 
counting rate never exceeded 10*countsmin™. The effects were not very 
reproducible and appeared to depend critically upon the position of the electrodes 
on the crystal. The counting rate decreased smoothly and very rapidly with 
‘time and was usually negligible after about 5 minutes’ irradiation for an initial 
‘counting rate of 10*counts min~. | 
These results are similar to those which had previously been obtained by 
Royce (1957) who also noticed that irradiation of the crystal with white light at 
“zero external field was ineffective in returning the crystal to a state which would. 
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again exhibit appreciable conduction counting properties. Royce found that, 
at zero applied field, this condition could be restored (a) by irradiation of the 
crystal with «-particles for periods of the order of 1 hour or (4) by allowing the 
crystal to remain in the dark for a time interval of the order of 12 hours. Ig 
appeared that the state brought about by treatment (a) was not the same as with 
treatment (b) since with the former conduction pulses appeared simultaneously 
with the switching on of the «-particles. After treatment (b), which appeared 
to reproduce the electrical condition of a crystal which had had no deliberate 
pre-treatment, a delay was observed. ‘The magnitude of the delay was dependent 
upon the particular crystal used but it was approximately constant for a given 
specimen. Roycealso found that the curves of counting rate against field exhibited 
a threshold at applied potential differences which, if the drop in potential across 
the specimen had been uniform, would have been between 5 and 10kvcm™. 
At lower potentials the conduction counting process was not observed. Above 
this threshold the initial delay period decreased, and the maximum counting rate 
increased, with increase of field. 

Royce also found that conduction counting pulses were not observed using 
the electrode configuration of figure 1 (b) even for a crystal which gave positive 
results for the arrangement of figure 1 (a) when the same side of the crystal was 
irradiated. The present extension of these experiments resolved this discrepancy 
by showing that counting ability depended essentially upon bombardment of a 
sensitive layer very close to the negative electrode. In fact conduction counting 
was only observed when the «-particles were incident closer to this electrode than 
the thickness of the gold foil forming the electrode, that is, about 10-7 cm. 

This result strongly suggests that the phenomenon of conduction counting 
in sulphur is a barrier effect as Royce suspected from the earlier results. He did 
not define the position of the barrier, or region of high internal field strength, but 
he came to the conclusion that the barrier or barriers were built up by charges 
released in the crystal by the «-particles. The present experiments show that 
the barrier is formed in the crystal immediately adjacent to the cathode. 


3.2. Reactivation 


By analogy with diamond counters, the rapid disappearance of the conduction 
counting property with time of irradiation was initially attributed to the trapping 
of electrical carriers in or near to the sensitive region of the crystal. Attempts 
were therefore made to reactivate the crystal by intense irradiation with electro- 
magnetic radiation and with an externally applied field of the reverse polarity 
to that acting during the period of conduction counting. The arrangement of 
figure 1 (a) was used, the radiation was allowed to fall for a set interval on to the 
side of the crystal which had been irradiated by the «-particles and then the field 
was quickly returned to its original direction. Conduction counting was observed 
immediately the «-particles were allowed to fall on to the crystal and the initial 
counting rate was noted. The procedure was repeated and the new value of 
the counting rate found. 

_ Figure 2 shows the variation of the equilibrium value of the counting rat 
with the time of previous irradiation at the reverse field. With the mercury ar 
lamp and the tungsten strip filament lamp the necessary pre-treatment times wer 
about 2 minutes and 5 minutes respectively. Figure 2 also shows that a brie 
irradiation with light of wavelength greater than 4400 A has very little reactivati 
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effect upon the crystal and this, no doubt, accounts for Royce’s initial failure to 
observe reactivation under this condition. A piece of P.'T.F.E. (shown in 
figure 1) was used to prevent the appearance of pulses when the field was applied 
in the absence of «-particle irradiation. ‘These pulses are shown, in $3.7, to be 
due to secondary currents. 


Counting Rate (per min) 


7 
0 | 2 3 4 5 
Time of Previous Irradiation at Reverse Field (minutes) 


(Figure 2. Counting rate plotted against time of previous irradiation at reverse field for 
crystal Al at field strength 10kvcm—. a, b and ¢, irradiation at 3650 A, 3000-9000 A 
and 4400-90004 respectively. 


| If the sensitive region of the surface is-a rectangle of length that of the side of 
(the crystal to which the electrode is applied, that is about 0-3cm, and breadth 
about 10-2cm then the number of «-particles striking the crystal which can give 
irise to conduction counting pulses is about 10¢min~1. Initial counting rates 
of this order of magnitude were often observed with crystals of this size, so that 
it seems probable that initially every «-particle falling upon this region can give 
ja detectable conduction pulse. 


3.3. Variation of Conduction Counting with Applied Field 


| With the voltages available fields in the range of 0-‘5kvcm- to 10kvcm™ 
‘could be applied to the crystal with the arrangement of figure 1 (a) on the 
jassumption that the potential drop across the specimen was uniform. The 
jmagnitude of these ‘apparent’ fields was found to have no appreciable effect 
jon the value of the maximum conduction pulse height which was about 1-5 x 10° 
jelectron-hole pairs. On the other hand the counting rate was observed to 
Jincrease roughly as V,” where V, is the applied voltage; the average value of 
\for these large crystals was 0-7 + 0:2. 

| The fact that the barrier, which must be due to an internal space charge layer, 
‘is formed close to the negative electrode indicates that only the negative charge 
carriers are free to move in sulphur (von Hippel 1948). However, according to 
‘Kommandeur and Schneider (1958) the dominant carriers in anthracene, which 
is also a molecular crystal, have been shown to be positively charged (holes) so 
generalizations on molecular crystals cannot yet be made. Evidence for the 
predominance of electron conduction in sulphur was also obtained from the 
earlier experiments of Royce using the electrode arrangement of figure 1 (c) 


— 
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without the glass spacer. Only when the electrode through which the crystal 
was bombarded was negative were conduction pulses observed. Royce suggested 
that this was because the distance of motion of the electrons was negligible com- 
pared to the crystal thickness when the top electrode was positive, since the 
penetration of the «-particles is only about 2x 10cm. In the terms of the 
present space charge barrier concept the result also receives a straightforward 
explanation. 

The existence of an appreciable density of un-neutralized charge at the surface 
of a polarized crystal had also been inferred from the behaviour of the crystal 
when the applied field was rapidly reversed. If the crystal did not happen to be 
gripped firmly by the holder then this treatment was often observed to produce 
forces strong enough to twist the crystal relative to the electrodes. 

The whole situation seemed to be very similar to that described by von 
Hippel et al. (1953) in an analysis of the photoconductivity of single crystals 
of alkali halides which containing an appreciable density of anion vacancies 
(F centres). It therefore seemed appropriate to examine the photoconductive 
properties of the sulphur crystals with the object of assessing the quantitative 
properties of the barrier by a treatment analogous to von Hippel’s. 


3.4. Photoconductive Response of Rhombic Sulphur 


For most of these experiments the crystals were mounted as shown in figure 
1 (c) and the electrode system was attached to the Dewar of the low temperature 
apparatus. The crystals were illuminated through the 1mm diameter hole in 
the top electrode and the thin glass sheet; the wavelength range employed was 
between 4400 A and 9000 A at 130°K. ‘These lower limits were imposed to ensure 
that the irradiation of the crystal was uniform as demanded by von Hippel’s 
theory. As the glass sheet prevented the flow of continuous (secondary) photo- 
currents in the crystal the results must be interpreted in terms of a redistribution 
of charge in the crystals. The displacements of charge were measured from the 
transient currents caused to flow in the crystal. 

It was only possible to record the photocurrent on the oscilloscope for the 
highest values of external field (30 kvcm~) because of the limited sensitivity of 
this technique. ‘The use of the oscilloscope was therefore confined to checking 
the initial value-of the photocurrent recorded by the electrometer and to an 
attempt to measure the rise and decay times of the photocurrent. It was found 
that this time was less than the time of opening of the Compur-Rapid camera 
shutter used to pulse the illumination of the crystals, both at 290°K and at 130°K. 
This time was found to be about 8 x 10~sec for the minimum time of opening 
of the shutter (about 3 x 10sec). é 

Figure 3 shows a typical set of curves of In (J;) as a function of time where 
I, is the photocurrent observed at a time ¢ sec after switching the light on to the 
crystals for an applied field of 30kvcm-!. Similar results were obtained for both 
directions of applied field but the initial values J, were sometimes slightly differen 
These curves were obtained by direct calculation from traces recorded by th 
pen recorder. The results were also similar when the crystal was discharge 
that is, when the polarized crystal was irradiated with light after the externall 
applied field had been reduced to zero. The experiments were repeated for 
range of values of the incident light intensity. : 
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‘The intensities quoted in figure 3 are in units of the number of quanta absorbed 
in the crystal per second. These quantities were obtained by two independent 
methods: (a) the intensity of illumination of the crystal surface was measured 
by replacing it by a Weston light meter which is calibrated directly in ft candles, 
(b) the incident energy was estimated from tabulated data on the thermal 
radiation from tungsten (Hughes and Dubridge 1932). ‘The appropriate solid 
angle of light collection from the source to the crystal surface was measured and 
an allowance made for the losses due to reflection at the surfaces of the lenses, heat 
filter etc. The colour temperature of the tungsten filament was measured with 
a calibrated Foster optical pyrometer. 


1-5 x10" A) 


In (Charging Photocurrent) (5:0 


} Time (seconds) - 


/Figure 3. Charging photocurrent plotted against time for crystal ASB and external field 
30 kv cm-!. Absorbed quanta per second x 101? with: a 160, 6 130, c 100, d 64, 
e 32, f 16, g 8, h 8, but uncorrected for dark current, all at 290°k; 7 32 uncorrected, 
but at 130°K. 


The number of lumens absorbed in the crystal for the wavelength range 
giving rise to appreciable photoconductivity was then estimated (oA EDY: 
fusing optical absorption data and the relevant dimensions of the crystals. 
These data were converted to a temperature of 290°K using the coefficient 
\dE,/dT =11 x 10-*evdeg™ for the range from 290°K to 390°K (this coefficient 
as obtained for these crystals by direct measurement), Eg being the energy 
Icalculated for the absorption limit. A correction was made for the energy lost 
iby reflection at the crystal surface. - 

| The results, for a colour temperature of 2850°K which was used throughout 
ithis work, were 7-2 x 10~> watt and 5 x 10-5 watt (from methods (a) and (5)). 
‘A mean value of 6 x 10-* watt was used to obtain the figures of figure 3 with a 
mean wavelength of 52004. The lower values of figure 3 were obtained with 
the use of suitable neutral density filters. The curves of figure 3 have also been 
corrected for the contribution to the charging (and discharging) current of the 
carriers present in the crystal when no light was allowed to fall upon it. = Lhe 
importance of this effect was investigated by the measurement of the rate of 
discharge of the polarization of a crystal stored in the dark. The method of 
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radiation discharge was used to avoid the necessity of measuring the small dark 
currents directly. The crystal was first polarized by irradiation with the 
maximum available light intensity at the same value of applied field strength 
as that used for figure 3. The charging current fell practically to zero in about 
60 seconds, so that this time was used for the treatment. ‘The external field was | 
then removed and the initial value of the reverse photocurrent (obtained when | 
the same intensity of light was allowed to fall upon the crystal) measured as a 
function of the time interval for which the crystal had been allowed to remain 
in the dark. The results are presented in figure 4 at two values of crystal | 
temperature. For temperatures much below 270°K the rate of discharge had | 
become unmeasurably slow, because the differences in the electrometer readings 
were less than the random instrumental variations over the long periods involved. 
No corrections to the pen recorder tracings were necessary below 270°K. | 
[ 


0-9 
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J di 
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Figure 4. Ratio of initial and subsequent discharging photocurrents plotted against time 
for crystal ASB and field 30 kv cm=1._ Crystal temperatures: a 291°K, 6 273°K. 


With the decay times ¢ shown by figure 4 the activation energy for the thermal 
production of carriers can be calculated by the use of the formula 


t=s—lexp (E/kT) ve 4%, oh 


where s~ is a constant for a given material and of the order of the fundamental 
frequency of vibration of the system to which the charge carriers are bound 
(Mott 1938). Assuming that these systems are individual sulphur molecules 
then the natural wave-number (stretching mode) is 500 cm (Bernstein and 
Powling 1950). Substitution in (1) gives E=0-92 ev at 291° and E=0-91 at 
213°, The activation energy of pure sulphur found by optical and thermal 
means is about 2:5ev. ‘The optical activation energies for the crystals used ir 
these experiments were found to be 2:6 ev and 1-6 ev using the technique due 

Lange (1938). Tartakowsky and Rekolova (1940) give curves of the spectral 


sensitivity of the photoresponse from which a value of 2-0 ev may be obtained 
as well as the main value at 2-6ev. | 


| 
I 


Bombardment Conductivity in Sulphur 127 


The dark conductivity of the material used in the present experiments was 
about 10-'*ohm-!cm~ at an applied field of 30kvcm—!. Use of the formula 


SD * 3/4 =), 
o=pe(2N,)! (i) exp ( T) gata: (2) 


h? 2kT 


where Ng is the density of donor centres which are assumed to be responsible 
for the conductivity, AF is the activation energy obtained above, m* is the effective 
mass of the carriers (assumed equal to the electronic mass) and the mobility 
given by w/z; where the values of the free path per unit field, w, and the lifetime 
Tr are given in §3.6, gives a value of 10!*cm-? for Ng. The nature of these 
donor centres is not certain but it will be shown later that they are probably 
defect or impurity centres. Direct transfer of carriers from the sulphur ring 


200 


val 
So 


10" (photon sec~')"' 


100 div. 


50 


Reciprocal of Rate of Photon Absorption 


i) 100 200 300 400 
Relaxation Time (seconds) 


Figure 5. Reciprocal of rate of photon absorption plotted against relaxation time for ASB 
and field 30 kv cm~!. Crystal temperatures a 290°K, 6 210°K, c 130°K. 
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molecules to these centres may arise from the existence of vibrational ground 
states of high excitation energy for these molecules. The importance of these 
states in determining the photoconductive properties of this type of crystal has 
been emphasized by Gilleo (1951) and Bass (1953). 
_ The measurements were repeated at 130°K and a typical curve so obtained 
is illustrated in figure 3 (i). Von Hippel has shown that the slopes of the curves 
of In (J,) against t/2 lead to the relaxation time r of the space charge. ‘The values 
of 7 calculated from figure 3 are plotted in figure 5 against the reciprocal of the 
‘rate of absorption of photons in the crystal for three values of the crystal 
temperature. The relaxation times for the lowest temperature (130°K) were 
tained from the part of the curve near t=0; it seemed reasonable to suppose 
at the slight curvature shown in curve 3 (7) was due to heating of the crystal 
the light beam, because the effect was less marked at low intensities Lo of 


illumination. 
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Theoretically, 

Cet PAPAS Orem RE Mere or EE (3) 
where d,, is the equilibrium width of the space-charge barrier and Ey the applied 
field which is equal to the internal field only for an unpolarized crystal. Von Hippel 
suggests that the mobility 1 cL, for a crystal in which the value of w is very small, 


since if tp is the time spent by a carrier in a localized trap, then it is reasonable _ 


to suppose that tyoc Ly. Von Hippel assumes that only one type of trap 1s of 


importance, this being the F centre for the alkali halides. If the traps in sulphur | 
are the defects of equation (2) then Na corresponds to the Ng of von Hippel. | 


Hence 


Revs Vu" 
SS |S eS ak ae eee aes 4 
dan (ext) G 


where « is the dielectric constant of the material (4:0) and V, is the externally | 
applied voltage. d,, is not a function of temperature if the ionization of the | 


centres is dominated by the value of Ly. Thus from (3) and (4) tocL,™ at a 
constant temperature JT. Figure 5 shows that sulphur obeys this relation. 


If the mobility is assumed to vary as 7” then the value of m appropriate to | 
this system can be obtained from the ratios of the slopes of figure 5. These results | 
give n=0-8 from 290°K to 210°K, n=1-2 from 290°K to 130°K and n=1-4 from | 
210°K to 130°k. If the mobility is dominated by ionized impurity scattering, | 
as it ought to be at the lower temperatures at least, then the theoretical value | 


of n=1-5 (Conwell and Weisskopf 1950). ‘The agreement is satisfactory for a 
combination of impurity and lattice scattering with the former predominating 
as shown by the positive values of n. 


3.5. Initial Value of Photocurrent 


The initial current caused to flow either in the charging or discharging can 
be shown to be 
Jo= 47 AN fanl2ee eee (5) 


where A is the effective area of the crystal. From equations (3) and (4) it can 
be shown that I)oc1/tpocLy at constant applied field Ep. 


The initial photocurrents, such as those shown in figure 3, exhibit this linear | 


dependence on Ly. Equation (5) also predicts that JpocH, at a constant value 
of Ly. ‘This prediction was also verified for several crystals, the results for three 
of these being shown in figure 6 for both polarities of applied field. It follows 


that, under these conditions, Noe is not a function of either Ly or Ey. The value | 


of Ny may be calculated from the total charge Q caused to flow during the 
polarization since - 


DQ = 4 AN edge Clee CR (6) — 
Q was determined experimentally from the area under the pen recorder traces, 


The mean value for the three crystals of figure 6 (independent of Ly) was 
32x10 coulomb at E,=30kvcm—. The dependence of Q on V, w 


determined by plotting logQ against log V, and the results for the typical | 


crystal ASB are shown in figure 7. The average values of the index n in 
relation Q = V4" was 0-6, the predicted value being 0:5. 

At Ey =30kv cm this average value of Q leads to a value of Ny =7 x 10% cm 
and d,,=1:4x10-*cm-1. At this value of applied voltage, the field in the barri 


Bombardment Conductivity in Sulphur 129 


reaches the value of 4:5 x 10°vcm~._ The value of N, is in reasonable agreement 
with Ng calculated from equation (2) and d,, is not inconsistent with the value 
inferred from the conduction counting experiments of §§3.1 and 3.2. 


Initial Photocurrent (units of 10-°A) 


10 20 err: 30 

Applied Field (kv cm=!) 

Figure 6. Initial photocurrent plotted against applied field for three crystals at 290°K and 

: with 160 x 10%? quanta absorbed per second. a and 6, ¢ and d, e and f are for 
crystals ASA, ASB and ASC positive and negative respectively. 
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light available for absorption in the crystal decreases. Tables given by Hughes 
and Dubridge show that the reduction will be about 12% so that the photo- 
sensitivity in terms of unit absorbed energy remains approximately constant 
over this range of temperature. 


3.6. Photoconductive Efficiency of Sulphur 


The efficiency may be obtained from the results of figure 6 and the measure- 
ments of the absorbed intensity discussed in $3.4. For Ey=30kvcm~, the 
values shown in the table are obtained; these show an average value of the gain 
or quantum efficiency of 3-5 x 10~® since these currents are primary in the sense 
of van Heerden (1957). 


(1) (2) (3) (4) (5) 


+ Ve =e +ve — Ve vie —Ve 
ASA 6x10 900 760 1-5 {<3 3°5 3-0 
SAB GpalOme 910 940 5 1-6 ops 3:5 
ASC 53 Ore 860 820 iy) 1-6 4-0 3-8 


(1) Crystal; (2) intensity absorbed (w); average value of methods (a) and (4); (3) 
initial photocurrent (10~1%a); (4) efficiency (ua w-1); (5) gain (units of 10~*). 


Rose (1956) has shown that if 7, is the recombination lifetime for the free 

carrier and T is the transit time of the carrier then the gain G can be written 

G=a77) LD. gt ret Se eee (7) 
In this case T=27 where 7 is given by (3) and the average value at 30 kvcm- 
is about 10 seconds. Hence trp=7TG~3-5x10-5sec. zy should be equal to 
the rise-time of the initial photocurrent pulse, provided that no shallow-trapping | 
effects occur with thermal re-excitation, and is less than the minimum detectable 
experimental value quoted in §3.4. 7; can be written 

Tp LNs oe eee (8) 
where N is the density of trapping centres, s is the capture cross section of the 
centres and v is the thermal velocity of the carriers. If the typical value of 
10-* cm? is assumed for s then (8) predicts that N =3 x 10!” at room temperature 
which is again in fair agreement with the values for Na and Ny. Since T has 
been replaced by 27 in equation (7) then 7; must be equivalent to ty, the time for 
which the carrier remains free, if the motion of the free carriers and the retrap- 
ping by the defect centres is described by an effective mobility. It is assumed in 


the treatment of this effective mobility that ¢)S%;. This assumption is justified 
by the results shown in figure 5. 


3.7. Secondary Currents and Field Emission . 


If the crystal is mounted directly in contact with metal electrodes, then 
continuous photocurrents are observed to flow through the crystal for values of 
applied field greater than +5kvcm-4_ For negative applied fields, the required 
potential was somewhat larger. These results were erratic, probably because 
the barrier is only partly adjacent to the metal electrode in this case (figure 1 (oi 
and Aquadag coating could not be used on this side of the crystal. The effect 
was noted as a sudden increase in the current flowing through the crystal afte: 
an initial delay period. ‘The duration of this period decreased with increas 
in the value of the applied field Z) and was repeatable at a given value of E, i 
the crystal was thoroughly depolarized between successive observations. 
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The value of the delay period was roughly equal to the transit time 7’ which 
is characteristic of the formation of the space charge barrier for an applied voltage 
E, of about +7kvcm~!. If the value of the barrier field is set equal to the 
critical value of the field adjacent to the electrode necessary for the production 
of the effect, then this field can be calculated by use of the equation 


MUONS eee (9) 
S 

and the value obtained is about 2x 10°vcm-!. This is in very good agreement 
with the figure of 1-5 x 10° vcm7! quoted by Parsegian at which electrical break- 
down set in for the thin films used by him. He also reports destructive break- 
down for field strengths of about 2 to 4x 10®°vcm-!. In the present work it 
was noticed that the secondary photocurrents were very ‘noisy’, particularly 
for applied fields greater than +7kvcm~- when the barrier is attempting to 
produce a field strength in excess of 2 x 10° vcm™ at the electrode. Oscillatory 
effects were often observed, which gave the impression that the barrier was 

repeatedly building up to some critical value and then breaking down again. 
The charge observed to flow to the surface of the crystal for the establishment 
of this critical field was about 5 x 10—!° coulomb, which implies a critical surface 
charge density of about 5x10-®coulombcm~. This value is much higher 
than the early estimate by Kurrelmeyer (1927) (4x 10-"coulombcm~?) but 
- it agrees better with values obtained for other insulating materials; for example, 
in zinc sulphide a critical charge density of 1x 10-°coulombcm~ is quoted 

by Gudden and Pohl (1923). 

At 130°K the interval required before the secondary current was observed 
to flow was about twice the corresponding value at 290°K (for the same values 
of E, and L,). The relaxation time of the space charge has also been shown 
to be twice as large at 130°K as at 290°K (figure 5) and this is presumably the reason 
for the increased delay period. The critical field was therefore found to have: 
about the same value at these two temperatures. Von Hippel attributes the 
secondary effect to field emission at the electrodes. "This process should not, 
in fact, depend on temperature at the temperatures used, these being very much. 
less than the values required to produce appreciable thermionic emission from, 
the metal (Fowler and Nordheim 1928). 

It is therefore suggested that the destructive breakdown observed by Parsegian. 
was not internal breakdown in the crystal but arose from strong field emission 
effects. These effects should depend on the nature and arrangement of the 
electrodes as was noticed by Parsegian. If the mechanism of internal crystal 
| breakdown was responsible for the process, then it should occur whether or not 
the crystal was insulated from the electrode by the glass sheet. The present 
experiments show that when the insulating glass sheet was interposed no traces. 
of these noisy currents were observed. 

3.8. Identification of the Parameter N, 

The results of these experiments which have been described in this paper 
ave shown that the photoconduction and dark conduction properties of rhombic 
ulphur can be explained in a quantitative manner by using the model established 
by von Hippel for a one carrier system. The interpretation of the ‘parameter 
J, is not nearly so straightforward in sulphur as it is for the alkali halides where 


its magnitude can be varied at will. However, the ratio Ny/N where N is the 
; 7 12 


i> 
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number of atoms per cm’ of the crystal is about the same as that found by Stratton 
(1957) for diamond, where N, was identified with defects. This number appears 
to be uniformly characteristic of the crystals which were prepared by the method 
outlined in §2.1. Crystals which were prepared under less strict conditions of 
purity showed poorer counting properties (or none at all) and lower photo- 
conductive gains. 


3.9. Mechanism for Production of Conduction Counting Pulses 


The conduction counting behaviour of sulphur is only superficially similar 
to diamond and it requires, in addition, a preactivation process. From the 
photoconductivity results, the equilibrium width of the space charge barrier 
(the formation of which constitutes the preactivation process) is compatible 
with the limiting value found from the conduction counting experiments. ‘The 
variation of the conduction counting pulse rate with E, should follow the law 
RecE," because of equation (4); the experimental result quoted in §3.3 was 
RocE,o7#8?. 

The free path w per unit field can be shown, from §3.3 to be >5 x 10-*cm. 
For V,=4kv, from equation (4) d, is 14x10-%cm. The barrier field is 
therefore about 3x10®vcm- giving a drift length of 15x10-*cm. At 
V,=0-2kv the average field in the barrier is still 6x10*vcm™ with 
d.,=3 x 10-3 cm so that even at this low voltage the drift length is still comparable 
with d,,. Over the whole range of applied field, therefore, the electrons released 
by the «-particle in the barrier should be capable of being completely extracted 
from the barrier into the bulk of the crystal, as observed in §3.3, if w is not 


less than 5x10-8cm. ‘These electrons make a contribution to the size of | 


the observed conduction pulse the individual magnitude of which depends upon 
the fraction of the space-charge barrier through which they have travelled. This, 
in turn, depends only upon the position at which the incident «-particle enters 
the crystal. For «-particles which are absorbed in the region of the crystal 
immediately adjacent to the cathode, the observed maximum pulse should 
correspond to the full number of secondary electrons produced by the «-particle 
and it will be assumed in $3.10 that this saturation condition was operative. 
Indeed, Parsegian found a saturation of the primary photocurrent at fields of the 
order of 1 x 10®°vcm-. 

The electrical conditions necessary for the observation of conduction counting 
pulses in the barrier region of a crystal have been discussed by McKay (1951); 
they are all fulfilled in these experiments with sulphur. ‘The drift time of the 


carriers in the space charge region should determine the rise time of the 


conduction pulses (not equal to 7; of §3.6) and the upper limit to this time has 
been established at 5x 10~‘sec. The minimum value of the mobility of the 
electrons is therefore 1 x 10~'cm?v—tcm~ which is a very modest requirement. 
The extremely low value of w is sufficient to explain why no conduction 
counting pulses are observed in a sulphur crystal unless it is irradiated by 
a-particles in the barrier layer. If Hj)=1x104vcm— over the whole oie 
the mean separation of the bound hole and free electron is only 5 x 10-4em 5 
that the fractional charge induced at the electrodes is only about Q,/1000 if 


is the number of electrons liberated by each «-particle. It has been shown in | 


§3.5 that the charge displacement in the crystal necessary to build up the barri 
is about 3 x 10-*°coulomb at a field of 3x10-vcm-—.__ If the value of O, 1 
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about 10° ($3.10) then the number of «-particles which must be absorbed in 
the crystals to build up the barrier is about 2 x 10°. With a flux of 5 x 10° min~ 
the delay time for the observation of conduction pulses, starting with no barrier 
layer, should be about half a minute. Since much longer delay times were often 
observed, it is inferred that charge is being lost by some other process, such as 
columnar recombination, at these low field strengths. This direct recombination 
process is likely to be particularly important in a material where one of the carriers 
remains strongly coupled to the lattice (Rittner 1956). 

The mechanism responsible for the rapid reduction of the counting rate with 
time is uncertain. The assumption that the reduction in efficiency is simply 
due to the build-up of a negative space charge region in the crystal, just outside 
the existing positively charged barrier, does not fully account for the difficulties 
experienced in restoring the crystals to the condition necessary for the observation 
of counting pulses. The results of §3.4 show that if this was the only cause, 
then light of wavelength greater than 4400 A should be effective in restoring the 
crystal at zero field and that for an initial field of 30kvcm™ the necessary time 
of irradiation should not exceed 15 sec with the maximum available light intensity. 
It is possible that the combination of «-irradiation and the intense barrier field 

produce local disruptions of the Ss ring molecules which can be reversed by the 
production of a higher density of ionization in this region. The effect of the 
absorption of even small radiant fluxes with wavelengths corresponding to high 
absorption coefficients may be to raise the local lattice temperature by an 
appreciable amount for a crystal of low thermal conductivity, thus promoting a 
reorganization of the crystal structure. The structure of a molecular crystal 
may be much more susceptible to this type of damage than that of homopolar 
crystals (McKay 1949). 


3.10. Magnitude of the Conduction Pulses 

The maximum initial pulse height has been found to be approximately 
independent of the applied field ($3.5) and reasons have been given for this in 

§3.9. 
Assuming negligible loss of charge by recombination for these maximum 
pulses, the value of the average energy E, necessary to produce one electron-hole 
pair by an «-particle in sulphur, can be estimated. ‘Two crystals (ASB and ASC) 
_-which showed conduction counting properties of the order of the best which had 
been observed and also large and uniform primary photocurrents (figure 6) were 
‘selected for this measurement. The experimental arrangement was as 1n figure 
1 (a) except that the side face of the crystal was bombarded so that a field strength 
of 3 x 104vcm- could be employed, this giving a reasonably large value for the 
_ sensitive area of the crystal (d,,). "The maximum initial pulse height was measured 
using the recent photographic technique (Kennedy and Dean 1959) which is 
particularly suited to situations where the counting rate varies rapidly with time. 
The crystal was activated, the film was exposed for a 5-second period immediately 
after the instant when the «-particles were switched on and about 500 counts were 
- recorded above the amplifier noise level. In order to minimize the grain produced 
4 ‘on the film by the dot images of individual pulses, the effects of at least 10* pulses 
had to be recorded. Each density distribution on the film was therefore made _ 
up of 20 of these 5-second exposures and the crystal was reactivated between each 


exposure. 
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The film traces, when photodensitometered, showed a roughly linear decrease | 
in the number of pulses with distance along the trace from the position of i | 
pulse height. ‘The curves thus produced tailed off into the background of ; e 
film near the position of maximum recorded pulse height. The maximum pe se 
height was taken to be the value where the roughly linear portion of the cur = 
when extrapolated, intersected the pulse height axis. The experiment W - 
repeated for a number of values of the energy of the incident a-particles obtaine 
by the use of calibrated absorbing foils of aluminium and the maximum pulse 
height found in each case. 


20 


Maximum Initial Pulse Height (units of 10° electron-hole pairs) 


a-Particle Energy (MeV) 


Figure 8. Maximum initial conduction pulse height plotted against a-particle energy for 
two crystals. a and brefer to crystals ASB and ASC respectively; broken line gives 
amplifier noise level. 


Figure 8 shows that the maximum initial pulse height was proportional to the 
energy of the ionizing primary particle within the accuracy of the individual 
measurements (about + 10% maximum error on pulse height). The slopes of 
the lines drawn in figure 8 yield values of the parameter F, assuming that all of 
the energy of the incident particle is lost in the ionization of electronic carriers 
(Seitz 1949) and that charge multiplication does not occur. 

The values of F, obtained from figure 8 are 31-5 + 2-5 ev for crystal ASB and 
34-0 + 2-0ev for crystal ASC. Use of an empirical relation given by McKay 
(1951) 


Bagenlig't 2:5:8% ctv ite srtiee tenia tary actin (10) 


where E, is the width of the band of forbidden energies leads to E,, =5-0 ev per 
electron-hole pair for rhombic sulphur. ‘Thus (10) gives very poor agreement 
for sulphur as well as for diamond (Kennedy 1959) and cadmium sulphide (van 
Heerden 1957), : 
These disagreements led Kennedy and Dean to estimate E,, for any material, 
provided that HZ, is known, using the form of the density of states sotibtion 
for the valence band. | 


Bombardment Conductivity in Sulphur 135 


The predicted value of £, then becomes 
DEMO oA a Oe 0 Sr rr rae OL (11) 

where Ey is the energy difference between the value corresponding to the peak 
of the density of states function and the value at the top of the valence band and 
E. is an estimate of the average energy carried off by each secondary particle as 
kinetic energy. £, will probably be less than 2-5 ev for sulphur; experiments 
on secondary electron emission show that the average energy of emission is usually 
of the order of a few ev (Rudberg 1930). Sulphur has been shown to be a very 
inefficient secondary emitter (Wilson 1950). Ey is about 26ev from the soft 
X-ray emission data of Skinner (1940). 

Equation (10) predicts a value of EF, equal to 30 ev per electron-hole pair so 
the agreement with the experimental value is satisfactory. 
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§ 1. INTRODUCTION 


Na recent note Baker, Hayes and Jones (1959) have presented spin 
if resonance data on paramagnetic impurities in single crystals of calctum 

fluoride. 

During the past few years we have conducted a systematic research along 
similar lines; we have investigated in particular the spectra of various transition 
elements in calcium fluoride and in strontium chloride. Here we should like to 
report only a few of our results, which differ significantly from those reported by 
Baker et al. 

The single crystals of calcium fluoride were grown by the Stockbarger process 
(Stockbarger 1949) in a similar manner as that reported by Baker et al. ‘There 
are two main differences, however: the crystals were grown in a purified helium 
atmosphere at a dynamic pressure of slightly larger than one atmosphere and the 
rate of lowering of the graphite crucible through the induction furnace was about 
3 to linch per hour. The crystals were not annealed. 


§ 2. ‘THE SPECTRUM OF ERBIUM (Er?*, 4f14, 41,5/) 


A crystal containing thulium was investigated; no spectrum that could be 
explained as to arise from thulium was detected at 20°K and 3cm wavelength. 
However, a strong spectrum was detected which is characteristic of erbium. It 
consists of (a) one isotropic main line with g= 6-785 + 0-002 and a well resolved 
hyperfine structure with J=7/2 and A=71:2+1gauss due to the isotope 
67Er (22-94% abundance): this spectrum is interpreted to arise from erbium 
ions situated in the cubic field of the calcium fluoride lattice; (b) a spectrum of 
three lines with axial symmetry about the cubic axes, similar to those reported by 
Baker et al. 

The main difference between our results and those reported by Baker et al. 
lies in the relative intensity of the two types of spectra. Whereas Baker et al. 
found that only 5% of the erbium ions are situated at a site of cubic symmetry 


our results seem to indicate that about 90% of the trivalent erbium ions are at 
such a site. ; 


§ 3. THE SPECTRUM or CERIUM (Ce*+, 4f1, ?F5).) 

Two different crystals were investigated. 'To one sample 0-01% of Ce was 
added to the melt; the crystal was clear and transparent. ‘The resonance 
spectrum gave three strong lines and a number of weaker lines all of which were 
highly anisotropic at 4°k and 1-2 cm wavelength. Along the (1, 0, 0) direction a 
strong line was found, at g=2-00 and a wider line at g=3-1+0-1 with the full 
widths at half power of about 100 gauss and 75 gauss respectively. An additional 
anisotropic line with a width of about 200-250 gauss was detected at 
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&=1-297+0-01. The spectrum can be interpreted as cerium ions situated in 
the cubic field of calcium fluoride. The S=5/2 level of the free ion splits up 
by means of the cubic field of eight charges into a lower quartet (Ig) and a higher 
doublet ([',). The two low field lines correspond to transition 
+ V8l+3)>+ VelF2)> F 4) 
(theoretical g=2-00) and to the transition 
Vel+e)/t]— 9) > —Vil-8)—viall+?) 

(theoretical g=22/7). Bleaney (1959) points out that the transitions within the 
I, quartet are expected to be highly anisotropic, and this is indeed confirmed by 
these results. 

The high field transition is interpreted to arise from the doublet [, which has 
a theoretical g factor of 10/7. Apparently the crystal field is sufficiently weak so 
that this level is still populated at 4°xk. The separation of this doublet from the 
quartet is however too large to be detected at lcm. The deviation of the experi- 
mental g values from the computed values are presumably caused by the admixture 
from the J =7/2 level. The angular variation deviates from that given by Bleaney 
(1959), whose calculations are based on the condition that 


spin orbit coupling> cubic splitting > Zeeman energy. 


Apparently the cubic splitting is not much larger than the Zeeman energy. 

In the second sample 0-1°% cerium was added to the melt; the crystal had a 
slightly grey tinge. The spectrum was investigated at 20°K and at 3cm wave- 
length; the intensity of the cubic field spectrum was relatively weak. However, 
a new strong spectrum appeared which again could be interpreted to arise from 
three types of magnetic ions, each with axial symmetry. ‘The measured values 
gy = 3-04 + 0-01 and g, = 1-386 + 0-003 are in agreement with the values found by 
Baker et al. 

In addition a number of weak anisotropic lines were found whose maximum 
and minimum g values lie along the cubic axes; these are still under investigation. 

The optical spectrum of these crystals was investigated at room temperature. 
The spectrum shows a dominant absorption at 2280 cm~, and subsidiary peaks at 
2000, 2200, 2400 and 2900cm-1, and a doubtful absorption at 2100cm™; these 
absorptions arise presumably from two or three of the Kramers doublets of the 
ground state to the four doublets of ?F.,. excited states. The main peak at 
2280 cm-! is in approximate agreement with the separation of 2150 Cileaas 
inferred from the spectrum of the free ion (Lang 1936). 


§ 4. THe SPECTRUM OF CosaLT (Co?*, 3d’, 4Fgj9) 


A sample to which 0-1% of CoF, had been added to the melt gave a strong 
spectrum at 20°K and at wavelength 3cm. No spectrum was observed at liquid 
air temperature. The spectrum consisted of one sharp and slightly anisotropic 
line with maximum and minimum g values g,,,,=2°01040-002 and 
8min = 20035 40-002. A barely resolved and slightly anisotropic hyperfine 
structure of eight lines was detected; this structure could not be accurately 
measured because of the superposition of a small effect of the hyperfine inter- 
tion produced by the surrounding nuclei. ‘The total structure has a width 
tending about 15 gauss. In the same crystal Mn** was also present, whose 
uorine structure at H parallel to a cube edge was extended about 50 gauss. at 
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should be noted that a similar spectrum was observed in strontium chloride 
containing cobalt. 

One would expect that the g factor of Co®* in the field of CaF, would be 
g=2—8A/A. The optical spectrum of the same crystal had previously been 
investigated by Stahl-Brada and Low (1959). The optical absorption lines 
could be correlated to within 200cm-! by assuming the cobalt ions to be 
situated in a cubic field and with the parameters A= —180+20cm™ and 
A=3400+100cm-1. This would give a g factor of about 2-4. We have no 
explanation of this discrepancy with the experimental results. Similarly, in 
analogy with the chromium spectrum in an octahedral field, one would expect | 
an extensive hyperfine structure in the case of cobalt in the field of CaF,, The | 
small hyperfine structure observed points to a small amount of configurational 
interaction in the symmetry of CaF’y. / 


§ 5. THE SPECTRUM OF EuROPIUM (Eu?*, 4f7, 8S,.) 

Our results are in agreement with those reported by Baker, Bleaney and 
Hayes (1958). We also observed a fluorine satellite structure which can be inter- 
preted to arise through the simultaneous transitions of the electron spin and the 
spin of a neighbouring fluorine nucleus. In addition we observed a number of 
the so-called weak ‘forbidden’ transitions (W. Low and J. T. Suss, to be pub- 
lished). 
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S SENTIALLY the same basic technique has been used in almost all ‘ non- 

fk empirical ’ molecular-orbital calculations on the energy levels of conjugated 

and aromatic molecules carried out during the past two decades. It is that 

of Goeppert-Mayer and Sklar (1938), in which the wave functions for the ground 
state and the lower excited states of a o—7 system are taken to be functions of tt 

coordinates of the 7 electrons only, and an incomplete Hamiltonian operator i: 
defined accordingly; atoms other than those providing the 7 electrons a 


disregarded (Parr and Crawford 1948, Crawford and Parr 1949, Parr, Craig 
Ross 1950). 
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There was no variational element in Goeppert-Mayer and Sklar’s original 
work; but the great majority of subsequent calculations have depended on the 
variation principle for the determination of molecular-orbital expansion co- 
efficients, configuration-interaction coefficients, atomic-orbital bases, or optimum 
values of scale parameters. 

Variational studies on hydrocarbon molecules generally involve computations 
of considerable tedium and complexity, and it is thus surprising that scarcely any 
attention has been given to the fundamental problem of assessing the numerical 
significance of the results which they yield. 

It is readily demonstrated that the use of a set of incomplete (7-electron) wave 
functions along with a Hamiltonian operator of the Goeppert-Mayer—Sklar type 
need not invalidate an otherwise unexceptionable variational calculation (McWeeny 
1954, Lykos and Parr 1956). Our concern here, however, is to show, by means of 
a simple analogy, that even if a wave function for a o—7 system is written as a 
properly antisymmetrized function of the one-electron orbitals of all the electrons 
of the system, it is very doubtful whether the optimum forms of the z factors of the 
wave functions, and the corresponding energies, can be obtained by variation with 

_ respect to 7 parameters only; it may be essential that the o orbitals should also be 
formulated with reasonable accuracy (a condition which can be fulfilled only 
fortuitously in a Goeppert-Mayer—Sklar calculation). 

It seems impossible at present to settle the question by direct calculation: 
even if the least intractable examples were chosen (acetylene or ethylene), a 
numerical investigation sufficiently comprehensive to be unequivocal would 
require computations far more formidable than any hitherto carried out on 
molecular systems. There is no difficulty, however, in revealing the nature of the 
problem which arises in the interpretation of the results of partial variational 
calculations on unsaturated hydrocarbon molecules: it is a very familiar (though 
usually an unpublished) feature of wave-mechanical studies in which energies are 
minimized with respect to two or more parameters of comparable importance. 
To obtain the optimum value of any one parameter it is usually necessary to 
determine the optimum values of all. 

This point may be illustrated by reference to calculations on any number of 
simple atomic systems, and of these we have selected the 2s2p configuration of the 
eation Lit (this rather artificial choice being determined mainly by the accessibility 
of the required integrals over atomic orbitals). The single 2s and 2p electrons of 
Li+ may be regarded as analogues of the totalities of o and 7 electrons in a hydro- 
carbon molecule. The analogy does not, of course, extend to spin coupling, and 
we have therefore considered both the 1P and the ?P states: a non-observable 
intermediate state in which the two electrons had independent spins would 
doubtless correspond most closely to a o—7 molecular state. 

While representing the 2p electron by a conventional hydrogen-like wave 
function throughout, for the 2s electron we have used in turn a hydrogen-like wave 
function and a nodeless wave function, the latter to simulate a crude o wave 
function. In non-normalized form the radial factors of these functions are as 


follows : 


2p (H-like): — rexp (— Zopt/2)5 
2s (H-like) : (r—2/Z,,) exp (— Za,7/2) 5 
2s (nodeless) : rexp (—Z,,7/2). 
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eee eats eaves technique for determining the optimum 
{ m , nN a z-electron molecular system, and to 
reproduce the effects of this uncertainty we have carried out the present computa- 
tions with Z,,=2-000(0-250)3-500 for both types of 2s orbital. Corresponding to 
each arbitrary value of Z,, we have calculated the optimum value of Z,,, the 
total electronic energy, and the 2p ionization energy. ~! 

It is clear from the table that, in both the singlet state and (to a lesser extent) 
the triplet state, not only is the total electronic energy strongly dependent upon 
the form of the 2s wave function and upon the value of Z,, (as would certainly be 
expected), but so also is the 2p ionization energy. Indeed, in the neighbourhood 
of the minima with respect to both scale parameters, variation of Z,, affects the 2p 
ionization energy more than the total electronic energy, and (though this is not 
evident from the results summarized in the table) the 2p ionization energy depends 
more sensitively upon Z,, than upon Z,,. If the 2s electron is represented by a 
nodeless wave function, the minimum with respect to Z,, is attained outside the 
range of the present calculations, because of * sagging ’ (Bethe and Salpeter 1957), 
and the corresponding values of Z,,, and of the 2p ionization energy are much too 
small. 

The determination of an energy minimum with respect to Z,, alone clearly has 
little significance unless the 2s wave function is roughly correct in form and in 
scale. 

The possibility that these results may have a close parallel in molecular varia- 
: tional studies is disturbing. It may be observed, however, that, at least in z- 
electron systems, molecular calculations are usually concerned with the estimation 
of excitation energies rather than ionization energies. While the essential features 
of this work on Li* are quite general, the especially striking effects are attributable 
in large measure to the drastic change in 2s—2p repulsion energy produced by 
ionization: the analogous changes in o—7 repulsion energy brought about by 
excitation cannot be estimated satisfactorily by the techniques now available, but 
they must be relatively small. 

The purpose of this note is thus not to suggest that conventional variational 
calculations on z-electron wave functions necessarily lack intrinsic numerical 
significance—a claim which could not possibly be justified on such slender evidence 
‘alone—but rather to emphasize the obvious danger that lengthy computations on 
an insecure basis may well involve an enormous waste of effort. ‘The results of a 
more detailed appraisal of this hazard, embracing linear as well as exponential 
parameters, will be reported in later communications. 
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Thermodynamics of an Isomeric Reaction from Ultrasonic Relaxationt 
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N a relaxing medium, the propagation number k is given by 
l R 5 eR 1~ 3 > 17 j@0T } 


1+ LWT; 
where 7;=6 jKs/Kz i is the ‘th relaxation strength, 7, is the jth adiabatic-isobaric 
“ebReLy time, Kg is the equilibrium adiabatic compressibility of the fluid, 
p is the density and 8,Ks is the jth incremental component of the compressibility. 
The amplitude absorption coefficient per unit distance «, is given by 
17 j(w7;)?w7; 


lo eR— 3 Bry Cone P22 Te endlll+ o) 


Assuming w7;<1 for ese and first relaxation at 7=1, we have 
aC gl 14WT, 
wu Jew |= 52 Osh 
where C= (pKs)-?. 
In an isomeric reaction of the type A;=A,, Davies and Lamb (1959) have | 
shown that the relaxation strength r, is related to a function F(p, T), 


(CAs aoe bE 
Fo, T)=| Bo | 


SE Pee tet ial AG, 
se [en eae: (ser) /[1+e" Ger) | 


AH), AV, and AG) are respectively, the enthalpy, volume and Gibbs free energy 
changes of the reaction, Cp is the equilibrium molar heat capacity of the fluid, 
y=Cy/Cy and & is the expansivity of the fluid. 

It has been the established practice in the analysis of relaxation parameters 
to neglect the volume changes in an isomeric reaction. However, it has been 
shown recently by Davies and Lamb (1959) that what matters in an isomeric 
reaction is not AV/V but V= (Cp/&RT)(AV/V) which can be comparable with 
H = AH, /RT. 

In the present note the results of calculations are presented for two specific cases, 
methylcyclohexane and cyclohexene, the reaction parameters of which have been _ 
studied recently by Pedinoff (1959). In cece: (aA) max = 5°5 x 10-3 at 25°C 
where A is wavelength and («A)max=4a[(y—1)/Cp]ACp, ACp =0°13 cal mol* 


where 
AHy _ Cyoeal |? AAG 
ACy=R| Ft — RIV exp( ~ 537?) /[1+exp(- zz) | 


for AS=0, and (Cp/aRT)=52. With these values, AH, has been calculated for 


+ This work was done at the Ultrasonics Research Laboratory, Western Reser\ 
University, Cleveland, Ohio. 


where 
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different values of AV/V and results are shown in figure 1. In methylcyclohexane 
(aA )max = 15 x 10-3 at 25°c. ACp = 2:54 cal mol-! where 


AH, Cp AV? AH 
A =— he prea Obras ats Z af 0 
p> bs aRT | exp ( ae 


cexp (25) f[ 1 4ex0(— 228) xp (25). 


AS=2:-22 calories per mole degree, AH)=1-:9kcalmol— for AV/V=0 and 
(Cp/aRT)=65. Similar calculations have been done for this case too and results 
are shown in figure 2. 
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Figure 1. Enthalpy changes in cyclohexene at different changes in molecular volume. 
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Bare 2. Enthalpy changes in methylcyclohexane at different changes in molecular 
: volume. 


| The foregoing calculations show how serious are the errors involved in the 
termination of AH, by the neglect of volume changes howsoever small. ‘The 
esults are affected tremendously when AV/V is in the neighbourhood of 1%. 
/ change in volume in cyclohexene drops AH) from 3-85kcalmol- to 
09 kcal mol-. In methylcyclohexane, introduction of change in molar volume 
ess than 4°% leads to catastrophe, i.e. there does not exist any value of AH) which 


va 
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will give the observed value of ACp. ‘This shows that either ACy, which is obtained : 
from ultrasonic measurements, is too high or the theory is inadequate for such : 
high values of absorption when volume changes are taken into account. 
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The Elastic Scattering of Nucleons by Tritons and *He 
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Robertson 1958) calculations have been reported on the elastic scattering of 
neutrons and protons by tritons and *He for incident nucleon energies in the 
range 1 to 14Mev. <A central Gaussian potential was employed such that 


V(y) 7 V (r7;;){z0 ar mM;; a bB;; sia hH,;;' 
V(13)=A exp (—Arj?); A= —45 Mev; 
A=0:2669 fermi-2 


where M, B, H are the Majorana, Bartlett and Heisenberg exchange operators 
and w, m, b, h are constants depending on the exchange nature of the potential. 
The resonating group method was used to derive integro-differential equations 
for the radial wave function describing the collisions, using internal triton or 
*He ground state wave functions of Gaussian form, and the equations were 
integrated numerically to determine the scattering phase and angular distributions. 

For the neutron-triton and proton—*He collision the predicted angular 
distributions, for the Serber exchange force, agree quite closely with the 
experimental results, except at the lower energy of 1 Mev. The agreement for 
the neutron—*He and proton-triton collision is not so good, the calculated 
differential cross section, for the Serber potential, rising above the experimental 
results in the backward direction. It is probable that coupling to the charge- 
exchange channel accounts for this discrepancy. Nevertheless, the forward 
scattering, the position of the minimum and the neutron—*He total elastic cross 
section are all well reproduced, except at the lowest energy. 

Recently, measurements have been reported at higher energies (n—*He a 
17-5 Mev, Sayres, Jones and Wu 1958; p-°He, p—T at 19-4mev, Vanetsian and 
FPedchenko 1957), and in this note new theoretical results are given for these 
energies, . 


[ two previous papers (Bransden, Robertson and Swan 1956, Bransden and 
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Biel (1957) has shown that the correct binding energies of 8Be and 2C may 
be obtained from the potential (1), provided the exchange property is taken to 
be a 70% Serber 30° symmetrical mixture, and he has suggested that such a 
mixture may not provide scattering phases significantly different from those for 
the Serber potential, so that the Biel mixture may be consistent with both the 
scattering data and with the binding energies of 4He, 8Be and 2C. The new 
calculations have been performed with both Serber and Biel potentials, and to 
test the Biel mixture at lower energies, the 8 Mev differential cross section for the 
p-*He and n—*He collision has been recalculated. 

In figure 1, the p—*He theoretical cross sections are compared with the 83 Mev 
experimental measurements of Brolley, Rosen and Stewart (1959). It is seen 
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Figures 1 and 2, The differential cross section for the elastic scattering of 
protons by *He at 8 and 19-4 Mev. 


that the Serber results are slightly superior to those for the Biel potential; but 
that the difference is perhaps too small to be significant. In figure 2 the 20 Mev 
results (Vanetsian and Fedchenko 1957) for p-*He collision are compared with 
the theoretical results. The agreement is not as good as at the lower energies, 
and of course it must be expected that an equivalent central force theory will 
begin to break down as the energy is increased. However, in this case the 
agreement may be better than appears at first sight, for Vanetsian and Fedchenko 
‘state that because of the resolution of their apparatus the minimum at 120° 
in centre of mass system may be deeper than appears from their measurements, 
also the cross section at small angles is subject to an error of from +15 to +25 Tes 
| The results for the n*He, p+'T’ systems are shown in figures 3, 4 and 5. 
As expected from the results at lower energies, the Serber (and to a lesser extent 
the Biel) differential cross sections are in agreement with the experimental 
results at angles up to 120° for n*He at 8 and 17-5Mev; the position of the 
minimum is given correctly and the calculated total cross section of 0-82 for the 
srber potential agrees closely with the measured value of 0-8 barn (Sayres, 
nes and Wu 1958). The 19-4 ev results for p-T’ scattering conform to the 
‘same general picture. 
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Figures 3 and 4, The differential cross section for the elastic scattering of neutrons by 
5He at 17-5 Mev. 
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that a measure of consistency between the binding energies He to "C and the 
four-body scattering data is achieved. 
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A Note on the Charge Dependence of Nuclear Forces 
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§ 1. INTRODUCTION 


about the evidence for full charge independence of nuclear forces obtained 

from a study of the relative energies of isobaric multiplets in light nuclei.. 
Wilkinson (1956, 1957) makes an analysis of eighteen self-conjugate nuclei and. 
comes to the conclusion that A, the average difference between the calculated and 
experimental values of the excitation energies of the first T= 1 states, after allowing 
for Coulomb effects and the neutron—proton mass difference, is significantly 
positive but probably not greater than 50kev. Explicitly 
A=E,_,(calc) — Ep_i(exp) 
and for charge independent forces should be zero. Its deviation from zero can: 
therefore be regarded as a measure of the departure of nuclear forces from charge: 
independence. In the present note a theoretical evaluation of A is made for one 
of the nuclei considered by Wilkinson (1956, 1957), namely °Li, taking account. 
of the charge dependence of nuclear forces resulting from the 7°, 7* mass difference.. 
Since the masses of the positive and negative pions are the same it follows that 
although the nuclear force is now no longer charge independent, it is still charge 
symmetrical, in agreement with the assumption made by Wilkinson in his analysis. 


T: ERE has been some discussion in recent literature (Wilkinson 1956, 1957) 


§ 2. CALCULATION oF A For ®LI 
~ In order to estimate A we need to calculate the energy difference between the 
18, levels of ‘He and ®Li corresponding to the 7,=1, 0 members of ther =e 
triplet. 
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From symmetric pseudo-scalar meson theory with pseudo-scalar coupling, the 
second-order contribution to the internuclear potential is 


Vy= 7%. Tofo(u*) — Ty 72° [fo(v*) —Solv?)] 
where fy(u*), fo(4°) are the potentials due to charged and neutral meson exchange 
respectively. The matrix element of the tensor force for the 1S, states is zero and 


need not be considered here; further, at first we do not take repulsive core effects 
into account. ‘The effective potential f.() is thus taken to have the form 


1 2 Aiee 
f(u) = 3 (387) od Clad I lage 


so that 
i 2 ent" 4 § aa 
Vi) 3( 37) 61-024 7. TH? : Eng ut | wo —2 . |} 
bE 
VEER eS 032. 


be pe 


It is a reasonable approximation to treat the charge dependent part of the nuclear | 


force as a perturbation so that the differences in the diagonal matrix elements of this 


part of V,(r) for the 1S), T=1, T,=1 and T,=0 states then gives a measure of A. | 
For ®Li and *He the two nucleons outside the closed (1s)* core are in Ip states | 


coupled to L=0, S=0. The 1p state wave functions are taken to be of harmonic 
oscillator form 


8p?!2 


Pouu= eal rexp (— 3vr?) Y,™ (64) 


where the parameter v can be estimated from either the Coulomb energy difference 
between *He and ®Li or from their radii. In the former case »/v~0-5 x 10% cm-, 
and in the latter, taking the r.m.s. radius to be 1-241 x 10-4 (Feingold 1956), 
~/v~0-6x10%cm-. Since only a rough estimate of \/v can be made owing to 
the uncertainties in the Coulomb energy and effective radius of *Li, the matrix 
elements have been calculated for several values of 4/v. 
The calculation is straightforward and the values obtained for A (using 

(gu/2M)?=0-09) are shown in the table 

Af y X 10°"? cm 0-4 0-5 0-6 0-7 

A (kev) 56 106 166 238 


§ 3. Discussion 


The values obtained for A are of the right sign but are significantly larger (fora 
reasonable value of 1/v) than the upper limit set by Wilkinson (1956, 1957). Of 


course this could result from the fact that we have only considered the second order 


potential with neglect of repulsive core effects. A rough estimate of the latter can 


be made by introducing a correlation function p(|r,]) into the nuclear wave 
function, where 7 


p(ltiz|)=0 for |ry.|<0-6 x 10-3 cm i 
=1 for [r.]>0-6 x 10-%cm, 


‘This reduces the results for A by approximately 30%. On the other hand it is 
be expected that the fourth order potential will have an appreciable effect. 
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According to Sugie (1954) the central singlet charge dependent part of the fourth 
order potential is 


‘ ees /arcs. VS ee tia aur) i 
) == St hk ¢ Beez o\<b . 
(7) T1 Te (35) oe -| = = (1+ am) Ki Que) |. 


Outside the region of the repulsive core V,~ 4V, so that the V, contribution 
increases the magnitude of A by an amount which approximately compensates for 
the effect of the repulsive core. This means that the values for A in the table can 
still be taken as a reasonable estimate for the charge dependent effect of nuclear 
forces due to the mass difference between charged and neutral pions. 

Accepting this estimate means that in order to account for the resulting dis- 
crepancy between theory and experiment, other charge dependent effects which can 
arise in nuclear forces must be considered. One such important effect is the 
difference between the coupling constants (g/+on» Zapp» ann) for charged and 
neutral pions which arises because of interaction of the pion and nucleon field with 
the photon field. These differences have been estimated by Riazuddin (1958) and 
are qualitatively such that they reduce the value of A by about A/4. However, in 
these circumstances a breakdown in charge symmetry of the order of magnitude 

 A/4 is also to be expected since the electromagnetic renormalizing effects on 

| = and g.,, are different in each case (Riazuddin 1958), which then 

_ removes one of the assumptions on which Wilkinson’s (1956) analysis was based. 

i. However, it seems difficult to escape the conclusion that the charge dependent 

_ pion mass effect alone leads to values of A larger than observed experimentally 
and that in order to reduce this value, electromagnetic renormalization of the 

| pion—nucleon coupling constants must be appealed to, which then leads to an 
appreciable breakdown of charge symmetry. 
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Internal Ferromagnetic Resonance in Magnetite 
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and of pure nickel (Anderson and Donovan 1957, 1959) have shown that 
: the resonance phenomena observed may be attributed to the internal magnetic 
field, which arises from the anisotropy energy of the crystal. In the case of a 
dilute suspension of colloidal nickel particles, the temperature dependence of the 
resonant frequency was found to be reasonably consistent with the internal field, 
as derived from experimental values of the anisotropy constants. 
__ Experiments on these lines have now been extended to other ferromagnetic 
substances and the purpose of the present note is to report some results obtained 


2 
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Pp REVIOUS investigations of the complex permeability of iron-nickel:alloys 
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with a colloidal suspension of magnetite (Fe,O,), over the eg Riree a 
30°-90°c. The particles were shown by electron micrographs to be rue 
spherical in shape, and although the spread. of diameters ae ‘pera 
(30-1504) it was still within the range of single domain be aviour. : 
experimental technique was exactly the same as that used in the previous w ; 
on colloidal nickel. In the present case, however, measurements were not made | 
below 30°c, as, owing to the high dielectric constant of the suspension, it = not 
possible to obtain higher frequencies with the apparatus in its origima! form, | 
Figure 1 is typical of the results obtained and shows the real and meas | 
parts of the complex permeability (u=p4—ip,) at 70°C, plotted as fan ‘ 
frequency. The curves are similar in form to those obtained for nickel, t es | 
in general the width of the resonance peak was found to be slightly greeny : | 
temperature dependence of the resonant frequency is shown in figure 2 and 
again resembles nickel in that the internal field decreases with increasing | 
temperature. 
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Figure 1. Variation of real and imaginary Figure 2. Variation of resonant frequency 
parts of complex permeability with with temperature. 
frequency at 70°c. 


Magnetite is known to possess the inverse spinel structure, and to some extent 
it resembles nickel in its magnetic behaviour (cf. Domenicali 1950). It has a 
cubic lattice, with the easy direction of magnetization parallel to the (111) axis 
in the present range of temperature; hence, as in the case of nickel, the effect 
of the crystal anisotropy may be represented by an internal field H; given by 
3 

4 K 

Dt ey ON See eae 
ae Ture ) ; 
(cf. Anderson and Donovan 1959), where K, and K, are the first and second 
anisotropy constants and J, is the saturation magnetization. : 
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Very few experimental results are available with which to attempt any 
quantitative interpretation of figure 2. So far as the authors are aware, no 
measurements of K, have been carried out above room temperature and none at 
all of K,. Using microwave resonance methods, Bickford (1949, 1950) found 
K, to be —11-1x10*ergem~* at 20°c, and the value derived from the early 
work of Weiss lies between — 8-5 x 104 and — 10 x 104 (Bozorth 1952, chap. XII). 
If the internal field Hj; is evaluated with these values for K,, and I;=460 c.g.s. 
units, the extrapolation of figure 2 indicates that, for agreement, K, would have 
to be positive and in the neighbourhood of 17-22 x 10‘ergcm~*. Such a high 
value seems rather unlikely (though not magnetically impossible, since the upper 
limit is 9|K,|/4). 

A more plausible explanation is that in the case of small particles the anisotropy 
field may be different from that in the bulk material. In his connection it should 
be pointed out that sufficiently small particles can exhibit superparamagnetism 
(see, for example, Bean and Livingston 1959), which is characterized by thermal 
fluctuations of the direction of magnetization. The significance of this effect in 
the present work is that for particles in the superparamagnetic range the effective 
anisotropy may be appreciably reduced.t Thus in the present internal resonance 
experiments the effective field, and hence the resonant frequency, may be smaller 
‘than that anticipated on the basis of the experimental anisotropy constants. 
A further point concerning superparamagnetic particles has been discussed by 
Livingston and Bean (1959), namely that, at moderately high temperatures, the 
‘anisotropy measured by torque methods is less than that measured by microwave 
methods. 

The effect of superparamagnetism in connection with internal resonance 
has also been investigated in small cobalt particles. In this case a more detailed 
examination is possible, in view of the experimental data on the anisotropy 
constants (Bean, Livingston and Rodbell 1959), and this will be dealt with in a 
separate paper. 
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The Absorption Spectrum of Calcium Vapour in the Vacuum Ultra-violet+ | 


By T. R. KAISER 
Department of Physics, The University, Sheffield 


Communicated by R. W. Ditchburn; MS. received 19th August 1959 


region 2000A to 1500A using a fluorite spectrograph. ‘The absorption | 
corresponding to the series limit of the 4s4s'S,—4sp!P,,° series, previously | 
observed by Jutsum (1954), was obtained and a number of intense autoionization | 
lines were also recorded. Some of the lines were obviously broader than others | 
and this was used to divide them into two series whose wavelengths are listed in | 
table 1 (‘broad’ series) and table 2 (‘narrow’ series). The wavelengths of | 
the first three members of the broad series are subject to a few angstroms error | 
(due to their finite width on the photographic plate); the other wavelengths are | 
accurate to within 1A. 
Consideration of the relevant spectroscopic data indicates that the absorption | 
lines arise from transitions from the 4s4s'S, level to the 3dmp! P,° and 3P,° levels } 
corresponding to AJ =1, AL=1, and AS=0, 1 respectively. The 3dmnp series | 
converge to the 3d?D levels of the excited ion. The only other likely transitions | 
with AJ=1 are to the 3dup?D,° levels; however these require AL=2, AS=1)} 


Ts absorption of light by calcium vapour has been investigated in the} 


Table 1. Broad Series 
n A(A) fi case) T,,(cm-*) calc. jee 
5 1882°5 53121 52975 1-67 
6 1768-0 56561 57207 1:88 
7 1688°5 59224 59190 1:62 
8 1658°3 60303 60296 1:64 
9 1640-1 60972 60977 1:68 
10 1627:9 61429 61431 1:68 
15 1619-6 61744 61746 1:71 
We 1613-6 61973 61975 1:74 
13 1609-0 62150 62150 1:74 
CO — —— 63008 -- 


Table 2. Narrow Series 


n A(A) I yfom-) T (cm) calc, Len 

6 1772-0 56433 56818 1:90 

7 1695-0 58997 58964 1:73 

8 1662-8 60140 60139 1:76 : 

9 1643-3 60853 60858 177 
10 1630-4 61335 61333 1:77 
11 1621°8 61660 61662 1-79 y 
€2 1615-4 61904 61900 1:78 ; 
13 1610-8 62081 62081 1:79 ; 
oo — cans 62960 eae 


t+This work was carried out while the autho 


; : r was in the Physi 1 
University of Reading. e Physics Department of 
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and are hence more highly forbidden. In any case the 3d5p?D,° level is known 
(Moore 1949) and no corresponding absorption line is observed. The 3d4p 
levels lie below the first series limit and are known (Moore 1949) but their order 
appears to be anomalous. However, if we re-order them to agree with Hund’s 
rule before applying the criterion that with increasing n, terms with the same J 
values do not cross we find that the 3dmp!'P,° series converges to the 3d?D5/. 
level of the excited ion and the 3dmp*P,° to the 3d*D4). level, which agrees with 
the term scheme given by White (1934). 

Using the above identification we may assign to the lines the values of n given 
in the tables. It may be noted that the narrow line corresponding to n =5 is not 
observed, probably due to obscuration by the corresponding broad line. The 
higher terms (n> 8) were fitted to the Rydberg—Ritz formula 


_ giving for the narrow series 
a=492-4, B=38-0, T..=62960cm + 
and for the broad series 
a=448-5, B=32-1, T,=63008cm™. 


In view of the possible wavelength errors quoted the values for the series 
limits are in excellent agreement with those given by Moore (1949), namely 
63016 cm— and 62955 cm— for the 3d2D;/. and 3d?D4). levels of the excited ion 
_ respectively. Hence we conclude that the broad series corresponds to transitions 
from the 4s4s!S, ground state to 3dup'P,” levels and the narrow series to 3dnp?P,° 


levels. 
Term values calculated from (1) are given in the tables, together with the 
quantum defects ,, determined from 


R 
1h. = TGs wad (n—p,,)? = ly)? eeeece (2) 


using Moore’s values for 7',, and the observed values ofieys 


ACKNOWLEDGMENTS 
It is a pleasure to acknowledge the advice of Professor R. W. Ditchburn 
concerning the experimental techniques and of Dr. M. J. Seaton in connection 
with the interpretation of the spectrum. 


REFERENCES 


Jutsum, P. J., 1954, Proc. Phys. Soc. A, 67, 190. 

Moors, C. E., 1949, Atomic Energy Levels (Washington: National Bureau of Standards). 
Wuite, H. E., 1934, Introduction to Atomic Spectra (New York: McGraw Hill). 

fr 


x 


s 


154 Research Notes 


The Energy Levels of ?°Al in the Region of 2 Mev 


By E. E. BAART, L. L. GREEN anp J. C. WILLMOTT 


Nuclear Physics Research Laboratory, University of Liverpool 


MS. received 14th September 1959 


high accuracy by Hinds and Middleton (1959) by observing the charged 
particle groups from the reaction ?’Al(*He, «)?®Al and **Mg(He’, p)?°Al. 
Previous experiments on the y-rays emitted in the reaction *Mg(p,y)*Al had 
suggested that the level at 2-06mev should be a doublet, although these levels 
could not be resolved by the sodium iodide crystal spectrometers used (Kavanagh, 


TT HE energies of the excited states of 26Al have recently been determined with 


Mills and Sherr 1955, Green, Singh and Willmott 1956). Experiments on | 


the 28Si(d, «)?6Al reaction carried out by Browne (Browne 1954, 1956, 1959) | 


gave some weight to this suggestion. In his first experiments Browne studied 
the «-particles emitted at 90° to the forward direction and found a single level at 


2-06 Mev, which was strongly excited. He found all the other levels now known | 
to exist below 2 Mev except for the first T= 1 level at 0-229 Mev. In later experi- | 


ments in the forward direction Browne found the yield of «-particles to the 
0-229 Mev level varied with energy, but the yield was significantly lower than for 


the T=0 levels. This suggests that isotopic spin selection rules lead to some | 


inhibition of « groups to 7'=1 levels and that the level observed by Browne at 


2:06 Mev probably does not correspond to the second T= 1 level which is expected | 


at this energy. 


The level observed by Hinds and Middleton at 2-06 Mev does not show complex | 


structure in either of the two reactions observed and it is not possible in their 
reactions to invoke isotopic spin selection rules. We have consequently re- 
examined the resonances of the Mg(p,y)®Al reaction whose decay schemes 
appeared to require a doublet at this excitation. 

The previous experiments were carried out with 2in. x 2in. sodium iodide 
crystals. We have re-examined twelve resonances between 436 kev and 989 kev 
using 5 in. x 6in. sodium iodide crystals as detectors singly, in coincidence, and 
in sum coincidence (Hoogenboom 1958). At all resonances except those at 
811 kev and 956 kev a single level at 2:06 Mev was found sufficient to explain the 
y-rays observed. ‘This level is fed strongly at most resonances, but only at the 
three resonances at 726 kev, 776kev and 940 kev were coincidence experiments 
possible. At these resonances y-rays of energy 1:64Mev, 1-02 Mev, 0-82 Mev 
and 0:42 Mev were observed in coincidence with a high energy y-ray of correct 
energy to feed the 2-06 Mev level direct from the resonance. Earlier work with 
smaller crystals had suggested variations in the ratio of these two cascades from 
resonance to resonance and led to the suggestion that there were two levels at 
approximately 2:06Mev decaying by one of these two cascades. The use of 
larger crystals has shown alternative sources of the 1:6 Mev y-ray at certain of 
the resonances previously examined and this removes the variation of intensity 
of these two cascades except at the two resonances which are discussed in a 


detail below. It thus appears that the two cascades form alternative decay modes 
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of a single level at 2-06 Mev through a state at 0-416 Mev to the ground state, and a 
state at 1-052 Mev to the 0-229 Mey state. The two cascades occur in the ratio of 
Eto 3. 

At the 811 kev and 956 kev resonances this simple decay scheme is not sufficient 
to account for the intensities of the y-rays observed, and we discuss these reson- 
ances in more detail. 


The 811 kev resonance. 


The y-rays observed at this resonance, with their relative intensities, are shown 
in table 1. The strength of the 1-02 Mev and 0-84Mev y-rays shows that not 
more than about four units of the intense 1-643 Mev y-ray can be due to the 
normal decay of the 2-06 Mev level discussed above. Coincidence experiments 
showed the 1-643 Mev y-ray to be in coincidence with the 5-24 Mev y-ray, forming 
a cascade between the resonance level and the 0-229mev level. The 
3-38 Mev y-ray also appeared in the coincidence spectrum together with the 
1-02 Mev and 0-84Mev y-rays, indicating the presence of the cascade, 
resonance ->3:67 Mev->2-06 Mev->1-:05 Mev-+0-229 Mey, a cascade that has been 
observed at the 684kev resonance. 


’ 
: 


Table 1. 811 kev Resonance 


2 


y-ray energy (Mev) Intensity y-ray energy (Mev) Intensity 
6°85 + 0-04 it 2 2-4 weak 
5-:24+0-05 10+4 2-17 weak 
5-03 + 0-03 45+6 1-833 + 0-007 47+5 
4-40 5 1-643 + 0-007 28 +3 
4-18 + 1-35 210-09 ee) 
3-50 + 0-04 bee 1-1 59e0-03 as” 
3-38 + 0-03 123 t-O25=.0-03 10+2 
2:72 40-03 5+2 0-84 +0-03 13252 

2:55 +0-03 anh 0-51 +0-02 65+10 
0-43 +0-02 124+3 


These modes of decay between them account for the whole of the 1-643 Mev 
y-rays, and, incidentally, of the normal decay of the 2:06 Mev level. We thus 
still have to account for the strong 5-03 Mev y-ray. 

Intensity considerations suggest this y-ray is in coincidence with the 1-833 Mev 
y-ray and coincidence and sum coincidence experiments verified that these y-rays 
form a simple cascade leading to the 0-229mev level. Thus we must either 
have a level at 2-06 +0-017 Mev decaying solely to the 0-229 Mev level, or the 
1-833 Mev y-ray must be a feeder for a level at 5-27 + 0-03 Mev; a level is observed 
by Hinds and Middleton at 5-238 + 0-01 Mev. 

_ The former case gives a slightly better overall agreement in the energies 
concerned, but leads to a doublet at 2-06 Mev. 


The 956 kev resonance. 

= The y-rays observed at this resonance, and their intensities, are shown in 
ble 2. The intensities of the 5-15 Mev, 2-054 Mev and 1-644 Mev y-rays indicate 
they are probably involved in a cascade through a level at 2-054 Mev, and a spec- 
m taken in coincidence with the 5-15 Mev y-ray shows the 2:054, 1-644 Mev and 
the 0:43 Mev y-rays very strongly. The 1-644Mev and 2-054Mev y-rays could 
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Table 2. 956 kev Resonance 


y-ray energy (Mev) Intensity y-ray energy (Mev) Intensity 
T23¢,0:03 340-4 2:054+0-015 silses 
5°15=t 0:02 100 +10 1-644 + 0-005 69+7 
3:80 + 0:03 6+1 1:34 +0-02 6+1 
3°54+0-02 hile 2 1-15)2360:02 6+1 
3:25 +0-02 etal 1:03 +0-02 Seta 
3:02 + 0-02 6+1 0-84 +0-02 Oe | 
2:47 +0-02 2+0°6 0:51. 0-02 11+4 

0-43 +0-02 81415 


thus represent alternative modes of decay of a single level at 2-054 Mev fed by the } 
5-15 Mev y-ray. This level at 2-054 Mev has different decay properties from the | 
level at 2-064 Mev encountered at the majority of the other resonances, and also 4 
from the level at 2:06 Mev required in one explanation of the decay properties r 
of the 811 kev resonance. It is also, presumably, not the T=1 level expected | 
at this energy, which should be a 2+ level, and would therefore be unlikely to} 


decay to the ground state which is known to be 5+. | 
Alternative explanations of these y-rays would be for one or both the low} 
energy y-rays to be primary y-rays. The possible explanations are shown in} 
the figure. » There is some slight evidence that the 5-15 Mev y-ray is complex} 
A B C D | 
7:25 arr 
34 69 34 69 
5-606 
5196 
100 G4) ©9) G4) ©9 G4) 9) 
2:06 
349 69 34 


toa 
° 


Alternative modes of decay at the 956 kev resonance. 


as its shape is not quite consistent with that expected for a simple y-ray of thi | 
energy. Neither of the two high energy levels required here corresponds to tha 
required at the 811 kev resonance to avoid the occurrence of a doublet at 2-06 Mev 

We have attempted to detect differences in the energy of the 1-64 Mev y-ray 
occurring at the 726kev, 81lkev and 956kev resonances, which should occ 
if some of the intensity of this y-ray is due to a primary transition. Nosuchs 
was observed, the energy of this y-ray remaining constant to within 10 kev. 


J 
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It thus appears that most probably there is at least a doublet at 2-06 Mev, 
although one cannot rule out the alternative explanation of a singlet at this energy, 
with levels at 5-27+0-03 Mev, 5-196+0-025 Mev and 5-606 +0-25 Mev all fed 
strongly at either the 811 kev or 956kev resonances. The existence of a doublet 
within 10 key is consistent with the resolution of Hinds and Middleton. 
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The Effect of an Electric Field on the Decay of Excess Carriers 
in Semiconductors 


By B. K. RIDLEY 
Mullard Research Laboratory, Salfords, Surrey 


MS. received 11th August 1959 


‘ § 1. INTRODUCTION 


-N order to measure the lifetime of excess carriers in semiconductors by the 
photoconductive decay method it is necessary to pass a current through the 
specimen and observe the change of voltage across the specimen with time 
when a short pulse of excess carriers is introduced into the material. The carriers 
lecay by recombination not only in the bulk but also at the surfaces of the specimen 
nd at the electrical contacts. These latter, if ohmic, may be regarded as surfaces 
having infinite recombination velocities and can therefore be important factors 
2 overning the decay rate. Their effect is enhanced by the presence of the electric 
eld in the specimen which tends to sweep the carriers towards the contacts. 
he theory of sweep-out effects under steady state conditions has been 
cussed fully by Rittner (1954), Grover and Harnik (1958) and F. Berz (to 
published), but the problem under transient conditions has been compara- 
ely neglected. Rittner (1954) has pointed out that the sweep-out effect in 
> transient case is qualitatively similar to that in the steady state case, 1. it 
ses the decay rate. However, quantitative information ea about a 
ect which can be important when the lifetimes of long-lifetime semiconducting 


s are being measured. ; es A - i 
1 exis, ik . ‘ i é i. - an A Fd - : 
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effects and assume recombination in the bulk to be characterized by a simple | 
lifetime 7). Thus, for all times the density of excess holes is equal to the density | 
of excess electrons, i.e. An=Ap, and we will limit ourselves to considering the | 
excess hole distribution. 
The continuity equation is (Rittner 1954), 
o*Ap oAp Ap _ oAp 


= a eee 1 
Do ox? + Ho “Ox = -T, ot (1) 
where 
n + po 
D,=D.D pues OO 
e * 2D ny DePo 
and Po—% 
Ho = Paltp —— 
: : HnNo + KpPo 
Ap <1) + Po- 


The boundary conditions are 
Ap=0|,_,, and Ap=Apy | 
L 


i>0 t=0 j 
Denoting the Laplace transform of the excess hole density by p and the Laplace }: 


parameter by o we obtain 


5a Ady | 
(1/7) +0) sinh (m,+m,)L 
x [sinh (m, + m,)L — exp (m,x) sinh m,L — exp (— m,x) sinh m,L] 
weave 2 
where i 0 a mr i ln, Bis 
See PATA AL! D\ 74 


Wy We Bn, while ne 
moors + Lat a, *7)] 

and wp, the drift length, is 497), and Lo, the diffusion length, is (Dot 9)". 4 
the poles are simple and there is no branch point. Summing the residues of the 
poles gives us Ap, and averaging this over the length of the crystal we obtain 
Apom*Lot exp [— (1 + wo?/4Lo*)t/70] 
Seaver eye eer 

2 n?(1 —sec nm cosh wy L/L”) exp [ — (na? L, o [AL*)t/ to] 


x > 
= (12/4092 + 122/412) 


Ap = 


This solution is not very informative as it stands and we must look to approxl- 
mations to elucidate the effect of the electric field on the decay rate. 


2.1. Low Field Approximation 
If w,?/4L," <n*L,?/4L? we need_retain only the first term of the series as 
a first approximation. The decay rate is then 
Ce 
va(14 oo + Se). seh (4) 
Physically, this case corresponds to the situation in which normal end effects, 
governed by straightforward diffusion processes, predominate over sweep-out 
effects. Factors which are favourable to this approximation are (a) long 
diffusion length, (b) short specimen cat and (c) low sweep-out nobility 


Research Notes 159 


2.2. High Field Approximation 

At high fields (wo?/4L,?>7?L,2/4L2) the series converges very slowly and 
equation (3) conveys little information beyond the fact that the decay is non- 
exponential unless ¢ is great enough to make mL )*t/4L?7,>1. For such values 
of the time the decay is exponential with a decay rate given by equation (4). 

For moderate fields the decay is approximately exponential and we can 
obtain an approximate value for the decay rate by assuming it to be the decay 
tate of the maximum term of the series. This approximation therefore takes 
in the low field case as well. Since the value of giving the maximum term is a 
function of the time we must consider over what range of time we intend to 


take measurements. This range of time will be of the order of the field lifetime, 
therefore we find the maximum term when 


2 20 2\ —1 
Beaters ices Pave lien tes ae al Sho tin 5 
nal *4Le 42 ) ©) 
which is not far removed from the field lifetime. 

We can write the decay rate for the maximum term as follows 


The correction factor « has been found for various values of the dimensionless 


47 i a 19 | 


v (secx10™) 
wn 


—— Theoretical, with 

Jeo= 1900 cm? sec"! 
Do = 80. cm? sec 

To (measured) = 300 4 sec 

L=\cm 


—— -—--— Low Field approximation ~) 


o Experimental 


0:01 , 1 4 1 1 a 


0 | 2 3 5 6 7 0 


03 


4 Ol 0-2 
we?/4L," E’(E invem"') 
Figure 1. The sweep-out effect correction Figure 2. The sweep-out effect in a p-type 

factor €. Figures on the curves refer sample of germanium (p =63 Oscm at 

to values of 7?L,2/4L?. The decay 290°K). 
rate, p=(14+ W,?/4L0? +) 1/70- 


ameters w,2/4L,2 and 7?L,2/4L%, and the results are shown in figure 1. The 
lowing points may be noticed: 

= (2) When sop?|4 Lg? = 2 712/41, € is very nearly independent of the value 
f aL,2/4L2. The decay rate is governed solely by the normal recombination 
processes and the sweep-out effects, and the normal diffusion to the ohmic 
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contacts has only a minor effect. Also we have the relationship, obtained from the 
slope of the linear region 
thd De nO 
7 41," 
(b) When w,2/4L,? < 7L,?/4L”, the low field approximation holds and the 


0 nw 


decay rate is affected by all three processes. . 
It must be emphasized that this approximation will hold good at high fields 


only over that part of the decay indicated by equation (5). If tm=1/vm, then | 
measurements should be made at that part of the decay where t~ 1-47, that is, — 


towards the tail of the decay where it is more nearly exponential. 


§ 3. EXPERIMENTAL 


Figure 2 is a fit of equation (6) to experimental results, « being found from | 
figurel. The sample was a p-type germanium bar of dimensions 20 x 10x 3mm, | 


well-etched to keep surface effects to a minimum (the surface recombination 
velocity was about 200cmsec™), and of resistivity 63 Qcm at 290°K. The 
measurements were made using a spark in air as the source of transient illumina- 
tion, and the light from this fell upon a3mm thick germanium filter before being 


incident on the sample. The decay curve was displayed on an oscillograph and | 


photographed. The fit between the maximum term approximation and the ex- 


perimental results was found to be good if jo, the sweep-out mobility, was put | 
at 1900cm?v-tsec~?. To check this value a Hall effect measurement at 290°K | 


was made on a sample cut from the same portion of the crystal. This gave 


Pop =4-2 x 1018 per cm? and m)=9-6 x 10" per cm’. ‘Taking the values of y,, and | 


HL, to be 3800cm*vsec and 1900cm?vtsec™ at 290°K we obtained a 
value of 2010cm?v~'sec~ for uy, which was in reasonable agreement with the 
value found. 

In such measurements of the sweep-out effect the major practical difficulty 
involved is the heating of the specimen when large fields are necessary to show 
up the effect. When a current is passed through a specimen the rate of energy 
dissipated per unit volume Q is E?/p and to obtain an appreciable sweep-out 
effect we must have 


22 272 27.2 
(1+ Sat) so that Ow 4Dp (14+ Se) 


4Do 4L* Pk" To 4L* 
where p is the resistivity. The importance of the heating effect will be greater 


in specimens having low resistivities, lifetimes, and sweep-out mobilities. 


Sweep-out effects will therefore be most readily observed in long-lifetime near- | 
intrinsic (but not absolutely intrinsic) material. For other materials means for |) 


cooling the specimen must be available. The use of pulsed electric fields is 
obviously very desirable. : 
§ 4. CONCLUSIONS ; 
It has been shown that sweep-out effects increase the decay rate of eXCeSS 
carriers in semiconducting specimens and, if great enough, they can affect ra 
form of the decay. Approximations have been found for the decay rate when t 
decay curve is not too far removed from an exponential, and compared favoura 
with experiment for one sample. 
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In conclusion, it should be pointed out that the measurement of the sweep-out 
effect will be a sensitive one for detecting small differences between the hole and 
electron densities in near-intrinsic material, since the sweep-out mobility depends 
upon this difference. 


a 
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LELTERS IO THES EDIDOR 
Intensities in the Triplet System of CO Bands 


Work recently carried out by Herman (shortly to be pliblished’ on diéchareel 


in mixtures of CO with rare gases, gives what appears to be evidence of energy 
transfer between metastable xenon atoms and CO molecules. For the better 
understanding of this phenomenon, it is desirable to know what the relative 
intensities of the: CO triplet bands (d°II—a'IT) would be if there were no 
preferential excitement of particular levels. 

The bands of interest correspond to v’ + 8, and the ‘distortion’ method of. 
obtaining wave functions from spectroscopic data (Pillow 1951) can be regarded 
as quite sufficiently accurate within these limits. A simple Franck—Condon 
treatment indicates that any preferential population of levels by direct electron 
excitation from the ground state would be to vibrational levels well above those 
considered here. 

‘The intensities given in the table below are calculated from data given by 
Herzberg (1950) and on the assumption of equal population of all vibrational 
levels in the upper state. Because there has been some doubt about the numerical 
assignment of the levels, approximate mean wavelengths are quoted for the 
triplet groups. 


Intensities of CO triplet bands (arbitrary units) for To 
(i.e. equal population of all vibrational levels in the upper state) 


” 


v 0 1 oy} s 4 5 
uv’ a 
0 | 7500 8620 10080 12090 
1 3 5 4 (very low) 
1 6900 7550 9050 10640 
5 13 11 3 
2 6430 7210 8230 9524 
16 240) 7 : 
3 6010 6700 7545 8620 : 
i 35 23 3 


4 5644 6250 6990 7900 
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Signal to Noise Ratio in Nuclear Magnetic Resonance 


An expression derived by Bloembergen, Purcell and Pound (1948) from 
power considerations shows that the maximum available signal-to-noise voltage 
ratio in a nuclear magnetic resonance experiment is, ceteris paribus, directly 
proportional to O'? and inversely proportional to F'?, where O and F are 
respectively the quality factor of the coil containing the sample and the noise 
figure of the amplifier. Now, the nuclear magnetic resonance signal (in the 
absence of radiation damping) is proportional to O, the thermal noise generated 
in the resonant circuit is proportional to QO? and the amplifier noise is 
independent of QO. Hence the actual dependence of the signal-to-noise voltage 
ratio on O varies from a proportionality to O'? when the amplifier generates 
no noise to O when the thermal noise generated in the resonant circuit is negligible 
compared with the noise generated in the amplifier. This is not immediately 
obvious from the expression of Bloembergen, Purcell and Pound because F itself 
is a function of O. It appears preferable to express the amplifier noise in terms 
of an equivalent input grid resistance rather than in terms of a noise figure. 

Let us suppose that we are detecting the absorption mode and that we are 

using a modulated magnetic field, the modulation sweeping from just off resonance 
to the peak of the resonance. In the bridge method of detection, for example, 
the absorption signal will occur as a modulation of the amplitude unbalance 
voltage at the modulation frequency. Let us assume this modulation to -be 
sinusoidal. On linear rectification, we obtain a sinusoidal signal at the modulation 
' frequency whose r.m.s. value can be shown to be 
72,2? OU2V ol2fyy Tot? far 
lane 

at the optimum strength of the radio-frequency field, assuming Bloch suscepti- 
bilities. Here v, is the resonance frequency, x is the static nuclear susceptibility, 
y is the gyromagnetic ratio of the nuclei, 7, is the spin-lattice relaxation time, 
T,, is the inverse line-width parameter, V, is the effective volume of the sample 
coil, f is the filling factor for the sample and R is the effective shunt resistance 
of the tuned circuit at resonance. If a phase-sensitive detector of effective 
‘bandwidth B at the output is used, the true bandwidth for noise is 4B. Therefore 
the r.m.s. noise voltage referred to the input grid is 


Va = 4tRTB(R ae Ran)} ne a hc tw. G (2) 


where Rk is Boltzmann’s constant, 7 is the temperature of R, and Ran is the 
equivalent input grid resistance representing the amplifier noise. The signal- 
to-noise voltage ratio obtained using equations (1) and (2) has to be multiplied 
by two factors—a factor Y to take into account the characteristics of the rectifier 
and the phase-sensitive detector and the fact that the nuclear resonance signal 
does not cause a sinusoidal modulation of the amplitude unbalance voltage, etc., 
and a hitherto neglected factor 1/2 representing the 3dB improvement in 
signal-to-noise ratio due to the phase-sensitive detector (Tucker 1952). Hence 
the signal-to-noise voltage ratio is 


s= 


As 29; my Fy) T ol? V Aefe ’ O 
Anois 2y2y Tt? a Rage re Ssdaneaae 
ees) | 
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using the relation R=27vy)LQ where L is the inductance of the coil. When the 
dispersion signal is observed, the signal-to-noise ratio is twice this. 

It is clear from the above expression that when the amplifier noise is small 
compared with the thermal noise generated in the resonant circuit, “1.63 
Ran<O.27y,L=R, As/Anis proportional to QO, When the reverse is the case, 
As/An is proportional to Q. It may be noted that the discussion in the conclusion 
of the paper of Bloembergen, Purcell and Pound following the use of an empirical 
formula for Q is truly valid only when the detection system is noise-free. 


The author is indebted to Professor R. S. Krishnan for his kind interest and 
encouragement and to Dr. G. Suryan for many helpful discussions. He is also 
grateful to the Department of Atomic Energy for a Research Fellowship. 


Department of Physics, R. CHIDAMBARAM. 
Indian Institute of Science, 
Bangalore-12, India. 
17th June 1959, in final form 14th July 1959. 


BLOEMBERGEN, N., PurceLL, E. M., and Pounp, R. V., 1948, Phys. Rev., 73, 679. 
Tucker, D. G., 1952, Wireless Engr, 29, 184. 


Long Range Forces between Atoms 


When the distance between two atoms is large, it is common practice to 
expand the interaction energy Fin inverse powers of the internuclear separation R. 
Dalgarno and Lewis (1955) obtained a useful rule for evaluating the second order 
perturbation energy E,: 

E,=2/ (O|V|m)P(Eo— Em) ee (1) 
in the usual notation, where V is the interaction potential. Dalgarno and Lewis 
(1955 and 1956) made ingenious use of their sum rule to find an exact series 
expansion for the interaction energy between a proton and a hydrogen atom. 
Using this exact series as a standard, we have developed an improvement on the 
old Unséld (1927) approximation for evaluating £,. While all such approxima- 
tion methods have only academic interest when applied to the hydrogen—proton 
problem, they may serve as models for better calculations when applied to complex 
atoms, where no exact methods are available. 

Uns6ld’s method consisted of replacing Ey —£,, by a constant —e; this yields 


1 
B,= — = {(0| V2]0)— (0| P[0)%. 
In many cases one or two terms in the series (1) contribute the major portion 
of ,. Suppose (0| V|1)?/(E)—£,) is such a term. We evaluate it exactly, and 


then use the Unséld method to find the contribution of the remaining terms. 
This yields 


B= — So) V4or-Cr}04+(2 4+ —_) ory. 
€ - « k,-E£, , 


Thus in the hydrogen—proton problem the term (100| V|210)?/(Ejo) — E549) was 
evaluated. This term contributes 44%, of E, at R=4 atomic units, and this 


aa 
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contribution grows to 66% at large values of R. The Unsold, improved, and 
exact series in Hartree atomic units are: 


ee! ieee See Sts 150 
Unsold: eee ee us 
nso BE; : E + Ri ar Re 4 Ri | Phy: (4) 
a weit l = 8-8789\ 1 ee 18150 
Improved: F,= — — -7803 : : Jie 
p 2 =[( 7803 + 30 \a + Ri + Rs + 7 | ok Sas (5) 


Exact: pees: eetan 2 2285 9309 

; DRA Ree Rei 4 RE, 

One way of comparing the approximations with the exact expression is to 

equate the coefficients of R~ in (4) and (5) with the corresponding coefficients 

in (6). For each term a different value of « and e’ is thus obtained, and these 

values, e, and e¢;' are listed in table 1. The index / refers to the power to which 

R- is raised. The quality of the approximation is reflected in the constancy of 
the values of «, and «,' as functions of J. 


Table 1. «, and e/ 


l 4 5 8 10 
€, (Unséld) 0-889 1-200 137i 1-481 
€, (Improved) 1-156 1-200 e375 1-481 


‘Since the R~ term is dominant for all except small values of R, it is customary 
to choose « so that the coefficient of this term will be exact. This choice, as table 1 
shows, means that the coefficients of the higher powers of R~! will be much more 
accurate in the improved series than in the Unsdld series. Table 2 lists the values 


of EF, for intermediate values of R. 


Table 2. E, x 10-4 (Ryd) 


R 4 5 6 7 8 9 10 
E, (Unséld) 290 93°8 40:8 20°9 es, 7230 4-73 
E, (Improved) 264 88-7 39-4 20:4 Ade 7:20 4:68 
Ey (Exact) 233 Som 38°8 20:3 11-6 TAT 4-66 


3 Oe ee SS ee a eS oe 


= 


The problem of a helium atom perturbed by a proton was also investigated. 
Here (100| V|210)?/Eyo) — Ex19 contributes 20% of E, at R=4a.u. anda maximum 
of 25°% for large values of R. The exact calculation of this term had very little 
effect on the Unsild series. ‘This is essentially due to the stronger effective nuclear 
force field and to the larger energy gap between the ground and excited states. 


Physics Department, H. L. Kyue.t 
University of North Carolina, E, MERZBACHER. 
S. Chapel Hill, North Carolina. 
lst September 1959. 


Datcarno, A., and Lewis, J. T., 1955, Proc. Roy. Soc. A, 233, 70. 
1956, Proc. Phys. Soc. A, 69, 57. 
UnsoLp, A., 1927, Z. Phys., 43, 563. 


_ + Now with the National Aeronautics and Space Administration, Washington, DCs 
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REVIEWS OF BOOKS 


General Circuit Theory, by GorboN Newsteap, Methuen Monographs. Pp. 
viit+ 144. (London: Methuen, 1959.) 15s. 

This book is concerned, essentially, with electric circuit theory and it starts — 
directly with the concept of a two-terminal impedance Z. The origins of this 
concept, in Maxwell’s field equations, is not considered, nor is the conversion 
of a field problem to a topological (circuit) problem investigated and justified, | 
A further restriction is made, inasmuch as the steady-state impedance Z(jw) | 
is taken as the starting-point, and not the differential equations of electric fields | 
or even of circuits. | 

These could well be points of criticism but, on second thoughts, they are | 
perhaps justified here; for this is a short monograph and, presumably, intended | 
as a brief and practical guide through the subject—which is, after all, circuits. | 

But the lack of a fundamental approach has led the author into a number of | 
serious omissions and limitations. For example, dealing with electro-mechanical | 
analogies, he lists only one set; namely ‘voltage’ analogous to ‘ force’, 
‘current ’ to‘ velocity ’, etc. The dual analogy is omitted. It is curious how this / 
widely-held belief persists—that there is only one set of analogies (inductance- | 
mass, for example, forgetting that the dual, capacity—mass, holds an equal claim), 
For electricity and mechanics are quite distinct ‘ worlds’ and in the Lagrangian 
function (7— U) either the kinetic energy T or the potential energy U can be } 
assumed to correspond to magnetic energy. 

Even though we accept restriction to circuits here, surely the Principle of | 
Duality deserves a most prominent place? But it is not listed in the Index. 

A considerable part of this book concerns four-terminal circuit theory and | 
contains the conventional, classical, theory of such circuits and their interactions | 
when connected together. 

The latter half of the text concerns circuits not in the steady state and, 
continuing with the steady-state impedance concept as fundamental, the approach 
is that of Fourier transforms, followed by Laplace transforms. It is true 
that circuit theory forms an admirable means of illustrating the theory of fune- 
tions of a complex variable, and this the author does well. He refers also to 
the analogy with potential theory (leading to the electrolytic tank analogue 
computor), the origins of which go right back to Felix Klein in 1881. 

The book ends with a chapter of 10 pages on the subject of non-linear 
circuits—and what can be said in such a short space? The author wisely 
restricts himself to sketching certain approximation methods. He also repeats 
that common saying: ‘No general theory of non-linear circuits has been 
developed.” In one sense this is true: but there have been a number of general 
theorems produced relevant to non-linear circuits. : 

Remembering that this is a monograph, it will be of use mainly to thos 
people already thoroughly grounded in electricity and magnetism, and in electro- 
magnetic field theory. COLIN CHERRY 


Transistor Electronics, by A. W. Lo, R. O. ENpREs, J. ZAWELS, F. D. WALDHAUE 
and C-C. CHENG. Pp. xii+521. (London: Macmillan, 1958.) 45s, _ 


The Macmillan edition of ‘ Lo et al.’ is identical with the original versigp 
first published in 1955. To workers in the fields of transistor circuits an 


Reviews of Books 167 


device electronics it is a long-familiar friend; of the many books now available 
on transistors it is one that has stood the test of time remarkably well and is 
likely to be of value for some time to come. ‘The reasons for the wide regard 
earned by the book are to be found in its broad yet basic coverage of most 
aspects of the transistor field. It still gives perhaps the best introduction both 
to transistor circuits and to the simpler aspects of device theory. 

The book begins with a simple presentation of semiconductor properties, 
p-—n junction theory and transistor action, including some indication of device 
construction. Of necessity, recent developments such as the drift transistor 
and four-layer structures are not included. A comprehensive treatment is then 
given of the d.c. characteristics, small signal parameters and low-frequency 
equivalent circuits of transistors, followed by a systematic analysis of transistor 
amplifier configurations in active four-pole terms, and some discussion of noise 
considerations. Practical amplifiers are treated in detail: after analysis of d.c. 
biasing requirements, low-frequency small- and large-signal amplifiers are 
examined at some length, with particular attention paid to methods of inter- 
stage coupling. A central feature in the book in the presentation of the high- 
frequency properties of transistors in terms of the ‘ physical ’ equivalent circuit 
representation of the various frequency dependent mechanism, At the time 
of writing this material was a major contribution to transistor circuit theory and, 
although there have since been extensive further developments, it still stands as 
a basic work of reference and gives a good introduction to such aspects of the 
transistor. The three concluding chapters are on oscillators, modulation and 
demodulation, and pulse circuits. The last is now of little but historical interest, 
being concerned mainly with point-contact transistors; only a sketchy treatment 
of the transient switching properties of junction transistors is included. 

_ The book can be recommended to the beginner as a good introduction to the 
more basic aspects of transistors and transistor circuits. It is also a useful 
reference on equivalent circuit representation of the device and on active four- 
pole analysis as applied to the transistor. Despite the number of contributing 
authors the presentation is uniformly good, systematic and readable, and it is 
well illustrated throughout. A. R. BOOTHROYD. 


An Introduction to the Kinetic Theory of Gases, by Sir JAMES JEANS. Pp. vit 311. 
(Cambridge: University Press, 1959.) 17s. 6d. 


The volume under review is a paper-backed edition of the original, which 
was published in 1940. It contains a simplified version of the well-known 
Dynamical: Theory of Gases, the emphasis being on the physical rather than 
the mathematical side. Apart from an account of experimental measurements 
of the Maxwellian distribution in gases, it does not depart in essence from the 
original treatise in being essentially classical in outlook—the word ‘ quantum ‘ 
does not appear in the index. It remains however, a valuable book, within its 


hosen terms of reference, and the appearance of a cheap edition will be widely 
welcomed. M. BLACKMAN. 


Nuclear Reactor Physics, by R. L. Murray. Pp. xi+317. (London: Macmillan, 
me. 1959.) 30s. 

| This book by Murray was first published in the United States two years 
ago and now appears at about half the American price as an edition printed in 
urope.. This considerable reduction is welcome and it will be interesting 
to see if the practice becomes more widespread, ‘It may introduce a certain 
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reluctance to buy new American books at their home price, but even this could 
be good if it produced a more rapid introduction of the European rate, 
For people familiar with Murray it is sufficient to state that the new printing 
‘s identical with the old one in all detail except possibly the quality of the paper. 
For prospective new readers, a few words about the contents may not be out 
of place. It provides a useful introduction to those calculations in reactor 
design which are concerned with the production and loss of neutrons. The 
early chapters deal with the elements of neutron behaviour in moderators and 
in multiplying media. Neutron currents and fluxes are introduced, together 
with the elementary features of slowing down and diffusion; one-group diffusion 
theory is used to illustrate calculations of critical-mass and flux distributions. 
A chapter on the heterogeneous reactor is followed by one on two-group diffusion 
theory and there is also some discussion of the influence of temperature on 
neutron multiplication. It is, of course, very well known that the delayed 
neutrons from fission play an important part in settling the way a reactor behaves 
following a change in the amount of neutron absorption. Murray gives the 


differential equations for a few operational cases and mentions also the use of | 


electrical circuits for the simulation of reactor behaviour. There is no doubt 
that simulators of electrical and other types are most valuable instructional tools 


for reactor engineers and physicists and any discussion of these instruments | 
is to be encouraged. The book ends with a chapter on transport theory and | 


one on multi-group methods of calculation. These chapters are, to some 
extent, away from the main theme but serve a useful purpose in indicating, and 


no more is required in an introductory book, the more complex methods of | 


calculation which call for the use of electronic computers. 


In this book, Professor Murray has presented an attractive introduction to 


neutron calculations. He does not claim more than this and readers wanting 
information on basic nuclear ideas or on the materials and thermodynamic 
aspects must look elsewhere. J. WALKER. 


Cryogenic Engineering, by R. B. Scott. Pp. xi+368. (Princeton, New Jersey, 
Toronto, London, New York: Van Nostrand, 1959.) 42s. 


. The author of this book is well known as the head of the U.S. Bureau of 
Standards Cryogenic Engineering Laboratory at Boulder, Colorado, where he 


has been concerned with the development of equipment for the liquefaction and — 


storage of hydrogen on a gigantic scale. His book contains impressive sections 
on the Boulder liquefiers, capable of an output of 320 litres of liquid hydrogen 
an hour, and on transport vessels of 5000 litres capacity, but in the main his 
concern is with ordinary laboratory work. His outlook is thoroughly practical 


—the first paragraph in the section on ‘Leak hunting and repairing’ is headed | 


‘Determining that a leak exists ’—and there are many detailed drawings of such 
things as valves and vacuum seals for low temperatures. ‘The final chapters on 
the properties of cryogenic fluids and of structural materials contain many useful 
tables and graphs. , 

The book suffers a little from the attempt to provide something for everybody. 
It is unlikely that many readers will need to be told how a rotary pump or a McLeod 
gauge works. Nevertheless, this is a very useful book, as much for readers in 
this country as in the United States. ‘There is much to be learnt from modern 
American technique, with its emphasis on well-engineered apparatus which can 
be assembled and taken to pieces easily and quickly. A, H, COOKE, 
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Atomic Polarizabilities 


By D. PARKINSON 


Department of Applied Mathematics, The Queen’s University of Belfast 


Communicated by D. R. Bates; MS. received 13th August 1959 


Abstract. An antisymmetrical Hartree approximation is applied to the calculation 
of the polarizabilities of lithium and beryllium and of various ions iso-electronic 
with atoms of the second row of the periodic table. The results are in harmony 
with the available experimental data. 


§ 1. INTRODUCTION 


of the neutral atoms from boron to neon, their results being in satisfactory 
agreement with the available experimental data which refer to oxygen, 


nitrogen and neon. It seems desirable to extend their calculations to further 


: systems. 


Riera: Dalgarno and Parkinson (1959) have calculated the polarizabilities 


§ 2. "THEORY 


The Hartree self-consistent field method is equivalent to the assumptions 
that, if H is the Hamiltonian operator and E, the associated eigenvalue of an 
N-electron system, the operator (H'—E,) can be written in the form 


(H-E,)= > (H,—«;') EET) 
where ei 
He INO, iter bien re ae ee (2) 


r, being the position vector of the ith electron, and that the unperturbed wave 
function ;, can be written as the product 

PS 
N 
bo= u u,(a’) eeeeee (3) 

i=1 

where a’ denotes the set of quantum numbers required to specify the orbital u,. 
Then according to the antisymmetrical approximation (Dalgarno and Parkinson 


1959), the polarizability is given by 
| N “ 
_ Ey {(u®, fas) —  (u, hts) (u, uo} vee At (4) 
- i=1 tA5 
where u,® is the well-behaved solution of 
a , 
P (H;— <9’ )u(r,) + hu(r;) =0 ssee0+(5) 
and h,=r,cos6, Writing the quantum numbers a‘ more explicitly as (nlm) 
‘and putting u{° and uw; in the forms 

| u{(nlm) = Rya(?;)1,m(8i) wT og ee) 
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(d+1+m)(J+1—m))\*? : 
ae R,*(7;)@11, (9; 
U; 24 OERIUE 1) nl (r;) 141, m4 ) 


(1+ m)(l—m) |}? eT AG Py 7 

SOCEM ea nl (7;) otha i) Cache ( ) 
where ©, ,, are spherical harmonics as defined by Condon and Shortley (1935), 
equation (5) separates into a pair of uncoupled differential equations 


RB 2d [ol (U2 yaa 
{Street ln Wer) — ef Rut r= MBult) oo 8) 
Bove uth ed Bho cae | 
[oe ee) A abun Rul ve 0) 
V, and «,' being defined by the equation | 
ad 2d 
“pe + ar: + V(1;) —€ R,,(7;) =9. Panera (10) 


The equations may be solved by numerical integration (Sternheimer 1954). | 


§ 3. CALCULATIONS 


Polarizabilities have been determined for all ions for which Hartree-Fock 
wave functions are available and which are iso-electronic with atoms of the second 
row of the periodic table. They comprise C?* (Jucys 1939), N-, Na* (Hartree | 
and Hartree 1948), O-+-2+-3+ (Hartree, Hartree and Swirles 1940), Ne?* 
(Garstang 1951), Ne®+-4+ (Froese and Hartree 1957), Mg?* (Yost 1940), 
F-, Al®+ (Froese 1957), Sitt (Hartree, Hartree and Manning 1941) and Ne* 
(obtained by Dr. M. J. Seaton by interpolation). In addition polarizabilities 
have been determined for Li and Be, adopting for Li the analytic wave function 
of Morse, Young and Haurwitz (1935) and for Be the Hartree-Fock wave | 
functions of Hartree and Hartree (1935). 

For the computation of V; from (10) the Hartree-Fock orbitals R,,, were 
fitted by sums of products of polynomials and exponential functions using the 
technique of Appel and Léwdin (1956). The solutions R,,,+(r7) of (8) and (9) 
which satisfy the boundary conditions 


Rii*(0) 2 0, R,i*( 00) exp { iS (2]e,'|)"?r} tae Poh e! 1) 
were then obtained by numerical integration using the Runge-Kutta method. 
The integration was started at a large radius rp according to 


Ryi*(r9)=Cexp{— (Qe! vanes (12) 
| Rot) | =- Cle DCexp{= (ler) (13) 


and the constant C was determined by an interpolation method which ensures 
the correct behaviour of the solution at the origin and which makes use of a series 
of inward integrations. The procedure was tested for the cases of hydrogen, 
which may be solved analytically, and of helium, which may be solved variationally 
(Wikner and Das 1957, Dalgarno 1959). These tests showed that the solutions 
possessed a large degree of stability. All computations were performed with the 
DEUCE computer of Short Brothers and Harland, Belfast, using floating poi 
methods. : 
The use of Hartree-Fock orbitals in the calculations of V, introduces 


. . . U 
difficulty as V; may then be discontinuous at a node of R,,. When this occurre 
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V, was smoothed through the discontinuity. The error introduced by this 
procedure should not be significant except in the cases of highly stripped atoms 
where the 2s contribution is dominant. The values of O?+, O+ and Ne** are | 
consequently rather uncertain. ‘The difficulty can only be overcome by using | 
a much more complicated complete Hartree-Fock treatment (Dalgarno 1959), | 
The results of the calculations are collected in table 1 in which are reproduced 
also the values for the neutral atoms calculated by Dalgarno and Parkinson. The | 
upper value in each pair is that given by equation (4) and the lower value is that 
given by | 
N 

a=2 SuP nue) 8 8 ee (14) | 
i=1 : 

which follows from (4) if the exchange terms are ignored. 
Formulae (4) and (14) are identical when the atom contains only s shells. 


§ 4, DIscussION 


Examination of table 1 shows that there is little difference between the values 
obtained from equations (4) and (14) and so some cancellation of error must be 
occurring in the non-exchange case. A similar result was obtained by Dalgarno 
and Parkinson (1959). It appears probable therefore that the neglect by | 
Sternheimer (1954) of the effect of exchange on the perturbed orbitals is not | 
important. However, as Buckingham (1937) remarked, it is important to include 
the effect of exchange on the unperturbed orbitals, at least in the case of the neutral | 
atoms and negative ions. Thus using unperturbed Hartree orbitals, Sternheimer 
(1954) obtains 3-20 A® for F~ and 0-050 A? for Al?+ compared with the values of | 
1-8 4? and 0-045 A® obtained here using unperturbed Hartree—Fock orbitals. 


Table 2. ‘The Polarizabilities of the Neon Iso-electronic Sequence 
in units of 10-*4 cm? 


Atom ES Ne Nat Mg?+ APS Sift 
Measured — 0-407 WEL AL 0-10} 0-053} — 
Calculated 1:8 0-40 0:16 0-082 0-045 0-027 


+ Cuthbertson and Cuthbertson (1932). 


t{ Mayer and Mayer (1933). (The value given by Mayer and Mayer for Al*+ is 0:53, 
which is clearly a misprint.) 


Table 2 lists the experimental and theoretical values for the neon iso-electronic 
sequence. ‘The agreement is very satisfactory. It is interesting to note that the 
crystal refractivities of ‘Tessman, Kahn and Shockley (1953) are all smaller than 
those obtained for the free state (cf. Dick and Overhauser 1958), the difference 
being greater for the negative ion. 


ll ad 


Table 3. The Polarizability of Lithium in units of 10-24 m3 


Reference a ‘ 
Fues 27 t 
Scheffers and Stark 12 ‘ 
Drechsler and Miiller LOGE 
Sundbom 20 
Dalgarno and Kingston 24-4 
Parkinson 25:0 


Experimental values for lithium have been derived by Scheffers and St 
(1934) using a molecular beam method, by Fues (1933) from measurements of t 


ni 
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Stark effect and by Drechsler and Miiller (1952) from field emission electron 
microscope measurements. ‘They are listed in table 3 which includes also the 
results of theoretical calculations by Sundbom (1958) and by Dalgarno and 
Kingston (1959). Since the antisymmetrizing procedure has no effect in the case 
of s-electrons, the method used by Sundbom is equivalent to that used in the 
present paper, the discrepancy arising from the different analytic representations 
employed for the unperturbed orbitals. The value given by Dalgarno and 
Kingston, which is based upon theoretical and experimental oscillator strengths 
and is probably the most reliable, is in excellent agreement with the value obtained 
here and suggests that the inherent accuracy of the method warrants considerable 
care in the choice of analytic representations. 

There are no experimental data for beryllium but using his approximate 
formulae, Buckingham (1937) has computed a value of 9-3 A? in harmony with 


the present value of 9-6A°. However using a different formula, Knipp (1939) 


obtains a value of 4-143. The magnitude of the discrepancy suggests that the 


polarizability of beryllium may be very sensitive to the effect of exchange. 
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Abstract. By making certain simplifying assumptions a method of analysing the | 
anisotropy of the conductivity of electrons in germanium at high electric fields | 
is presented. The method is applied to Koenig’s data on a specimen having a 
free carrier concentration of 6:5x10'4cm-*. The electron temperatures in 
each valley are obtained and the mobility and population of carriers within the 
valleys are calculated. These electron temperatures are compared with electron 
temperatures calculated from an energy balance equation applied to each valley 
as though it existed independently of the other valleys. The comparison shows 
that there is interaction between electrons in different valleys. Estimates are 
made of the rate of energy transfer between valleys. 


§ 1. INTRODUCTION 


N a recent note, Koenig (1959) has reported measurements on n-type ger- 
] manium of the field dependence of the angle « between the current density 7 

and the electric field FE for high electric fields. His observations extend 
those of Sasaki, Shibuya and Mizuguchi (1958) to lower resistivity samples. In 
particular it was shown that anisotropy occurs in a crystal at a lattice temperature 
of 77°K having a free carrier concentration of 6-5 x 10!%cm~-%. This implied 
that the mean energies of carriers in different valleys were not the same despite 
the effects of electron—electron collisions. As Koenig pointed out, this invalidated 
the interpretation of the experiment performed by the author (Paige 1958) to 
measure the electron temperature using the piezoresistance effect. In the inter- 
pretation it was necessary to assume that sufficient electron-electron scattering 
took place (n=2:5 x 10!cm~-*) to ensure that the free carriers had a single 
Maxwellian distribution. 

The purpose of this paper is to demonstrate a method of analysis, using 
Koenig’s anisotropy measurements, which enables the effective temperature of — 
electrons in different valleys to be calculated. From this information the popula-- 
tionand mobility of carriersin the individual valleys can be obtained. The results _ 
of the analysis applied to a specimen having a free carrier concentration of 
6:5 x 10!cm~ are presented. The variation of electron temperature with field 
obtained from the analysis is compared with that predicted by Stratton’s (1958) 
theory applied to individual valleys. It is concluded that there is a significant 
interaction between electrons in different valleys. An estimate of the rate of 
energy transfer from electrons in one valley to electrons in another is obtained 
and compared with the theoretical estimate of Frohlich and Paranjape (1956). 
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§ 2. THE ANISOTROPY OF THE CONDUCTIVITY OF HoT ELECTRONS 

‘The origin of the anisotropic effects of hot electrons observed by Sasaki, 
Shibuya and Mizuguchi (1958) and Koenig (1959) is believed to be due to 
differences in the rate of power absorbed by electrons localized in different valleys. 
Sasaki ez al. point out that as a result the mean energy of electrons within a valley 
is not the same for all valleys. ‘This has two consequences: (i) the mobility 
relaxation times are no longer the same in all valleys, since the relaxation time 1s 
energy dependent, and (ii) the concentrations of electrons in the valleys are not 
equal because the probability of an intervalley transition is also energy dependent. 


2.1. The Effect of Electron—Electron Collisions 


We will consider the effect of electron-electron collisions on the anisotropy 
experiment for three ranges of electron concentration: 
(1) High electron concentrations: Interelectronic collisions are sufficiently 


numerous for the energy distribution of the electrons to be Maxwellian and the 


same for all valleys. 
(2) Low electron concentrations: The distribution function is not affected 


by interelectronic collisions. It departs from Maxwellian and in general differs 
| from one valley to another. 


(3) Electron concentrations intermediate between (1) and (2): The dis- 


tribution within each valley is Maxwellian but the valleys are characterized by 
| different electron temperatures. 


a 


For electron concentrations in range (1) no anisotropy would be observed, 
while for electron concentrations in ranges (2) and (3) anisotropy would appear. 

Range (3) is thought to exist because the acceleration due to the electric field 
is the same for all electrons within one valley but differs between valleys. Further- 
more, due to differences in the Bloch functions of electrons in different valleys, 
it is feasible that the interaction between electrons localized in different valleys 
may be less than the interaction between electrons localized in the same valley. 

In the following analysis we shall assume that the distribution of electrons 
within each valley is Maxwellian, that is the electron concentration is in range (3). 

While the actual distribution within a valley may depart from a Maxwellian 
distribution it is unlikely that these departures will be so significant as to render 
the results of the present analysis meaningless. 


a 


2.2. The Temperatures of Electrons in Individual Valleys 


For n-type germanium, with the electric field in the (100) direction, the 
power absorbed from the field in each of the four valleys is equal, hence their 
electron temperatures will be the same. In the anisotropy experiment the field 
was applied at an angle 6 to the [001] direction inthe (110) plane. Sasaki, Shibuya 
and Mizuguchi (1958) found that the anisotropy was a maximum for 6=30°. 
For this direction of applied field and for low fields the ratios of power absorbed 
in the 111 valley to that in the 111, 111 and 111 valleys is 1<3-6, 3:6, 4:6 
respectively. This estimate is based on an isotropic relaxation time and 
m,|m, = 20, where m, and m, are the effective masses parallel to and perpendicular 
to the symmetry axis of the ellipsoidal constant energy surface. For high fields, 
because the population of the 111 valley is increased relative to the other valleys 
and because the relaxation time within this valley is high compared with that in 
other valleys, E tends towards the 111 direction—a direction in which the power 


ee br 
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absorbed in the 111, 111, 11] valleys is identical. We see, therefore, that it is 
not unreasonable to assume that the power dissipation in the 111, 111 and 111 
valleys is the same for all fields. This leads to a complete description of the 
electron distribution by two electron temperatures—the low temperature being 
associated with the distribution in the 111 valley, the high temperature being 
associated with the distribution in the other three valleys. It will be seen that 
the assumptions regarding the Maxwellian distribution of the electrons in valleys 
coupled with the assumption that three valleys are at the same temperature are 
basic to the simple method of analysis of the anisotropic experiment to be 
presented. 


§ 3. THE ANALYSIS OF THE ANISOTROPY EXPERIMENT 


In the anisotropy experiment two pieces of information are obtained on a 
specimen at a given field. They are the conductivity measured parallel to the 
filament o, and the anisotropy angle «. In this section we shall relate op and « 
to o,, and o,,, where o, is the conductivity of a single valley for the electric field 
vector perpendicular to the symmetry axis of the ellipsoidal constant energy 
surface and | and h label low and high temperature valleys respectively. ‘This 
notation for referring to the low and high temperature valleys will be used 
throughout this paper. 

Referred to a 100, 010, 001 coordinate system the symmetrical mobility 
tensor, {,,, has the elements shown in table 1 for the four valleys. The current 
density due to electrons in the 7th valley has components 


iPS aa Ii dHas' Eg 


where q is the electronic charge and 7; is the concentration of free carriers in the 
ith valley. 


Table 1 
Valley joi M22 M33 Mig 13 Has 
lati A A A y y 
hilt A A m\ iN ad é 
hiit A A A —y y -y 
h 111 A A A y -y -y 


A=F(mn +244), y=R(un—ey) 


The contribution of all four valleys to the current density is 
Far Bini C2 2b po ccna i (1). 


Referring to the [100], [010] ee r001) components as 1, 2, 3 and using the 
form of z,, given in table 1, and taking the 111, 111 and 111 valleys to be at he 
same temperature we have from equation (1) 
J = (mp + 3myy Ey + (1 — Mn) (Eo + Es)}, 
Jo=GK(tyhy + 3A, Eat (M1 Mya )(Er+ Es) eee. (2) 
T= QM, + 3p Es + (my — MV) (Ey + E5)}. 


Boe the particular geometry that Sasaki, Shibuya and eo (1958) us use 
the components of current are 


J,=J cos6, J,=ZJ, =Jsin 90s 45°, 
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since the current is restricted to flow parallel to the filament; @ is the angle defined 
above and J is the total current density flowing in the filament. Since J,=/Js, 
it follows from equation (2) that E,=F,. The components of the field are 


Ep : 
E;=cos (8+ €) eee ; Epesisesin (0+) =P COR45 Af he (4) 


COS 


Here Ey is the field measured parallel to the filament and is related to the total 
field in the specimen by Ep=EF cose and to the conductivity parallel to the 
filament by op=J/Ep. We introduce the parameters x and y defined by 


x= [my + 3myAp | @ =o, +3, 


— be 
and y= [mi — nn] (“) =01;—%1p: 


Substituting x and y in equation (2) and for J and E using equations (3) and (4), 
and rearranging we have 


Codp Cos € cos 45 °[sin 8 — cos O tan (6+ €)] 


a (6+) +sin (0+ «){cos 45° —tan (04-4)\ 2 "a5 Heo (6) 

d 5 oh —— eee eR . i i fo) 
an x Saeaaae) [coop cos 8 cose — 2ysin (@+e¢)cos45°], «+++. (7) 
acre C= yA and co=pyly, tenes (8) 


For an isotropic relaxation time 
| 6, =3 (pig [pry + 2) B= 1-46 and. cy = 3(}4y/H4y — 1) 4 = 3°16, 


c, and c, are independent of temperature except when two or more scattering 
processes are occurring, at least one of which has an anisotropic momentum 
relaxation time. An example in which this occurs is mentioned below; we 
shall treat c, and c, as independent of temperature. 

From equations (5), (6), (7) and (8) o,, and o,, can be obtained in terms of 
the measured parameters op and «. We shall now obtain o,, and o,, in terms 
of the temperatures of electrons, 7, and 7,,. 

The free carrier concentrations in the low and high temperature valleys are 


given by 


a 


my =4ANCA fir t etal (9) 
ty = ENA Lm +E tts (10) 


where N is the total concentration of free electrons, ny +37. 7 is the relaxation 
time associated with an intervalley transition, and <1 /7) represents the probability 
of such a transition per unit time averaged over the electron distribution within 
the particular valley to which the subscript refers. In obtaining equations (9) 
and (10) use was made of the fact that 7 is several orders of magnitude smaller 
than the duration of the experimental observation (~ 1 psec), so we may assume 
‘that the populations in the valleys are determined by the steady state equation 


m (1/7) =% (1/7) 


‘since for conditions of interest the transition probability is independent of the 
occupancy of final states. The energy of the intervalley phonon operative at 
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low temperature has been determined by Weinreich, Sanders and White (1959) 
to be 0:0273 ev. We evaluate (1/7) for a given lattice temperature over a range 
of electron temperatures using the relation for (1/7) given by Herring (1955) 
for a discrete phonon process. ‘This is then fitted by a simple empirical relation 
between (1/7) and the electron temperature T in certain temperature ranges. 
Having obtained m, and m, in terms of 7, and 7), it remains to write ,, and py, 
in terms of these two temperatures. For acoustical mode scattering we have 


wa(Tr T)= HoT) (FY res (11) 


where jip, is the zero field mobility due to scattering by acoustical modes and 
T,, the lattice temperature. For ionized impurity scattering 


aCe) Ste) (=) aan (12) 


where 1,,(7;,) is the zero field mobility due to ionized impurity scattering. The 
relationship for optical mode scattering, which is taken from Stratton (1958), is 


Ho Ty, T) = Moo Tr) No(2 + Yo+ 2%0 Yo PA +e eee (13) 


Here y,=9,/T,, y=96,/T, where 6, is the optical mode temperature taken as 
400°x. N,, the equilibrium phonon density is [exp y;—1]~* and 


A= (24+ +0-25y2)([N, + le” + N,) + 0-257" exp (4y)Ki(4y)([N, + He —N,), 


where K, is a Bessel function and p),(7;,) is the zero field mobility due to optical 
phonons. 


§ 4. ELECTRON TEMPERATURES DEDUCED FROM THE ANISOTROPY EXPERIMENT— 
ANALYSIS OF KOENIG’s DATA 


In this section the method of deducing electron temperatures from the 
anisotropy experiment will be applied to Koenig’s data on a sample at 77°K and 
300°K which had a free carrier concentration of 6-5 x 10!4cm~. 


4.1. Lattice Temperature of 77°K 


It is found that at a lattice temperature of 77°K the relation between (1/7) 
and T can be represented by 


(1/7) =2-47 x 108(T— 90) sec 


in the electron temperature range 140°k to 400°k within an error of less than 
2%. ‘The approximation is made that the mobility is given by summing the 
reciprocals of the mobility for the individual scattering mechanisms. 

‘The following values are used for the zero field mobilities: 


Boa = 3°84 x 104cm?v-tsec, — upp = 7-00 x 104 cm? v-! sec 
and ju), = 6:81 ¥ 105 cm? v—! sec—1, 


The zero field lattice mobilities are extrapolations using Stratton’s (1958) equa- 
tions. ‘These incorporate a ratio R of the interaction constant of an optical phonon © 


+The interaction constant between the electron and the intervalley phonon, ws, is 
taken as 10" sec-! from the work of Weinreich, Sanders and White (1959). "The accuracy 


with which Wy has been determined is low, but since 1 and my are independent of the value — 
of w,, it is unimportant in this instance. 


Hot Electrons in Germanium 179 


with an electron to that of an acoustical phonon with an electron of 0:14. The 
zero field impurity scattering mobility is then determined from jup,, }4),, and the 
observed low field mobility. cae 

The solid lines of figure 1 show the variation of valley temperature with the 
measured field deduced from the analysis. Below 140°K the curves are extra- 
polated to the lattice temperature at zero field. Figure 2 shows the ratio of the 
concentration of electrons at a given field to the concentration at zero field for the 
low temperature valley, 7,/7), and for one of the high temperature valleys, m, /7. 
Also displayed is the ratio of mobility to zero field mobility, as a function of 
applied electric field, for both types of valley, p4/u) and p/u9. The curves 
shown in figure 2 are obtained using the electron temperatures shown in figure 1. 


0 = i a 7 | 
| | W=65xl0%cm™ | rr us 
T=77°k | ay 


N=65x10% cm? 
T=77°K 


26.—-?-- FF 


0) 02 0-4 0-6 08 10 0 02 0-4 06 08 
| Ey, (kv cm") Ey (kv cm”') 


line, calculated from § 5, acoustical mode at 77°K. 
scattering; broken line, calculated from §5, 
acoustical plus optical mode scattering. 

The anisotropy of the relaxation time of ionized impurity scattering has not 
been taken into account in the analysis (Ham 1955, Laff and Fan 1958). The 
anisotropy is in such a direction that it reduces the anisotropy of the mobility 

arising from the anisotropic mass. The effect of this anisotropy of the relaxation 
times of ionized impurity scattering, combined with other scattering mechanisms, 
is to make c, and c, of equation (8) dependent on T. However, the temperature 
dependence of c, and c, is very slight at low 7’ and absent athigh T. Incorporation 
into the analysis only increases the separation of the 7), T,, curves by a few per 
cent at low field and has no effect at high fields. 


4.2. Lattice Temperature of 300°K 

The empirical relation between (1/7) and T obtained for a lattice temperature 
of 300°K is (1/r)=4:2x 10°(T+90) sec. It gives a fit to the calculated 
(1/7) within an error of 4% in the temperature range of 320°K to 520°K. Using 
the same procedure as in the 77°K example the values used for the zero field 
mobilities are: 
Loa = 4:98 x 10? cm? vt sec™, My = 1-97 x 104 cm? v-*sec 

and pot = 5°4 x 10° cm? v1 sec. 


1-0 


e 1. The variation of electron temperature Figure 2. The ratios of the electron concen- 
with electric field. Crystal at 77°K. Full tration and mobility in a valley as a function 
line, calculated from Koenig’s data; dotted of field to their values at zero field. Crystal 
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Figure 3 shows the variation of valley temperatures with the measured field. 
The curves have been extrapolated from 320°k to the lattice temperature at zero 
field. 


500; ] T 7 
W265 xl0"cm= / 
7 =300°K 


in 


‘ oa Sats 
ao 05 10 1S 20 25 
E_(kv cm-!) 


Figure 3. The variation of electron temperature with electric field. Crystai at 300°x. 
Full line, calculated from Koenig’s data; broken line, calculated from § 5, acoustical 
plus optical scattering. 


§ 5. ELECTRON TEMPERATURES DEDUCED FROM THE 
RaTE OF ENERGY ‘TRANSFER 

In order to have some guide to the extent that electrons in different valleys _ 

are interacting the electron temperature has been deduced assuming that the 

electrons within one valley are not influenced by the presence of electrons in 

other valleys. Stratton (1958) has given the following relation for the balance 

of rate of energy gain from the field to rate AU loss to the acoustical and optical 
lattice vibrations: 


— Moa 


nw te 


where s is Bie velocity of longitudinal sound waves, k is Boltzmann’s constant 

and m is the effective mass of the electron. From this equation a relati 
between T and a can be obtained for a given lattice temperature. We f 
to PUBS value of (BE, 
dividual valleys. 


which i is Proportional to the rate aie 


“r etd it i aye . 
ser hes 


DEST 
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one of the high temperature valleys (111) using equation (16), and the two 
corresponding temperatures found which satisfy equation (14). These have 
been plotted as broken lines in both figures 1 and 3. For comparison the valley 
temperatures deduced assuming that only acoustical mode scattering takes place 
(R= 0 in equation (14)) are plotted in figure 1. 


§ 6. DISCUSSION 

It is apparent from figure 2, which shows the relative effects of valley population 
and of mobility, that changes in valley populations have an important effect on 
the overall mobility of a crystal, particularly at low fields. The rate of change 
of valley population with field decreases as the field increases; this can be seen 
in figure 2. At still higher fields the anisotropy decreases (Koenig 1959, Sasaki, 
Shibuya and Mizuguchi 1958). It is clear, then, that at these high fields the 
valley populations tend towards the normal thermal equilibrium value. This is 
due to the absence of a rapid divergence of T,, and 7, at high fields which would 
be required to compensate for the decrease of d(1/r)/dT at high electron 
temperatures. 

The remainder of the discussion is centred on a comparison of the electron 
temperature deduced in §4 with that deduced in §5. ‘This comparison leads to 
an estimate of the rate of energy transfer between valleys. 


6.1. Comparison of Electron Temperatures deduced in §4 with those deduced in §5 


Two conclusions can be drawn from an inspection of figures 1 and 3 where 
the electron temperatures deduced in §4 and §5 are presented for comparison. 

Firstly, because the temperatures deduced from §4 fall on or between the 
temperatures deduced in §5 we have a clear indication that the form of the energy 
loss process is correct. For example, if electron temperatures are calculated in 
$5 taking into account acoustical mode scattering only, then the rate of increase of 
electron temperature with field is increased by an order of magnitude (see figure 1). 
Neglecting the effect of optical mode scattering in the analysis of Koenig’s 
data affects the calculated temperatures by less than a factor of 2. This is due 
to the fact that in the calculation of §5 it is the relative efficiency of the optical 
phonon in transferring energy which is important while in the calculation of 
- §4 it is the relative efficiency of the optical phonon as a scatterer of momentum 
which is important. ; 

Secondly, we may conclude that interaction between electrons in one valley 
with electrons in another valley is significant. ‘This is simply because the electron 
temperatures deduced in §4 do not fall on but are between the temperatures 
deduced in §5. An estimate of the rate of energy transfer between valleys is 
made below. Ohh 

A noticeable feature of both figures 1 and 3 is that as the electron temperatures 
rise the temperatures of the hot valleys deduced by the two methods show an 
- increasing divergence whereas a corresponding divergence is not seen between 
the low temperature curves. While it would be unwise to place too much 
emphasis on this, since it may be reflecting the inapplicability of some of the 
assumptions made in the analysis, it suggests that either (i) scattering mechanisms 
other than those included are important at high electron temperatures, or (ii) 
the electron interaction with optical modes is slightly stronger than that given by 


J R=0-14. 
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6.2. The Rate of Transfer of Energy between Valleys 

From the information presented in figures 1 and 3 it is possible to make an 
order of magnitude estimate of the rate of energy transfer between valleys. ‘T'wo 
possible mechanisms are: 

(1) Energy transfer by a collision between two electrons in different valleys. 
The net rate of energy transferred by this process from a valley at a temperature 
T,, to a valley at temperature 7, is designated by m,Pee(T}, 7)). | 

(2) Energy exchange by intervalley transitions. ‘The net rate of energy | 
transferred by this process from a valley at temperature 7), to a valley at tem- 
perature T, is n,Pex(Ty, 1). 

Consider the situation with a field E, applied to a specimen. At this field 
the temperatures of the valleys are 7;, or 7, and in the steady state 


PPT EY) CRT) era Tyres De ee (17) 
and a P( Tc FE \SePo(T enh el Tests \dokege( Ded lee cet (18) 


Here P, is the mean rate of energy transfer from an electron to the lattice and 
P(E) is the rate of absorption of energy by an electron from the electric field E 
(see equation (16)). ‘These equations are coupled by the conservation of energy 
in transfer between the valleys, and since there are three valleys at 7;,, the relations 


are 


32, Pee( 1,3 11) =Mbeel( 1 pd; ands 3ngPes(T,; T= 1, Pex(1 3; 14): 


If there is no interaction between electrons in different valleys, then the tem- 
peratures 7,, and T ,would be achieved by applied fields different from F,. This 
is the situation considered in § 5 so that the field necessary to achieve a temperature 
T, in the high temperature valley, Z,’, and the field necessary to achieve a tem- 
perature 7, in the low temperature valley, E,’’, can be seen directly from the 
broken line curves of figures 1 and 3. Then 


= PUT AK Vt) = 0h eee eee (20) 
~ and oP (DiRT \ PLT) al) bones (21) 


Equations (17), (18), (20) and (21) give the total rate of energy transfer between 
the valleys in terms of known quantities, 


Pally, Ti) tia ty ert ea Ee ea ee (22) 
and Poet Dy \aaPesl ToT acP Tes Ba A Fa |e 1 geet (23) 


These equations are related to each other by equation (19). Calculations of 
Pee+Pex show that in general equation (19) is not obeyed. This is another 
manifestation of the feature previously noted, that there is a divergence between 
the two methods of calculating 7, without a corresponding divergence in the — 
calculation of 7,. We shall determine Poe + Pex at a given field by adjusting the 
value of R used in the temperature calculation of §5 so that equation (19) is 
obeyed. 
The results of this procedure for a lattice temperature of 77°K are presented — 
in table 2. The upper half of the table refers to energy transfer in a high tem- 
perature valley, the lower half to energy transfer in the low temperature valley. 
For the low field example, only a slight change in R was required to satisfy equation © 
(19) whereas a significant alteration (17°%) in R was necessary for the higher 
field. Pex is calculated from a knowledge of the intervalley transition probability 


| 
| 


\ 
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and the energy of the intervalley phonon (Weinreich, Sanders and White 
1959). Essentially, to find, say, Pex(7\,, 7;), the rate of supply of energy to the 
high temperature valley by electrons arriving from the low temperature valley, 
by both absorption and emission of intervalley phonons, is subtracted from the 
rate of supply of energy to the low temperature valley by electrons making tran- 
sitions from the high temperature valley. On the average energy is lost to the 
lattice by intervalley transitions and it might appear that another term should be 
added to equations (17) and (18) due to this process. However, this term is 
already incorporated in P, since the value of R (equation (14)) is determined by 
accurately fitting to the observed temperature dependence of the zero field lattice 
mobility which is dependent upon both optical and intervalley phonon scattering. 


Table 2 
E,(v cm") Th (°K) Ti CK) Py (Tn) Pex(Tn, Ti) Pee(Tn, T1) Pee(Tn) 
300 158 132 15 <Pee 2°6 2 
1000 400 223 88 5:6 14 1:6 
Py(TM)) Pex(T, Tn) Pee(Ti, Tn) 
300 158 132) 10 <Pee —6:4 
1000 400 223 34 —7:2 —18 


P’s are in units of 108 ev sec71. 


It is of interest to compare the effectiveness of electron—electron scattering in 
transferring energy with the estimate made from the usual formula for the rate 
of energy loss of an energetic electron, that is 


nArnq* 
Pee(T,) x mks) a rer a Or (24) 


Here « is the dielectric constant and k Boltzmann’s constant. The values of 
Pee (T;,) calculated from equation (24) are shown in table 2. The measure of 
agreement with Pee(Ty, 7) for the lower temperatures is fortuitous, since 
equation (24) is no better than an order of magnitude estimate of the rate of 
energy loss. ‘The changes which had to be made in R to obtain the high field 
estimate of Pee(T,, T;) imply that it is considerably less accurate than the low 


field value. 


Equation (24) appears, therefore, to be a useful means of obtaining a crude 
estimate of the energy loss of an electron due to scattering by electrons in other 


valleys. This is important because equation (24) is used by Frohlich and 


Paranjape (1956) in order to calculate the electron concentration at which the 
rate of transfer of energy between electrons was equal to the rate of transfer to the 
lattice. However, their calculation has to be modified to incorporate the rate 


of energy loss to the lattice by optical phonons. 


§ 7. CONCLUSION 
A method of analysing data obtained from the anisotropy of the high field 
conductivity has been presented. Further, it has been shown how the analysis 
of such data can lead to information on the effect of interelectronic collisions. It 
is clear that a series of observations of the anisotropy over a range of free carrier 


concentrations and lattice temperatures would be rewarding. As an example, 


the analysis has been applied to a sample of Koenig’s (1959) containing 


a 
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6-5 x 10!4cm- free electrons. ‘This has led to the following conclusions for a 
sample having such a free carrier concentration. 

(1) At a lattice temperature of 77°K the population of the low temperature 
valley may increase by as much as 75%. We anticipate, therefore, that when the 
electric field is parallel to a (111) direction the increase in population of the 111 
valley may be ~100%, although no anisotropy would be observed due to the 
symmetry. 

(2) Because of the magnitude of the change of valley population it is clear 
that for directions of E sufficiently inclined to a (100) direction a significant 
contribution to the deviation from Ohm’s law is due to valley population changes. 

(3) Fora lattice temperature of 300°k, the changes in population are decreased 
by approximately tenfold. 

(4) There isa large amount of interaction between electrons in different valleys. 
This interaction has been subdivided into two types—collisions between electrons 
in one valley with electrons in another and the exchange of electrons between 
valleys. Ata lattice temperature of 77°K, for low fields the rate of energy transfer 
due to exchange is negligible compared with the transfer by electron collisions. 
At high fields energy transfer by both mechanisms is important. 

(5) To within an order of magnitude the rate of energy transfer by electron— 
electron collisions agrees with the estimate of Frohlich and Paranjape (1956). 

(6) The estimate of the rate of energy transfer reveals inconsistencies between 
the electron temperatures deduced in §4 and those deduced in §5. ‘These may 
be due to an underestimate of the efficiency with which electrons lose energy to 
the lattice or to the inapplicability of assumptions made in the analysis. The 
inconsistencies are small at low fields and high at large fields, although a change 
of 17% in R removes the inconsistency. ‘This suggests that if the analysis of 
§4 contains assumptions which cannot be made it is because either (i) the dis- 
tribution of carriers within a valley is not Maxwellian, or (ii) the approximation 
to the mobility of summing the reciprocal mobilities is not sufficiently accurate, 
or (iii) Herring’s ‘single phonon’ relation for the intervalley relaxation time 
becomes influenced by other phonon terms. It should be remembered that the 
inconsistency is revealed by a means which is a stringent test on both methods 
used in deducing the electron temperature. The inconsistency is sufficiently 
small to imply that the general conclusions reached are correct. 
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Abstract. Impurity conduction is formulated on a dielectric basis. It is assumed 
here that the condition for the transition from insulator to metal is provided by 
the dielectric catastrophe which occurs through the polarizability of the neutral 
particle. On the basis of the Onsager formula, the contribution to the permittivity 
arising from the hydrogenic donor atoms is calculated assuming all catastrophic 
excited states merge with the continuum. The upper temperature limit of the 
phase transition from N discrete levels to N—1 discrete levels can then be 
estimated and in this way the donor activation energy is found to be a stepwise 
decreasing function of both temperature and donor concentration. 

The dielectric theory is next extended to include screening by the conduction 
electrons. With an appreciable number of carriers present the hydrogen model 
breaks down and there is no polar contribution to the dielectric constant. 
Furthermore, the donor activation energy decreases smoothly and more rapidly 
with increasing temperature and donor concentration than it would do had only 
the unscreened catastrophe been operative in producing the band model. 


§ 1. INTRODUCTION 


having the lattice periodicity and which is formed by all the nuclei (assumed 

stationary) and all the other electrons. Although this picture takes into 
account the Coulomb interactions between charges, it does so in an obscure way. 
Furthermore, as pointed out by Mott (1956, 1957, 1958), the model must fail 
when we have to deal with conduction in an array of very widely spaced, single 
electron atoms since such a substance would be an insulator at the absolute zero 
of temperature. This failure in the band theory must occur through an incorrect 

~ formulation of the Coulomb interactions, and it is desirable to try to reformulate 
the problem in a way which includes these interactions more precisely. Such 
a possibility arises through the use of a dielectric constant since this quantity 
depends explicitly on the Coulomb interactions. 

Here, the problem of impurity conduction in valence crystals is formulated 
ona dielectric basis. For this purpose the donors are considered to be hydrogenic 
atoms with an effective mass m*, the same for all states, The ionization energy 
and Bohr radius of the isolated atom are then 


[ the band model of a solid, a single electron is assumed to move in a potential 


* ot 
I= Fea ORLA Et ME la ah One .(1.1) 
i = 1.2 
a= (3) ~4x10-*cm ait) 


where «, is the dielectric constant of the background valence crystal. In 


+ Based on Electrical Research Association Report L/T.387, 
¢ Now with Ministry of Supply, Royal Radar Establishment, Malvern, Worcs. 
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calculations for Ge, placing «9=16, m* =0-2m leads to the numerical values on 
the right of (1.1) and (1.2). For simplicity, the continuum states of the electron 
are assumed to be plane waves, furthermore, self-energy effects and broadening 
due to the interaction between the electron and background crystal are neglected 
since this interaction is weak in valence crystals. 

The connection used here between a dielectric and a conductor stems from 
a very old idea, namely, that of the ‘dielectric catastrophe’ which arises by use 
of the Lorentz local field in deriving the Clausius—-Mossotti formula for the 
dielectric constant of a non-polar medium (see Frohlich 1949). Thus, at T=0 
all the donors are in the ground state and, as will be shown in § 2, the permittivity 
of the whole crystal plus donors is 


€—€q Aq 
et2e, 36 


where for hydrogen «,=9a,°/2 is the polarizability of the ground state and 
D is the number density of donor centres. From (1.3) it is seen that « becomes 
very large when D approaches the value 

3€, ra 

i) yea Ruane ee ey Ree ke (1.4) 

4mr04 
but for such densities the theory leading to (1.3) is usually considered in- 
adequate since it has neglected short range Coulomb interactions between the 
atoms. It isa basic assumption of this paper, however, when D= D i.e. e> a, 
that the dielectric becomes a conductor. Donor concentrations higher than 
(1.4) would lead to negative values of in (1.3) and these are also associated with 
the metallic state. 

When T'>0, however, the picture becomes much more complicated for, in 
addition to the ground state donors, it is necessary to take into account the con- 
tribution to the permittivity made by electrons in the discrete excited levels. 
This step will be taken formally in §2 where the polarizations of all the levels of 
principal quantum number n=1, 2,3...N will be added to give the total 
polarization of the dielectric. On this basis it is seen, for a finite donor con- 
centration, that the total number N of discrete levels cannot be infinite (as for an 


isolated atom) since an infinite permittivity would result. One could then: 


speak only of the metallic properties of the medium in contradistinction to the 


observation that most media behave both as conductors and dielectrics, simul- 
taneously. 


That N should be finite follows if the excited levels n> N are considered to | 


be catastrophic (in the sense indicated by the Clausius-Mossotti formula) and 


lead to infinite or negative dielectric polarizations. Such levels are to be 


associated with metallic conduction and cannot be included in the calculation of 
the dielectric constant. From what has been said, N is thus defined as the 
highest possible non-catastrophic principal quantum number compatible with 
the given temperature and donor concentration. In this way the permittivity 
of the donors is maintained finite and positive. 

The catastrophe in level m will be shown to occur when 


4 
Fe Antn= 1 ov keer » elas (1.5) 


where «, ~®a,° is the polarizability of the level and 


7 
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= A(T) 2exp (—£,,/RT) 


ee ae a. a (1.6) 
is its population density. In (1.6), A(T) is the number density of un-ionized 
donors at the temperature 7’, 

1 
E=I, (1 zs =) ek (1.7) 
is the energy of the level measured from the ground state, and 
N 
oy(T)= ~ MAEXD Coal R1a)s el cil eal (1.8) 


is the electronic partition function of the bound donor electron corresponding 
to N discrete levels. 

It is not immediately obvious that the catastrophe can occur more readily 
through an excited level than through the ground state because of the exponential 
factor determining 4, in (1.6). To show qualitatively that such is possible at 
the low temperatures (1°-20°K) where impurity conduction is observed, 
compare 4,,~,, for an excited level to A,«, for the ground state. Thus from (1.6): 


ee mae Ty 1 
Aauae exp | we =) | resets (1.9) 
where 7,=J,/k. Hence for temperatures 
eet, (1 — 1/n?) 
ee Silos nae eoeoeevee (1.10) 


the ratio (1.9) is greater than unity. 

For n=2, for example, it is seen from (1.10) that the first excited level can 
become catastrophic before the ground state if T>16°k. Similarly, n=5 can 
become catastrophic before the ground state if T>6-8°K. 

The foregoing discussion for J >0 has overlooked the Coulomb interactions 
between the donor atoms and the conduction electrons. In §4 it will be shown, 
however, that screening by the free carriers modifies the hydrogen model in such 

a way that catastrophes in the excited levels still occur, but at lower population 
densities than if screening were absent. 


§ 2. DreELEcTRIC CONSTANT OF THE DoNoR ATOMS 


When an electric field is applied to the hydrogen atom, the energy of the 
nth level is altered and the degeneracy is partially removed. Considering only 
the linear and quadratic Stark effects, the energy splits into a a of pairs 
of levels given by 


3 w(t) = Ey, £ tn, Fa) — Bn, fn, 208) — ov ve (2.1) 


where m and mare the come and magnetic quantum numbers and A is a positive 
mteger (1<A<™z) which designates the pair of levels considered. ‘Phe quantity 
n,,(m) is the local field acting on the electron in the state (”,A,m). According to 
Sondon and Shortley (1951) the dipole moment and polarizability of this state 


PRs tet TONGA ont A ie epg eee eT (2.2) 
den, (tn) = ag Snt(14n® + 6A —3X2— 9mm? +19)» vevee (226) 
there in (2.2) m assumes a total of A values 


anak) (NRG), O02 = 3 ON a) 


188 D. G. H. Frood 


Each of the pair of levels (2.1) is thus A-fold degenerate. From (2.2.a) and (2.3 
it is seen that A=n leads to n non-polar states while the remaining values of , 
lead to n?—n polar states of the original level n. 

While in principle the partition function of the donor atom in the presence 
of an electric field will alter from its value in zero field, for weak local fields suck 
that 

Patna ae owolor (2.4) 
this change can be neglected. From (2.1) the number density of electrons in the 
upper and lower dipolar states (l< A<n-—1) is thus 


A ; F Mn, adn, a(™) 
A, <%(m)=A, (< ] exp (He sien (2358 
while the number per unit volume in the non-polar states (A=m) is 
n 
An,n= a An, Ok tee ae whine “eek siete (2.6) 


where A,, is given by (1.6). To find the contribution of the donor atoms to thy 
dielectric constant of the crystal, it is now required to find the local field acting 
on each of the particle types in the system. To do this, it is convenient to averagy 
the polarizability (2.26) over the allowed m values. This step will introduc; 
little error into the formula for the permittivity. 

The calculation of the dielectric constant on the basis of the Onsager formul| 
(Frohlich 1949) is then straightforward and will be given here in outline. Thi 
development differs from the usual one for the permittivity of a liquid compose 
of freely rotating dipoles in two regards: (1) because of the background vated 
crystal, the cavity field, reaction field, etc., must here correspond to a spher 
filled with a continuous medium of dielectric constant €); (ii) since the dipole 
have only two equilibrium positions, the average permanent moment in the fiel| 
direction must be suitably defined. | 

The moment per unit volume arising from the polar donors in the state (n,) 


is | 
2A/n®)A | 
phtogl2\ Aula Gai Peas be dine Cell 
ae Line An ASn,a {% : “ (1 - OnrLna RL } e q 
where 
3€s 
E.= 
ae Ber Yaw Doe (2.8) 
is the cavity field and E is the macroscopic field. The quantity 


2(€s ee €o) 1 
€o(Zeg + €o) en 
is the reaction field factor. In (2.9), r,,, is determined from the atomic volu 


of the donors in state (,X). From (2.5) the number density of particles in 
state is 


Ena = 


2A 
ne 


Any = Ans P+ Ang = GA, eae (2.10) 


for weak local fields, so that 
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In a similar manner, the polarization of the non-polar particles in state (n,m) is 


Pp = (n n*)A,, x Ea ceovcce (7942) 


nyT “n,n 
l—«,,¢g s 
“NL,NS TL,N 


where g, , is defined similarly to (2.9) using (2.6). Adding (2.7) and (2.12), 
summing over all bound states of the donor atom and superposing the polarization 
of the background valence crystal leads in a straightforward manner to the weak 
field, static dielectric constant 


(€s — €9)(2es + <9) ~ A,(T) Lon” | 
= Lae ee ape ted OA 
12s ask, {m (—a,g,)kT J See 
where 
Ot Re sg hy ae rer (2,14) 
and 
MSE eae Cie eee (2.15) 
are the average polarizability and (squared) dipole moment associated with the 
level n, and 
An ( 2(es—e) 
| eet 8 é pees Pe 
w= 5 a} 4, (2.16) 


Ee : 3 
is the average reaction field factor for this level. 


: For (2.13) to represent a finite dielectric constant, N must be so chosen that the 


‘factors 1—«,g, are positive for all 1<n<N otherwise a catastrophe will occur 


: in the dielectric constant. Hydrogenic levels having n> N for which 1—z,g,, <0 


are associated with infinite or negative polarizations and hence with the existence 
of conduction in these levels. 

It is easily seen that the infinities in (2-13) are catastrophes in the same sense 
as implied by the Clausius—Mossotti formula (1.3). Suppose for nN that 
1—«,,g,0, then only the Nth term of the series (2.13) makes an appreciable 
contribution to «. Since the catastrophe always occurs through the polarizability, 
the dipolar term in (2.13) may be omitted from the argument. The permittivity 
is then 


(e—e,)(2e+e)  Antn 
127 = ere 
Employing (2.16), we may express (2.17) in the form (1.3) (see Frohlich 1949, 
eqn (6.33)) with Da, replaced by Ayxy- 
It is of interest to compute the donor spacing associated with a catastrophe 
in level N. Use of (2.14) and (2.16) with aygy=1 (€s> 00) results in 
Tage gor ilS Ta emt 

{EF (1+ a)} 5 tees (2.18) 
where ry is the average distance between donor atoms in the level N and ay is 
the Bohr radius of this level. When (2.18) applies, electrons in the levels N 
ill overlap strongly and on the basis of the band model considerable electronic 
delocalization would be expected. On the other hand, the band model also 
redicts a certain amount of delocalization in non-catastrophic levels which the 
resent theory maintains should be completely non-conducting. 


§ 3. Upper TEMPERATURE LIMIT OF THE PHASE TRANSITION 
The problem remaining is to find for a given temperature and donor 
ncentration, the maximum number of discrete levels N. To do this, the 
g her catastrophic levels N+1,N+2,... are assumed to form conducting 


~~ 
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states below and adjoining the ordinary conduction band. When WN levels 
exist the activation energy is Ey ,,, but if the temperature is raised the level Ni 
will become more and more populated until finally at a certain temperature T, 
it becomes catastrophic and merges with the continuum. For T=Ty—6 
there are N discrete levels, but for T= Ty+45T only N—1 discrete levels exist 
and the activation energy diminishes to Ey. 

Strictly speaking, this change in the crystal at Ty should be regarded as « 
phase transition in which the free energy is continuous, but the model discussed 
here is too crude to warrant further investigation of this point. However, the} 
upper temperature limit at which this transition can occur may readily be 
calculated by finding when the population of level N reaches catastrophic) 
proportions. j 

With N discrete levels, the number density ne of conduction electrons is given| 
by the mass action law | 


n= (“ar ) exe ( - 3"). aie. (3.1). 


2 
h On 


So 3x10” 2 
2 10” 3 * 
= a 
(a) 
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«x 
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Now the right-hand side of (3.2) exhibits a minimum and when this value is 
greater than D* there is no solution for Ty and consequently no transition from 
N to N—1 discrete levels for that particular donor concentration. 'The right-hand 
side of (3.2) is illustrated in the figure and it is seen that as D* is decreased the 
quantum numbers of levels that can become catastrophic are increased. For 
example, when D=3 x 107cm-* there are four discrete levels between 14°K 
and 18°xK and three discrete levels between 18°K and 29°K, but the level N=2 
can never become catastrophic. It will be noticed from the figure that, in general, 
there are two solutions for Ty for a given donor concentration. In §4 it will 
be seen, however, that the high temperature solution is without meaning when 
the model is extended to include screening by the conduction electrons. 

On the basis of the hydrogen model, the present discussion shows that the 
activation energy is a stepwise decreasing function of both temperature and donor 
concentration. One may thus form a qualitative understanding of the results 
of Fritzsche and Lark-Horowitz (1954) and Fritzsche (1955, 1958) who found 
for germanium and silicon that the (logp, 1/T) curves exhibited various slopes 
in the temperature range 1°-20°k for D~10¥-10" cm~. 


§ 4. SCREENING 


The foregoing considerations have neglected Coulomb interactions between 
the conduction electrons and the donor atoms. This effect can be taken into 
account by considering that the free carriers (a) screen the long range dipolar 
forces between the neutral donor atoms and so reduce the reaction field, (b) screen 
the donor electron from its nucleus so that the energy (and hence the atomic 
polarizability) is increased. 

The energy of the mth electronic level will then be split into n sub-levels 
(1=0, 1, 2,..., n—1) and the dielectric constant ¢, resulting from the occupation 
of all non-catastrophic sub-levels (n,/) will be a high frequency permittivity. 
This result follows since the degenerate states of (n,/) do not have the correct 
parity to exhibit a linear Stark effect and there can be no polar contribution to 
the dielectric constant in vanishingly weak electric fields (Frood 1958). 

If A,,, is the number density of atoms in (n,1) each of polarizability «,, 
(here a designates screening), the total polarization of the donor atoms is 


[AS Sn Ans 4 ty Aw,t } : a 1 

ay { 2 2, 1G iBn,t e 2 1—éy18N,1 FS, sabe tied 
where N and L are the highest possible non-catastrophic principal and orbital 
quantum numbers. In (4.1) E, and Zn, are the screened cavity field and reaction 
field factor of the level (n, /). 

To obtain a knowledge of these latter quantities, consider in the usual way 
(Frohlich 1949), a point dipole p. at the centre of a sphere of radius a and dielectric 
constant ¢,. Surrounding this sphere is a medium of dielectric constant «, the 
whole being in an electric field E which is uniform at infinity. ‘Throughout the 
whole medium there is a certain number density of conduction electrons 1e, 


which gives rise to screening radii 


ies (ea) oo (4.2a) 
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inside and outside the spherical cavity, respectively. ‘The potentials inside and 
outside the sphere are, respectively, 


sO r r . 
y=" (14+ 2) exp (— 2 ) —Breose ee (4.3 a) 
ee Coos? (14 2) exp(- =) sr Fr c6s Ci pede (4.3 5) 

er? as as 


where (4.3) are appropriate solutions of Poisson’s equation, including the 
boundary condition at infinity. The second term of (4.3 a) is a solution of 
Laplace’s equation rather than a particular integral of Poisson Ss equation, since 
one requires the field inside when the dipole plus its polarizability (which depends 
on the inside space charge) is removed from the cavity. 

The constants B and C are found by the conditions that the potential and 
radial component of the displacement vector should be continuous at 7 =@) 
With 7)=a/a,°, 7 =a/as there results from B the screened reaction field 


Rip. <% tfz\posille btn manaee (4.4) 
where : 
j= 2 ce fl UN 45 
PASE 3 no) TCE Ee Mca ital os 
and the screened cavity field: 
R 1/ 7? 
= as{a—)PK eee 4.6 
hesfinh(E enti 


where in (4.5) and (4.6) g and E, are the unscreened reaction field factor and 
cavity field (see (2.9) and (2.8)), and 


~~ € yn? - 4.7 
path i, a(t on eam a7) 


From (4.6) Ecisseen to be practically independent of 7 and toa good approximation 
the dielectric constant is obtained directly from (4.1) using (2.8). As before, 
a catastrophe in ¢« will occur when ay ,gy,,=1. When «+o (y>0) in (4.5) 
and (4.7) this condition becomes 


Arnis, 
=~ Ay, ray, ,(L+n0)exp(—M)=1 esa (4.8) 


3€, 
but since the factor containing 7 is always close to unity, (4.8) is practically the 
same condition for the transition from insulator to metal as in the unscreened 
case except that now the polarizability depends on the screening. 


If ay, ;, is the Bohr radius of level (N, L), &y 7 will become extremely large 
when 


Cea ee fae ee a (4.9 a) 
furthermore, there can be found no bound state of the electron when 
ds Sapeelad ei arubswiow ees. ugk (4.9) 


At low temperatures screening cannot much affect the levels of low principal 
quantum number and the hydrogen model holds as a good approximation. 
Screening will always be important, however, for discrete levels just below the 
bottom of the conduction band. Thus as J is lowered for a fixed donor 


concentration, more and more discrete levels condense out (see figure) but this — 
process cannot continue indefinitely since it would result in an infinite number 


of discrete levels at T=0. Such an event cannot occur because the Bohr radius 


} 


= 
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Cemmeeer Da an) Wik WMS Bae (4.10 a) 
nereases more rapidly with decreasing temperature than the screening radius 
rey ACL yt eee p el gil penne 2582 Ps (4.105) 


Hence for N<.N’, as°<ay and no more bound states can exist. 

Starting from 7'=0 with all donors in the ground state, the excited levels 

n< N’ are populated to their equilibrium amounts as J is increased to Ty... For 
I> Ty,, however, the uppermost levels become catastrophic through the screened 
polarizability and the activation energy decreases as the temperature is further 
increased, At temperatures where the carrier density is appreciable, the energies 
of the non-catastrophic levels increase considerably and sub-levels of high 
lar momentum move closer to the bottom of the conduction band. The 
rogen model then breaks down and states of low principal quantum number 
become catastrophic at lower densities and temperatures than was estimated 
sglecting screening. 
From these qualitative considerations, it follows that the activation energy 
screases smoothly and more rapidly with increasing temperature and donor 
ncentration than it would do had only the unscreened catastrophe been 
operative in producing the band model. 
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Electron Capture by Protons passing through Hydrogen 


By Nj CG. Stl 


Department of Theoretical Physics, Indian Association for the Cultivation of Science, | 
Calcutta 


MS. received 6th April 1959, in revised form 6th Fuly 1959 


Abstract. A variational method is applied to the problem of electron capture bj 
protons from the ground state of hydrogen atoms. The problem is treated a 
a simplified one-body problem, viz. that of an electron in the Coulomb field q 
two protons, the proton—proton interaction being neglected. ‘The numerics 
results of our theoretical calculations at low incident proton energies are in goo¢ 
agreement with the recent experimental findings of Fite, Brackmann and Snow 
At low incident proton energies our theoretical results agree closely with thos 
of Dalgarno and Yadav, though the methods of approach are different. Furthe} 
our results may, with suitable approximations, be easily reduced to those « 
Brinkman and Kramers or of Bates and Dalgarno and Jackson and Schiff. 


§ 1. INTRODUCTION / 
ap HE importance of the problem of capture of electrons by an ion passint 


through gaseous matter has of late increased in view of its application to tl! 

explanation of spectral lines of aurora and of solar corona. T 
theoretical calculations on electron capture in fast collisions are essential 
based on the Born approximation method of Brinkman and Kramers (1930 
which have been extended by Saha and Basu (1945), Bates and Dalgarno (195 
1953), Jackson and Schiff (1953) and Sil (1954). Bates and Dalgarno am 
Jackson and Schiff in their calculations have included the ion—nucleus interactid 
and they find that in the case of electron capture by protons in hydrogen atoni 
this interaction reduces to about one-fifth of the value of cross section of captu: 
in the ground state at 100 kev incident proton energy. It is not quite clear w 
the ion—nucleus interaction should have such marked influence on the captu: 
probability; Wick (cf. Jackson and Schiff 1953) has pointed out that t 
ion—nucleus interaction can be removed by canonical transformation. Moreov 
it should be borne in mind that the initial and final wave functions are n 
orthogonal to each other; this lack of orthogonality gives rise to ambiguity 
the capture cross section (Takayanagi 1955, Bates 1958) as will be appare 
from the fact that even a constant potential term will give finite values of t 
cross section even though the relevant force is zero. 

The calculations for the capture cross section for slow protons in hydrog 
atoms have been made by Dalgarno and Yadav (1953) based on the perturb 
stationary states method of Bates, Massey and Stewart (1953). ‘The treatment 
the capture problem by these authors as well as that by Gurnee and Magee (195 
are restricted to low velocities of relative motion of the colliding systems. T 
paper derives the expression for the capture cross section of electrons by proto: 
passing through hydrogen atoms by a new variational method which is v: 
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for both moderately high and low velocities of the incident proton, and also 
seeks to illuminate the capture problem and explain the results obtained in 
various other calculations which have been made. The numerical values of the 
theoretical calculations for low incident proton energies are in good agreement 
with the recent experimental results of Fite, Brackmann and Snow (1958). 


§ 2. "THEORY 


We consider the capture of an electron e by the proton B from the ground 
state of the hydrogen atom A+e. Because of the heavy mass of a proton 
compared with that of an electron the collision process is treated as a simplified 
one-body problem, viz. that of an electron in the Coulomb fields of two protons. 
The calculation is made in the coordinate system in which C, the centre of mass 
of the two protons, is at rest while the protons A and B move in straight lines with 
uniform velocities —4v and + 4v respectively; the effect of proton—proton 
interaction is completely neglected. Let R be the position vector of B relative 
to <Aand let r,, r, and r be the position vectors of e from A, B and 
C respectively. We choose the time t=0 when the two protons are nearest to 
each other. 

Initially at t= — co we have the electron attached to the proton A in its 
ground state. The time rate of change of the electron state wave function ¢ is 
given by the time-dependent Schrodinger equation 

.y OY 

Eis = th = a eee (1) 
where H is the Hamiltonian corresponding to the motion of the electron in the 
Coulomb fields of the two nuclei: 

ya (Bort .4), 

2m ae Pe 
h is Planck’s constant divided by 27, e the charge and m the mass of an electron. 
We neglect the proton—proton interaction. 

The value of the ¢ function at t= 00 is determined by the equation (1) together 
with the above-mentioned initial condition. 

The Schrédinger equation (1) may be obtained by making stationary the 
following variation integral I: 


Be 1 fal pot _ 4; op 
T= | (= MH — AbD + nd ih = ‘) aVdt, ...... (2) 


with respect to small arbitrary variations of and ib (x is the complex conjugate 
of 7). The integration extends over the whole of space and time. — 
For a suitable approximation to % we choose a trial wave function pj Which 
is a linear combination of the two ground state wave functions around the two 
protons, the coefficients being left free as functions of time. ‘Thus we write 


i Aig Bib Way G54 Sete (3) 
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dy is the radius of the first Bohr orbit of the hydrogen atom, and « is the binding 
energy of the electron in that orbit. yf, is the normalized ground state electron 
wave function around the proton A and consists of two parts: (1) ¥,,,, due to 
the orbital motion of the electron around the proton A and (2) y4,, due to the 
translatory motion of the electron, i.e. the motion which the electron shares 
because of its being attached to the moving proton. Similarly #,, the normalized 
electron ground state wave function around the proton B, consists of two parts 
Poor and Potrs 

Here we consider only the two main possibilities for the electron state: 
(i) the electron may remain attached to the proton A or (ii) it may be captured 
by the proton B in ground state. 

Besides the above two there are other possibilities, e.g. the electron may be 
left in the original atom in an excited state, it may be captured by the proton B 
in any of its excited orbits, or it may be knocked off the original atom without 
being captured by the proton B (ionization without capture). ‘The probabilities 
of these latter processes are assumed to be small. 

In the variation integral (2) we substitute for % its trial value ¥, the space 
part of which is specified already and we have the freedom of arbitrary variations 


of A(t), A(t), B(t) and B(¢) only. We may now write 


T= | La, 


where 
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fa= | dueaV che aise (5c) 


hi» fo and fs are all real. 


Making the integral [ L dt stationary with respect to small arbitrary variations 
of A and B we obtain the following differential equations: 


1 


ih df. Be etter” 

A eas vata EP se 

i + (fet 5 aE) Beit - +ihfs op OF eon 2a (6) 
ih df ie en sod B 

(f+ Ta) AthB +inf, aay deers =0, S108 6. ee (7) 


If we make the integral stationary with respect to small arbitrary variations 
of A and B we would get the complex conjugate equations. 


From equations (6) and (7) we get I 
(F fs 2S) Case ana cas By <0 | 
it JeT Oe 3 ai | +By=0 os (8) | 
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and 
th df. d 
(Jf Aha =) (A—B)+ih(1—fs)— (A-B)=0. ...... (9) 
Using the initial conditions |A(t= — co)/?=1 and |B(t= — «)|?=0 and the 
fact that f;=0 at t= + oo we obtain from equations (8) and (9) 


|B(t= co)P=sin?| 5 |” fat], Mees (10) 
where or 
ee s)he ence (11) 
The capture cross section QO is given by 
Q=2" |” Ges] aly ae sere (12) 
0 


p being the impact parameter on which B(t= 0) depends. 

An expression of similar form has already been derived by the present author 
(1957) for the capture cross section O in which the translatory motion of the 
protons has been neglected and as such is only valid for low incident energy. 

Bates, Massey and Stewart (1953) and Gurnee and Magee (1957) have 
approximately solved the differential equation (1) under certain assumptions 
and their results are only valid for low velocity; the former authors have used 
a linear combination of the two lowest hydrogen molecular ion states with the 
two protons moving very slowly relative to each other while Gurnee and Magee 
have taken a linear combination of atomic wave functions around the two nuclei 
like ours, but have neglected the translatory motion of the protons (cf. equations (3) 
and (4)). 

At fairly high energies our present expression is superior to theirs because it 
has taken into account the translatory motion of the protons. At low energies, 
however, the expression of Bates, Massey and Stewart is more exact than ours 
because of its use of the exact hydrogen molecular ion states. 


§ 3. CaprurE Cross SECTION AT Low ENERGIES OF THE INCIDENT PROTON 


For the special case of very low velocity of relative motion of the incident 
proton with respect to the hydrogen atom we may evaluate the integrals for f, 
and f, approximately without much error by putting the translatory parts of the 
electron wave functions %,,,. 4, equal to unity. Thus we get 


fn £(1+2)e(-F), eee (5’) 


Reale R ; 
f= (142435 )er(-3). ee oem (5G) 


The value of the function in (11) which occurs as the integrand in (10) may now 


be easily calculated with the help of (5a), (5 b'),..andi(5.¢.).. ."Lhe valaesofthe 


capture probability |B(t=0)|? which we obtain from equation (10) after 


_ evaluation of the integral 


mPDy ai: 


is next substituted in equation (12) and a further integration with respect to the 


impact parameter gives the capture cross section Q. 
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The numerical results of our theoretical calculations over the energy range 
1 to 10 kev of the incident proton, shown as the continuous curve in the figure, 
are in fairly good agreement with the recent experimental findings of Fite, 
Brackmann and Snow (1958) whose mean values are shown by the broken line 
in the figure. The agreement may be better than appears because the authors 
think that their curve is on the high side and real values may be lower by about 15 


"i 2 Sy At Si aa 
Incident Proton Energy (keV) 


Electron-capture cross section Q per atom for protons in hydrogen atoms as a function of 
incident proton energy. ‘The continuous curve is the theoretical result and the 
broken curve the experimental mean value of Fite, Brackmann and Snow (1958). 


The results of our theoretical calculations at low incident proton energies 
agree closely with those of Dalgarno and Yadav (1953), who used the perturbed 
stationary states method discussed in detail by Bates, Massey and Stewart (1953). 
The capture cross sections for incident proton energies 1 and 10 kev as calculated 
by these authors and ourselves are given below for comparison: 


Incident proton energy (kev) 1 10 
QO (Dalgarno and Yaday) (10-!® cm?) 16°54 8-62 
QO (present work) (10716 cm?) pe) LOS37 8-89 


§ 4. RELATION OF THE APPROXIMATION OF BRINKMAN AND KRAMERS TO ~ 
THAT OF BATES AND DALGARNO AND JACKSON AND SCHIFF 


Our approximation gives the same result as that of Brinkman and Kramers. 
(1930) if we make the following two alterations: (i) we replace the sine function 
on the right-hand side of equation (10) by its argument; this is justified when 
the argument is small, e.g. at high incident proton energies; (ii) we put f,=0_ 
in equation (11) which gives the value of the function f occurring as the integrand 
in equation (10). Now f,;=/%,~,dV is a measure of the lack of orthogonality 
of the initial and final state wave functions y%, andi. Hence putting f,=0 is : 
equivalent to assuming orthogonality of the initial and final state wave functions. 


oo 
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If, however, we assume that f, is not zero but small compared with 1, so that 
3 <1, we may write (cf. eqn (11)) f=f.—fifs. The term —/f,f, which appears 
ere in addition to f, occurring already in the calculation of Brinkman and 
<ramers may be written from (5a) and (55) as follows: 


yee Er 2R ie aR» 
hifs= |e E zo (- =) - gexn(-=-) |vaav. 


The first term 


vhich is the most important one is just the additional term considered by Bates 
ind Dalgarno and Jackson and Schiff in their perturbation calculation. They 
1owever, attributed this term to the proton—proton interaction whereas the same 
erm appears naturally in our calculations without introducing ad hoc the 
yroton—proton interaction and the value of this term is non-zero on account of 
he non-orthogonality of, and y,. In view of the same nature of matrix elements 
he results of our theoretical calculation for the capture cross section at high 
ncident proton energies are close to those of Bates and Dalgarno and Jackson 
ind Schiff. The numerical results of these authors at high incident proton 
energies are in agreement with the experimental findings of Ribe (1951) (the 
data refer to capture by a proton passing a hydrogen molecule which may be 
-egarded as equivalent to two atoms, a procedure reasonably justified at high 
energies). The results of Dalgarno and Yadav (1953) are, however, much higher 
than the experimental results at such high energies because of their neglect of 
the translatory motion of the protons as will be evident from the following figures 
xt 100 kev incident proton energy: 


Ground state capture cross section 
as calculated by Jackson and Schiff 65) x10" cme 
as calculated by Dalgarno and Yadav 13°5'< 10) em 
Experimental capture cross section 
due to Ribe Te Oat Cine 


he nuclear—nuclear interaction and non-orthogonality of the initial and final 
state wave functions have been discussed by earlier workers (‘Takayanagi 1955, 
ates 1958). 

The sine function in our equation (10) guarantees that the capture 
probability |B(t= 0o)|? is always less than unity. In the calculations of Brinkman 
and Kramers, Bates and Dalgarno and Jackson Schiff the capture probability 
would sometimes be larger than unity which is inadmissible. 
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The Elastic and Inelastic Scattering of Protons by **Ni 


By G. W. GREENLEES anp P. M. ROLPH 
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Abstract. Absolute differential cross sections are given for the elastic scattering 
by *®Ni of 9-53 mev, 9-12 mev, 8-80 MeV, 8-34 Mev and 7-83 Mev protons 
for an angular range of 15°—156° (centre-of-mass coordinates). The angular 
‘distributions show characteristic maxima and minima, the patterns varying 
slowly with energy as might be expected on the basis of the optical model. The 
‘results are in good agreement with earlier measurements on natural Ni except 
at backward angles, where higher cross sections are obtained with Ni. This is 
attributed to differing compound elastic contributions from the various Ni isotopes. 
Absolute differential cross sections are also given for the inelastic scattering of 
protons at these five energies from the 1-45 mev level of 58Ni. All the inelastic 
angular distributions show a forward peaking characteristic of a direct interaction 
‘mechanism. It is probable that a distorted wave treatment will be necessary to 
fit these results. 


/ 


§ 1. INTRODUCTION 
a papers (Greenlees et al. 1957 a, 1957 b, 1958) presented results on 


the elastic and inelastic scattering of protons by magnesium, aluminium 
and silicon at five energies between 7-8 and 9:-6Mev. The angular distri- 
butions for elastic scattering by magnesium showed marked energy variations 
not readily explained by an optical model type of analysis, whereas with 
aluminium and silicon only small variations with incident energy were observed. 
The magnesium and silicon inelastic angular distributions also varied rapidly 
with incident energy and were asymmetric about 90° with a forward peaking in 
some cases. ‘The forward peaking could not be explained by a direct interaction 
mechanism since such a mechanism would not be expected to show a rapid energy 
variation. The asymmetry about 90° is unexpected on a compound nucleus 
picture if a large number of compound levels are concerned in the reaction. ‘The 
excitations of the compound nuclei concerned are about 12 Mev and it is not 
certain that many levels are available at this energy with nuclei of mass numbers 
24-30. Thus the marked energy dependence observed in both elastic and 
inelastic scattering may be due to the effects of a limited number of compound 
nucleus levels being concerned in the reaction. 
_ The present experiments with **Ni were undertaken to see if the rapid energy 
iations still persisted in a heavier nucleus in which a higher level density of 
1¢ compound nucleus would be expected. 


§ 2. APPARATUS AND PROCEDURE 


The 9-62 Mev proton beam from the Nuffield 60 in. cyclotron passed through 
elf-supporting *8Ni target at the centre of a scattering chamber and was collected 
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in a Faraday cup and integrated. The scattered beam was detected by a CsI (TI) | 
crystal and photomultiplier and the spectra were displayed on a 100-channel | 
pulse height analyser. Laboratory angles between 15° and 165° were available | 
with an angular definition to+1°. A more detailed description of the apparatus | 
and experimental procedure is given elsewhere (Greenlees et al. 1957 a). : 

Figure 1 shows two typical spectra taken at 62° and 147° (c.m.) for a known | 
charge collected in the Faraday cup. ‘The two well-resolved groups are due to | 
elastic scattering (0 =0) and to inelastic scattering (Q= — 1:45 Mev) from **Ni. | 
Similar spectra were obtained at other angles and angular distributions for the | 
elastic and inelastic groups were plotted. Absolute differential cross sections | 
were obtained from the observed spectra together with a knowledge of the charge} 
collected, the target thickness (4:95mgcm~2), and the solid angle subtended | 
by the detector. | 


62° (c.m.) 147° (c.m) 


Q=-1-45 MeV 


Count 


28 32 26 30 
Pulse Height (volts) 


Figure 1, Pulse height spectra for the scattering of 9:12 Mev protons from *8Ni at 62° and| 
147° (c.m.) 


The maximum beam energy was found by measurement of the range off 
protons elastically scattered from a thin aluminium foil into a photographic 
emulsion. ‘The energy of protons entering the emulsion was reduced by means 
of aluminium absorbers so that only elastically scattered particles were recorded. 

Reduced incident energies were obtained by placing aluminium absorbers i 
front of the collimator used to define the incident beam. Angular distribution 
were obtained at energies (at the centre of the target foil) of 9-53 Mev, 9-12 mey, 
8:80 Mev, 8:34 Mev and 7-83 Mev, all + 0-07 Mev. 


§ 3. RESULTS 


Figure 2 shows the elastic differential cross sections at these five energie 
plotted as the ratio of the observed cross section to the corresponding cross sectio: 
calculated on the basis of Rutherford scattering from a point charge. The error 
in the absolute cross sections are +3% in general and the errors in the angle 
+30’. Figure 3 shows the inelastic differential cross sections at the five inciden 
energies, the errors are also estimated at +3%. i 


§ 4. Discussion ‘ 


The **Ni elastic scattering curves of figure 2 show small systematic variations 
with energy at angles forward of 110°. It is expected that these can be v 
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represented by an optical model with a suitable choice of parameters. At angles 

greater than 110° no systematic variation with energy is apparent. Figure 2 also 

shows some earlier results obtained using 9-37 Mev protons and a natural nickel 

target. ‘These points agree well with the present results except at large angles, 

where **Ni gives higher cross sections. Similar data have been obtained by 
_ Hintz (1957) using 9-87 Mev protons and a natural nickel target. Glassgold et al. 

(1957) have fitted Hintz’s data using a Saxon potential. Glassgold (private 
_ communication) also finds a fit with the 9-37 Mev natural nickel points using the 
same parameters as used for the 9:87 Mev data. For both sets of natural nickel 
results the fits are excellent at angles forward of 110° but at backward angles 
the observed cross sections are greater than those predicted by the model. ‘The 
discrepancy at backward angles will obviously be greater for the present °*Ni 
results. 


20; 


Incident energy (MeV) 


oi >. 80 58K 
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9-37 Nat. Ni 
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Figure 2. Ratio of observed to Rutherford Figure 3. Differential cross sections for 


elastic scattering cross sections of pro- inelastic scattering (Q= tats Mev) 
tons of various energies by *8Ni and of protons of various energies by 
natural nickel. 588Ni. (For key see figure 2.) 


The difference between natural nickel and ®*Ni can be explained on the basis 
_ of differing compound elastic contributions. At forward angles the large shape 
elastic contribution masks any compound elastic effects. Natural nickel com- 
Prises 68% "8Ni, 26-2% Ni and 5-8% 8» 64Ni; thus the essential difference 
| between natural nickel and ®*Ni is the addition of 26:2% ®°Ni. In the decay of 

the compound nucleus various processes will compete with the emission of a full 
ec proton; the main competing process will be neutron emission. ‘The 
(p,n) thresholds for **Ni and °Ni are 9-459 Mev and 7:028 Mev respectively 
(Gove et al. 1958). Thus in the range of energies used in the present experiments 
(7-83 — 9-53 Mev) (p, n) reactions can occur with ®Ni but not with *®Ni. Hence 
one expects more compound nucleus elastic scattering from **Ni than ONL and 
ce larger cross sections at backward angles from *8Ni than from natural nickel 
26%, ®Ni) as is in fact observed. ‘The fact that the ®*Ni cross sections are always 
/ 02 
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greater than those of natural nickel suggests an incoherent compound elastic 
contribution. Effects at backward angles attributed to compound elastic scatter- 


ing have also been observed by Preskitt and Alford (1958) using 4—7 Mev protons | 


and by Waldorf and Wall (1957) using 7-5 Mev protons. 


The inelastic scattering angular distributions of figure 3 all show a forward | 
peaking. ‘This is indicative of a direct interaction mechanism. On the basis of | 
plane wave direct interaction calculation, these angular distributions would | 


follow a j,2(QR) variation. ‘To obtain such a fit requires unreasonably large 


values for the interaction radius R, and it seems that a distorted wave treatment | 


will be necessary to fit the present results. 


Neither the elastic nor the inelastic angular distributions for °**Ni show the | 


marked energy dependence reported previously for magnesium and silicon, | 


It seems probable, therefore, that the magnesium and silicon energy variations | 


are in fact due to compound nucleus effects with few levels concerned in the 
reaction. Conditions in the compound nucleus for the present results are 
probably such that many levels are involved in the reaction and consequently a 
reasonable average over levels is made at all the energies investigated. 


The energy variation of elastic and inelastic scattering from natural nickel | 


has been studied between 8 and 14 Mev by Hu et al. (1959). The cross sections 
‘observed are in general agreement with the present results but a detailed 
comparison cannot be made since a mixture of isotopes was used in Hu’s work. 
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Cascade Theories and the Landau Approximation 
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| Abstract. ‘The track-length angular structure function f(E6/Es) of high energy 
: (>5 x 10° ev) electrons in air showers is calculated without the use of the Landau 
| multiple scattering approximation, which has been used in all previous work 
except that of Chartres and Messel. Chartres used the Tamm—Belenky model 
of the cascade; the present work is based on the simpler ‘AS’ model (Approxi- 
mation A, super-simplified cross sections). Our results are compared with 
those of Chartres, and with those of Kalos and Blatt who used the AS model 
in conjunction with the Landau approximation. It is concluded that the error 
introduced by the simplicity of our model is small compared with that introduced 
by the Landau approximation. Except near E4/E;=0, where the AS model is 
not expected to hold, the present treatment gives values of f(H6/Es) in excellent 
agreement with Chartres’ calculations based on the more refined cascade model. 


§ 1. INTRODUCTION 


N cascade theory the approximation of Landau (1940) is the equivalent of 
] the well-known multiple scattering approximation which, when applied to 
the elastic scattering of a particle without loss of energy, yields a Gaussian 
| angular distribution. Both are special cases of the diffusion approximation in 
which an integral operator is replaced by a second derivative (the first non- 
vanishing term in a Taylor expansion). Calculations by Snyder et al. (1949) 
and by Moliére (1948) have emphasized the limitations of the approximation in 
multiple scattering theory; more recently Chartres and Messel (1955, 1956) 
have criticized its use in cascade theory. These authors calculated the track- 
length angular distribution using the model of Tamm and Belenky (1939) both 
with, and without, the Landau approximation and they found that the approxi- 
mation introduces large inaccuracies at both small and large distances from the 
hower axis. 
The Tamm-—Belenky model of the cascade was introduced originally for 
the purpose of yielding an analytical solution for the track-length average numbers 
when the ionization loss is included, although in some later work by Belenky 
(1944) as well as that of Chartres the ionization term is omitted. It is of interest 
to examine the sensitivity to the Landau approximation of calculations based 
1 other models of the electron—photon cascade, and to compare this with Tamm— 
Jenky type calculations. A model very widely used for interpreting experi- 
-ntal measurements on the lateral spread of the cascade is that described as 
»proximation A’ by Rossi and Greisen (1941) combined with the ‘super- 
ed’ cross sections of Friedman (1949). The present paper investigates 
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the effect of the Landau approximation in calculations of the track-length angular 
distribution in air using this model, which we shall refer to briefly as the AS model. 


§ 2. AssUMPTIONS AND DEFINITIONS 


In this section are collected for convenient reference the various assumptions 
and definitions associated with the AS model. ‘Approximation A’ postulates 
that ionization loss, Compton collisions and knock-on collisions are ignored, 
and that the cross sections for pair production and bremsstrahlung are replaced 
by their extreme relativistic values. This set of approximations is reasonable 
for electrons of energy much higher than the critical energy (much higher than 
100 MEV in air). 

The ‘super-simplified’ cross sections of Friedman are: 

Gpair(E, E')=7/(9E),  oprems(E, E')=(E-E')+. 9s. 3.8 (1) 
Here E is the energy of the initial particle or photon and E’ is the energy of a 


secondary electron; in the case of bremsstrahlung the secondary photon has_ 


energy E— FE’, in the case of pair creation the second member of the pair has this 
energy. We shall use expressions (1) rather than the full expressions for the 
extreme relativistic cross sections: the resulting errors are less than 10% in 
the energy region of interest here, and the mathematics is made much more 
tractable. 

As far as the angular spread of the cascade is concerned, all spreading processes 


other than Coulomb scattering of electrons by the nuclei of the air will be ignored. | 


The most important processes neglected are the angular deviations in brems- 
strahlung and pair creation, and the angular deviation due to the action of the 
Earth’s magnetic field. ‘The neglect of these spreading processes is standard 
in the AS model and, so far as the author is aware, in all other cascade models. 


Kalos and Blatt (1954) discuss the effect of this approximation: the error is | 


probably comparable with that resulting from the expressions (1). 
The following definitions are used in the paper: 
Es (=21 Mev) is the ‘characteristic’ multiple Coulomb scattering energy. 
a) (=7/9 in the AS model) is the total pair production cross section. 
$, (Eo, E, t, 0)dE dé is the average number of electrons in the energy interval 


FE, E+ dE at depth ¢ making a projected angle with the shower axis (direction of | 


initial electron’s velocity) in the range 6, 6+d6; the initial electron is assumed 
to have energy Ey, at t=0. 
 $,(Eo, E, t, 8) is the corresponding distribution function for the photons. 
v(Eo, E, ) is the track length defined by 


o(Ey, E, 0) = | “sigliepR£.0\ dt suck, ia) Sees (2) 
0 
2,(Eq, E) is the longitudinal track length defined by | 
2, (Ey, E)= | OLE E, ByUdO tw sack we Gee (2a) 


Other terms will be defined in the text as they arise. 


§ 3. Basic EQuaTION ; 
It will be convenient to introduce integral operators A, B and C as follows: 


let f(E) be an arbitrary function of E, other variables being suppressed for the 


| 


/ 


| 
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moment; then 


e>) 


Af=lima| - | ~ f(E')oprems(E’, E) dE’ +f(E) 
Jd E+e 


rE 
A 


oprems(F, E") at | 


0) 


ee (3) 
Bf=2 | Bea apees( AI LI oe iy ees EN. (4) 
f=] PF mceme(E BEE se, (5) 


The limiting process is necessary because the bremsstrahlung cross section 
contains the infra-red catastrophe. ‘The signs are chosen in such a way that 
| the quantities A(s), B(s) and C(s) of Rossi and Greisen (1941) are the Mellin 
' transform images of the operators A, B and C respectively. 

| In what follows all angles are projected angles, i.e. the whole shower is 
projected onto a plane containing the shower axis. This corresponds experi- 
mentally to taking measurements of angles in a cloud chamber without stereo- 
scopic photographs. Furthermore, consonant with the assumption E> Es of the 
present model, all angles are taken to be much less than one radian. 

The diffusion equations for the distribution functions ¢,, ¢, are well known 
[see for example Rossi and Greisen (1941)]. Most work on the Landau 
approximation has however been presented in terms of the track length v, defined 
above: this quantity has the advantage of combining mathematical tractability 
with an accurate simulation of the overall spread of the shower. The diffusion 
equation for v, obtained by integrating that for 4, over ¢ from zero to infinity is 


Bee (3) ee O(Eo=B) sees (6) 


‘at 
where the operator F is defined by 


The term (@v/@t)scatt would in the Landau approximation be replaced by 


Es \? @v 

2E’} 00” 
where E’, 6’ are integration variables for the energy and angle integrations 
respectively. In the present work we retain the ‘exact’ expression 


(Zeca | fs [o(6’ +0) —o(O)]E(a) de meee (8) 


where &(«) is given by the well-known Snyder—Scott projected-angle scattering 
formula, which reads in standard notation (see for example Rossi 1952): 


‘ E(a) = wees (re os) & + (F =| pau ; for | «| SG  wadGox (9a) 


ed ae forms |o |e. sper as- fe 8) Ong Ao he ees (9b) 
In view of (9b) the infinite limits of integration in (8) can be replaced by 
1e finite limits + ae. 
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§ 4, ITERATION SOLUTION 


An integro-differential equation such as (6) may be solved by the variation- 
iteration technique formulated by Friedman (1949) and published in modified | 
form by Kalos and Blatt (1954). Any iteration procedure requires of course | 
some reasonably good trial function as a basis: in the present instance there is a | 
considerable choice of rough solutions available from models of the cascade | 
which use the Landau approximation. | 

Let us assume that we have a trial solution vy(Ep, E,@) to equation (6), and | 
let » denote the difference between vp and the exact solution v. Then if 2 is 
the first iterate obtained by the Friedman scheme it may be shown that the | 
normalizations of v, and v, are independent; moreover, since it has been obtained 
by a variation method, v,=v+O(7?). The relation between vp and 7, is given by 


[wo(Eo, Ks 8) }? 
Ey * 2 ) LE 
| dE! | dé’ | Feo(E E’, 6) — (3) ] v)(E’, E,0—6’) 
EB Se ot / scatt 


It is readily seen from (6) that the choice vy=v leads to v, =v also. 
Kalos and Blatt (1954) have evaluated (10) in the Landau approximation, | 


i.e. with 
ov Eg \2 0?v 
ae 1 aa a 
(Zeca replaced by (aH) og” 


we shall evaluate it using the full expression (8) for (@v/@t)scatt and compare our 
results with Kalos’ and other calculations. We shall use the following trial 
function: 


v1 (Ep, Eb, 8) = 


E 
e4(Eo Bs) = ZI exp(—[s1)- yen (—v lal) | er (11) 
with x= 2yEO/Es 
where p is a numerical constant associated with the AS model and has the value © 
1-46 (see Friedman 1949 or Kalos and Blatt 1954). Our trial function differs : 
from that used by Kalos only in the omission of a term in 6(Z)—£) which stems - 
from the Landau approximation itself rather than the physics of the cascade. 
In the present work we may therefore use Kalos’ results for the integration of the 
term involving F in (10), after subtracting any terms arising from the integration - 
of the delta function. 
It then remains to evaluate the integrals involving the (dv,/ ot)scatt term 
(briefly referred to as the ‘scattering integrals’) and substitute back into the 
iteration formula. ‘This programme occupies the next four sections of this paper. 


§5. First SCATTERING INTEGRAL 


From (8) and (10) it is seen that integration over three variables occurs in the 
scattering term, which we will denote by 4. Thus: 


oe av (Fe 0(E’, E,0—6') 
E ee ot Jscatt °* 


= | a | a dé’ | fae da[v9(0! +0) —09(6")]E(a)09(E’, E, 0—6’). 
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The integration over « may be transformed by using (9) with 8 equated to unity 
(valid at the high energies we are considering) to give 


ov E; [° Ea\ d2v(a+8) 
(Fas ‘ ot eee ae) ( 7) SRD Mane Oe aa (14) 
| where 
: 1 2 9\1/2 
Seay kearekl es hy apenas hres (15) 
and ei ane 
1437 Fecce mts | Nop stiatas (16) 


Substitution of (11) and (14) into (13) and use of the geometrical repre- 
sentation of a double integral to change the order of integration transforms (13) to 


: 4E,Es [* : 
= 0-8 ew fa‘ 
: t= i d s(z) lars \Aeeniine eal (17) 
with 
Phas he | . as’ |" dy[K(z, yx") —+/2K (4/22, »/2yx’)] 
0 1 
A 1 / 
x | Kens )— <i KW 2 28 | wit age (18) 
and 
Se lial oe ee Re emer AEP. ose (19) 
The function K(x, x) is defined by 
K (x13 %)=cosh.x, exp (—%)),. 41> wen eee (20a) 
K(x,, 2) =cosh x, exp(—%2), -%g>%p--— sees (206) 


The integration over x’ in (18) may be accomplished by using the following 
general result : 


{ ” dx'K (ree, rx’ )K (sz, syx')=G,g(%, 9,2) vee eee (21) 
0 
with 
G,(%*, V2) = peas {rk (sz, syx) —sy K (rs, =) « Akektee (22) 
SAILS ee ae om | y 


Here r and s denote numerical coefficients which in the application to (18) assume 
the values unity or \/2. The proof of (21) follows readily, if somewhat tediously, 

from repeated application of standard elementary integrals; the cases of x>3/y 
and x<z/y must be taken separately, and in each case the integration range 
0 <x’ < & must be subdivided into the three regions: 


“4 
O<x’<-—(orx 
z (or x) 
eg 3 
® (ora) <a <x(or=) 
Bi a 
(an) 
«| Or —') <2 <) 00. 
J, 
Substitution of (21) in (18) yields 
0 1 , 
(22) = [" dy Gols, 992)+ Gul I42)— 5 Gult359)—8Grl9 | 
1 


here r, s now have the particular values r=1, s= 1/2. 


210 ye W. Gardner 


§ 6. SECOND SCATTERING INTEGRAL 


Although the integration limits in (23) appear finite the ratio Ey/E may in 
fact be extremely large, and so it is necessary to investigate what happens as 
yo->0. Now in view of the definitions (20) and (22) of the K and G functions 
(23) must, as yp>o0, be expressible entirely in terms of elementary functions 
(log, cosh, etc.) combined with the exponential integrals Ei, for which tables 
exist. As a number of slightly different notations are in currency for these 
integrals we postulate here the following definitions: 


Bi(w)= |" edu (24a); Bi(—w)=— | “S" du. (246) 


It is of course also necessary to verify that the right-hand side of (23) remains 


finite as yyp>oo. This may be done by writing out the full expressions for the — 
G’s and noting that, although each G must on integration give rise to a term | 
which diverges logarithmically as yp—>oo, the signs of these terms alternate so _ 


that all divergencies cancel. 


As in the previous section we shall omit the details of the term by term inte- | 


grations and the tedious algebraic ‘tidying-up’; it is however necessary to 


define a few ancillary functions before we can write in a reasonably amenable | 


form the final expression for T(x, z), in the limit yy—0o (which is always implied 
henceforth). 
We define 


Che(a,b; c)=e*Ei{— (a+b)+c}+eEifa+b+c}  ...... (24) 
She(a,b; c)=e*Ei{—(a+b)+c}—e-*Ei{fa+b+c} ...... (25) 


wets (26) 
Moe = [Ei(te(s—r)}-Eifta(s—r)}Je=—) a, (27) 
with A=2—x/|z—>| 
| LA Bed = es [e?>1n (x/2z)—e"*> Ei (—2rx, )] 
eae ete 
- re Che(rx ree; OY+ ip Che(sz,0; —rx_) 
1 : : 
shits [e+ Fi {—(r+s)x,}+e-@+™ Ei {(r+s)x_}] 
fs (28) 


where w,, x denote respectively the greater and lesser of x, z. 
It is also convenient to define a single function to represent the sum of the 
three functions defined by (26), (27) and (28), thus: 


®,,.(%, y) = M,.(x, y) tN s(%Y)+Pro(% Vo eee (29) 
In terms of the ® functions the final expression for T(x, 2) then reads 
De, 2) Dy (Me) ED AU NRe re hor he es eek, (30) 


Here, as in (23), r=1 and s=4/2. 
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§ 7. THIRD SCATTERING INTEGRAL 


To complete the evaluation of the scattering term & it remains to perform the 
integration over zin (17). Since closed expressions do not exist for the exponential 
integrals occurring in 7(x,z) it is not to be expected that the integral in (17) 
can be evaluated in closed form. It will be shown, rather, to be expressible as 
a rapidly convergent series, suitable for computation to any desired practical 

“accuracy. 

Let us first consider the series expansion of T(x,z) or rather of ®,,(x, 2), 
since the expansion of ®,,(x,z) and hence T(x, 2) will then follow automatically 
from symmetry. As would be expected from the form of P,,(x, z) and N,,(x, 2) 
the expansion of ©,,(x,y) has alternative forms according as to whether 2 is 
greater orlessthanx. Ineither case the expansion may be obtained by substituting 
into (24)-(30) the familiar series for the Ei functions (see for example Jahnke 
and Emde 1945). After considerable algebraic manipulation of the resulting 
expressions, with appropriate checks on convergency at each stage, the expansions 
may be written as follows: 


D(X Z)H=Aptage*+ageit...-, wee eee (31) 
®, (x <2) = (2) +b) +b,2 + yr" +327 +...-- ty ek fois (32) 


where the coefficients a,, b; are functions of x given explicitly in the Appendix, 
and w(z) stands for terms logarithmic in z, also given explicitly in the Appendix. 
The expansions for T(x,z) may now be written 


Thes 2) = Ag t Ae FA ede a oe (33) 
T(x <2) = Q(z) + Bo + Bye + Boz? + Bayz? t+..... vee ees (34) 
female eee le Jen mewlencty se (35) 
pap a a (36) 
= CFG SE TE EOL ES OL aes (37) 
and where @;, b;, 6 are the quantities in the expansion of ®,, adjoint to a;, b;, w a 


in the expansion of ®,,; that is to say ad; is obtained from a; by interchanging 
y and s in the appropriate formula in the Appendix, and similarly for 6; and 6. 

If in the integrand of (17) we now substitute formula (15) for S(z/2u) and 
formula (34) for T(x,2) we obtain terms of two general types: 


(a) z[{l + (Cz p2— G2] with $= 1/2ny 
(5) em In (nx) [{1 + (G)}*-&] ee ‘ae 


here m and m are very simple multipliers—usually just unity or Vp ss i. ae 
d we used formula (33) for T(x, ) we would have obtained terms of type (2) | 

and with even values of only. tal _ - 

w a term by term integration of the right side of (17) can be justified, so_ 


/) and (b) with respect to z betweer 


0, . deter 


oat ‘i 
5 ee" 


oor effectively some v 


= 
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methods; integration of type (b) terms may be accomplished by using expansions 
of both e” and [{1 + (¢z)?}1/2 — fz] in powers of z to transform to integrals of the 


general type {z”Inz dz which can be evaluated by elementary methods. (Again | 


only the first few such integrals are significant numerically. ) 


To decide how many terms to take in evaluating the integral on the right side | 
of (17) it is necessary to consider the accuracy of the scattering formula (9). | 


For scattering in air of high energy electrons (E> 12mc?) the ae of the Snyder— 
Scott formula has the value 280mc?2/A'E, corresponding to a value of 2¢ 


of about 0-85. However Olbert (1952) has. given arguments for taking | 


&e = 328mc?/A¥3E, corresponding to z-%1:0 The discrepancy between the 


Snyder-Scott formula and the Olbert formula seems to be the measure of the | 


present uncertainty in %, corresponding to a 15% to 20% uncertainty in 2c. 
If we denote by J(x, x) the indefinite integral : 


| FEBS (=) T(x, 2) 


4EEs 
E 


then (17) becomes 


pies TCL N SSE Gh] Soe Ue ae Ree (38) 


Let us further denote by A/(x, z¢) the error in I(x, zc), and hence in the definite : 


integral I(x,z¢)—I(x,0), associated with the uncertainty in z,; and let E;(x, 2) 


be the error in I(x, z) resulting from cutting off its series expansion, derived from _ 


the term by term integration, at the term of powerjinz. Then we require that 
E,(x, 2c) + AI(x,%c). This gives a value of j between 2 and 3, so the evaluation 
of I(x, z) should be taken as far as the z3 term if formula (34) is used and as far 
as the 2? term if (33) is used. The numerical computation of [I(«, zc) — I(x, 0)] 
was in fact done for the following values of «: 0, 1, 2, 4, 6, 8. For all except the 
first of these values «> z_ and formula (33) applies; for «=0 formula (34) applies 


but in this case the logarithmic terms in z vanish and (34) then assumes a simple, — 


readily computable, form. ‘Thus, except for x=0, it was necessary to consider 
only terms of type (a) above, with i=0 and 2, for the term by term evaluation of 


I(x,z), and this led to the following formula for practical computation of the — 


definite integral 


1(3, 5) Is, 0)=»] 4(J-+1n2—In v) g(a) +3(8 =») (a) +404 Inv) Ay(x) 


with v=€-1, 
§ 8. CALCULATION OF STRUCTURE FUNCTION 


It is usual, and convenient, to express results for the track-length angular 
distribution in terms of the angular structure function f(E0/Es) defined by, 


f=(Es/E)(2/z,). As is well known, the longitudinal track length for the AS 
model is given by } 


nly B)= ELE EB) 


To find f, then, it remains to combine (40) with v, as calculated by (10)f. In th 


+ Any apparent accuracy gained by proceeding to iterates higher than v, wouldb 


spurious due to the approximate nature of the AS model; in this context therefore it i 
justified to equate v and vy. 
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preceding sections we have described the calculation of those terms in 7,, namely 
the scattering integrals, which arise from the removal of the Landau approxi- 
| mation; the remaining terms have been computed by Kalos, whose results we 
have used. The final formula for the structure function then reads: 


f(x) = Hex (=| /) — 2 exp (= 2] x1) 

: IU He) + HA) +4 we) 10,0) 
| where, as will be recalled from (12), x=2yE0/E;=2-93E0/Es. The last term in 
the denominator may be computed from (39) (or a similar but simpler formula 


when «=0); the first two terms represent integrals which have been computed 
by Kalos, whose definitions we reproduce here for completeness: 


H,(x)= iP dx'[38(0')+8,(x)1K(e, 2"), cae eee (42) 
H,(x) = — 2-22 | ” dee'Z, (0! )K(242x, 242"), se (43) 
where ’ | 
Ae) ATG) rosy Le (44) 
Fiiekex laces (2a): anuniwvia chalA oes (45) 
with 
D(x) ={In (y’| «]) +2}exp (—|x])+(14+2|x])Ei(—|x]) (46) 


T',(«) = {| x] In (y’| x]) — l} exp (— |x |) — (|x| +14 |«|“)Ei(— |x 
(x) ={] «| In (y’[ x|) — 1} exp (— |e [) Lips) od oma Te 


eoeeee 


and where y’ has been written for the Euler constant 1-7811 (see for example 
Jahnke and Emde 1945). 

Values of f(x) were computed for «=0, 1, 2, 4, 6, 8; the results are displayed 
graphically in the figure. 


% 10 20 30 40 50 60 
* 
ts for track-length angular structure function f(x), with x= 2:93 E@/E,. A, present 
calculation on AS model without Landau approximation; B, Kalos’ calculation 
on AS model with Landau approximation; C, Chartres’ calculation on Tamm- 
Belenky model without Landau approximation. 


P 
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§ 9, DiscussION AND CONCLUSION 


In this paper we have described the calculation of the structure function 
f(«) for the track-length angular distribution of the high energy electron—photon 
cascade in air. The calculation has been based on the AS model and no use has 
been made of the Landau approximation. It is interesting to compare our 
results with; (a) results obtained from the same model, plus the use of the Landau 
approximation; and (b) results from a different model without the use of the 
Landau approximation. ‘This comparison is made in the figure where, in addition, 
to our f(x), are presented that calculated by Kalos and Blatt (1954) for case (a) 
and that of Chartres and Messel (1956) for case (b). It will be seen that our results 
agree much better with Chartres’ than with Kalos’, indicating that the difference 
between these authors’ results is attributable mainly to the use by Kalos of the 
Landau approximation, rather than to Chartres’ use of the more sophisticated 
(Tamm-Belenky) modelt. 

From the above comparisons it may reasonably be concluded that, provided 
the scattering integrals are retained and not replaced by the Landau approxima- | 
tion, the simple AS model gives almost as good a picture of the angular structure | 
function at high energies as other more elaborate models of the cascade. ‘The 
limitation to high energies cannot of course be removed without replacing the | 
supersimplified cross sections of the AS model by more realistic ones; it is the | 
use of these supersimplified cross sections which leads our calculation to over- 
estimate f(«) near x=0. The underestimation of f(x) over a much wider range | 
of x by Kalos is due to the large negative error introduced by the Landau approxi- 
mation in this range; indeed this error is larger than would appear from a straight 
comparison of his results with Chartres’ since it is partially cancelled by the 
positive error arising from the AS model near x=0. 
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the detailed model assumed for the cascade. 
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APPENDIX 


EXPANSIONS FOR ®,,(x, 2) 


In what follows, the Euler constant 1-7811 is denoted by the standard symbol 
y rather than by y’, since the other quantity y defined by equation (16) of the 
text does not occur at all. 


Case (a) 2<x. 


®,(e2)= Sale eae (Al) 
with “ 

ie a,(x)= = [She (ra,0; sx) —e°*Bi(— 27m) +772 In {yrx(s?—7)/2s] 
Na i rh ea ees (A2) 
TAGS ES = She(rx,0; —sx)— <- Ei(—2rx) 

+ 5ere+ [72 In (yrx/2) +s21n {(s*—72)/s}] v.00. (A3) 
a,(*) =a,(x) = 4d, .,(«) =0, for all positive integral n. 
Case (b) z>x. me 

O,,(«<z)=w(x,2)+ S b,(x)z! moe settle (A4) 
—— {=0 


ith ; 
2 eae 
(x, 2) = a [e* In] sz +7rx|+e~* In| sz—rx|] 


+ a [sinn (rx){cosh (sz) — aon Cay - - cosh 82 | por ¢(A5) 
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In terms of the V., then we have | 
b(x) = = [She(rx,0; —sx)—She(rx, 0; sx)]= ‘ Che(rx, rx; 0) 

oF < [3 (72 —s?) +s? In {y°(s? —7?)}] + : cosh (rx) In (x/2yr) 


a — [3s — 2r? + 2fr2In (yr) —s#In (sy2)} + Vols, —83 — 7%) 


+V,(-s,s; —1rx)] ae ee (A10) 
and finally 
ar 
b;(x)= 54 agp Wehelrs, 0; sx)—She(rx, 0; sks +5 pacha rea) 
+F[20-*) —FIn Qyrx) + ay ee cr gt 
wn aa (Al11) 
; Rey 2=e ale 
~ . . eS" =~ 
ge te ect 2 = : si Bes me eee la) dnin | (apen a 
eaeer 2 Ls “a ; var. a fogal alg 


7 ee RD te ae te Se 


eer duit et ‘4 sce . core 


he ‘ , 
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| Abstract. "The contribution from hyperons and K-mesons to nucleon magnetic 
jmoment is calculated in the non-relativistic limit to the second order in the 
‘coupling constant. The Hamiltonian chosen corresponds to the derivative 
(coupling of the pseudo-scalar K-meson with a fixed extended source. ‘To fit with 
| the existing experimental results for neutron magnetic moment a lower limit to the 
N- coupling is suggested. Also the N-K-4 coupling is found here to be much 
{smaller than the N—z coupling. 


§ 1. INTRODUCTION 


N view of the recent experimental trend that K-mesons are pseudo-scalar in 
nature and that hyperons are treated on the same footing as nucleons, it is 
interesting to investigate the effect of strange particles to neutron and proton 

jmagnetic moment in Chew—Low theory. One mustfurther mention that parities 

of A and & particles are taken to be even relative to the nucleon, relative A and & 

\parity is also even and the spins of K and(A,=)particlesareQand jrespectively. In 

jso far as strange particles are concerned Chew’s theory neglects the mass difference 

of nucleon and hyperon which is too large and so a correction term is to be added to 
ithe energy of K-meson due to this fact. Considering the above, the effect of 
+K-meson and hyperon contribution to nucleon magnetic moment is calculated 
similarly to that obtained by Friedman (1955) and Kundu (1958 a) in calculating 
the 7-meson and nucleon current contribution respectively. It is found that this 
ontribution improves the previous theoretical calculations where only the effect 
of 7-meson and nucleon current has been taken into account. Of course, the 
effect of nucleon recoil should be of importance with the emission of the K-meson. 

In order to obtain quantitative agreement with experiment so far as neutron 

magnetic moment is concerned, this method suggests that the N-z coupling Cis 

should have a value greater than 0-079 and the N-K-4 coupling (f,”) is much 
smaller than the N—7 coupling. Also the values of the coupling constants used 
here give the ratio Fx’ | if? = 0-082, which agrees well with that obtained by Kumar 

Biswas (1958) in calculating the relativistic contribution to nucleon magnetic 

moment from strange see assuming K-mesons to be pseudo-scalar. 


1 


§ 2. THEORETICAL ProceDuRe 


.reunw es 
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(a) 


c= Hyperon line 
—-— K-meson line 
coy External field 


The matrix element corresponding to the diagram (a) is given by (Friedman 


1955) 
Nr 26 (ne aed ale K*dK 
o~ \om. 


“OM sf (2 aie) 


where Q, =(K?+ M,2)"2+|M,—My | and |M,—M,| is the absolute value 

the nucleon—hyperon mass ate eae Kis the Be ra of K-meson ; : My 2 

and M, are the masses of nucleon, hyperon and K-meson sean a 
On Crayne (1) reduces to 


1h 


3 45 WY Gia 
papelusiens vi amon: 2577 oH) (f,2, 449 ced bars amy 
Blulsalae st! aKev i ™M,) 4) (fat) (7-4 a 20) oi 
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Similarly, from diagrams (c) and (d) we find 
M,.=+M, and M,=-M, 
' which gives Poyx+=tepge ANd py = —epy eee (5) 
Thus the total contribution to neutron and proton magnetic moment including 
_ Dirac moment, z-meson, nucleon, K-meson and hyperon will be (in nuclear 
| magnetons) 
Py =O+ bet Pye tet iy tee (6) 
; and 
Lp= 1 + [pat + py + pK t+ Mpy+ Sess (7) 
| where 
Pee Pp 25 f*, pep = = 1-644 and 25, =0. 

For the z-meson current contribution (u,,- or p,+) and nucleon current 
contribution (1, Or px) the cut-off limit to the 7-meson momentum is taken as. 
} Rmax = 6p, where k is the momentum of the 7-meson and p is its mass. 

Now, to fit with the experimental results for neutron magnetic moment (i.e. 
} py = — 1-913) it is found from (6) that f,? should be greater than 0-079 and for 
agreement with nucleon magnetic moments, the values for the coupling constant 

must be taken as f,2=0-08 and f,?=0-0066 respectively. The ratio f,?/f,? will 
1 thus be 0-082 against the relativistically calculated value 0-06. 


= 


§ 3. DIscussION 


The effect of strange particles on nucleon magnetic moment is calculated here 
to the second order only and gives a lower limit to N—7 coupling which is in good 
} agreement with that used in connection with dispersion relations for the meson— 
nucleon problem (Salam 1956). Further the N—z coupling is found to be very 
| large compared with N-K-4 coupling. It is worth mentioning that while the 
i higher order corrections were considered by Friedman and Kundu using the 
4 renormalization effect of Chew, which is an approximate procedure (Chew 1954), 
4 the total second order effect from nucleon, 7-meson and strange particles gives. 
/ quite signficant results for nucleon magnetic moment if one assumes for f,” and f,” 
+ the values 0-08 and 0-066 respectively. Also the ratio f,?/f,? which is in good 
agreement with that obtained from relativistic calculation indicates the possi- 
| bility of treating the strange particles in non-relativistic limit. Of course, the 
effect of nucleon recoil could be taken into account with the space-time extension 
of the source (Kundu 1958 b). 
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The Scale Parameters in Non-empirical Molecular-orbital Calculations 
on o-n Systems 


By E.. THEAL STEWART 


‘Chemistry Department, Queen’s College, University of St. Andrews, Dundee, Scotland 


MS. received 8th Fuly 1959 


Abstract. Parr and Crawford’s (1948) calculations on the ethylene molecule | 
have been extended so as to constitute a systematic study of the dependence of | 
calculated 7-electron excitation energies on the exponential scale parameter Z, 
An examination of the results and their wave-mechanical basis leads to the | 
following conclusions: (i) In the neighbourhood of Z,=2Z,=3-18 both state 
energies and excitation energies are so sensitive to small changes in Z that they | 
can have little quantitative meaning. (ii) Joint variation of Z, and Z, between | 
different z-electron states is inadmissible, and, provided its consequences are not — 
masked by the use of the Wp approximation, it can easily give transition energies | 
incorrect even in sign. (iii) If Z, is kept constant, the independent variation of 
Z, yields results which, though they have the partial validity characteristic of a | 
partial-variation calculation, are not necessarily numerically significant: the 
‘optimum’ values of Z, for the various z-electron states and the corresponding 
‘minimum’ energies almost certainly vary considerably with the form of the ¢ 
wave function and with the value of Z,. (iv) ‘The establishment of a sound para- | 
metric basis for computations on systems described by z-electron wave functions is | 
unlikely to result from anything less comprehensive than a 6-centre—16-electron | 
variational study on ethylene. Until this can be achieved, non-empirical calcu- 
lations on unsaturated hydrocarbon molecules seem bound to be ineffectual. 


§1. INTRODUCTION 


F the many difficulties which have beset all ‘non-empirical’ calculations 
on the energy levels of unsaturated hydrocarbon molecules the most 
formidable has been the lack of any manifestly well-founded procedure 
for determining the optimum values of the adjustable parameters in the z-electron 
wave functions. ‘The most important of these—if calculations on much simpler 
molecules may serve as a guide—is the scale parameter Z, which appears in the 
form exp (— Zr/n) in the molecular wave functions and the atomic wave functions 
from which they are constructedt (L6wdin 1959). ~~ 
The best analytical wave functions for the carbon atom (1s?2s?2p? 3P) available 
when Goeppert-Mayer and Sklar (1938) carried out their pioneer antisym- 
metrized molecular-orbital calculations on the z-electron energy levels of benzene 
were those of Zener (1930). Goeppert-Mayer and Sklar accepted Zener’s 
value of the atomic scale factor for the L shell (7 =3-18), though, oddly enough, 


+ Ina variational calculation an adjustable scale parameter has, of course, no place in the 
true Hamiltonian operator. Nevertheless, Z is commonly known as the ‘ effective nucleat 
charge ’ of the atom to which it relates, and the difference between Z and the atomic numbe: 
as the ‘screening constant’. These pre-wave-mechanical terms are apt to suggest a 
illusory physical interpretation, which can lead to confusion even in the simplest systems 
(Altmann and Cohan 1954). In current American quantum-chemical usage’ the non 
<ommittal term ‘ orbital exponent’ is applied to Z and also to Z/n. d 
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they used not Zener orbitals but unmodified hydrogen-like orbitals (Kauzmann 
1957) in their calculations. 

They recognized the limitations imposed on their molecular calculation by 
| the adoption of a scale factor appropriate to the ground state of an isolated carbon 
atom, and undoubtedly intended their value of Z to be modified as experience 
dictated. But in fact it has survived to the present day, unchanged and too often 
unchallenged. Inevitably the question arises whether non-empirical calculations 
in which an all-important parameter has to be chosen so arbitrarily can have any 
| quantitative meaning; and we have endeavoured to answer the question in this 
paper by examining the Z-dependence of the spacing of the calculated energy 
_ levels of ethylene (the simplest 7-electron system). It is only too well known that 
_molecular-orbital calculations without a substantial empirical element are almost 
| always markedly at variance with spectroscopic measurements (see, for example, 
| Parr, Craig and Ross 1950, Moffitt and Scanlan 1953), and it is of considerable 
interest to determine to what extent this may be the consequence of an unlucky 
choice of Z. 

To have any numerical significance, energies calculated by the method of 
Goeppert- Mayer and Sklar clearly need to be shown to be insensitive to reasonably 
small changes in Z (up to 10%, say) in the neighbourhood of Z = 3-18 (or whatever 
other value may be selected). This same criterion may, we believe, be used to. 
decide whether a useful purpose is served by attempts to refine linear variational 
| parameters in wave functions which are aimost certainly incorrect in scale, 1.e. 
' whether the greatly increased computational complexity arising from the intro- 
duction of configuration interaction and orbital self-consistency into the original 
Goeppert-Mayer-—Sklar procedure can be-expected to lead to results of enhanced 
significance. We hope to consider this problem in some detail in a later com- 
| munication. 


§2. THe Z-DEPENDENCE OF THE CALCULATED EXCITATION ENERGIES OF PLANAR 
ETHYLENE 


The choice of the z-electron system of ethylene for an investigation of Z- 
dependence is an obvious one. The molecular-orbital expansion coefficients are 
determined by symmetry alone (the problem of orbital self-consistency thus 
) being settled automatically); 2p configuration interaction may be dealt with 
easily and completely; and, as no three- or four-centre integrals are involved, the 
results are free from an element of uncertainty (important at low values of Z) not 
| fundamental to the Hiickel 7-electron approximation (Altmann 1951) or to the 
Goeppert-Mayer-Sklar procedure. Moreover, the absorption spectrum of 
ethylene has been examined with unusual rigour (Wilkinson and Mulliken 1955, 
Hammond and Price 1955), and there seems to be little doubt about the location 
or the form of the band corresponding to the allowed transition 1Ag—*B,,. 

_ Preliminary studies of the Z-dependence of the calculated z-electron energies 
of hydrocarbon molecules have already been reported by Parr and Crawford 
(1948), by Shull and Ellison (1951) and by Murai (1952), but for the present 
purpose the first two are invalidated by the use of what we call the W,,, approxi- 
mation (Goeppert-Mayer and Sklar 1938, Ross 1952, Stewart 1959). They 
d indeed to the surprising conclusion that, in the range of Z concerned, calcu- 
d excitation energies tend to decrease as Z increases. Murai’s calculations: 


are considered in §3. | 4 i ) 
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Parr and Crawford (1948) have provided a comprehensive account of the 
application of the Goeppert-Mayer—Sklar technique to ethylene, and we recount 
here only sufficient to define our notation and to emphasize variants in the present 
procedure. 

Four orthonormal spatial wave functions may be constructed from the appro- 
priate 2p wave functions, 7 and 7p, of the carbon atoms C) and Cop). In the 
simplest molecular-orbital approximation they are, in order of decreasing energy 
(as in the figure), 

EGA; ) = +( — Sy ie [7am + Tha — Wala — ThTb | ; 
WY (1B,,,) = 2712(1 — S?)-4? [sara — 77] ; 
Y (3B,,) =222(1 — S?)1? [zap — 77a] 5 
ve (Ag) = z(1 ta Re oe [zap + pia + Wala + TpTp |. 


In the bracketed expressions the first factor of each term relates to the first electron, — 


and the second factor to the second electron. S is the overlap integral (7a|7p). 


The four wave functions correspond with Parr and Crawford’s 5, py, bo, py 


In principle, the first and the last of these functions may be improved by the 
formation of suitable orthonormal linear combinations; but, where there is no 
indication to the contrary, the results quoted in this paper have been obtained 


from calculations in which ‘interaction’ between ‘V(1Ag) and ‘Y(*AZ) has not | 
been taken into account. ‘Y(1B,,,) and Y’(°B,,) may be regarded as either | 


molecular-orbital or valency-bond wave functions. 

The z-electron Hamiltonian operator may be written 

H= —43Vi-3V3+ Vi + Vig t Vor t+ Vio t+ Ura» 

no attempt being made to allow for the energy of repulsion between the two 
cationic ‘cores’ (C 1s?2s2p?, trigonally hybridized ad libitum). 

Goeppert-Mayer and Sklar’s core-potential function, V, may be defined as 
follows, the nucleus and the 1s? electrons of each carbon atom being taken 
together as a point charge of 4e, and the presence of the hydrogen atoms ignored: 


1 1 
(7,|Val7,) = (ses m4) + (save m4) + (sae 2 7.7) 
yr 


is 
4 
ae @ a n,) : 
[«=aorb; B=aorb] 
The function sa is the 2s wave function of Cy); ya and 2q are the 2p wave functions 


orthogonal to 7a. The symbols for wave functions relating to the same electron 
are juxtaposed in the electron-repulsion integrals. For example, } 


(ses 


where 7 is a number representing the coordinates of the o electron, and j=1 or 2. 
For economy in notation we refer to s, y and z collectively as o wave functions 
(though indeed we do not consider o bonding explicitly), and we use the terms o 
and 7 with reference to atomic orbitals as well as molecular orbitals. 

It seems pointless to complicate the simple Goeppert-Mayer—Sklar cor 
potential function unnecessarily, so we have made no attempt to allow for 
energy of ‘exchange’ between the 7 electrons and the electrons of the co 
(Ross 1952, Niira 1953): this cannot be estimated with much accuracy in % 


r 
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3 


4 
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calculation implying a very crudely formulated o wave function. Transformation 
of the atomic orbitals s, y and z into a trigonally hybridized set is accordingly 
‘without effect on the calculated energies. 
We have not, of course, adopted Goeppert-Mayer and Sklar’s W,, 
‘approximation, that is eee : 
(zal —s V2 + J ala) = Wop» 


(ap|— $V? + Valma) = SW,,, 

where W,, is an ill-defined quasi-atomic parameter. If valid at all, this device 
for avoiding the evaluation of kinetic energies} can clearly be valid only for a 
single (optimum) value of Z appropriate not to a molecular, but to an atomic 
environment. 

_ Because Goeppert-Mayer and Sklar’s technique provides no means of 
lallowing for changes in nuclear configuration, we have calculated only ‘vertical ’ 
jexcitation energies, and have ignored the probable non-planarity of the excited 
states of ethylene (Walsh 1953, Wilkinson and Mulliken 1955). We are in any 
)case concerned primarily not with the comparison of theoretical and experimental 
excitation energies, but with the intrinsic validity of the former. 

Using the tables compiled by Kopineck (Preuss 1956) and by Roothaan 
(1951, 1955b) as a source of integrals over atomic orbitals, we have evaluated 
the energy integrals (Y|H|’) for 

L=2,=2,=2,5 = LZ, =0-19040(0:39520)4-34718, 
DAZ =—1-0(0'5)}5-5, 
where R = 1-339/0-52917 is the equilibrium C-—C distance in Bohr radii (Costain 
and Stoicheff 1959). There is no justification for supposing that Z,=Z,, but 
sthis is one of the over-simplifications invariably employed in the non-empirical 
calculations whose numerical significance we are examining. 

We have evaded the problem of deciding how best to adjust the radial-node 
parameter in a Zener 2s wave function as Z is varied by using a hydrogen-like 
2s wave function in obtaining all the results quoted in §3. As a precaution, 
thowever, we have determined the effect of replacing the hydrogen-like orbital 
by a nodeless orbital. It is evident (table 1) that the analytical form of the 2s 
wave function has little effect on calculated excitation energies over a wide range 
of Z. A 2s wave function of optimum form would doubtless give results lying 
‘between those obtained with a hydrogen-like wave function and those obtained 
| with a nodeless wave function. [We have verified this for a Zener 2s function 
with Z=3-18.] 


and, correspondingly, 


that is for 


§ 3. RESULTS AND DISCUSSION 


The calculated z-electron energies of ethylene, (¥’|H|’), are shown as 
functions of Z in the figure. As would be expected, our results are altogether 
different from those which Parr and Crawford obtained (for four values of Z 
hin our range) with the use of the W,, approximation, 


1olecular calculations based on linear combinations of 2pz atomic orbitals, there seems to be 
, evidence to support this view; and calculations on atomic systems suggest quite the 
rary (Duncanson and Coulson 1949, Roothaan 1955 a). Slater, Zener, and hydrogen- 


ike 2p orbitals are, of course, identical in form. 
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It is obvious from the form of the Goeppert-Mayer—Sklar core-potential 
function that the minima of the curves in the figure have no significance in relation | 
to the variation principle: the wave functions are functions of the two 7 electrons | 
only, whereas the corresponding energies include substantial o—7 contributions. | 
Any doubt on this score is readily resolved by considering an analogous | 
calculation on the [1s?]2s2p% configuration of the carbon atom. If, in the manner | 
of Goeppert-Mayer and Sklar, we evaluate the energy of one of the p electrons | 
(which we arbitrarily label 7a) in the field provided by the rest of the atom | 
(i.e. by the core) we obtain 

(7a] —4V2 + Vala) =42Z? —0-48867Z. : 
This artificially defined energy is minimized when Z has the absurdly low value | 
of 1-955 (cf. figure). For the trigonal valency state the optimum value of Z is | 
in fact 3-065. : 


Table 1. Calculated Energies (ev) of 1A, and the 'B,,, Configurations of Ethylene 


Hydrogen-like 2s Wave Function 


J, 15) 2:0 2:5 3-0 3:5 4-0 
OB a — 35-464 —34:251 —29:154 —20°857 — 9-540 4-949 
Ag —40-698 —41:332 —38:141 —31:789  —22-256 — 9-236 
1A c—'Biu 5:234 7-081 8:987 10:932 12-716 14-185 
Nodeless 2s Wave Function 
Ba —32:940 —31:285 —25-845 —17:218 — 5-531 9-366 
Ag —38:174 —38:419 —34:965 -—28:357 —18-503 — 5-077 | 
1A o—'Biu 5-234 7-134 9-120 11-139 12:972 14-443 


The energies have been obtained by four-point Lagrangian interpolation from values 
calculated directly from Kopineck’s tables (Preuss 1956) and from Roothaan’s formulae and 
tables (Roothaan 1951, 1955 b). a.u.=27-210 ev. 


Attention must this be focused on the region around Z= 3-2, and it is at once 
obvious from the steepness of the curves that calculated configuration energies 
can have little meaning if the scale parameter cannot be specified with precision 
(table 2). It is interesting to note that a trifling decrease (about 0-06) in the 
value of Z appears to depress the energy of the lower ‘Ag configuration to the 
same extent as ‘interaction’ with the upper configuration of the same symmetry. 

Excitation energies are much less sensitive to variation in Z than configuration 
energies, but they also cannot be calculated with any degree of reliability, even 
on the assumption that the scale factor is independent of the state of excitation. 

Careful work on simpler molecules would lead one to expect, however, that 
the scale factor for the lowest configuration (Zgq) should be higher than that. 
for a free carbon atom (Zatom), and the scale factors for the excited configurations 
(Zexc) progressively lower (Altmann and Cohan 1954, cf. Davies 1958). An 
adjustment of this kind might seem at first sight to provide a means of reducing 
the exaggerated spacing of energy levels characteristic of Goeppert-Mayer—Sklar 
calculations; but it would in fact be both hazardous and improper. } 

An increase in Zgq of only 2-6% (or 3-7% if configuration interaction is take 
into account), with a corresponding decrease in Zexe, is sufficient to invert 
order of the 1Ag and the °B,, states. Likewise, with Craig’s (1950a) sc 
parameters (Zgq=1-1x 3-12; Zexe=0-9 x 3-12), the calculated energy of eve 
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curves represent calculations in which configuration interaction has been estimated 


Calculated energies (Y|A| Y’) of the z-electron states of ethylene. ‘he outermost 
in the conventional way. 


Table 2. Calculated Energies (ev) of the 7-Electron States of Ethylene 


Z 2°6 2°8 3-0 BA 3:4 3-6 
TAG (c.i.T) 23270 19922 167 14914 — 67262, 5 2105 
1AE 25054) = 20-715 17-058 — 12-981". = 8-495 3585 
1Biu —27-738 —24-534 —20-857 -—16696 -—12:050 — 6-901 
-*Biu — 33-868. =—31:377. —28-451 —25:075 —21-249 -—16-951 
Ag —37-417» —34-695 - —31-789 - 28-372, 24-430.) 19-938 
TA g (c.i.T) = 379796)-2 35488. 2932-710" 29-438) = 25-663) 6. 21:359 


See footnote to table 1. 
+ The second and the seventh rows of the table give the results of calculations in which 
configuration interaction has been taken into account (Parr and Crawford 1948, Craig 1950 b). 


4 the 1B,,, configuration lies 0-8 ev below that of the *Ag configuration, a catastrophe 
which is only just averted by allowance for 1A,—1Ag interaction. 

These arithmetical quirks have, of course, no physical interpretation, and it 
is easily seen that the adjustments in Z which give rise to them are doubly 
fallacious. With wave functions built up solely from 7 orbitals there can be no 
justification for the joint variation of Z, and Z, between different states: this 
gives a quite spurious o-electron contribution to the calculated excitation energies 
(o-7 repulsion terms without other counterbalancing o terms). Moreover, 
whereas Z,¢q may well be higher than Zatom, there is no reason to suppose that 
Z,exe is appreciably different from Z,ga._ The Goeppert-Mayer—Sklar formalism 
neither requires nor permits anything but a constant value of Z, for all z-electron 
States. | 

_ There is no objection in principle to applying the minimum-energy criterion 
to Goeppert-Mayer-Sklar calculations in which variation is confined to z-electron 
parameters (linear or exponential) and, in an interesting extension of Parr and 
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Crawford’s work on ethylene, Murai (1952) has made a preliminary examination 
of the effect of varying Z, while keeping 7, constant. ‘Taking Z,, = 3:25 


calculated the energies of the four z-electron states for Z,= 1-6, 24, 3-2, and so 
obtained the following ‘optimum’ values of Z,: 


ZCAg)> 3:23 -Z.CBy) 23-23 (ZC B24 eZ, CA) a2 


7 


The directions of the displacements of these values from that of Zatom are just 


what would be expected. 


This type of calculation probably represents the limit of complexity to which : 


variational studies can usefully be carried within the framework of Goeppert- 


Mayer and Sklar’s approximation, and it is thus most unfortunate that the | 


excitation energies which Murai obtained with the best values of Z, corresponding 
to Z,=3-2 were not in very much better agreement with spectroscopic measure- 
ments than those which he obtained with Z,=Z,=3-2. It would be 
enlightening to ascertain whether this disappointing result was determined by 
a possibly poor choice of Z, (i.e. by the use of a potential function which admits 
of ready improvement), or whether—less happily—it was merely one of many 


instances of the ineffectiveness of conventional variational techniques when | 


applied to the estimation of the energies of excited states. 

There being obviously no recourse to the variation principle, however, it 
is not clear how the most suitable value of Z, could be determined. One might 
calculate the energies of the z-electron states for various values of Z,, but, unless 
the corresponding transition energies proved unexpectedly ‘stable’, the results 
would be of little use. We have not attempted this tedious and probably 
unrewarding investigation, but instead we have extended the ingenuous 
calculation described in the second paragraph of this section by relaxing the 
condition Z,=Z,; i.e. we have determined to what degree the scale parameter 
of an atomic ‘7’ orbital depends on the arbitrary scaling of the core orbitals. 
Table 3 provides a dismal augury of the discomfiting results that might be expected 
in a molecular calculation (see also Stewart 1960). The energies listed have, 
of course, no variational significance as functions of Z,: we quote them merely 
to emphasize this. 


Table 3. Calculated Energy (ev) of an Atomic ‘7’ Electron subject to the 
Goeppert-Mayer-Sklar Core Potential 
Z, (arbitrary) 2°50 2275 3-00 a 25 3°50 3°75 


Z,, (optimum) 3-46 3-30 3-11 2:86 2°56 2:19 
(m|-4$V2+V,|7_) —13-958 -—11-446 -9-299 —7:537 -—6180 —5-234 > 


See footnote to table 1. 


§ 4. CONCLUSION i 


We are evidently very far from being able to establish criteria for the reliable 
calculation of excitation energies within the limitations of the Hiickel approxima 
tion; indeed, we have at hand no means of justifying the approximation itself. 
We still do not know whether the gross disparities which almost invariably exist 
between the results of wave-mechanical calculations and those of spectroscopic 
observations are due essentially to the inadequacies of 7-electron wave function 
or to the crudity of the core-potential functions used in the evaluation of thet 
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energies. In fact, the parametric basis of non-empirical calculations is so insecure 
‘that we scarcely know what values to claim as the ‘ theoretical’ excitation energies 
of any given molecule. 

It seems unlikely that the solutions to these problems will emerge from 
‘anything less comprehensive than a thorough-going 6-centre—16-electron 
scalculation on ethylene, and this is probably only just within the scope of the 
‘most sophisticated computing techniques now available. It is difficult not to 
endorse the growing conviction that the estimation of the lower energy levels 
| of o—z systems is a task for which non-empirical methods are altogether unsuited 
jin their present numerically ill-defined form. From this and many other points 
jof view the resurgence of interest in precise work on relatively simple molecules 
is a most welcome feature of recent developments in quantum chemistry. 
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Large Scale Irregularities in High Altitude Winds 
By J. S. GREENHOW anp E. L. NEUFELD 


Jodrell Bank Experimental Station, University of Manchester 
Communicated by A. C. B. Lovell; MS. received 15th June 1959, in final form 30 July 1959 | 


Abstract. Large scale irregularities in the wind at heights of 80 to 100 km are | 
discussed. Measurements of the wind at different heights using radio echoes | 
from meteor trails show the presence of irregularities with a depth of about | 
10 km and a horizontal extent of over 100 km. ‘These are identified with the | 
large eddies detected using a two-station wind measuring system described in an | 
earlier paper. The lifetimes of these large irregularities given by auto-correlation | 
curves derived from the time variation of the turbulent wind component, is | 
found to be about 1-5 hours. Slow variations in the prevailing wind with periods | 
of several days, produced by pressure systems similar in dimensions to the pressure | 
systems at the earth’s surface, are also observed in this region. >| 


§ 1. INTRODUCTION 


turbulence at heights of 80 to 100 km are described. A spaced station radio 

echo technique was used in order to determine the wind velocity at the same | 
time at two points along a meteor trail. In this way the wind shear could be: 
measured and by varying the distance apart of the points of reflection velocity | 
correlations could be investigated as a function of separation in space. The’ 
vertical scale of the large eddies was found to be approximately 7 km, although | 
the horizontal scale appeared to be of the order of 150 km. The mean turbulent 
wind shear was 10msec~'km-1, values as high as 100m sec-!km~ being 
observed, while the r.m.s. turbulent velocity was 25msec~!. Similar values 
have been found using photographic meteor techniques (Liller and Whipple 
1954). 

This paper describes some single station measurements of upper atmospheric’ 
turbulence. Direct evidence is presented showing the existence of irregularities 
in the wind with a horizontal scale greater than 100 km and a vertical depth of 
only a few kilometres. These irregularities are identified with the large scale 
turbulence discussed in the previous paper. 


|: a previous paper (Greenhow and Neufeld 1959) some measurements of | 


§ 2. "TECHNIQUE i 


‘The coherent-pulse method for the measurement of wind velocities from th 
drifts of meteor trails has been described previously (Greenhow 1954). Briefly, 
a beamed aerial system is pointed in two directions at right angles for alternate 
periods of ten minutes. Radial components of the drifts of 50 to 500 meteor 
trails are determined each hour, and by combining the means of the individ al 
measurements in both directions, the resultant wind vector can be obtainec 
For simplicity of analysis and presentation the components of the mean wind, in 
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the two directions, are plotted separately at hourly intervals throughout the day. 

As an example of the results obtained the North-South and East-West 
components of the wind for 22nd—23rd September 1954 are shown in figure 1 (a). 
A harmonic analysis is carried out using the 24-hourly wind measurements in 
order to resolve the various uniform wind components. On most days the wind 
is well represented by a semi-diurnal tidal component with an amplitude of 10 
to 30msec™, together with a prevailing wind of 10 to 20msec-! which has a 
constant velocity throughout the day. Small 8-hour and 24-hour components 
are also observed. ‘The broken curves in figure 1 (a) show the sums of the first 
three terms of the Fourier series, representing the prevailing, 12-hour and 24-hour 
wind components. The agreement with the experimental points is good, 
lalthough there are some deviations from the fitted curves. 


igure 1. North-South and East-West wind components for two 24-hour periods: (a, 
shows the 12-hour periodic wind superimposed on a steady prevailing wind (AB) 
CD); (6) the periodic wind is superimposed on a rapidly varying ‘ prevailing ’ wind 


(EF, GH). 


Each point in figure 1 (a) is the mean of a large number of separate meteor 

drift measurements, and inspection of the distribution of individual values shows 
ithat there is a very large spread due to turbulence. Thus the r.m.s. turbulent wind 
tspeed is usually of the order of 25m sec, even at times when the mean wind 
jspeed is ero (Greenhow and Neufeld 1959). 


§ 3. RESULTS 
3.1. Irregularities in the Dirunal Wind Variations 


Although theoretical curves may be fitted to the hour by hour wind measure- 
ments, there are frequently deviations from these curves showing the presence 
of irregularities in the wind which may last for several hours. ‘These irregularities 
: largely smoothed out when echoes at all heights and ranges are grouped together 
order to give the mean wind at a height of 90 to 95 km. ‘To emphasize these 
e scale deviations from the regular wind components, echoes have therefore 
en divided into four height groups centred about 85, 90, 95 and 100 km 
eenhow and Neufeld 1956). ‘These height groups are only 5 km apart, which 
less than the vertical extent of a single large eddy deduced from two station 
d measurements. — TOS? 
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North-South and East-West components of the wind for a day in January 
1954 are shown in figure 2; here harmonic analysis to derive the first three terms 
of the Fourier series has not been carried out, and instead smooth curves have 
been drawn through the individual hourly wind measurements. The large 
12-hour periodic wind is still clearly resolvable at all heights (with an amplitude 
increasing with height), but the wind variations are by no means purely sinusoidal. 
For example, between 0500 and 0800 hours in the East-West direction at a height 
of 90 km there is a large irregularity in the wind lasting for three hours. This 
disturbance is also present in the North-South direction from about 0400 to 
0700 hours. In both directions the amplitude of the irregularity falls off rapidly 
at greater and lesser heights, and its vertical depth is only of the order +5 km, : 
The horizontal extent of the irregularity can be determined on the assumption | 
that it is being carried along with the mean wind speed at that time of 40 msec : 
towards North-East. For a duration of 3 hours this gives a horizontal scale of : 
400 km. Evidence that the horizontal dimension is greater than 300 km is given | 
by the appearance of the irregularity on both the North-South and East—West | 
aerial directions at overlapping times, as the beamed aerial illuminates areas of 
sky approximately 300km apart in the two directions. 


North-South Component East -West Component 


msec”! 


m sec"! 


Figure 2. Height variation of the wind, showing large scale irregularities. 


While large irregularities of this type are observed almost continuously, it 
is possible that, because of the method of averaging measurements in hourly | 
intervals, those with decay times of less than one hour are smoothed out. This 
difficulty has been overcome by plotting the wind at intervals of only 20 minutes, 


when it is shown that the time constant of these large irregularities is approximately 
1-5 hours, 


3.2. Time Scale derived from the Auto-correlation Coefficient : 

In the spaced station turbulence measurements the scale of the large eddi 
was determined by observing the fall off in correlation of the wind velocity at 
points, as their separation was increased. Similarly, the time scale uf the ed 


~ 


Large Scale Irregularities in High Altitude Winds 231 


can be obtained by investigating the variation of wind velocity with time at a 
single point. 

Thus an auto-correlation function g(r) may be defined, which correlates the 
turbulent wind velocity u, at time s, with the velocity u,,, at a time 7 later. 


g(t) is given by the expression 


Dit. 
oO = s“Ss+r 
8) = Su. Pe 


The value of 7 at which the auto-correlation function falls to zero can be 
‘used to define the decay time of the large eddies. 

A number of continuous 24- and 48-hour wind measurements, obtained during 
‘systematic wind observations over a period of five years, have been analysed with 
‘a view to determining the time constant of the large scale irregularities. An 
vexample of such a 48-hour run is given in figure 3, for the period 1700 hours on 
16th September to 1700 hours on 18th September 1953. On this occasion the 
/beamed aerial was switching between azimuths 45° East of North to 45° West 
Jof North. Figure 3 (a) shows the North-East wind component. ‘To improve 
ithe time resolution of the system the wind has been determined over alternate 
periods of only ten minutes in each direction, in case the usual hourly averages 
resulted in smoothing of the irregularities with the shortest decay times. 


) Figure 3. (a) Measurements of wind speed at 20 minute intervals for a two-day period. 
The broken line is the sum of the first three terms of the harmonic analysis 
representing the regular prevailing, diurnal and semi-diurnal wind components. 
(b) The irregular departures of the measured wind from the smooth curve of (a). 


It is, of course, necessary to subtract the steady wind components from the 
observed wind in order to determine the turbulent velocities. This has been 
Jone by harmonic analysis of the 48-hour results for prevailing, semi-diurnal 
diurnal components. ‘The sum of these first three terms of the Fourier 
es is shown by the broken line in figure 3(a). ‘The 12-hour component is 
largest with a magnitude of 30 msec™, next is the prevailing wind with an 
iplitude of 10msec~, while the 24-hour component is hardly significant with 
‘a magnitude of only 3 msec~t. 
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The deviations of the individual points from the smooth curve in figure 3(a) 
than give the magnitude of the turbulent wind, and these deviations are plotted 
in figure 3(b). The turbulent wind component is seen to be of large amplitude, 
and visual inspection of the figure shows the presence of irregularities with 


periods of about half an hour up to several hours. ‘The auto-correlation function | 


has been determined for all pairs of points separated by integral numbers of 20 — 


minutes and the resulting auto-correlation curve is plotted in figure 4. g(t) 
falls to zero in approximately two hours, giving the mean lifetime of the large 
scale irregularities for this two-day period. 


From the slow fall off in the value of g(r) with 7, it is clear that any reduction — 


in g(r) due to taking a finite time interval of 20 minutes is negligible. Similarly, 


Figure 4. The auto-correlation function g (7) for the irregular wind variations of figure 3 (5), | 


the r.m.s. turbulent velocity of 18 msec~!, determined from the individual points 
in figure 3(b), is very near the mean value of the r.m.s. turbulent velocity of 
25msec-!. This shows that smoothing of the velocity fluctuations due to the 
aerial beam receiving meteor echoes from a finite volume of space is also negligible. 

The time at which the auto-correlation function falls to zero varies between 
one and two hours for the periods which have been investigated. 1:5 hours 
has therefore been taken as the time constant of the large scale turbulence. 

As the fall off in auto-correlation will depend to some extent upon the steady 
drift of the irregularities past the point of observation, as well as upon the time 
decay of the eddies, this figure must represent a minimum value of the decay time. 
However, at times when the steady drift velocity is low compared with the r.m.s. 
turbulent velocity, the fluctuations in wind speed are similar to those in figure 3. 
Thus the effect of steady drift on the auto-correlation curve is small compared 
with the effect of the irregular wind variations. 

‘ 
3.3. Horizontal Dimensions of the Large Scale Turbulence % 

The horizontal dimensions of the large eddies may be deduced assuming that 
a relationship of the type L = Vt holds for eddies of all sizes (Batchelor 195g 
where L is the length parameter of the turbulence, V the r.m.s. velocity and ¢ th 
decay time. In the height region 90 to 100km, V =25 msec! and t=6 x 103 sec 
giving L=150km. ‘This figure is in good agreement with the horizontal sc 
determined from the velocity correlations described in the previous paper, 


eddies with a vertical scale of only 7km. Direct evidence that the horizontal 


al 
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dimensions are of this order is given by the absence of smoothing of the velocity 
ductuations described in §3.2. Because of the finite beam width of the aerial, 
neteors are collected over a region at least 5}0km in diameter. If the eddies are 
only of the same order of size or smaller, the velocity fluctuations will be largely 
smoothed out. In this case r.m.s. velocities determined from the velocity 
ductuations would be much less than the true r.m.s. velocities measured using 
she spaced station technique. This sets a lower limit of 50km for L, which 


S consistent with the value of 150 km deduced from turbulence theory. 


3.4. Long Period Variations in the Mean Wind 


In the previous paragraphs it has been assumed that the prevailing wind, 
‘epresented by the constant term in the harmonic analysis of 24-hour wind 
observations, does not vary throughout the day. This assumption is apparently 
confirmed by the closeness of the fit of the theoretical curves, such as those in 
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gure 1 (a), to the experimental points. Also the seasonal variations in. prevailing 
ind have repeated themselves quite closely in five successive years, showing 
at we are concerned with a regular wind structure rather than random variations. 
In figure 1 (a) North-South and East-West components of the wind are plotted 
ra day in September 1954. Prevailing wind components of 1m sec" towards 
uth and 10 msec~! towards East are observed, together with a regular 12-hour 
cillation superimposed on this constant wind vector. On the other hand during 

period 23rd—24th March (figure 1(5)), the two maxima of the semi-diurnal 
ation have very different values, and harmonic analysis taking 24 hours as— 
> fundamental period gives a very large diurnal wind. However, at the end 

he period F the wind has not returned to its initial value at E, and it is clear 
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that this is not a true 24-hour periodic wind but rather a steady change in th 
mean wind throughout the day. ‘This is shown by the curves EF and GE 
Slow variations of this sort have been resolved in greater detail by a number ¢ 
continuous weekly and fortnightly wind measurements. T'wo series of measure 
ments lasting 14 days are shown in figure 5, where the mean value of the win 
has been determined over successive periods of 24 hours. Between 13th an 
27th January 1956, for example, the North-South component of prevailing win 
swings from 13 msec towards South to 13 msec! towards North, and the 
again to 18 msec“! towards South. Similarly, the East-West component varie 
over a range of 25 msec~ about the mean seasonal value of 16msec—1. Thes 
variations in prevailing wind have periods ranging from a few days up to a fort 
‘night, and for a mean drift velocity of 10msec—! the horizontal scale of th 
pressure system giving rise to the winds would be of the order of several thousan 
kilometres. Thus, there exist in the region 80 to 100km above the eartl 
pressure systems similar in scale and duration to the weather systems present at th 
surface of the earth. ‘These give rise to slow variations in the wind of abou 
+10msec, causing the prevailing wind to fluctuate about its mean seasona 
value. : ‘ 
The wind speed at 90km is plotted in figure 6 together with the pressur! 
variations near the ground, measured at the observing station, for two period 
of a fortnight. ‘The variations in wind speed and atmospheric pressure 
similar in character, showing that the dimensions of these large pressure system 
at ground level and 100km height are of the same order. There appears to bi 
some correlation between the changes in wind speed and pressure, but in viev 
of the small number of observations it is not possible to determine the significance 
of this correlation. 
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Electron Excitation of Atomic Hydrogen in the 2p Level 


By D. McCREA anp T. V. M. McKIRGAN 
Department of Applied Mathematics, The Queen’s University of Belfast 


Communicated by D. R. Bates ; MS. received 29th Fune 1959, in final form 17th August 1959 


Abstract. Using an interpolation procedure the Born approximation to the 
cross sections for the excitation of atomic hydrogen from the 2p level to the 
eighth and higher levels has been obtained from computed cross sections for 
transitions to the lower discrete levels and to the continuum. ‘The total 
ionization cross sections have also been obtained. An incident energy range 
of from 5ev to 120ev is covered. 


§ 1. INTRODUCTION 

WING to the algebraic complexity of the expressions involved in 

calculating the excitation cross sections of the higher discrete levels 

of an atom by Born’s approximation, it is advantageous to adopt an 
alternative to the direct method of computation of these cross sections. In 
considering excitation from the 1s state of hydrogen, McCarroll (1957) has 
shown that if the cross sections for excitation into a few of the lower discrete 
levels and for ionization into the continuum are known, then an interpolation 
procedure may be used for the intervening discrete levels. This procedure has 
been discussed further by Boyd (1958) and has been used by him in the study of 
excitation from the 2s state. It is judged that the error introduced by the 
interpolation is no more than 0:2%. 

In the present work the 2p (m=0, +1) states are treated, thus completing 
the task of obtaining Born’s approximation to the cross sections for excitation 
from the lower states. The report given will be brief since the analysis, though 
more complicated, is not essentially different from that described by McCarroll 


and Boyd. 


§ 2. THEORY 

It is convenient to consider excitation from the 2p, and 2p,,, states independ- 
ntly, and so the total cross section for the excitation of the nth group of levels 
rom the 2p level is given by 

Qe(2p, 2) = $0°(2po, 2) + 3O°(2P 1”) vee (1) 

here O°(2p,,, 2), (m=0, +1) is the corresponding cross section from the state 
dicated. The interpolation method depends on the continuity of 47°Qe(2p,,; 7) 
garded as a function of the energy £,,, with Oi(2p,,, €) regarded as a function of e, 
(2p nm» €) being the cross section for the ejection of the atomic electron into the 
ntinuum with energy between « ande+de. According to Born’s approximation | 
pais 
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the total cross section for the excitation of all discrete levels with principal 
quantum number » from the 2p,, state is 


2 «K max 
Oe 2 = Za 2} ay << ‘id 2 

4 Ne ( Pm n) =a feona I( Pm Nn, K)K dK (ray ) eee A aS (2) 

where 4 nal 
T(2Pms n, k= K > le(2Pms n, 12k) (2 Re 2 ae (3) 

1=0 
ape ne K)= | eK (rp t) de aoe (4) 

0 

Re ant eee eee (5) 


max 
min 


sand K=k;—ky where kj and ky are the initial and final propagation vectors of 
‘the incident electron. We choose the polar axis of the coordinate system in the 
| direction of k;. Then the substitution x = K2and the simplification of equation (4) 


| give a general expression for J(2p,,,7, x) which may be written in the form 
n—2\m\l—1 


. af Cimi Xn —2 =i) 
i(2p5; n, x) = x2 x)r mr) 5 x)" “Tmi45) 2 a,, im Y 1 —2)m|—r a 
» where gerd waatind SLytge to sonst ng 
pa ae Te eee ey (7) 
2n 


\ 
| and the external factor ¢,,,, and the coefficients a,,,,,, are given in tables 1 and 2. 


By integrating over x, expressions for Q°(2p,,,) may be found without difficulty. 

The formulae for Qi(2p,,,¢) are derived by a method analogous to that used. 
by Massey and Mohr (1933) for excitation from the ground state. Since the 
| formulae for Qi(2p,,, ) have already been given by Burhop (1940), Mandl (1952) 
»and Swan (1955), it is only necessary to remark that the expression obtained for 
O'(2p,, «) is equivalent to those given by Burhop and Mandl and for Q'(2p.1,€) 
to those given by Swan and Mandl. 

The value of the cross section at the spectral head is of special importance 
“since it gives the limiting value of the excitation cross sections of the discrete 
‘levels. Defining k to be 2xmv/h where v is the velocity of the incident electron, 
m is its mass and h is Planck’s constant, and performing the integration over the 
change of momentum analytically, it is found that 


i = 28 12 y e-8 : 
O'(2p.1, 0)= 15(ha,)? [2 x e-8 x Ei(2¢) 
£8 t gst? 341¢ 2389) a |*/_ 12 
EN miei ou agra woah 4 he JI) 
es, iil ahaeere Tr <r ee he GA fr ey 9 

in which : (9) 
Bie { ann Le POEL ED (10) 
t,=(*maxt+4)~ de ha rain to) at Be (08: 
stan = {Rag t[ (kay)? —2P9P a eee (12) 


min 


and ay is the atomic unit of length. 
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For values of ¢ near the threshold Q'(2p,,,, ) has been evaluated by numerical 


integration. 
The total cross section for ionization into the continuum from the 2p,, state 
is given by - 
Ql2p,,) = i OP ede sven (13) 
where 
Be ee (14) 


and &; is the threshold energy of the process. To supplement the values of 
Q'(2p,,,€) obtained in connection with the interpolation of the excitation cross 
sections, further values completing the coverage of the ejection energy range 
from 0 to €max were calculated. Owing to the length of the work involved DEU 
was used to calculate these supplementary values. The evaluation of equation (1 
presented no further difficulty. 


§ 3. CALCULATIONS AND RESULTS H 


Cross sections for the excitation of the third, fourth, fifth, sixth and seventh 
groups of levels of atomic hydrogen from the 2p, and 2p... states were computed 
for values of the incident electron energy ranging from 0-36 to 9 rydbergs. 


900 
\. 36 rydbergs 
800} 
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Writing *x=2z7mv/h where v is the velocity of ejection into the continuum, 
Q'(2po, «) and O'(2p.,,¢) were determined for values of x near the ionization 
threshold (« =0-10, 0-15, 0-20), the integrations over K (the change in momentum 
of the incident electron) being performed numerically. Graphs of the functions 
gn°QO°(2p,,,; 7) and Q'(2p,,,<«) were then plotted for the given range of incident 
energies. A representative selection of these is given in figures 1 and 2, for the 


lOO 
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Figure 2. Illustration of the continuity of $7°Q°¢(2p 4.1, m) with O'2p41, €). 


m=0 and m= +1 cases respectively. The values of the computed cross sections 
for n=3, 4, 5, 6, 7, and of the interpolated cross sections for n=8, 9, 10 are 
displayed in tables 3 and 4. Where n>10 linear interpolation is adequate. 
In this case the relationship between the cross sections for the excitation of the 
discrete levels and the cross sections at the spectral head is given by 

7 ne dn? 0°(2pm, 2) = OX(2Pm, 0) + Opn. Sioa) 
‘Tables 5 and 6 give the values of Q'(2p,,;0) and b,, for m=0 and m= +1 
respectively, over the given range of incident energies. 

As one would expect the values obtained for the cross sections for excitation 
E the 2po,4; states are much larger than the corresponding cross sections 
ined for excitation from the 1s state. Swan (1955) calculated the ionization 
oss sections from each of the 2s, 2py, 4; states. Our values of Q'(2pp, e) differ 
ym Swan’s values, being about half as great. However, our Oe(2po,3) and 
(2py, 4) are in satisfactory accord with results calculated using Bethe’s formula 
at high energies of incidence. This accord coupled with the continuity 
displayed in the graphs should eliminate the possibility that we have made a 


D. McCrea and T. V. M. McKirgan 


240 


(ol ‘**dZ)6 


(,°v Jo syrun) 93819 


6$0-0 
990-0 
LLO-0 
£80-0 
OOT-0 
611-0 
SE1-0 
S9T-0 
L0C-0 
SS7-0 
8cE-0 
LI¥-0 
tCr-0 


(OL “°dZ)ad 


ES 


cL0-0 
c80-0 
460-0 
OTTL-O 
6¢1-0 
IST-0 
O81-0 
6CC-0 
887-0 
8ZE-0 
S0S-0 
009-0 


(6 ‘*Fdz)oO (8 


+80-0 
$60-:0 
801-0 
SCL-0 
I+T-0 
LOT-0 
961-0 
FET-0 
88¢-0 
19€-0 
194-0 
985-0 
109-0 


(6 “°dZ) 


(,°v% Jo sytun) 93839 


FUU'YU 
801-0 
ETL-0 
OFT-0 
F91-0 
061-0 
¥CC-0 
897-0 
CrE-0 
9CF-0 
095-0 
O+Z-0 
068-0 


SCL-0 
a 0) 
091-0 
c8I-0 
L1Z-0 
8b7-0 
167-0 
SrE-0 
cEr-0 
LEs-0 
+89-0 
198-0 
€68-0 


O (8 “dz)ed 


00C-0 
Scc-0 
vSC-0 
067-0 
FEE-O 
06£-0 
L9¢-0 
€SS-0 
LL9-0 
+r8-0 
CLO: 1 
Sre-T 
60¢-T 


(ZL “°dZ)aO 


ZIS-% 
“FdZ)oO (LFdz)o (9° Fdz)oO_ (5 "Fz (+ 


OSE-0 
£6€-0 
brr-0 
905-0 
£8S-0 
089-0 
c08-0 
£96-0 
OF: 
SOFT 
688-1 
LVE-C 
66¢-C 


(9 °d7)a0 


bat UL 
819-0 
002-0 
662-0 
c76-0 
LLO-1 
9LC-1 
8ES-T 
168-1 
O8E-7 
LLO-€ 
CSO-4F 
S66-F 


9CL-0 
£08-0 
816-0 
S+0-1 
COC} 
66£-1 
649-1 
L6-1 
80F-C 
£66-7 
06L-€ 
6bL-b 
6SC¢°S 


(¢ “°dZ)aO 


ra Lay | 
Fre6-1 
(GUAG 
£OS-7 
646°C 
O8b-€ 
eLl-v 
COTS 
18€-9 
181-8 
€69-01 
OFE-EL 


886-1 
tlC-¢ 
L6b-7 
8C8-C 
Iv7-€ 
SS 7e 
904-4 
9FC-S 
CSE-9 
€€8-L 
9€8-6 
ETEK 
9Ch-F1 


(r “°dZ)a0 


LTS-O1 
*Z18-11 
09€-€1 
8b7-ST 
L8S-L1 
SES-0Z 
ELE-bT 
8LT-67 
LE6-SE 
1S0-S+ 

brls 
STS-9L 


"F200 (€ *Fdz)oG 


916-11 
FOE-ET 
“98-41 
6SL:91 
8£0-61 
9€8-1Z 
FZE-STZ 
LTL-67 
COF-SE 
€08-Z+ 
T8P-7S 
678-49 
LES-FL 


(€ “dZ)a6 


ea dont ere. tel emememmmmal 
9L°9 ‘ 
OLS / 
t8-r 
00-4 
HC-£ 
99:7 
96-1 
br-l 
00:1 
9-0 
9£-0 
(sd13qpA2) 
Asioua poeduy 


"dz oyi wosy us8o1pAyy Jo S[PA9’T 9391981] JO UONRIOXY OY JOJ sUOTIDAG ssoIZ JeI0 L ‘+7198, 


00-6 
¥8-L 
92-9 
92° 
b8-4 
00-4 
vC-€ 
9S-~ 
96:1 
tr} 
00-1 
+9-0 
9£-0 
(s813qpAz) 
ASiouq Jeduy 


°dZ oy} wry ua80r1pAqy Jo S[PA9"T 9391981] JO UOeIOXY 94} J0F suoTIEG SSOID [BIO], “¢ BIqQeT, 


Electron Excitation of Atomic Hydrogen in the 2p Level 241 


Table 5, Parameters O'(2pp, 0) and 6) appearing in eqn (15) in text (units of 7a") 


Impact energy Impact energy 


(rydbergs)  Qi(2po, 0) bo (rydbergs) — Qi(2pp, 9) bo 
0-36 184-3 2:8 x 108 4-00 52-48 5-4 x 102 
0:64 184-7 2:3 4-84 44-86 4-96 
1-00 147-6 1-6 5:76 38-84 4-48 
1:44 115-6 1-2 6:76 33-96 4-24 
1-96 92-19 1-1 7:84 29-97 3-63 
2:56 75-04 0-73 9-00 26-66 2-30 
3-24 62:24 0-60 


Table 6. Parameters Oi(2p,,,0) and b,, appearing in eqn (15) of text 


Impact energy 


(units of za,”) 


Impact energy 


| (rydbergs) Oi(2p 1.1, 0) bi (rydbergs)  Qi(2p_1, 9) b.4 
| 0-36 188-7 4-72 x 10° 4:00 40-54 O70? 
: 0-64 159-8 3275 4-84 34-51 8-5 
/ 1-00 120-9 2°78 5:76 29°78 Hes 
1-44 92-47 1:94 6:76 207 6-0 
1:96 dasa 1-69 7:84 22°86 4-8 
2:56 58-64 (how 9-00 20:29 3-6 
3-24 48-32 1-09 
22 22 
20 is 20 
18 | 18 
gate, 16 
te a 
= Ee 
S14 = 14 
512 212 
G6 te) G |O 
8 8 
6 6 
4 4 
2 2 
Q Q 
O Os ke) 1S 2ZOWVT 25 sO)» O5 ike) 15 2O_-825 30 
4 Energy of Incident Electron (rydbergs) ‘ 
Figure 3. Total ionization cross sections. 


serious error. Figure 3 gives the cross 
om the 2pp, +, states. 
an in conformity with what was sai 
of Q'(2p,,) there is good agreeme 
and by Mandl. Born’s approximation to 


The values o 


nt wit 


sections Q!(2po, +1) describing ionization 
f Ql(2po) are about half those given by 
din the preceding paragraph. In the case 
h the results obtained both by Swan 
the cross sections describing ionization 


242 D. McCrea and T. V. M. McKirgan 


from all the lower states has now been published. Q1(1s) have been given by 
Fite (1958) and Q!(2s) by Yavorsky (1945) and Swan (1955)f. I 
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Molecular Motion in Liquid Glycerol by Proton Magnetic 
Relaxation 
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MS. received 1st Fuly 1959, in revised form 26th August 1959 


Abstract. Proton magnetic resonance relaxation times for liquid and supercooled 
glycerol of low water content have been measured in the temperature range 
200°K to 435°K. The spin-lattice relaxation times differ substantially from the 
earlier measurements. 

The results are used to deduce correlation frequencies for motion of the 
| glycerol molecules and these are compared with correlation frequencies deduced 
from dielectric and ultrasonic measurements. Values are now available in the 
range 10-1 to 2 x 10"c/s which is almost the complete temperature range, glass 
point to boiling point. Some indication is found that translational molecular 
motion may be faster than rotational motion in liquid glycerol and possibly dipolar 
reorientation is faster than that of the whole molecule. Several difficulties in the 
interpretation are encountered which are no doubt connected with the hydrogen 
bonding in liquid glycerol. A distribution of correlation frequencies of an extent 
) depending on the temperature is required. ‘The dielectric internal field correction 
is discussed. 


§ 1. InTRODUCTION, EXPERIMENTAL PROCEDURE AND RESULTS 


HE proton magnetic resonance properties of molecular substances can be 

used to obtain information about the motions of the protons in the substance. 

We have made magnetic resonance measurements of various types on 
glycerol (containing less than 0-2% by weight of water) as a liquid and a super- 
cooled liquid in the temperature range 200° to 435°. The correlation frequencies 
for the motion of the molecules, or parts of the molecules, are an important 
property of the liquid and the present results, obtained from nuclear resonance, 
are considered together with similar information from dielectric and ultrasonic 
loss measurements. The principal results are given in figure 3 and it is seen that 
the correlation frequency for molecular motion is now available for liquid glycerol 
over a temperature range stretching almost from the glass point to the boiling 
point, at atmospheric pressure. 

The sample of glycerol (CH,OH.CHOH.CH,OH) was of ‘analar’ grade 
‘and care was taken to remove water and keep the sample dry and free from 
atmospheric oxygen. A quantity of glycerol was heated at 80°c for ten hours at 
a pressure of a few millimetres of mercury, transferred to spherical bulbs a few 
illimetres in diameter and sealed under vacuum. The Fischer test showed. 
than 0-2% water by weight. These precautions are necessary because of the 
1 known hygroscopic nature of glycerol and because of the important effect 
a small proportion of water on many of its properties. Because we shall have 
to consider some published results on ‘wet’ glycerol, we give the effect of water 
on a typical property, the shear viscosity 7s; in the table. Glycerol from the 
“bottle’ may contain about 1-:3°%, of water. 
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°/, water by weight in glycerol ) (ew 0:8 13 2 5 
1g (poise at 20°c) (Sheely 1932) 14:99 14:39 12°57 11:29 9:74 5:45 
7. for pure glycerol/7, for solution 1:0 1:04 1:19 1:33 1:54 2:75 


The glass transition temperature of glycerol is 185°K (Simon 1922); the 
melting point of crystalline glycerol is approximately 290°K. Glycerol is induced 
to crystallize only with difficulty (see for example Schulz 1954) and we are 
confident that negligible crystallization occurred in our specimens. ‘The boiling 
point of glycerol is 563°K at one atmosphere. 

In the temperature range 200°K to 250°K we have measured the steady state | 
absorption € at a frequency of 15-3 x 10%c/s using a marginal oscillator method | 
(Gutowsky, Mayer and McClure 1953) which has been described elsewhere | 
(Powles 1956). The results are obtained as a plot of dé/dH against H. None 
of these derivative curves showed structure and so we report in figure 1 only the: 
values of the line width 5H, the distance between extrema of d&é/dH, and the: 
second moment values AH,? which are the mean square width of the absorption, 
curve €(#). | 


OH (gauss) and AH,’ (gauss?) 


Temperature (°k) 


Figure 1. Line width 5H in gauss and second moment AH,” in gauss? as functions 0: 
temperature for supercooled glycerol. 


In the temperature range 240°x to 435 °K we have measured the proton magneti 
resonance relaxation times by observing nuclear signals after various trains o 
intense radio frequency pulses (Hahn 1950, Carr and Purcell 1954). The resonant 
frequency in this case was 21-5 Mc/s. The apparatus has been described elsewher 
(Luszczynski and Powles 1959a). The decay of longitudinal and transvers 
magnetization with time was exponential in all cases and so we give only th 
spin-lattice and spin-spin relaxation times 7, and T, in figure 2. Also 
figure 2 we have plotted values of T, derived from 8H and denoted by T. (oH 
using the formula ; 


T,=«/yiH sovcaatlll : 
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Temperature (°K) 
210 250 300 350 400 450 
a u L 


Relaxation Time (seconds) 


45 40 3-0 25 


35 
10/7" 
Figure 2. Values of spin-lattice and spin-spin relaxation times J, and T, at 21:5 x 10% c/s 

for the protons in glycerol as functions of temperature. Values are plotted on a 
logarithmic scale against 10°/T for convenience. Also shown are values of T, derived 
from 5H of figure 1 using equation (1) and denoted by T, (6H). 

a, T, by 180°, 90° pulse sequence; b, T, by 90°, 180°, 180° .. . pulse sequence; 
c, T. by Bloch decay; d, T, derived from dH; e, T, at 29x 108 c/s by saturation 
(BPP 1948); f, T, at 4:8 x 10% c/s by saturation (BPP 1948); g, Ty at 8 x 10° c/s by 
adiabatic fast passage (Drain 1949). 


where y is the proton gyromagnetic ratio and « is a constant of order unity. We 
have assumed without much error that the inner part of the line is Lorentzian, 
in which case «=2/,/3. Thus T,(8H) is a number which indicates the general 
behaviour of the transverse magnetization. More precise information about the 
transverse relaxation is obtainable from figure 1. In the region of overlap of 
the two methods (~240°K) the line is fairly well narrowed and the values of 
T, by the two methods should agree. Part of the discrepancy may be due to 
experimental error since both pieces of apparatus are at their limit in this region. 
At temperatures above about 320°K self-diffusion effects rendered the measure- 
ment of 7, rather difficult even using the Carr and Purcell (1954) 90°, 180°, 
180°... pulse sequence; nevertheless, we are confident that T, does not differ 
from 7, by more than a factor 2 in this region, Apart from these two regions the 
accuracy is estimated as follows, T, 5%, T2+5%, SH 45% and AH,? + 10%. 
The importance of measurements of the proton magnetic resonance properties 
of glycerol is increased by the fact that it is often quoted in textbooks (Andrew 
1955, Pake 1956, Lésche 1957, etc.) as showing typical nuclear magnetic resonance 
behaviour. It is of interest therefore that our results differ substantially from 
the original ones of Bloembergen, Purcell and Pound (1947 and 1948, to be referred 
to as BPP) but still show the ‘typical ’ behaviour. The BPP results for 7, 
resonant frequencies of 29 x 10° c/s and 4:8 x 10 c/s and some by Drain (1949) 
at 8 x 108 c/s are shown in figure 2. There is some uncertainty in the position 
f these curves on the temperature scale because the water content of the glycerol 
is not accurately known. Since a viscosity figure of 10 poise at 20°c is used by 
BPP we assume their glycerol contained about 2% water. 


: 
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It is readily estimated, using equation (3) of §2.1, that the minimum value 
of T, at 21-5 x 10% c/s for the BPP measurements Pott be 4x 10-%sec which 
differs substantially from our value of 17-4 10-°sec. It seems unlikely that 
this discrepancy can be due to the small amount of water present. A considerable : 
uncertainty in the BPP results could be occasioned however by the 7, values | 
having been determined by the saturation method which is known to be rather 
inaccurate (Redfield 1955). Drain admits his method is inaccurate for short 7). 
It is evidently of interest to study the T, behaviour of glycerol near the minimum : 
at other resonant frequencies by the transient method. 

It should be mentioned here that although the early results of BPP appear | 
to be somewhat in error they were nevertheless a masterly piece of work in view | 
of the state of the techniques at that time. 

Values of 7, at 20°c, which is above the minimum, are not much affected rd | 
moderate water content and by resonant frequency in the usual range (BPP 
1948, Giulotto 1956, and this paper). 

§ 2. INTERPRETATION OF THE RESULTS 


2.1. Introduction 


The proton magnetic resonance results will be used principally to deduce the 
nature and rate of motion of the glycerol molecules as a function of temperature. 
In this connection it will be of interest to compare the present measurements 
with those of dielectric constant and loss and of ultrasonic absorption as has 
been initiated for glycerol by Litovitz (1957) and this is done in § 2.6. 

We base our interpretation on the BPP theory (1948) in which 7, and 7, 
are given essentially by 


wes ( - ) 2 tan'(aK/2aveTs) onewens (2) 
1 -( 1 ) 2 _ Bl2v)v) ] 


Tog2} 3a®vz L1+ (%¢[%e)® — 1+ (2r¢/ v0) 
where B=1 and K is a constant of order unity which covers an uncertainty in 
the theory. « is defined in §1; T,, is the effective rigid lattice transverse 
relaxation time, ve is the correlation frequency for the motion. We shall use 
correlation frequencies ve rather than correlation times te, where 27vete=1, 
for convenience. vy is the resonant frequency (21:5 x 108 c/s in this paper). 

More recent modifications of the theory (Kubo and Tomita 1954) change 
these equations to some extent, e.g. B=2, but not so as to affect our interpretation 
substantially. We shall find it necessary to generalize the BPP theory for dis- 
tributions of correlation frequencies. ; 

For the broad line region (figure 1) we also use Van Vleck’s (1948) theory 
of the second moment which, applied to the present case, where the protons ar 
the only magnetic nuclei, is lane by 


AH,,2= 7991 wnt >, Rise’ gash" eae 9s, ae ree (4) 
Nis; 


where N is the number of protons interacting and the R,; are their separatio 


in angstroms. When the absorption lines are mouonaly, narrowed a useful b 
approximate form of equation (2) is 


AH,? = =A H,,2(2/7) tan'(yAHg/7v¢). ies S34 
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eee De Rigid Lattice Second Moment 


The value of AH,,? contains intra- and intermolecular contributions. We 
have calculated the intramolecular contribution to be 10-7 gauss” using the 
‘structure of the molecule in the gas as determined by electron diffraction (Bastian- 
‘sen 1949) in which the angles between the CCO planes are 71° and the O in each 
| H,(OH)C- is almost trans to C’ in -CH(OH)C’ and the outer hydroxyl protons 
form hydrogen bonds symmetrically with the central O atom. The molecular 
)structure, or structures, may be different in the liquid because of the formation 
| of intermolecular as well as, or instead of, intramolecular hydrogen bonds. How- 
}ever, the figure of 10-7 gauss? is not very sensitive to the precise arrangement of 
sthe molecule even if a variety of rotational positions about the C-C and C-O 
bonds is allowed. It is difficult to calculate the intermolecular contribution to 
sthe second moment for a liquid. Since the density of protons is high in glycerol, 
a reasonable guess would be that each proton has, on average, about three extra- 
molecular protons at the hydrogen van der Waals distance (2:4 A) from it. This 
gives a contribution of 5-6 gauss” to the second moment. More distant neigh- 
bours, although more numerous, should make only a small contribution to 
AH,” and this may be about 1-5 gauss’. Therefore the expected rigid lattice 
-second moment for glycerol is 17-8 gauss?. The experimental value is 24 gauss?. 
The discrepancy of 6-2 gauss” suggests an unusually close approach of some 
extramolecular protons and this could be brought about by intermolecular 
hydrogen bonding. ‘The present measurements may be indirect evidence of this. 
Nevertheless, this seems hardly likely to explain all of the discrepancy. Further 
evidence of an unexpectedly large intermolecular contribution to the rigid lattice 
second moment is found below. 

Another value of rigid lattice second moment, but not necessarily quite the 
same quantity, may be deduced from the value of 7; at its minimum since according 
to equation (3) 


Ty min = (9/3 /44/2) vp T 2 = 27 Vp Ty? ee ee (6) 
Assuming T,. = 1/(./3yAH,,) and from experiment T; ,,,, = 17-4 x 10~*sec we find 
AH,,?=16-0 gauss”. It will be shown in §2.3 that because of a distribution 
of correlation frequencies this value should be increased by the factor 1-2 
to 19-2 gauss. This value therefore lies between the expected and the observed 
yalue of rigid lattice second moment. A possible explanation of this will be 
given in §2.6. The T,,,:, Values observed by BPP (1947, 1948) correspond 
on the same basis, to a rigid lattice second moment of about 80 gauss? even without 
the distribution. This is far greater than the experimental rigid lattice second 
moment and is indeed incomprehensible. 

ia 

4 2.3. Correlation Frequencies from Nuclear Resonance 


_ From the variation of the second moment with temperature shown in figure 1 
and using equation (5) we can deduce the correlation frequency v, as a function 
of temperature over a limited range. We call this v,(AH,) and it is given in 
igure 3. 

q Using the minimum of 7, and equation (6) to determine a value of 
T,.(=5-45x10-*sec) and then using the experimental values of T, in 
equation (3) we deduce a correlation frequency which we call ve(T,) which is 

otted in figure 3. 
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Temperature (°K) : 
200 250 300 400 500 600 


7 \»(7)) and (Zi) 


r9(72) 


(see caption) 


Correlation Frequencies (c/s) 


a 
r) 
le 
a a 
e 
if 
h 


J 


5 4 3 
10/7 
Figure 3. Correlation frequencies as a function of temperature, deduced from nuclear 
resonance, dielectric and ultrasonic measurements with various assumptions. 
a, vV,(T) deduced from T, using the minimum of T, to determine 75,(= 5-45 x 10~* see) 
and using equation (3). 
b, v.(T.) deduced from T, only, with T2,(=5-45 x 10-* sec) using equation (2). 
c, ve(AH,) deduced from AH, only, using AHo;”=24 gauss’ and equation (5). 
d, v,(T, T,) deduced from T, and T, using equations (2) and (3) together. 
e, v»(AH3) deduced from AH, with a distribution having 6,,,,=10. 
; vg( Ts) deduced from T, with a distribution having byy,=4-. 
g, vg(T,) deduced from T, with a distribution having byyp=4- 
h, ton deduced from dielectric measurements, v for maximum of ¢” (v) (Morgan 
1934, Davidson and Cole 1951, Schulz 1954). 
J, Ygg deduced from ultrasonic measurements (Piccirelli and Litovitz 1957), curve 
extrapolated using shear viscosity values. 
The special-point P is discussed in the text. 


2 


Since the observed values of 7, and T, are about equal at temperatures 
sufficiently above that for the minimum of 7, we use the same value of 7,, in 
equation (2) and deduce a correlation frequency ve(7T,) which, apart from this 
choice of T,,, is obtained entirely from 7, and it is shown in figure 3. : 

An alternative procedure is to use the values of both 7, and 7,, where they 
are different, in equations (2) and (3). This determines two unknowns, a 
correlation frequency which we call v.(7,, T,) and the parameter 7, which is 
now a function of temperature and which we call T,,(T). The values of ve(T,, Te) 
are shown on figure 3. Values of T,,(7) are for example 3-2 x 10-® sec at 250° 
and 1-84 10~*sec at 238°x. This rapid fall in 7, with falling temperature 
is suspicious since it would be expected that T',, would be substantially independen 
of temperature in this small temperature range. Also T,,=1-84 x 10-*se 
corresponds to AH,,?=140 gauss? ! 

It has been found necessary in several cases to generalize the BPP theory 
for a distribution of correlation frequencies which may be continuous or discrete 
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‘Gutowsky et al. 1957, Miyake 1958, Powles and Luszezynski 1959, Luszezynski 
ind Powles 1959b, McCall e¢ al. 1959). A similar situation is encountered in 
dielectric and ultrasonic measurements and in particular for glycerol (Morgan 
1934, Davidson and Cole 1951, Schulz 1954, Piccirelli and Litovitz 1957): 
One indication of the presence of a distribution of correlation frequencies 
S the value of the ratio 7/7, at the minimum of T, which we call (T,/T) pire 
According to the BPP (1948) theory (equations (2) and (3)), (T,/T») mint, = 2°29- 
Por the theory of Kubo and ‘Tomita (1954) it is 1-60. For iso-butyl bromide, 
vhere there are independent reasons for believing the distribution is small, the 
bserved value of (7,/T3),.in 7, 18 2-2 (Luszczynski and Powles 1959 b) whereas 
n polyisobutylene, where there is reason to suppose a very substantial distribution 
exists, the observed values is 100 (Powles and Luszczynski 1959). The observed 
value of (T,/T2) min7, in glycerol is 3-8. If we assume a continuous ‘rectangular ’ 
distribution of correlation frequencies /(In ve) on a logarithmic scale given by 


I(Inve)=1/(2Inb) for vglb<ve<bve 


A for ve/b>ve and ve>byg vines (7) 


value of veisvg. The effect on 7, and T, is discussed by Luszczynski and Powles 
59b, figure 4) and the effect on 7, and 7, and their ratio at the minimum of 
in particular, is shown in figure 4. (74/T2) ping, =3°8 corresponds to 
=4. The dielectric loss measurements in this temperature region (Morgan 
4) show almost no distribution, although the accuracy is rather poor owing 
the incompleteness of the data. Ultrasonic shear absorption measurements 
irelli and Litovitz 1957) on the other hand suggest a distribution b,~ 3. 
iccirelli and Litovitz (1957), afterwards called PL, assume a Gaussian distribution 
unction in place of equation (7) and the quoted value of b, is the equivalent 
our distribution function. 


— 
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We have already used in §2.1 the result that for a distribution with by. yp,=4 
the value of AH,,? deduced from the minimum value of 7, is larger by the facto: 
hae 

It can be shown that the inconsistency of ve(7',) and ve (7), or alternativelh 
the apparent temperature variation T,,(7) at temperatures well below th: 
minimum of 7, cannot be explained by a continuous distribution of any extent 
An explanation is given in §2.6; a similar situation was encountered in iso-buty 
bromide (Luszczynski and Powles 1959b). | 

A distribution of correlation frequencies also affects the values of ve deducec 
from AH, and this is particularly important since b generally increases with fallin; 
temperature. The dielectric measurements (Morgan 1934, Davidson and Col 
1951, Schulz 1954) at temperatures in the region of 230°K correspond to b) 2%: 
and the value of by, in this temperature region may be even larger. It h 
been shown (Powles and Luszczynski 1959) that the effect of assuming a distri 
bution of ve on the apparent values of ve deduced from AH, is to increase th 
slope of the curve corresponding to ve(AH,) in figure 3 by rotating it about th 
invariant point P. Since v,(AH,) and ve(T,) should be a continuous cury 
or at least have the same slope, we have introduced a distribution to accomplis! 
the latter. This requires b,,,,=10, which is rather larger than the val 
byyn=4t at 280°K as expected. The new values which we call v,(AHg) a 
plotted in figure 3. The subscript g is now used since these are geometric mea 
values over the assumed symmetric distribution. Similarly the values c 
v(T,) and v,(T,) should be corrected and if we use the value b.y;,=4 deduce 
from the nuclear resonance measurements at the minimum of 7, the effect : 
small (see figure 4). The new values v,(7,) and v,(7T,) are not sufficientl 
different to warrant separate curves in figure 3. 

We emphasize that so far we have used nuclear magnetic resonance measur 
ments only. 


2.4. Correlation Frequencies deduced from Dielectric and Ultrasonic Absorptid 
Measurements 


Before proceeding with the analysis of the proton magnetic resonand 
measurements it will be of interest to consider the closely related dielectric a 
ultrasonic absorption measurements. The dielectric measurements determitl 
the correlation frequency v, for reorientation of the dipole moment of the molec 
through the relation 

€ —te"=(e9—€,,)/(1+ty/vy)+eo save nam (8) 


. od . . . \ f 
where «, and «,, are the limiting low and high frequency dielectric consta’ 


Thus the dielectric loss «” as a function of frequency v has a maximum 
v=V,y. These equations are readily generalized for a distribution of dielec 


distribution is symmetric on a logarithmic scale of v, the maximum of €” gt 
the geometric mean value of », which we call v,). Actually in glycerol t 
distribution is slightly asymmetric (Davidson and Cole 1951). In figure 3} 
show the values of v,, deduced from the observed maxima of ¢" (v) at vario} 
constant temperatures. 

The complex shear modulus for a viscous fluid with a shear strain relaxati 
process is given by (Litovitz et al. 1954) 


G’ +iG" =iG,,|(1—iv,/v) ee 
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Where G,, is the limiting high-frequency shear modulus and vy, is the shear 
stress relaxation correlation frequency. The ‘static’ shear viscosity 7, is given 
xy Maxwell’s relation 
(tee a a a erie (10) 

“quation (9) may be readily generalized to a distribution of shear stress relaxation 
oo frequencies (PL 1957). If the distribution is symmetric, the peak 
wt G"(v) or the value of v at which G’=G.,,/2 for a particular temperature gives 
she geometric mean value of v,, which we call v, .. 

We have calculated the values of v,. from the ultrasonic measurements of 

L made in the range v= 14-7 x 10%c/s to 84:5 x 10%c/s and these are shown in 

igure 3. The effect of a distribution of v, on equation (10) is to multiply the 
ight-hand side by a numerical factor which, for a limited temperature range 
near 260°K and for glycerol, is 4-1 (PL 1957). ‘Thus we can extrapolate the 
values of v,, by using the measured values of 7, and sufficiently accurate values 
of G,, which only, in any case, varies by a factor of about two over the temperature 
‘ange in question. Similar results are found for the compressibility modulus 

and the corresponding correlation frequency; the two correlation frequencies 
are similar in magnitude. 


2.5. Internal Field and other Corrections 


Both these results, v,) and v,., are subject to a correction factor since they are 
he macroscopic values determined by studying a macroscopic quantity, whereas 
hat is required is the microscopic parameter. 

For dielectrics this correction is almost equivalent to the internal field problem. 

According to Debye (1929) the relation between the two frequencies 1s 
Ualvysdegte2) ear 2)i Souet & molteese= (11) 
where the microscopic correlation frequency is primed. 
This factor is an important one for glycerol amounting to about 10. However, 
tis probable that the difference between vp and v’) is not as great as given by 
squation (11) (O’Dwyer and Sack 1952, Powles 1953). An approximate formula 
Powles 1953) is 
- 


= 


Vp Yp = 3€0/(2Zeo + €0) ~ 3/2 for glycerol, “Ss. (12) 
"The values of ve and vp also differ, even for the same motion, by a small factor 
nce they depend on the correlation functions of different angular functions. 
n the BPP theory (1948), 

VE a = Boab YoliGeinmn forivig act yo sos (13) 
us for glycerol velvp ~30 for equation (11) 

~4-5 for equation (12). 

[n figure 3 we see that in fact vc/vp~1 or less in glycerol. Hence our results 
‘avour the relation (12) rather than (11). A recent comparison of ve and vp for 
rer reaches the same conclusion (Hennel 1959). 

The ultrasonic measurements suffer a rather similar correction (Litovitz and 
te 1953) given by 
Volva= Kat Af3)GaWKo ea et (14) 
sre K, and K., are the static and the limiting high-frequency bulk moduli 
ectively. For glycerol this factor is about 2 and is such as to increase the 
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2.6. Comparison of Correlation Frequencies 

We now compare (in figure 3) the values of v,, and v,, with vg deduced from 
proton magnetic resonance measurements. 

We note the almost exact agreement between the correlation frequeney 
ve(T,) derived from the nuclear resonance measurements and the v,, derived 
from dielectric loss measurements although they should differ by a factor about 
3 (equation (13)). The correlation frequencies vg(AH,) deduced from AH. 

values with the correction for the distribution by,,,=10 fall below the y 
values by a factor of about 3. The discrepancy with theory (equation my 
by a factor of about 9 in the lower temperature region and by about 3 in the higher 
temperature region suggests a real difference between the nuclear resonance and 
the dielectric correlation frequencies, the dielectric reorientation being faster: 
This is reasonably explained when we note that the main contribution to th 
dipole moment is that of OH (1:51 debye) rather than C—O (0-74 debye). Thu 
reorientation of the OH bond has the major effect in determining dielectr 
relaxation and this involves breaking of hydrogen bonds, as does translationa’ 
motion which is shown below to be fast. On the other hand five of the eigh 
protons are attached to the skeletal carbon atoms and will reorient with the CC 
bonds. Thus, in general, since OH probably reorients faster than CO it 
reasonable to find nuclear resonance correlation frequencies below those fo 
dielectric relaxation. 

The trend of v,, from ultrasonic measurements with temperature is similas 
to that of vg and v,,, but the numerical value of v,, is greater by a factor of abov 
twenty. (From an analysis of his own results Schulz (1954) concludes that the 
ultrasonic correlation frequency is greater by a factor about 3-5 at 243°K.) 
similar situation is found in other hydrogen bonded liquids, e.g., vg/vp) =4i 
propanediol 1,2 (Litovitz 1958) and 19 in m-propyl alcohol (Lyon and Litov 
1956). ‘These differences seem too large to be accounted for by uncertaint 
in the theories which have been used to deduce the correlation frequencies frot 
the experimental results and in correction factors such as those discussed 
§2.5. We therefore think that the molecular process controlling shear str 
relaxation may be some ten or more times faster than that controlling dielect 
relaxation and that in turn is faster than the processes controlling nuclear r 
tion. In other words translational motion of the glycerol molecules is 
than rotational or possibly internal motion. However, since the tempe 
variation of v,s, vy and vg are similar the processes are not unrelated. 
reorientation ‘of the glycerol molecules occurs when allowed by the tran: 

_ motion but on the average several ee jumps are required | 7 
preciable molecular reorientation.f 
inslational motion is fee ee the rotational thes 


eeular proton 


se le Capa a 5 eg ea lll al is A I, 
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liffer in the temperature range below 260°K. A similar situation in tso-butyl 
romide (Luszezynski and Powles 1959b) was explained by the assumption 
hat some of the nuclear interactions were subject to faster motional effects than 
he main interactions. Consider two motions having correlation frequencies 
somparable with, but rather below, the resonant frequency, the faster motion 
veing associated with the smaller nuclear interaction. Then in the region below 
he principal minimum of 7, this has little effect on 7, but diminishes T', to an 
mportant extent. Consequently, if one calculates correlation frequencies 
gnoring the minor faster motion the deduced values of v¢(T,) are hardly affected 
but those of ve(7,) are too high. Above the principal minimum of T,, T, also 
Ss primarily sensitive to the slower motion and so ve(7,) becomes similar to 
'e(T,). Then the effect of the faster motion is only observed indirectly in a 
arger effective T,, value. The general effect is illustrated in figure 5, where 
ve have taken AH,,, = 34H,” and ve,=10ve. In iso-butyl bromide the faster 
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Calculated variation of I’, and T, for two motions (marked ‘ double’) v,, and 
, where v,,/Vce,= 10 and the nuclear interactions associated with each are given by ; 
2/AHp,,” = 1/3 compared with the values for a single motion (marked | single ’) 
the same total interaction. Note that T is more affected than T, below the <i 
yum of 7’, and in such a way as to explain the observed T; in glycerol (figure 2). 


af ho 


254 K. Luszczynski, . A. E. Kail and #. G. Powles 


in figure 5, with plausible parameters a second minimum of 7, will not be resolve | 
Thus 7, in this temperature region could be determined mainly by the inter 
molecular interactions of the protons rather than by their intramolecular inter 
actions. T | 

It is interesting to note that the distribution function for the dielectric measure 
ments is slightly asymmetric (Davidson and Cole 1951) with a contribution 4 
the high-frequency end. This may well be connected with the faster translationé 
motion postulated here which has some influence on the dielectric relaxation. 

The conclusions of an earlier comparison of nuclear resonance 7; values a 
ultrasonic absorption for glycerol (Litovitz 1957) must be modified in view @ 
the new 7, measurements presented in this paper which we believe to be mon 
accurate than the old ones. 

We must also consider a comparison of the ultrasonic and dielectric measure 
ments on glycerol +5% water (Litovitz and Sette 1953). In this paper th 
values of v, and v, were found to agree, in contradistinction to our conclusior} 
for glycerol + 0-2% water. However this does not affect our conclusions adversel 
since 5°/, of water in glycerol is sufficient to change its properties very considerabl 
in particular the nature of the hydrogen bonding. ‘This is illustrated by th 
change in the shear viscosity by the factor 2-75 shown in the table (§ 1). 
present analysis brings glycerol into line with other hydrogen bonded liquids ¢ 
already pointed out. 


§ 3. CONCLUSION 


The correlation frequencies deduced from nuclear magnetic resonand 
measurements have a magnitude and variation with temperature very similar ¢ 
the correlation frequencies for reorientation of the electric dipole. The motioy 

of the electric dipole and of the protons is therefore closely connected as woul 
be expected from the molecular structure. As in the dielectric case, it has beej 
found necessary to introduce a distribution of correlation frequencies which | 
appreciable even at room temperature and which increases with falling tem 
perature. The distribution in nuclear resonance is rather wider than t 

found in the dielectric measurements. The nuclear resonance measurem 
allow us to predict the dielectric loss maximum as a function of temperature 
the range 10°c/s to 2x 10!c/s (the curve in figure 3) with some confid 

This is valuable since this is a difficult frequency region for dielectric me 
ments. ‘The motional frequency for nuclear resonance is rather higher 
for dipolar reorientation and this can also be explained by the struc 


molecule, 
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The comparison between nuclear resonance and dielectric measurements 
uggests that the Debye internal field correction for the dielectric relaxation time 
3 too large. 

The measurements confirm and extend the (correlation frequency, tem- 
erature) curve for glycerol and in particular show the fall in rate of rise with 
emperature at high temperatures which is commonly found in liquids. ‘This 
all off occurs at a higher temperature than in non-hydrogen bonded liquids but 
sin a similar position relative to the melting point. The precise interpretation 
f this curve is a problem in itself and will not be discussed here. 
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y-rays from 2+ States in 1°O 


By R. E. MEADS anp J. E. G. McILDOWIE 


Clarendon Laboratory, Oxford 
MS. received 21st September 1959 


Abstract. The 9-84 Mev and 11-51 Mev levels in O have been excited by the 
2C(«,7)6O reaction. The ground state radiation widths of these levels have 
been measured as 0-02+0-01 ev and 0-9+0-2 ev respectively. These values 
are discussed in terms of the extreme single particle and collective models. 


§ 1. INTRODUCTION 


private communication) on the enhancement of electric quadrupole 

effects in the mirror nuclei '7O and 'F, using Rayleigh—Schrodinger, 
and later Brillouin—Wigner perturbation theory, on the basis of the coupling 
of the motion of an odd nucleon with that of a distorted 1*O core. ‘The 
existence of core distortion is shown by the fact that O has a measurable 
electric quadrupole moment (Kamper et al. 1957). In order to explain the 
magnitude of the quadrupole moment, the calculation requires the existence 
of parent core states similar to those of the 1°O nucleus, having spin 2t, 
and ground state radiation widths considerably greater than the extreme single- 
particle Weisskopf values. No such states are known in the energy range 
13-20 mev, and of the 2+ states below this, the value of I’, has previously been 
obtained only for the 6-91 Mev level (Swann and Metzger 1957). This was 
found to be of the order of one Weisskopf unit. It was therefore of interest to 
Measure I’, for the ground state transitions from the other 2+ levels at 9-84 and 
[1-51 mev. 
"In the present work, these levels were excited by the #C(«,y)#®O reaction. 
The 1- level at 9:58 Mev has already been studied in this way by Bloom et al. 


(revs comm have been made by Barton (1959) and Barton et al. (1959, 


§ 2. EXPERIMENTS 


An enriched 12C target supplied by the Electromagnetic Separator Group 
t the Atomic Energy Research Establishment, Harwell, was bombarded by 
particles from the 6 mv Van de Graaff generator at the Atomic Weapons 
esearch Establishment, Aldermaston, and the y-radiation detected using a 
Hin. x4in. cylindrical NaI(T1) crystal supplied by the Harshaw Chemical 
ompany, mounted on an E.M.I. type 6099 A photomultiplier. The principal 
fficulty of the experiment lay in the presence of an intense neutron background 
om the 12C(«, 2)'®O reaction due to residual C in the target. The relative 
sitivity of the detector to neutrons could have been reduced by the use of a 
ree-crystal pair spectrometer, but the consequent reduction of y-ray sensitivity 
de this impracticable, as the yield of y-rays was small. An attempt was 
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made to reduce the rate of deposition of natural carbon on the target due tc 
cracking of vapour during beam bombardment, by heating the target to abou 
100°c and placing a liquid nitrogen trap immediately in front of it. Rubbe 
vacuum gaskets near the target were avoided by the use of indium wire seals 
Although no detailed measurements were made on the effectiveness of thes 
precautions, no significant increase in the neutron background was noticec 
during the course of the experiment. 

With the discriminator bias on the counter set to accept y-radiation of energy 
greater than 4 Mey, an excitation function was obtained for «-particle bombarding 
energies from 2-0 to 6:2 Mev. Resonances were observed at 3-32, 3-68, 4:3) 
4:57, 5:29, 5-50, 5-83 and 6:14 Mev. By the use of a BF, ‘long’ counter anc 
also examination of the spectra from the NaI(T1) crystal it was shown that thes 
resonances were probably all due to the #C(a,n)!*O reaction. The spectr 
showed a continuum of pulses due to neutrons, rising rapidly towards lo 
energies, and for high bombarding energies superposed peaks due to y-radiation 
from the 6-14 Mev level in 4*O. This level can be excited in the #C(a, n)#*C 
reaction for « energies above 5-05Mev (Bonner et al. 1956). 

Spectra taken at about 5-9Mev « energy showed a peak at a y-ray energy | 0 
about 11Mev, thought to be due to the excitation of the 11-51 Mev level in ¥( 
by the #C(a,y)#6O reaction. The yield of this radiation, relative to the tota 
counting rate above the bias level was insufficient for it to show up in the origina 
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a energies from 3-5 to 3-8mev showed a weak peak due to radiation of about 
10mev. This was not strong enough to appear in the excitation function. 

Spectra of the 11-5mev y-ray were taken at angles of 0°, 45° and 90° to the 
beam direction, with the counter 3 inches from the target, in order to confirm 
that the angular distribution corresponded to that expected for a 2*-0", E2 
transition. The theoretical distribution is W(6@)=cos?6(1—cos?@). ‘To get 
the true counting rate for the 11-5mev y-ray it was necessary to subtract the 
high energy tail of the neutron background. The need for this is illustrated 
by figure 2 which shows the spectrum taken at 45°. To fix the level of the 
background to be subtracted it was assumed that the distribution of counts in 
the y-ray spectrum was the same as that for a 12-15 Mev y-ray obtained from the 
1B(p, y)!2C reaction at the resonance at 0-68 Mev (Huus and Day 1953). ‘This 
y-ray was used as a calibration standard. 


COUNTS PER 
CHANNEL 


{hO MEV 
+ 


CHANNEL NUMBER 


Figure 2. Spectrum of the 11-5 Mev y-ray taken at 45° to the beam direction. 'The broken 
lines indicate the number of counts attributed (a) to the y-ray itself and (b) to the 
background. 


An estimate of the counting rate which would be expected at each of the 
three chosen angles, for the geometry used, was obtained by dividing the crystal 
into a number of elements and adding together the contributions of each element, 
taking into account its counting efficiency and angular position relative to the 

beam. The calculated values (normalized to the rate at 45°) are compared 
‘with the experimental results in the table. The results show the expected strong 
“maximum at 45°. The rather large discrepancy at 0° can probably be accounted 
for by crudities in the calculation. 


mparison between calculated relative count rates at 0°, 45° and 90° to the beam direction, 
for a 2+ 0+, E2 transition, and experimental values for the 11:5 Mev y-ray. 


Angle (deg) 0) 45 90 
Calculated count rate 0-46 1:00 0:23 


Measured count rate 0-37 1:00 0:20 


The absolute yield of the y-rays was calculated using the crystal efficiency 
tta of Wolicki et al. (1956). A correction was made for absorption of the 
liation in the target mounting at each angle. ; 
‘A more accurate value for the target thickness was obtained by measuring 
1e apparent width of the #C(p,y)N resonance at 0-459mev proton energy 
Hunt and Jones 1953). Corrected for differences in stopping power, the 
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result for 6Mev «-particles was 171 kev. ‘This value was taken in the subseque 


calculations. 
In measurement of beam currents, a sufficient positive potential was appliec 


to the target to ensure suppression of secondary electrons. 


§ 3. RESULTS 
‘The experimental results were expressed as a mean cross section om fo} 
production of the y-ray at the middle of the measured resonance, integrated 
over all angles and over the thickness of the target. 3 
Assuming the single level Breit-Wigner formula, applicable in this case: 
se ie 
(E— E+ GP)? 
where /=2. o can be expressed in terms of the peak cross section op: 
ON Nea | 1 
4 E (E-E,P+ QP) 
One can show by integration that op is related to om as follows, for a target 
whose thickness 25 is comparable with the total width of the resonance I’ 


emer oh BEponeed byes 
m= 35 Tp NE Eos (=)}- 
The radiation width I, can then be calculated from op since: 


o= (214+ 1)ni? 


ee ee 


o=<dp 


Bae Nay a = 


A, is the centre-of-mass wavelength for potealia at the resonance maximur 
In the calculation, since [,>I', one may take ,=I'=80kev. . 
An estimate of the radiation width for the ground state transition from tk 
9-84 ev level was obtained from a y-ray spectrum taken at 45° to the bea 
direction at an «-particle energy of 3-65mev, using a value of [=0 
(Ajzenberg-Selove and Lauritsen 1959). Since in this case I’ is much st 
than the target thickness, eo relation between om and gp red 
om = opnl)/40. 
he Sarena oes Fallon: for cp . transition. 
Mev level: [',=0-940-2ev; for the ground eonsiaaee ir 
*etuer aes note bars ps i ve: ‘ 
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For transitions of 9-84 and 11-51 Mev in '6O these widths are 0-32 and 0-70 ev 
respectively, compared with the measured values of 0-02 and 0-9ev. Swann 
and Metzger (1957) obtain a value of 1:2 + 0-3 x 10sec for the mean y-lifetime 
of the 6:91 Mev level. ‘This corresponds to a value of [.,=0-05 ev which almost 
exactly equals the Weisskopf value calculated as above. 

__ If one of these states could be expressed entirely as a single phonon excitation 
of the surface oscillations of a liquid drop, then we should expect the value of 
I, for the ground state transition to reach the maximum allowed by the E2 
Sum rule (Gell-Mann and Telegdi 1953, Wilkinson 1955) 


Tpgclit Ande) 
E* ~* 60 fic h?c?- Me? 

where WM is the mass of one nucleon. This-is appropriate to the case of a 
transition of energy E between such a 2+ state and the 0+ ground state of a nucleus 
with T7,=0. Putting in the appropriate value of <r?) we obtain, in the case of 
“160 


? 


4 <3-9 x 10-9 Mev. 


The experimental values of [',/E* corresponding to the 6-91, 9-84 and 
1-51 mev levels are 2-4x 10-4, 2- 1x 10-2 and 5-1 x 10" mev- respectively. 
‘hese are individually much lower than the E2 sum limit, so that none of the 
els can be identified with a state of purely collective motion. The total 
ontribution of the levels taken together is also small compared with the limit, 
nd it is therefore not possible to explain the measured quadrupole moment of 
O in terms of the properties of these states.— 
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A Lattice Model of a Classical Hard Sphere Gas 


By D. M. BURLEY 
Mathematics Department, University of Glasgow 


Communicated by C. Domb; MS. received 26th June 1959, in revised form 18th Septembe 
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Abstract. From an examination of the proposed lattice model of a hare 
sphere gas, several interesting features are observed. It is found that for loos« 
packed lattices it is necessary to consider two regions, one ordered and one 
disordered, so that the whole pressure-density curve may be described. The 
disordered region, for these lattices, produces virial coefficients which oscillat 
in sign every three or four terms, and above a certain density the phase become 
unstable. ‘Treatment of the ordered region is not altogether satisfactory but 1 
appears that the phase disappears below a certain density. Consequently, ther« 
is a strong indication that a transition occurs for loose packed lattices, but 
nature and position of the transition is still in doubt. For the close pack 
lattices however, it is found that the gas has virial coefficients which are all Me | 
and so seems to beable to condense into an ordered phase without anv 
transition. 


§ 1. INTRODUCTION 


‘HERE has been considerable interest recently in systems with hard spher« 

| interactions. A great deal of work has been produced, notably by Le 
Huang and Yang (1957) and Brueckner and Sawada (1957), on ha 
sphere systems using quantum statistics. On the other hand, much work I 
been undertaken in calculating the equations of state of hard sphere syste 
using Boltzmann statistics by Monte Carlo methods, the work being perfo 
by Metropolis et al. (1953), Alder and Wainwright (1957) and Wood 
Jacobson (1957). Since a large number of gases show no quantum e 
except at very-low temperatures, attention will be paid only to gases for w 
classical mechanics provides an adequate description of the assembly. 
_ The statistical thechanical ee of the alent: of state on a classic 


theory (Mayer cP aves 1940) it Ps eee Soe to sealants wnt h 
coefficients directly, although the Monte Carlo calculations have 
number to four. itis obser vs | that these 


A Lattice Model of a Classical Hard Sphere Gas 263 


An interesting modification of the hard sphere potential was put forward by 
Zwanzig (1956). He replaced the usual f;; of (1) by 
Fig = —F(%:— %5)f Vi - If Bi — 35) 
eed Ns) Rae este min) Sy ace’: (2) 

: Bilis lar] os. 
| This modification led him to a model of hard cubes (or squares in the two-dimen- 
‘sional case) in which the sides of the cube are restricted to remain parallel to the 
' coordinate axes. The merit of this method is that the cluster integrals all reduce 
to the one-dimensional integrals, which have been evaluated up to B, by Riddell 
and Uhlenbeck (1953); Zwanzig was thus able to calculate up to B; for his model. 
) He then makes an interesting comparison in which he suggests that his model will 
| produce negative virial coefficients for B, or Bg. This behaviour was shown to 
| occur for four or five dimensional gases in a note by Temperley (1957) and again 
it was inferred that negative coefficients would occur in three dimensions. 

The question of whether an assembly of hard spheres would show a transition 
has been answered by the Monte Carlo calculations, since Alder and Wainwright 
(1957) have been able to predict that a first order phase transition should occur 
ata volume V/V, =1-5, where, is the close packing volume, and their photographs 
of the tracks of particles at different volumes, displayed on a cathode-ray tube 
screen, are most convincing. These calculations have therefore given a con- 
siderable stimulus to try to reproduce this first order phase transition by direct 
calculation. This paper is an attempt to make such calculation for a simple 
model and to relate the results to a real hard sphere gas and to the study of virial 
coefficients in general. 


§ 2. THE Move UsEp 


A natural extension of Zwanzig’s work is not only to restrict the particles to 
remain parallel to the coordinate axes, but also to restrict them to remain on lattice 
points so that they can move only from one lattice point to another. Although 

‘this may be a severe restriction, the resulting model shows excluded volume 
effects and the mathematics of the model can be derived from those of the Ising 
‘model of an antiferromagnetic in a magnetic field. Yang and Lee (1952) used 
“a similar model with great success for the liquid-vapour problem, by considering 
‘a transformation of the ferromagnetic Ising model. The antiferromagnetic 
co rresponds to a hard sphere gas with purely repulsive interactions and it is hoped 
- that the model can provide similar information about any critical phenomena. 
The model used here was briefly explained in a preliminary report of this work, 
given in a review paper by Domb (1958). In order to describe the model in more 
detail, it is necessary to consider a magnetic Ising lattice, which consists of N spins, 
with a magnetic moment per spin of m, where each spin may be either parallel 
yr antiparallel to a magnetic field H. When. two neighbouring spins change from 
yeing parallel to each other to antiparallel, it is assumed that the energy change 
saconstant«. If«<0, neighbours with opposite spins are more stable, so that, 
t low temperatures, opposite spins will tend to arrange themselves on alternate 
attice sites and hence antiferromagnetic behaviour will appear. The partition 
unction per spin of such an assembly can be written in terms of the two variables 


z=exp (—¢/RT) and p=exp (—2mH|kT) 
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and in the case of a simple quadratic lattice at low temperatures, Brooks and Do 
(1951) write it as 
A@ m1 + Hust) Hust) 2+ 
+2—*[2(u2*)#=3 (pst) [se 5 eee (3) 
The magnetization of this assembly is derived from the free ener 
F=—NkT In A® by the equation 1=0F/dH. This quantity, however, is ju: 
the equilibrium value of the net number of spins parallel to the magnetic fiel} 
so that if the proportion of spins antiparallel to the field is «, then [/Nm=1— 
or using the above formulae 


jin. AM atin yea Ee) (4) 
Suppose now that each spin antiparallel to the field is replaced by a molecu | 


of a gas and the site of each parallel spin left vacant. The resulting asse 
represents a configuration of a lattice gas. Since this assembly must be stu 


@ @ 


| 


Disordered Phase. 


Figure 1. Typical configurations for the model of hard spheres. i ae 
_at a constant concentration a of molecules, the partition function of the magn 
papers (3) must be always restricted by the equation (4). It w 
en t i \ e in ener: rr ing c 
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yarallel to the field. In figure 1 this situation is depicted by shading each molecule 
of the gas (antiparallel spins) and joining the lattice points of the four neighbouring 
vacant sites (parallel spins) to form a square around the shaded parts. ‘These 
arger squares may now be considered to represent the non-overlapping molecules 
ff the gas. The transformations applied above may be applied to any lattice 
ind figure 1 shows the results for the triangular and simple quadratic lattices. 

‘Temperley (1959) treats the same problem from a more general point of 
view and his results and those of this paper are in general agreement. 


§ 3. THE DISORDERED REGION 
3.1. From the Exact Series Expansion 


It was shown in §2 that to study the lattice gas problem, it 1s necessary to 
sonsider the partition function of the antiferromagnetic problem for the appro- 
priate lattice and in the appropriate region. For the disordered region it is 
necessary to consider the high temperature partition function, which is equivalent 
to considering series expansions of the type 


FOES AO) eee (5) 


where /,(2) are finite polynomials in z and extensive lists of them are given by 
Domb and Sykes (1956). Considering for the moment only the simple quadratic 
lattice and taking into consideration only terms of the type w=p24 gives for the 
partition function 
A(w)=1+@—2w? 4+ 8w? — 40w* + 225° — 136208 
+ 8670w’ — 57 253w® + 388 802w9 =2 699 202w +... 0 2 woe (6) 


(The last two terms of this series were kindly made available by Dr. M. F. Sykes 
(unpublished work).) The restrictive condition on the partition function (5), 
corresponding to (4) described in the previous section, is now given by 

: rena nN ona) feet Sy tire eee (7) 
where x is the number of particles per unit volume (and called the number density). 
To calculate the virial series for the pressure of the gas, an expansion in this 
variable xis required ; so firstly the free energy of the assembly is calculated from 


he equation 
—FINRT = —xina+in A(w). = sie nes sca (8) 


It can now be seen that w and A(w) are required as series expansions in x, so that 
it is necessary to invert the series obtained by substituting (6) into (7), giving 


. w=x+5x24 19x38 + 59x44 152%5 + 316x° + 470%" 
f ; . 1029 = 167 50 = [OST — Aue vhs brite we llasaa tbe (9) 


is series itself proves to be quite interesting since it shows a small number effect 
ar to that described by Temperley (1958), for the smooth series (6) has 
transformed by a division and an inversion into the series (9) with terms 
h firstly appear to be increasing steadily and then, quite suddenly, become 
and negative. A partial explanation can be given in this case since the 
s (6) takes into account all configurations of the given type, whilst the series 
akes into account only the irreducible ones, so that the transformation has 
minated a large number of the contributions. Consequently, it can be seen 
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that the effect of one particular configuration on the series (6) would be sma 
but on the series (9) it could be large or even dominant. 
The free energy of the assembly can now easily be calculated from equatio: 
(8) and (9) giving 
— F/NRT = —\nx +x —2-5x? —2-167x° — 1-417x4 + 0-95x° 
+ 58338 + 11-976x? + 12-4118 — 5-180x9 — 35-389x — 


and the pressure of the assembly is given by 
P[kT =x + 25x? + 4423 + 4404 — 3 $x° — 29 §x8 — 71827 

—86$x° +4 12x94 318g + we ws ne (11); 
(In connection with the order—disorder problem Brooks and Domb (195) 
calculated the series (10) and despite the fact that they produce the invert 
series (9) correctly, they made errors in the series (10) in the terms x’, x° and x’ 
The expansion (11) is now just the virial series for the pressure, valid at low numb 
densities, for this model of hard squares on a simple quadratic lattice. T! 
method was also followed for other lattices and the virial coefficients obtain: 
for the simple cubic (S.C.), body centred cubic (B.C.C.), face centred Sj 
(F.C.C.) and triangular (‘Tri.) lattices are listed in table 1. 


Table 1 
Lattice By Bs By B; By B, Bs 
S.C. 34 64 13 —29 1388 -—5098 —1819% 
HOC. 44 Sb =<2it —215t— o= Gite = oe 
Tri. 34 10R0 o —3og PSE ace oe wz 
BGC 64 281 hO6be. 250 ame ee = = 


Comparing these coefficients with those obtained by Zwanzig and by : 
Monte Carlo methods, it can be seen that, whilst the trend of the coefficients} 
reproduced quite well, at least for the loose packed lattices, the more idealiz! 
the model the more violently do the coefficients behave. The set of coefficie 
obtained for the loose packed lattices seem to oscillate in sign every three or al 
terms, supporting the suggestion that the ‘parallel square and cube’ mod# 
will produce negative virial coefficients, and further suggesting that the possibilii 
of negative coefficients for the hard sphere problem cannot be ruled out. 

It may be noticed from table 1 that distinct behaviour occurs between lo 
and close packed lattices, for whilst the former have virial coefficients whi 
oscillate in sign, the latter have coefficients which are all positive and increasii 
steadily. In all the cases, it is seen that the first few virial coefficients show 
usual deviation from the perfect gas law P/kT=.x, but when the effect of 
higher coefficients becomes noticeable, differences occur. For the close pac 
lattices, the deviation increases steadily since all the coefficients are positive, 
that it appears that the model of the gas can enter into an ordered state (see figure 
without any phase transition. For the loose packed lattices, however, 
negative terms will reduce the deviation and possibly produce a maximum 
the (P,x) curve, indicating that some sort of phase transition into the orde 
region is necessary. Figures 2, 3 and 4 show the (P, x) curves obtained for 
triangular, simple quadratic and simple cubic lattices. 
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3.2. From the Method of Rushbrooke and Scoins 


Although the results of table 1 indicate that the loose packed lattices may show 

a maximum, it is possible that if the whole series were known, the resulting 

(P, x) curve would be monotonically increasing. An estimation of the asymptotic 

behaviour of these series is therefore of considerable importance in determining 

this question, and the approximate method described by Rushbrooke and 

Scoins (1955) proves to be helpful. This method was introduced originally 

by Fuchs (1942) and is a lattice analogue of the Mayer imperfect gas theory and 

is consequently in a very convenient form for the present work. In general, 
cofficients, 8;,(f), are obtained corresponding to irreducible cluster sums, depen- 
dent on the Mayer interaction function f=z-?—1. Again neglecting terms of 

order z~* we obtain the coefficients as B,(—1). 

The first approximation derived by Rushbrooke and Scoins is exactly the 

Bethe approximation and calculating the pressure for a lattice with coordination 
number q gives 

P/RT = (q—1)In(1—«x)— 4qIn (1 —2x) 
and hence the virial coefficients as 
B,={1+9(2!*—1)}/k. 

This approximation neglects all effects produced by closed configurations on the 
lattice, so that all aggregations must consist of chains of molecules. One would 
intuitively expect from this that any sudden transition to an ordered state is 

unlikely. This proves to be true, and figures 2, 3 and 4 show the behaviour 
obtained. 

The second approximation, or the ‘ ring approximation’ as it will be called 
here, is more illuminating since it considers the contribution to the virial coefficients 
from the first closed configuration on the lattice, i.e. a triangle for close packed 
-and square for loose packed lattices. Thus the difference between the two types. 
of lattice is now taken into account and if ordered aggregations of molecules. 
occur, this approximation should be sufficiently accurate to detect the occurrence 
and any associated transition. By a little manipulation of the results of Rush- 

brooke and Scoins it is possible to calculate explicitly the pressure for the various. 

lattices when terms of order z~? are neglected. The results are as follows: 


Close packed. 
P/kT=—aln(1—x)+bln(1—2x)—cln(1—3x) ...... (12) 
for the triangular lattice a=1, b—3, c=2, and for the face-centred cubic lattice 
a= 13, poietic 8. 
_ Loose packed. 
P[kT = — Aln(1—x)+ Bln (1—2«)+Cln {2x + (1—4e+ 8x?)H2} 18 


Comparing these values with those from the exact expansions in table 1, we 
see that remarkable agreement is obtained up to B; for the simple quadratic, B; 


or the triangular and simple cubic lattices etc. 
Se 
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Table 2 
Lattice B, Bs By, B; Be B, Bs By Brg 
S.Q. 24 44 41 —3% —294 eth —792 129% 894 
SHEL 34 64 13 —29% —1188 — 2693 —3594 — — 
BGG 4 8h —21$ -—167$ —5583 — — — — 
aiviie 3% 104 282 784 2114 — — = = 
FC. Ge 64 284 934 2764 — — = ass 4 


For the close packed lattices, it is noticed that the ring approximation produce 
virial coefficients which are all positive and have a (P, x) curve which diverges z 
x=4. Figure 2 shows the curves obtained for the triangular lattice by the variou 
methods. For this lattice x= 4 is exactly the close packing volume and since th 
ring approximation increases steadily to infinity at this point, it suggests that th 
ordered region is reached without any phase transition. From figure 2 and fron 
consideration of the radii of convergence of the series expansion, it appears tha 
one of two things can happen. Firstly, the model of the gas for the triangula 
lattice may behave essentially as the ring approximation and condense withou 
any phase transition, all the virial coefficients remaining positive, or secondly 
some of the higher coefficients may become negative and produce a maximur 
value consistent with a phase transition. It seems difficult to decide which a 
these possibilities is the correct one, since very few other data have been obtaine: 
for close packed lattices; the last possibility seems unlikely however. For t 
face-centred cubic lattice, it appears that this approximation is inadequate sina 
the close packing volume for this lattice occurs at x= 4. 


3-0 


25 


| Bethe approx. 
20/- 2. Ring approx. 
3 6 Term expansion 


05 


0 01 02 03 04 05 
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Figure}2.%. Triangular lattice, pressure plotted against number density. 


__ For the loose packed lattices, interest is centred around whether the appro: 
mate method produces the maximum suggested by the series expansions. 
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term in equation (13) which determines the oscillatory sign of the coefficients is 
the third, which can be expanded as 
Inf2e+ (1—40-+ 8029} = 5 2 1 5, 2, (cos im} 
ad wet Neale 

where P,(cos @) is the rth Legendre polynomial. An asymptotic expansion made 
for large N shows that the coefficient of x has magnitude (2%/N)?? and oscillates 
in sign every four terms. The interesting feature of this function, however, is 
that, despite the changes of sign, in the whole of the interesting region the function 
is slowly increasing as x increases. Consequently it can be seen that in the case 
of the simple quadratic lattice when B=0 in equation (13) the pressure is just 
slowly increasing and shows no maximum. In the other two cases, however, 
when B+<0, since the function In(1—2x) has a negative singularity at x= 3, a 
maximum is produced in similar manner to that predicted by the exact expansions. 


aT 
14 r / 
| Bethe approx. one | 
2 Ring approx i 
Ke 3 Corrected ring approx. 
12 4 10 Term expansion O6E 
——— Ordered state 
1-0 05 ia 
0-8 04-- 
& 
& 
=< x 
= = Z 
0-6 03 
{ Bethe approx. 
04 2 Ring approx. 


3 Corrected ring approx. 
4 8 Term expansion 


—-— Ordered state 
02 ae 
Lee fee _} 
0 01 02 03 0-4 05 0 0-1 02 03 0-4 05 


Figure 3. Simple quadratic lattice, pressure Figure 4. Simple cubic lattice, pressure 
plotted against number density. plotted against number density. 


Although the ring approximation is sufficiently accurate to decide whether 
a maximum is produced (except for the simple quadratic lattice), a better approxi- 
mation is necessary to determine the more detailed behaviour in the transition 
region and to gain more accuracy in this region the * corrected ring approximation’ 
is used. This follows by adding the contribution from the next configuration 
which affects the lattice; in the case of the simple quadratic lattice this is an 
octagon, and for the simple cubic lattice a hexagon. ‘The addition of the different 
‘configurations can be performed since it may be noticed that the contributions 
to the pressure are additive. The calculation was performed for the simple 
quadratic and simple cubic lattices and the results for this approximation and 
rom the other methods are shown in figures 3 and 4. 
From figures 3 and 4 and from the above discussion it seems certain that a 
naximum is produced in the pressure—density curve for the loose packed lattices, 


| 
| 
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although the exact position of this maximum seems to be difficult to locate. Thi 
maximum indicates that above a certain density the disordered phase become! 
unstable, so it is now necessary to consider the ordered region to decide whethe} 
any phase transition occurs. 


§ 4. THE ORDERED REGION 


Since very few data are available for the appropriate partition function for th) 
loose packed lattices for the ordered state, a new method was employed, whic 
was suggested by a study of the entropy of the antiferromagnetic linear chain aj 
absolute zero. The partition function per spin of this assembly is given by 

A(H2)=$I1+u+ (1 —p)? + 4a?) 
where x>1 for the antiferromagnetic case. ‘The entropy can be calculatec 
from the free energy F=—kTInA by the equation S= — (dF/0T). At lov 
temperatures 1 and z~! are small compared with K=p2”. The maximum valu; 
of the entropy with respect to K occurs when K =1 (i.e. in the critical field), ana 
the corresponding value of the entropy is given by S/Nk=0-481 with the propor 
tion of one of the constituents x=0-276. 


HTT 


BABABABABA.BA 


ONT 


Figure 5. The antiferromagnetic linear chain. 


From a first glance at figure 5 it appears that in the critical field it is onl 
possible for the down spins to overturn giving 2%? different configurations o 
the N spins, and hence an entropy of S/Nk=41n2=0-346. This value is con 
siderably smaller than the value calculated from the exact partition function, s 
the question arises where does the extra entropy come from? This can b 
partly answered by the following argument which uses similar ideas to thos 
used by Wannier (1950) for the triangular lattice. 

Consider the situation depicted in figure 5 (b) when two neighbouring dow 
spins (A’s) have overturned, then since the field is the critical one the up spi 
(B) between them can now overturn without change in energy and hence give 
an entropy contribution of 2. Now suppose that r of the down spins have overt 
turned then the probability that one particular down spin has overturned i 
r/m(m=N/2). Thus the mean number of pairs of neighbouring down spins t 
have overturned is 7?/m, and the total entropy can be written 


S=kIn S"c,2"Im, 
r=0 


Since only the logarithm of this sum is required, the sum can be replaced by i 
maximum term. Using Stirling’s approximation on the factorials, the maxim: 
zation gives S/Nk=0-476 and x=0-268, which is in excellent agreement wit 
the exact values. As a consequence of these calculations, it was assumed th: 
this sort of mean field approximation may prove useful for the calculation of th 
free energy of a general loose packed lattice. 
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Consider such a lattice with coordination number g and for which the energy 
contribution of overturning a down spin is w. Using a similar probability argu- 
nent to that used above, the partition function can be written 


m 
(Paley Olea (Leroi a tus (14) 
r=0 
und again since only In (P.F.) is required to determine the free energy this sum 
san be replaced by its maximum term. Putting p=1r/m and if x is the number 
density then introducing the zero point energy terms gives 


— F|mkT = = (22-1) Ino—In (1—p)—ptIn (1+0-} 


sence (15) 
where 
In(p—1)+Inwt+gqp2tin(lt+w)=0 —....e. (16) 
and 
x=4h—fptipy(lt+w) aes (17) 
and the pressure is given by 
P)kT=—x(F[mkT+Inw). «we eeee (18) 


In the numerical solution of the equation (16) for a particular value of q, it 
was found that a value w, occurred such that if w>w» only one solution of p 
existed and if w<w, three. Considering w<w, the smallest of these three 
solutions corresponds to a small number of spins overturning ; the second solution 
for p occurs near 0-5 and corresponds to a minimum and is spurious; the largest 
solution has a value just below unity. The last case corresponds to the two sub- 
lattices being reversed and an exact treatment of this assembly would give the 
first and last solutions to be equivalent. However, the above method uses an 
approximation in which one sub-lattice is considered specifically, so that this 
symmetry is destroyed and only the smallest solution for p is considered to repre- 
sent a solution to the physical problem. Since it is this solution (and the mini- 
mum) which disappears at w =wo, this point can be interpreted as the point at 
which long range order in the assembly disappears. An occurrence of this type 
was first noticed by Easthope (1937) when he used the Bethe approximation 
if a binary alloy with unequal constituents. Brooks and Domb (1951) also 

nsidered the problem in connection with order—disorder phenomenon for the 
simple quadratic lattice. ‘The values of the proportion of one of the constituents 
that were obtained, are compared in table 3 with the values calculated from 


16) and (17). 


rt nea tate cnet id ara ete 


Table 3 
. Lattice Easthope Brooks and Domb Present estimate 
oe 8695.Q. 0-250 0-226 0-229 
ike S.C. 0.167 a 0-160 
0-122 


B.C.C. 0-125 ae 


The pressure curves for this phase calculated from (18) for the simple quadratic 
\d simple cubic lattices are shown in figures 3 and 4. 
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§ 5. DiscussION | 


The results of the previous sections for the model of the gas are firstly su 
marized. For loose packed lattices, there is sufficient evidence to show tll 
a phase transition occurs between the ordered and disordered regions. T) 
transition regions for the various lattices are simple quadratic, 0:30 <« <0-4 
simple cubic, 0:24<x<0-30, and body centred cubic 0-:17<«<0-24, and t} 
curves obtained from the disordered phase are accurate to about 10% in the 
regions. For the close packed lattices however there is no evidence of a} 
instability and the transition appears to be perfectly smooth. ‘These resu} 
lead to three main questions (a) why do the results for the loose and close pack} 
lattices differ ?, (b) what is the exact position and nature of the transition for t} 
loose packed lattices ?, (c) from the results obtained can any inference be maj 
about the hard sphere problem described in §1 or about any other physid 
assembly ? 


3-0 
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— Disordered Phase 
05 —-—-— Ordered Phase 
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Figure 6. Simple cubic lattice, free energy plotted against number density. 


To the first question it seems difficult to find any convincing answer. T 
differences must certainly be connected with the differences in behaviour betwe: 
an antiferromagnetic in zero field for a close packed lattice and a loose pack 
lattice. ‘The former shows no long range order at any temperature and hen 
no transition, while for the latter, long range order exists at low temperatures a! 
a co-operative transition is observed. 'The detailed connection still remai 
obscure, however, since for the case considered here both types of lattices she 
long range order at a high enough pressure. A further study of the antifert 
magnetic problem, particularly for the close packed lattices, in a general fie 
seems essential before any definite conclusions can be reached. ; 

In answer to (b) the crucial test is derived from a study of the free energies 
the phases, since the position and nature of the intersection of these curves indic: 
the position and nature of the transition, if one occurs. For the ordered st 
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the free energy was calculated from (15) and (16) and for the disordered state 
from integration of the pressure series. All the loose packed lattices show similar 
behaviour and figure 6 shows the results obtained for the simple cubic lattice. 
It can be seen that the situation is not altogether satisfactory since although 
the curves touch, the free energy of the ordered state is always less than that for 
the disordered state. It seems, therefore, that it would be very difficult for the 


gas to get out of its ordered state as the density is decreased, since the ordered 


state is always the more stable. It is considered, however, that the approximation 
used in this region is not satisfactory and needs considerable improvement before 
any quantitative results can be given. The fact that long range order disappears 
below a certain value of x strongly indicates, however, that the ordered phase is 


_ entering a metastable region and with a further reduction of the pressure it seems 
certain to link up with the disordered phase. 


The third question asked above concerned possible inferences from the results 
obtained about more general problems. The virial coefficients for the loose 
packed lattices were seen to compare reasonably with those derived from 
Zwanzig’s work and with those for the hard sphere problem described in $1. 
Hence the assumption that Zwanzig’s model will produce negative coefficients 
is again strongly supported and the possibility for the hard sphere gas cannot be 


ruled out. It was shown that the function which generated the major negative 
contributions to the virial coefficients was a slowly increasing function in the 


: 
: 
: 
; 
: 
f 


whole of the interesting region. ‘Thus even if the hard sphere gas does have 
negative coefficients, this is not necessarily indicative of an unstable region and 
hence of a phase transition. 

A physical problem to which this analysis may be helpful is in the theory of 
supercooling. Greenwood and Martin (1952) studied the supercooling of certain 
organic liquids and found that discontinuities occurred in the viscosity and 
dielectric constant at the melting point but that otherwise the liquid remained 
the same. They attributed these phenomena to small aggregates of the particles. 
This type of aggregation for the lattice gas leads to a metastable region where, 
although further compression of the gas leads to a continuation of the (P, x) curve, 
there is a strong indication that a condensation is possible. A similarity between 
the two problems is thus observed, although extending the analogy much further 
would not be particularly useful. 
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The Band Spectra of NiCl and NiBr in the Visible 


By S. PADDI REDDY anp P. TIRUVENGANNA RAO 
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Abstract. The emission spectra of NiCl and NiBr in the region 43900-48004 
have been photographed under high dispersion. The spectrum of NiCl consists 
of nine separate brief systems of bands while the NiBr spectrum consists of 
six systems of bands. The observed bromine isotope effect in three of the band 
systems of the NiBr molecule confirms the vibrational analyses. Tables of 
vibrational constants of the different band systems of each molecule are presented. 


§ 1. INTRODUCTION 


HE emission spectra of NiCl and NiBr were investigated earlier by 
| Mesnage (1935, 1939), More (1938) and Krishnamurty (1952a, b). 
According to the recent work of Krishnamurty, the bands of NiCl in the 
region 13900-4800 A were classified into five systems, designated as A, B, C, D 
and E. The NiBr bands in the region 43900-5000 were assigned into four 
systems designated as «, 8, y and 6. Each of the systems A and B of NiCl and 
# and f of NiBr were interpreted on the basis of a 4II,p—* transition and the 
E system of NiCl on the basis of a 211-4D transition. The analyses of the 
different band systems of NiCl and NiBr were based on plates taken under low 
dispersion (20-30 4mm“*). 
On the basis of the high dispersion spectrograms obtained in the present work, 
new vibrational analyses of the different electronic band systems of NiCl and 
-NiBr are proposed and presented below. 


§ 2. EXPERIMENTAL 


The spectra were excited using anhydrous B.D.H. samples of NiCl,) or 
NiBr, in a conventional heavy current discharge tube with hollow internal 
nickel electrodes. The source employed was a 2000 volt d.c. generator. 
Currents of 0-2 to 0-25 ampere were found favourable for the excitation of the 
different band systems in both cases. Spectra were photographed both on a 
Hilger three prism glass Littrow instrument (dispersion 7-15 Amm*) and in the 
second order of a 21 ft concave grating spectrograph (dispersion 1-25A mm") 
using Ilford S.R. plates. Exposures of 3 to 5 minutes on the Littrow instrument 
‘and 1 to 2 hours on the grating spectrograph were found necessary. 


§ 3. RESULTS 
3.1. The Spectrum of NiCl 


2 According to our analyses based on high dispersion spectrograms, the bands 
of NiCl in the region A 3800-4800 A can be classified as belonging to nine separate 
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brief systems. The A system in Krishnamurty’s analysis is shown to consi 
of A,, A, and A, systems, the B system of B, and B, and the E system of E, and E. 
Of these nine band systems A,, A,, C, D and E, systems consist of double-head 
bands interpreted as R and Q heads while the remaining four systems consist 
only single-headed bands. Each of these systems is characterized by a stro 


Table 1. 


Band Heads of NiCl in the Region A3995-4715A 


Classifi- Classifi- 
Ryae vi cation kyvae If cation 
vv" vv 

System A, System B, (Contd) 

25007:8+ 2 2.0.0 23099-6 1 5,5 

24991-6+ 2 yee XB) 22782°8 1 He 

24615-4 10 0,0 R 763-4 p) yt) 
613°4 10 0,0 Q 
609-0 6 . System C 
597°5 5 1,1, R 22745-4 2 0,0 R 
3957 3 se 8 738-8 7 0,0 Q 
581-3 Lie 27240 725-2 go. 4 toe 
201:9 3 0,1.R 718-5 6 1.10 
199°7 4 0,150 705°3 é 2, 2k 

697-9 3 2, 2 On 
System A, 

24417-9 Z 0,0 R ai : fe 6 
411-6 6 O70") 663-8 2 Fee R 
388-1 4 (4GR 656-2 2 44/Qiaa 
383-2 5 iby sheot@) 303-1 1 a Dag 
359-5 3 Po Oh ARR 283-4 2} 2 3Q 
355-0 ¢ 22,0 245-4 1.0245 CO 
33255 5 Str > i. 
328°8 2 Pea 8g System D y 
305°5 2 4,4, R 219104 i 0, 0' Raa 

905-2 10... 0,0. Gam 
| System A; _ 891-0 10 1,4, Rae 

24495-2 be sae RY one 493-3 45.0. en 
478-0 i Ayah Aspe ae Ge 
129-8 4 0,0 ff Les breoqoties 

11 2°7, 6 ict 2 System E, 

te elias eres 

- at a. Acad orf rt (1,2 sme beas Sei 690 6 


: bine ~, Duka iba ila spedialh tosrid apse: 
stan 248) Sab. ales? SME O AD ann Inolaes eatin 
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\v = 0 sequence with weaker Av= +1 sequences as is typical of a band system 
with values of we’ and we” close to eachother. The dataand classifications of the 


bands are given in table 1. Grating spectrograms of the prominent bands of the 


Table 2. Vibrational Constants of Band Systems of NiCl 


System yO, 0) We’ Xe We’ One Xe We’ 
Ay 24613-4(Q) 394:5 0-35 415°5 1:3 
A, 24411-6(Q) 

AS 24129-8 380 397 

B, 23333-6 375 402 

isp 23223-0 406-6 2-75 426-3 1:9 
G 22738-8(Q) 397-8 0-75 418-2 0-70 
D 21905-2(Q) 398 417 

| 21747°3 405-2 1-3 435-3 1:85 
E, 21639-4(Q) 383-1 404-0 1:65 


different systems are shown in figure 1 (Plate I). In the bands of the weaker 
Av= +1 sequences, only the band heads of Ni®*°Cl species could be identified. 
The heads of Ni®7Cl species are too weak to be observed. Table 2 summarizes 
the vibrational constants of the different band systems of NiCl. 

The proximity of the two systems C and D and the near equality of their 
vibrational constants suggest that they may belong to a doublet-doublet 
transition of the type II—-= or I-A. 


3.2. The Spectrum of NiBr 


Our analysis of the bands of NiBr in the region 4050-4700 A shows the 
existence of six separate brief systems. Figure 2 (Plate II) gives the grating 
spectrograms of the prominent bands of the different systems of NiBr. The 
% system in Krishnamurty’s analysis is shown to consist of three systems «1,% 
and «, and the f system of two systems f, and f,. Of these six systems of bands, 
systems «,, 8, and y consist of double-headed bands while «,, «3, and f, consist 
of only single-headed bands, The band heads of the former systems are 
interpreted as R and Q heads and accordingly each of these could arise from a 
transition of the type I-= or I-A. The single-headed band systems could 
arise from transitions of the type 2-2 or A-A. 

As in NiCl, each of the band systems in NiBr consists of a strong Av=0 
‘sequence and weak Av= +1 sequences. The data and classifications of the 
bands of the different systems are given in table 3. The isotope effect associated 
with 7Br and *Br is readily observed in systems %, B, and y and it confirms 
the vibrational analyses of these systems. The vibrational constants of the 
different band systems are summarized in table 4. The isotopic shift Av is 
calculated from the usual formula (Jevons 1932). The heads of the two species 
of Ni?*Br and Ni®Br are observed to be of equal intensity as expected. ‘The 
observed and calculated shifts are given in tables 5 and 6 and the agreement 
between them may be regarded as satisfactory. 
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Table 3. Band Heads of NiBr in the Region A4060—4670A 


Classifi- Classifi- 
kvyaec me cation Ryac fi cation 
v, ol v’, " | 
System a, System B, (Contd) + 
24609:7+ 2 12 0eR 23172-0 2 7°95 
5842+ 2 2b 129-2 2 care 
558-9+ 2 3 eR 128-3 2 Ain 
527-2+ 2 4,3 R 22960-6 10 0, 0 
318-5 7 0,0 R 928-6 6 ta 
311-9 3 G05) 894-2 3 De? 
300-6 4 1,0 OR 641-6 2 0.13 
294-3 3 (pes) 639-9 2 0,1 : 
270-8 3 DBO 611-9 B i24 
232-2 2 610-1 2 1,2 ; 
012°5 5 0,1 Ri 579-5 2 2.3 nn 
011-2 2 0,1.R 577-4 2 on) i 
23997°3 3 idk 544-1 2 ee 
995-8 3 1 OR: 542-0 D 3,4 . 
977:3 3 2,3 Ri 
975:7 3S 23 ot - System B, 
953-8 3 3,4 Ri 22688-5+ 2 1,0 R 
952-2 3 3,4 R 683-5+ 3 1,0 Q 
434-2 Z 0,0 R 
System a» 427-4 5 0,0 °C 
23904-7 3 0, 0 415-3 2 1 
873-0 2 ye 409-7 2 1,14 
611-6 2 0,1 396-6 3 2.2. : 
580-0 1 12 375-6 3 3.3 Roan 
550-3+ Spredea9 2) 370-2 2 3,3 Q. GI 
513-4¢ TS sag taur atep 
. System ae au 
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é Table 4. Vibrational Constants of Band Systems of NiBr 
_ System Ve We’ Xe’ We’ Qe. Xe We. 
a 24326-2(R) 297-0 3-35 311-6 1-7 
® a ~ 23920:3 ~ 262 DIB. 
‘ a3 237911 305-4 0:2 Sil Ss(0) 0:5 
os 22975:5 293-8 25 322°8 1:0 
§ : ~ 22435 257 274 
3 py 21792-6(Q) 292:5 1-1 323-0 1:2 
Table 5. Isotope Effect in Systems of «, and 8, NiBr 
v’,v” Systema, Avops v’,v" — System By — Avops 
J Aveale Avealc 
| 0:1 +1:7 +1:3 15.0 —1-4 eae) 
2 47 $1-5 Sal 129 =12 
; 263 +1:8 +1-6 See —0-9 —1-1 
; 3, 4 +158 +16 4,3 ~0-6 -0:9 
0,1 +1:8 Hee e) 
1 ie) +1-9 +18 
D4 Ho +21 
3,4 +24 +24 


Table 6. Isotope Effect in System y of NiBr 


J v" Aveale Avops(Q) Avops(R) 
ih —1:5 | —1:5 —1-6 

Pe a —1:3 —1:3 =i1e5 

ONL +1:8 +1:6 = 

Deed +1:9 1:8 . — t 
Dh 3) 


+20 +19 — 
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Abstract. The transverse magnetoresistance in n-type gallium arsenide has bees} 
studied as a function of impurity concentration and density of defects introduced 
by fast-neutron irradiation. The data are consistent with theoretical prediction) 
based on mixed scattering and a spherical-energy-surface model. ‘The chang 
in the magnetoresistance with fast-neutron bombardment suggests the intro} 
duction of levels other than the deep-lying ones revealed by changes in the carrie} 
concentration and that some of these levels may be multiply ionized. 


§ 1. INTRODUCTION | 


affected by a small amount of ionized-impurity scattering. By a classica 

semiconductor is meant one with a non-degenerate spherical energy banc 
and a carrier concentration small enough that Maxwell—Boltzmann statistics car 
be used. Unfortunately, the better known semiconductors such as germanium! 
and silicon have anisotropic conduction bands and warped degenerate valence 
bands. The effect of anisotropy, warping, or multiple bands is to increase the 
transverse magnetoresistance by a factor of 10 to 100 and also drastically to reduc 
the effect of ionized-impurity scattering. For low carrier concentrations, the 
conduction bands in indium antimonide, indium phosphide and gallium 
arsenide are nearly spherical, and one would expect nominal amounts of impurity 
scattering to reduce the magnetoresistance by a factor of fifty. This effect 01 
impurity scattering on the magnetoresistance in InSb has recently been discussec 
(Bate, Willardson and Beer 1959). Values of magnetoresistance described a: 
anomalously low have been reported in InP (Glicksman 1959) and in GaA: 
(Glicksman 1959, Edmond, Broom and Cunnell 1957, Emelyanenko and Nasledoy 
1958). Orientation studies (Glicksman 1959, Edmond, Broom and Cunnel 
1957) indicate that the magnetoresistance in GaAs is not strongly dependent or 
crystallographic orientation and that the longitudinal magnetoresistance i: 
extremely small. This is in agreement with the conception of a spherical con- 
duction band and the calculations and speculations of Callaway (1957) anc 
Herman (1955). 

The observations of a negative transverse magnetoresistance in GaAs at lov 
temperatures by Edmond, Broom and Cunnell (1957), and by Emelyanenko anc 
Nasledov (1958) are similar to those on InSb by Fritzsche and Lark-Horovit 
(1955) and by Broom (1958). In these cases the semiconductor is complete 
degenerate and impurity-band conduction must be considered. Quantizatior 


t This research was supported by the Aeronautical Research Laboratory, Wright Ai 
Development Center. 
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Tt transverse magnetoresistance in a classical semiconductor is strongly 


Magnetoresistance in Gallium Arsenide 281 


and oscillatory transport effects become important, and there is even evidence 
that dislocations are effective in the conduction processes (Broom 1958). 

In this report, the primary concern is with the weak-field limit of the magneto- 
resistance in relatively high-purity samples of GaAs with low carrier concen- 
trations in temperature regions where the semiconductor is not more than slightly 
degenerate. ‘The magnitude of the impurity scattering in the samples to be 
considered is of the same order as that in the InSb samples described by Bate, 
Willardson and Beer (1959). It should be noted that, since high-purity InSb 
is intrinsic at temperatures above 80°k, studies of magnetoresistance in n-type 
InSb must be made at temperatures lower than this in order to avoid the con- 
tributions of the positive carriers. In the case of GaAs investigation of the region 
of primary interest (where the magnetoresistance changes very rapidly with small 
increases in the amount of impurity scattering) can be made at room temperature 
with samples at least two orders of magnitude less pure. 


§ 2. EXPERIMENTAL 'TECHNIQUE 


The purification and preparation of GaAs has been described by Edmond, 
Broom and Cunnell (1957) and by Folberth and Weiss (1955). The growth of 
single crystals of GaAs by a modified Czochralski technique has been discussed 

by Gremmelmaier (1956), while Whelan and Wheatley (1958) use a floating-zone 
‘method. 

The specimens used in this investigation were single crystals of GaAs from 
‘which ‘bridge’ samples were cut with an ultrasonic tool. The samples were 
1-6cm long and 0-04 cm? in cross section with spacing of 0-90cm between the 
‘resistivity potential arms. The specimens were etched using a 1:1 mixture 
of nitric-hydrochloric acids and rinsed with distilled water. Current and poten- 
tial leads and thermocouples were soldered with indium using an ultrasonic 
‘soldering iron to promote better adhesion to the sample. ‘The sample was then 
baked at 250°c for approximately one hour. This baking procedure is necessary 
‘to obtain good electrical contacts. ‘The samples were then sealed in Pyrex tubes 
ina helium atmosphere. All voltage measurements were made with an L & N 
type K-2 potentiometer. 

Measurements of the Hall coefficient and magnetoresistance were made at 
fixed temperatures for magnetic fields in the range 1000 to 20000 gauss. The 
constant-temperature baths and the associated temperatures were dry ice and 
acetone, 196°K; liquid nitrogen, 77°k; pumping of vapour from liquid nitrogen 
containing oxygen, approximately 56°K. In taking the measurements, the sample 
current and magnetic field were reversed independently and the readings averaged 
to eliminate thermomagnetic and thermoelectric voltages. 

The fast-neutron bombardments were made in the Battelle pool-type research 
reactor operating at 1 megawatt and a fast-neutron flux of 6x 10% cm? sect. 
Fast neutrons are defined as those with energies greater than 0-5 Mev, the density 
* which was determined by the *2S(n, p)®*P reaction. The exposure time for 
GaAs samples was 170 seconds. Control samples of n-type germanium with 
tier concentration of 8-1 x 104%cm~* were used. The carrier concentration 
he germanium decreased by about 3-8 x 104 cm-3, corresponding toa carrier- 
oval rate of 3-8 carriers per fast neutroncm. A 0-05 cm thickness of cadmium 
was used to reduce the thermal-neutron flux from 6x 1042cm—? sec! to 


about 2 x 102°cm-* sec}. 
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§ 3, DEVELOPMENT OF EQUATIONS 
The relationships between current densities 7, and j, and correspondir 
longitudinal and transverse electric fields #, and E,, in the presence of a magnet 
field H, and in the absence of temperature gradients can be written in the for 


jy AL SBE, eee a0T eco (1) 
jg=BEGT AL, ee (2) | 


When both lattice scattering (mean free path independent of energy «) ar 
ionized-impurity scattering (mean free path proportional to ¢) are present, tl 
coefficients A and B can be expressed in terms of a magnetic-field parameter 
the carrier density 7, and the zero-magnetic-field-lattice and ionized-impurit} 
scattering mobilities 9 and p,° (Johnson and Whitesell 1953) (superscri| 
zero refers to absence of magnetic field) : | 


20 vda—ZX( 2 db | 
A=neu," | ae rau (poy) e- ee (3) 
9 | 


© Pet dx 4 ae 0,127, 4 
, (x? + B)? + yx3 =e ne fey, of (B, y). Sie eect ( ) | 
The integrals K(f, y) and L(8,y) have been tabulated by Beer, Armstrong ar 


Greenberg (1957). Classical statistics and spherical-energy surfaces have bee 
assumed, and f and y are defined by 


B=6y,%lu?, y= (9/16) 14,22. 

By expanding the quantities K(f,y) and L(f y) in a series and neglectin 
terms of higher order than H? (weak-magnetic-field approximation), the followin 
expression for the magnetoresistance coefficient is obtained (Appel 1954): 


Bp _ 9m, ef _ K'(B.0)_ 7 L%6,0) 
pH 16s | ~ “K(p0) 4K7B0)) q 


For B=1 theionized-impurity scattering has reduced the magnetoresistance 
about 1/50 of the value that would be obtained if only lattice scattering were pr 
sent. For B=0 (lattice scattering only), equation (5) reduces to the famili 
weak-field approximation for magnetoresistance: 


B=nep,°y"? 


| 
: 


where 


y=0 


It is of interest to define a magnetoresistance parameter G(, 0), which reduc: 
to 1:0 in the case of lattice scattering only and can be used to compare valu: 
of magnetoresistance calculated from equation (5) with experimental valu 
measured on different materials and at various temperatures. 

LiniertAp 


G(B,0)= (are experimental, 


G(B, 0)= (“Se theoretical. 
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The Hall coefficient at weak magnetic fields is given by 


esa L(p;0) 

TREPRIT,. ae ee (9) 
‘rom equation (3) it is seen that the actual mobility of the carriers ° is related 
0 the lattice mobility by w°= K(8,0)u,°. Thus if the Hall coefficient, the re- 
istivity, and the lattice mobility are known, a value for the impurity scattering 
arameter 8 can be determined from equations (3) and (9). Theoretical curves 
or K(8, 0) and G(8, 0) are shownin figure 1. Itshould be noted that the magneto- 
esistance parameter G(8,0) initially decreases much more rapidly than the 
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n, 
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y Figure 1. Magnetoresistance in non-degenerate GaAs. 


nobility parameter K(8,0). Thus, for a semiconductor with a single spherical 
nergy band the magnetoresistance is much more sensitive to small amounts of 
onized-impurity scattering than is the carrier mobility. It is well known that 
e effect of an anisotropic conduction band and warped or degenerate valence 
nds is to increase greatly the weak-field transverse magnetoresistance and to 
uce the effects of impurity scattering. 


§ 4, WEAK-FIELD MAGNETORESISTANCE 


Figure 1 shows experimental magnetoresistance data for three samples of 
at coordinates determined by the mobility and the K(f, 0) curve as indicated 
the arrows. The ordinate of the experimental points is dependent on the 
ware of the value chosen for the lattice mobility. A value of 11500 em2v-tsec 
as used for the lattice mobility of the electrons at 300°K (Reid and Willardson 
8). It will be noted that at 300°K excellent agreement between theory and 

; T2, 
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experiment is obtained. The data taken at 196°K are indicated by the squd 
symbols. ‘The temperature variation of B was calculated by using a T> 
dependence for the lattice mobility and calculating the temperature variation | 
the impurity scattering mobility from the Brooks—Herring relationship, takij 
into account the effect of temperature and carrier concentration in the logarithn} 
term. ‘These calculations had to be done independently for each sample becaui 
of the different carrier concentrations. 

By using this procedure of determining B by the electron mobility at 300} 
and calculating its temperature dependence, excellent agreement with t| 
theoretical K(f, 0) curve is found for the experimental mobility data at 77° ail 
56°x. An exception is the case of the sample with a high carrier concentratiq 
ie. 1-5 x 10!6/em?. For this specimen the reduced Fermi level » was—1:5 | 
77°x and —1-O0at56°K. Calculations (Mansfield 1956) of K(8, 0,7) are show 
for n= —,0 and +2 in figure 2. Although the correction is in the rigi 
direction the agreement between experiment and theory for this degenerg 


carrier concentration is not good. 
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Figure 2, Magnetoresistance in GaAs as a function of impurity Scattering 


The experimental magnetoresistance curves in figure 2 have the same genet 
shape and values as the theoretical one. The experimental points are witl 
25 per cent of the theoretical curve and since impurity scattering has lowered t 
magnetoresistance by a factor of 50 to 300, the 25% appears almost insignifica 

As can be seen from the experimental data in figure 2 the effect of a sm 
amount of carrier degeneracy on the magnetoresistance for large amount: 


impurity scattering (8 >100) is apparently to increase the magnetoresistan 
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the effect, if any, of small amounts of degeneracy when lattice scattering pre- 
lominates could not be determined from these experiments, since the sample 
men 1-5 x 1016 electrons/cm® had an » of —3:-2 at 300°K. 

‘The question then arises as to what would be the effect of defects introduced 
y bombardment. Because adequate gamma sources which could produce a 
lomogeneous distribution of simple vacancies and interstitials are not available, 
me of these samples was irradiated with 1 x 10" fast neutrons/em?. The results 
re shown in figure 3. To give the most satisfactory fit of the post-irradiation 
oints to the experimental curve it was assumed that 8 was increased by a factor 
f 1:5. During the irradiation, the carrier concentration at room temperature 
lecreased from 1-5 x 101® to 1-2 x 1016, corresponding to a carrier-removal rate 
f 3 carriers/cm? for each fast neutron/em?. However, the increase in f corres- 
yonds to an increase in ionized scattering centres of about 45 per fast neutron/cm? 
x about 15 centres per carrier removed. ‘This latter value gives the same order 
yf magnitude as the calculated values for the introduction of vacancies and inter- 
titials by fast neutrons. An explanation could be that most of the defects 
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Figure 3. Effects of fast neutrons on te aie ts in GaAs. 


oduced are in levels near the band edge so they are always ionized, and only a 
of the deeper lying defect levels that produce changes in carrier concentration 
e reated. This would be similar to the explanation of experiments (Longo 
ind Lark-Horovitz 1957) on deuteron irradiation of heavily doped. silicon, which 

iggest donor levels 0-025 ev from the conduction band and acceptor levels at 
5 ev from the valence band. Multiple ionization could greatly i increase the 
eness of the bombardment-induced levels to scatter the carriers and could 
: tise to both the shallow auc deep lying defect levels. 


- 
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§ 5. MAGNETIC-FIELD DEPENDENCE OF THE HALL COEFFICIENT AND 
MAGNETORESISTANCE 
The Hall coefficient and magnetoresistance as a function of magnetic fie! 
can be calculated from 


3a) eel (Oy) s0ie a ae (10) 
Sle] K7(B, y) + a7yL*(B, y) | 
Ap K(B,0) 


ES SSS a ee i j 

po K(B,y)+ drryL(B,y)/K(B, 7) | 

Equations (10) and (11) are obtained from the definition of the Hall coeflicie: 
and magnetoresistance and equations (1), (2), (3) and (4). | 
Figure 4 shows the variation of the Hall coefficient with magnetic-field paramet| 
yl? for several values of the impurity-scattering parameter 8. Experiment 
data for the sample of GaAs having a carrier concentration of 1-5 x 1016 at 300' 
isalsoshown. ‘The ordinate chosen for the experimental points at each temper! 
ture was arbitrary, while lattice mobilities of 11500, 88500, and 1425( 
cm?v~!sec—! were used to determine the appropriate 1? value at 300°, 77° ar 
56°K, respectively. Experimental values of 8 taken from figure 2 are shown fi 


at 
Theoretical curves 
Experimental curves 


t 


| = 
Q3 | ite) 100 1000 


7h 
Figure 4._Magnetic-field dependence of the Hall coefficient in GaAs. 


this sample at the different temperatures. The Hall coefficient is seen to 
dependent on magnetic field and qualitatively in agreement with the theoreti 
curves. The experimental value of magnetic field or y!? for which the H 
coefficient begins to depart rapidly from the weak field value at 77° and 56° 
somewhat higher than the theory would predict. This could be related to 
carrier degeneracy as was previously discussed in relation to this sample. 

Calculations of the magnetoresistance coefficient as a function of magn 
field for several values of the impurity-scattering parameter f and lattice ele 
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mobilities of 11500, 21700, 88500, and142 500cm?2v~—! sec are shown in figure 5. 
The experimental data points are connected by dashed lines and labelled with 
the appropriate £ values taken from figure 3. An examination of the theoretical 
curves shows that the effect of additional impurity scattering is to lower the weak- 
field value for magnetoresistance and to increase the strong-field value. Hence, 
the dependence of the magnetoresistance on magnetic field can be greatly decreased 
by additional impurity scattering. The experimental data give good qualitative 
agreement with the theoretical predictions. The fast-neutron irradiation decreases 
the weak-field magnetoresistance and increases the strong-field values at 300° 
and 195°x. Both the weak and strong field values are decreased at 77° and 56°K, 
but as expected there is a much greater change in the former. ‘The magnetoresist- 
ance data at 56°K after irradiation are not plotted since they were almost identical 
with the pre-irradiation values at 77°K. 
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Figure 5. Magnetic-field dependence of the magnetoresistance in GaAs. 


The quantitative agreement of the experimental data and theory at 300°K is 
good, and at 196°K the experimental data at weak magnetic fields are low by about 
25%. At 77°K it appears that a value of 100 for B for the unirradiated data is 
10 to 20% too large. In general, the decrease of the magnetoresistance coefficient 
with increasing magnetic field does not appear to be quite as rapid as predicted 
by the theory, especially at weak magnetic fields. Part of the difficulty may be 
due to experimental error in determining the small differences in resistivity at 
the weak magnetic fields. However, since the statistics are partially degenerate 
these carrier concentrations at low temperatures, it might be expected that 
weak-field values would be somewhat lower than predicted by using classical 


‘atistics. 
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§ 6. DiscussIoN 


The determination of B by using a lattice electron mobility of 11506 
cm2v—!sec-! at 300°k and the »=,1,K(f,0) relationship, as discussed in the 
section on weak-field magnetoresistance, may appear somewhat arbitrary. Ir 
particular, one might be concerned about the value of 11500cm?v—sec™ tha’ 
was originally calculated (Reid and Willardson 1958) on the basis of a single 
mobility value from a relatively impure sample of GaAs. However, the position- 
ing of the experimental magnetoresistance data in figures 1 and 2 depends or 
the square of the value chosen for the lattice mobility and seems to verify the value 
for the electron mobility. Furthermore, the magnetic-field dependence of the 
Hall coefficient and magnetoresistance indicates that 11500cm?v—sec— ig 
approximately correct. On the other hand, it is instructive to compare the values 
already obtained for 8 with those determined by a somewhat different approach. 

The ratio of the mobility that would be calculated by taking into account the 
impurity scattering [i.e. «(8)=p,° K(B,0)] to that calculated assuming ne 
ionized impurity scattering [as in equation (6)] gives 


1B) _ _K(B,0) 
(0) [G(B, 0)” 


et Re vo | | (78), ..3e =o =e q| e exper menial 64. cc. (13) 


where y,° is the mobility determined from the weak-field limit of the magneto- 
resistance coefficient. | 

The ratio (theoretical) given by equation (12) as a function of B is shown 
by the solid line in figure 6. Here it can be seen that if 8 were unity, the magneto- 
resistance mobility calculated by neglecting the effects of impurity scatterin 
would be too low by a factor of 4:5. 

Experimentally it is difficult to obtain the large field limit for the Hall co 
efficient required by equation (13). The next question which arises is that 0 


an al 
lattice mobili 
B = 6 6 PSS TR UTS 
impurity mobi 
°, (8B ee 


@,= ef) 


theoreticaln 7%) ots (12) 


Figure 6, sii of Hall and magnetoresistance mee as a. ren of ratios of } 
and impurity-scattering mobilities. 
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the ratio of the apparent mobilities as calculated from magnetoresistance and from 
the Hall effect (8Ro/37), assuming a weak-field approximation is valid with 
neglect of the effects of impurity scattering. 

Since spherical energy surfaces have been assumed, the mobilities as calculated 
by use of the Hall effect Hp and magnetoresistance «, should differ only because 
of the scattering mechanism. Accounting for the scatterings by the use of the 
parameter £, it follows that 

K2 
1 PB)= He (B)=MO) Fe ves (14) 
The last equality follows from the expression of the Hall coefficient in the weak- 
magnetic-field limit. Thus, the ratio of the Hall and magnetoresistance mobilities 
as calculated neglecting impurity scattering are given as a function of B by 


Hr°(0) l L(8,0) 


1, °(0) a [G(B, 0) K(B, 0)’ theoretical, ccc eee (15) 
uR(0) = 8Roo Ap 16cunt ie : 

7 (0) = = */{ aE nick | peexperimental.& «ape. (16) 
'The dashed line in figure 6 is a plot of equation (15). When B=1, the mobility 


calculated from magnetoresistance by neglecting the impurity scattering will be 
only one-fourth that calculated when using the Hall data with similar neglect 
of impurity scattering. Hence, it is easily seen how much more sensitive 
obilities calculated from magnetoresistance data are to the scattering mechanism 
ithan those computed from Hall data. 
/ One important feature of the ratio of the apparent Hall and magnetoresistance 
imobilities—the dashed curve in figure 6 which is calculated neglecting ionized- 
fimpurity scattering—is the maximum and the reversal in slope at Bx 1. This 
‘means that the ratio of the apparent Hall to magnetoresistance mobility will 
i nerease with decreasing temperature (increasing {) if the lattice mobility is less 
‘than 4 of the impurity-scattering mobility, but will be decreased with decreasing 
emperature if the lattice mobility is greater than about 4 of the impurity-scattering 
‘mobility. 
| Thus by using a ratio of the experimental Hall coefficient, conductivity, and 
‘magnetoresistance, 8 can be determined rather accurately in the region of B=1. 
‘Comparison of the experimental data with the solid line in figure 6 would require 
ithe Hall coefficient at large magnetic fields. Equation (16) and the experimental 
data from figure 2 are used to obtain the experimental points to be compared with 
the dashed line in figure 6. These data then indicate, by a somewhat different 
representation, that the initial choice for a value for f and the calculation of the 
emperature dependence of f are, at least, consistent with theory under the 
assumptions required. ‘The existence of a maximum for the experimental data 
own in figure 6 is characteristic of a nearly spherical conduction band. Similar 
ata for germanium, silicon and p-type InSb and AlSb give a minimum and 
ues less than unity for this ratio in the low B region and values approaching 
ity for large amounts of impurity scattering. 
- The following can be concluded: (i) The magnetoresistance values observed 
ween 56° and 300°K in relatively pure GaAs are consistent with what one would 
ct for a spherical conduction band and for mixed acoustical mode and ionized- 
urity scattering. (ii) The data are consistent with a 7-3? dependence of the 
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lattice mobility. (iii) Magnetoresistance in GaAs can give important informati 
on the number and type of defects introduced by fast neutrons. 

Also, it should be possible to examine the region where the magnetoresistan 
is extremely sensitive to small amounts of impurity scattering by using high | 
purity GaAs. This does not appear feasible with InSb, since material of at leas 
a hundred times higher purity must be used because of the low temperatur¢ 
required to get into the extrinsic range. ) 
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Abstract. A broad range magnetic spectrograph has been used to analyse the 
deuterons emitted from targets of 1°B, "B, 4N and ?’Al bombarded with 5:2 Mev 
singly ionized *He particles. The angular distributions of a number of the 
deuteron groups have been measured and an attempt has been made to fit them 
with the predictions of stripping theory. The absolute differential cross sections 
have been compared with those of the corresponding (d, n) reactions and the 
published differential cross sections for some (d, t) and (p, d) reactions have been 
' similarly compared. 


§ 1. INTRODUCTION 


7 has been suggested that (*He, d) reactions at sufficiently high bombarding 
] ewe should proceed by a stripping mechanism similar to that which 

has been well established for (d, p) and (d, n) reactions (Newns 1952, Butler 
and Salpeter 1952). Since there was little available experimental evidence on 
these reactions, it was considered worth-while to measure angular distributions 
and absolute cross sections for a number of (*He, d) reactions where the corres- 
ponding (d, n) reactions had already been investigated and where the properties 
of most of the initial and final states were known. 

The following reactions: !°B(?He, d)"C, “B@He, d)2C, 4N(?He, d)#O and 
27A|(?He, d)*8Si were therefore studied at 5-2Mev bombarding energy using 
the Manchester University Van de Graaff accelerator and a broad range magnetic 
' spectrograph (Barros et al. 1959). An attempt has been made to interpret the 
results in terms of the stripping theories of Bhatia (Bhatia ed al. 1952) and Butler 
(1951) modified for application to (*He, d) or (t, d) reactions (Newns 1952, 
Butler and Salpeter 1952, Butler and Hittmair 1957) and comparisons have 
been made with the published results for the corresponding deuteron stripping 


reactions. 


: 
: 
: 


§ 2, EXPERIMENTAL DETAILS 


After analysis by a 90° deflecting magnet, beams of approximately 0-4 
singly ionized *He particles were used to bombard a target spot (0-020in. x 0-040in.) 
on a target at a distance of 24 feet. The °He gas used in the ion source was mixed 
with 4He at approximately 30% concentration. The mixture was purified by 
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charcoal at liquid air temperature and was used at a rate of about 3 cm? at N.P.T., ! 
per hour. Subsequent recovery with at least 95% efficiency was achieved. The; 
triton contamination in the beam was found to be very small and certainly less} 
than 0:01%. 

Targets of natural boron and of adenine which had been prepared on VYNS jj 
foils, in some cases reinforced with a thin layer of evaporated gold, proved unable} 
to Piceantl reasonable bombardment. Consequently, targets of natural boron | 
and of adenine on aluminium foil were used. Although the attainable energy) 
resolution was thus greatly reduced it was still sufficiently good for our main} 
purpose of studying angular distributions of reactions leading to well establishes | 
nuclear levels. 

The target thicknesses were measured with an alpha-particle thickness | 
gauge (Ramavataram and Porat 1959). The natural boron target was found to | 
be 30 ug cm~ thick and the adenine target which contained 52% nitrogen had an | 
effective thickness of 25ugcm—? of 4N. The aluminium backing was about} 
170 ng cm~? in each case. | 

The target plane lay along the —45°+135° direction with respect to the } 
beam with the backing facing the beam. The total beam bombardment was} 
measured by current integration from a Faraday cup and, in addition, protons | 
from the target were counted with a monitor at — 135°. 

The deuteron groups present on the photographic plates were identified by | 
the variation of their energy with angle with respect to the "He beam. This} 
identification was greatly facilitated by plotting a graph of the energies of the | 
groups against the angle of observation and drawing loci connecting the points 
corresponding to particular groups. The shape of these loci gave an immediate 
indication of the probable target nuclei responsible, because the slopes of the | 
curves depended mainly on the mass of the target nucleus, and a comparison 
could then be made between the loci and the theoretical curves for the various 
probable target masses and O-values. 

In the case of the boron target the beam energy could be éstlnmmelt from the 
energy of a group of singly ionized elastically scattered 3He which was present 
on the plates. A comparison between the energies of the corresponding groups 
from ?’Al showed that the beam energy for the adenine target was 20+ - kev 
higher than for the boron target. 

The solid angle of the spectrograph was calculated from the geometry of the 


instrument and has — checked previously by observation of Rutherford 
scattering. 


§ 3. RESULTS 


Typical spectra from each of the targets are shown in figures 1 and 2. : 

The *8Si (d,) group on the spectrum from the boron target contains a small 
contribution from the contaminant group %O (dy) which is observed at other 
angles but which overlaps with this group at 40°. 

The observed levels for which the angular distributions were measured are 
presented in the table, and a number of the angular ciate ution are shown in 


- figures 3, 4 and 5. ts of 4 


The levels of #C, #2C and 450 Leeesnoha well with known states of these 
nuclei, though these have not been previously studied in (He, d) reactions. The 
Q-value for the reaction N(?He, d,)5O agrees well with the value calculated 
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from the masses using the recently revised mass of ”O (Ajzenberg-Selove anc 
Lauritsen 1959) but the Q-value for the 1B (*He, d,)"C reaction is somewha 


lower than the calculated value. 


Deuteron Energy (MeV) 


55 6-0 65 7-0 75 


28S) (d,) 


"C (dq) 
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Figure 1. The 40° deuteron spectrum from the boron target bombarded with 5-22 Mev ° He 
The small groups of slightly higher energy than some of the larger groups are assumed 
to arise from the presence of a small quantity of boron on the beam side of tha 


aluminium backing. a 
30 35 eh e 
7*Si(d) 


=a 3 


SSS eS eee 


Some (*He, d) Reactions in Light Nuclei 295 


7 
¢ 0B (7He,d)"C 10B (3He, d) Nc 
al 4, 


0-3 


0-2 


| | pasierPem 
He 


0-1 


0 40 80 120 
Angle of Scattering (c.m.system) (deg) 


1g (He, d)!2C 


Differential Cross Section (mbn sterad~') 


80-120 0 40 80 120 
Angle of Scattering (c.m.system) (deg) 
lige ae 
ire 3. Angular distributions of deuteron groups from the reactions 1°B(*He, d)"C and 
"B(*He, d)!#C at 5-1 Mev bombarding energy. The d, group has been erroneously 
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Figure 5. Angular distributions of deuteron groups from the reaction *’Al(?He, dy! 
at 5-2 mev bombarding energy. 


§ 4. DiscussIoN 
4.1. Theory : 


The theory of (#He, d) and (t, d) reactions has been examined by Butle 
(Butler and Salpeter 1952, Butler and Hittmair 1957) and by Newns (1952 
The expressions they give for the differential cross sections are similar to tho: 
for the (d, n) and (d, p) reactions (Bhatia et al. 1952, Butler 1951). In bot 
cases the angular distribution of the outgoing particle depends on the orbit 
angular momentum transferred to the nucleus by the captured nucleon and 0 
the effective radius at which the capture takes place. The angular distribution 
modified by the presence of a form factor which is the probability of the capture 
nucleon in the bombarding particle (in this case 7He) having the appropria' 
internal momentum (hK) necessary to conserve linear momentum in the reaction 
The variation of this factor is the main difference between the two types of strippir 
process. For the (d, n) and (d, p) reactions, it is just the square of the Fouri 
transform of the internal deuteron wave function, normalized to unity. Howeve 
for the (*He, d) reaction not only must the captured proton have the corre 
momentum but also the *He particle must be comprised of a deuteron in i 
ground state plus an odd proton, so that the reaction can take place by a simp 
stripping mechanism. The form factor can thus be written |A,|?{#(K)}?. wh 
|A,}? is the probability of finding the He nucleus in the required state and ¢ 
is the Fourier transform of the wave function for the odd proton (again normali 
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unity) when the *He nucleus is in this state. For large separations r between 
e odd proton and the centre of mass of the deuteron the wave function for the 
id proton can be approximated by 


N; e-4r 
a/ (4:77) Ta 3 
here NV, is a normalization constant and A is the wave number corresponding to 


¢ binding energy of the odd proton in the *He particle. This leads to a form 
ctor 


N?? 1 
hich would be valid only for small values of K (Butler and Hittmair 1957). 
Iternatively the form factor can be obtained directly from the wave functions 
ir the mass-3 particle and the deuteron (Newns 1952, French and Fujii 1957) . 
id will depend on the choice of these wave functions, although not very sensitively. 
The nuclear properties enter the expressions for the differential cross section 
ir both mass-3 stripping and deuteron stripping primarily through the presence 
*a reduced width (in the case of Butler’s theory) or a capture probability (in 
ie Born approximation theory of Bhatia et al. (1952)). ‘These are proportional 
) the probability of finding the captured nucleon at the surface of the final 
icleus with the orbital angular momentum with which it has been captured, 
hen the final nucleus is in the state of target nucleus in its ground state plus the 
iptured nucleon. For the various stripping reactions between the same initial 
id final nuclear states one would expect these factors to be almost the same, 
ffering because of variations in the interaction radius (Butler and Salpeter 
52, Butler and Hittmair 1957). 

The derivation of the expressions for the differential cross sections involves 

number of major assumptions. These are that (i) the stripping occurs at a 
efinite radius; (ii) the outgoing particle comes from the bombarding particle 
id not the nucleus, that is, exchange effects and compound nucleus formation 
e neglected; (iii) the outgoing particle does not interact with the initial or 
al nucleus; (iv) the bombarding particle does not undergo elastic or inelastic 
attering by the target nucleus and (v) Coulomb effects can be neglected. 
enerally for deuteron stripping at moderately high energies these assumptions 
€ reasonable, because the deuteron is loosely bound. However, for the (He, d) 
action, for example, they are questionable because the *He nucleus is more 
rongly bound than the deuteron and because its double charge makes Coulomb 
fects more serious. This will be especially true at the energies used in the 
‘esent experiment. 
Only in those cases where the (#He, d) and (d, n) reactions between the same 
aclear states proceed predominantly by a stripping mechanism can. one expect 
= cross sections to be related, and then the relationship will only be straightforward 
n both cases the above assumptions are justified. The angular distributions 
the outgoing particles should indicate whether stripping is important and if 
the ratio of the absolute cross sections will give a measure of the extent to 
h the above assumptions are valid. In view of the high excitation of the com- 
d system in the reactions we have studied (between 20 and 26 Mev), it is 
y that such angular distributions could result from a small number of 
apping levels in a compound nucleus. Also, if a compound nucleus is 
U 


[AP 
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formed by absorption of the incident *He particle it is relatively improbable tl 


it will decay by deuteron emission since several more favourable channels « 
j 


always open. 
4.2. Angular Distributions | 

A number of the angular distributions strongly indicate a stripping mechanis| 
In such cases they could apparently be equally well fitted by the Born appro} 
mation theory or the Butler theory and with a variety of form factors providil 
the interaction radius parameter was suitably adjusted. 

Reasonably good fits were obtained, for example, with the angular distributia 
of the B(?He,d))4C, ™B(?He, d,)2C, MB(?He,d,)C and ™“N(*He, do) 
groups. Those from 2’Al(#He, d)8Si could not be fitted quite as well, probal 
because the angular distributions were distorted by the Coulomb potential. T) 
is borne out by the fact that the best fitting radius is small compared with that) 
the corresponding (d, n) reaction, as might be expected if large Coulomb effe 
were present. The theoretical curves shown in figures 3, 4 and 5 were calculat 
using the form factor given above, 1.e. ) 
N;? 1 
Dn (2+ K?) 
and the choice between Born approximation and Butler theories was goverri 
by corresponding (d, n) work and is indicated in the table. 

Specific points concerning some of the angular distributions are dealt 
below. 


DB EHeid ue. 

A good fit was obtained using the /-value which had been used to explain { 
WB(d,ny)4C angular distributions at 9Mev (Maslin et al. 1956) and at 7-5M 
(Cerineo 1956). 


AY CO Rae ON a Os 

The situation here is not simple. Previously, good /=1 stripping distributi¢ 
have been reported from the (d,n) reaction leading to this state of C (Mas 
et al. 1956, Cerineo 1956). However, since the spin and parity of the 1°B groui 
state is 3+ and the first excited state of 4C should have spin and parity of - 
as does the corresponding level in the mirror nucleus “B (Ajzenberg-Selove 2 
Lauritsen 1959), the usual stripping selection rules for angular moment 
conservation cannot hold if J=1. The deuteron stripping results have be 
explained on the grounds that the outgoing particle suffers a spin reversal brou: 
about either by a spin-flip mechanism (Wilkinson 1957) or by a nucleon excha: 
process (Evans and French 1958). It is not surprising, then, that the sir 
stripping theory cannot be well applied to the reaction B(#He, d,)"C. 
relevant that the (d, p) reaction leading to the mirror of this level in 4B < 
appears to have only a small component in its angular distribution which 
amenable to an /=1 fit (Zeidman and Fowler 1958, Evans and Parkinson 19 
eB CHeydz)ee, 

The angular distribution of the corresponding (d,n) reaction has not b 
observed at bombarding energies where stripping might predominate. Thi 
probably because of the low intensity of the group and the poor neutron ef 
resolution (Maslin et al. 1956). The peak cross section in our work is about 
fifth of that of the d, group. An /=1 fit gives quite good agreement with 


|4oP 
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bserved angular distribution. This is the value to be expected from the spin 
ind parity assignment of 0* for this astrophysically significant level (Cook et al. 
(957, Salpeter 1957). It is perhaps of interest that this result rules out the 
possibility of a spin and parity of 4+. 
eb(?He, d,)2C. 

Quite good agreement is achieved with an /=2 fit, and this /-value agrees 


vith the value used for the corresponding (d,n) angular distribution (Maslin 
t al. 1956). 
en (He, dy)*O. 

A good fit is obtained using an /=1, agreeing with the value used for the 
4N(d,n))*O angular distribution at 7-7 Mev (Evans et al. 1953). 

Al(*He, d,)?8Si. 

The value /=0 may be considered well established from the (d,n) reaction 
it 9Mev (Calvert et al. 1955) and 6Mev (Rubin 1957). ‘This is the only group 
tom *’Al(*He, d)?8Si for which we have observed a peak in the 0° direction. 
Inly partial agreement with the theoretical curve is obtained, however, but the 
coulomb effect is almost certainly a distorting factor. 

"Al(?He, d, and d,)?8Si. 
_ Again the fits are not good but /=3 is best in both cases, suggesting that both 
hese states have negative parity. 


4.3. Absolute Cross Sections 

The peak values of the absolute cross sections are given in the table and 
these may well be in error by +25%% mainly because of the uncertainty in target 
hickness. 

The (?He, d) cross sections have been compared with the coresponding (d, n) 
ross sections in four instances: !B(#He, dy)"C, “4 B(?He, d;)##C, 4N(?He, dy)®O 
und 27A1(3He, d,)?8Si. This was done by fitting the (*He, d) angular distributions 
with the same theory, Butler or Born approximation, as had been used for the 
d,n) work with the form factor 


N;2 
Va 


1 
mentioned above. The only unknown quantities in the expressions are 
4,|2.V,2 and the reduced width or proton capture probability, depending on which 
heory had been used. Assuming that these latter factors are the same as for 
he corresponding (d,n) reactions, the factor |A,|?N,? could be estimated in 
ach case at the peak of the angular distribution after a theoretical fit had been 
lound. Reduced widths have been reported for the ®B(d, ny)""C and “B(d, ns)"C 
ctions (Maslin et al. 1956) and also the proton capture probability for 
Al(d, n4)?8Si (Calvert et al. 1955). Although no reduced width was available 
or 4N(d, no)!*O, it could be estimated because a reduced width has been reported 
-14N (d, py)!°N (Warburton and McGruer 1957) and the ratio of reduced widths 
- these two reactions has been determined (Calvert et al. 1956). It was necessary 
t the reduced widths or capture probabilities should all have been calculated 
sing the same deuteron form factor so that the values of |A,|?V,? could be 
mpared correctly. This necessitated an adjustment in the published values 
the reduced widths or capture probabilities obtained from the *’Al, B and 
}(d,n) reactions because in these cases a different form factor from that given 
y Butler (1951) had been used. a 
2 
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The values of |A,|?V,2 obtained are shown in the table. | 
The variations in this factor, which indicate variations in the validity of thi 
stripping assumptions, are larger than the probable errors which arise from ur} 
certainty in the reduced widths (possibly +50%). ‘The smallness of this fact 
for 27Al(3He, d,)?8Si is not surprising since a large Coulomb effect would bi 
expected to reduce the observed cross section in this case. The value of |A,|2M 
in the case of !4B(3He, d3)!2C is only one-fifth of that for 1°B(*He, dy)!*C wher! 
one might have expected similar values. It is possible that the 'B(d, n3)?# 
reaction may not proceed by a simple stripping mechanism. ‘This is supporte} 
by the fact that the angular distributions of the ny and n, groups from this reactio} 
at 10mev bombarding energy have been explained by a mixture of simph 
stripping and heavy particle stripping (Zeidman and Fowler 1958). Howeve} 
it is unlikely that a factor of five can be explained in this way. : 
It is of interest to compare those values of |A,|?N,? with values obtained fron 
other experiments. At present, there are no (He, d) results available, althoug} 
a number of reactions of the type (d,*He) and (d,t) have been studied. Thi 
(d,t) experiments are particularly suitable because the Coulomb effects wi 
generally be smaller than in the *He experiments and because they can be compar 
with the corresponding (p, d) or (d, p) reactions between the same nuclear level: 
The values of |A)|?V,? obtained from such comparisons will, of course, refé 
to the triton but will not be expected to differ greatly from the *He partic 
because the internal wave functions for the triton and %He are similar. 
Comparisons have been made for the following (d, t) reactions: | 


“Lad; to La. 

This reaction has been studied at 14-4 Mev (Levine et al. 1955) and angulz 
distributions of triton groups leaving *Li in its ground state and first excit 
state have been reported. The corresponding (p, d) reactions have been studi 
at 17-5 Mev (Reynolds and Standing 1956) and reduced widths have been dete 
mined using Butler theory. 

We have fitted the angular distributions of tritons with Butler theory and 
form factor 


Nez 1 
| el a8 ORE RP 
where A? is related to the binding energy of the odd neutron in the triton. Goc 
fits have been obtained using /=1 and radii of 6-0 x 10-43 cm and 6-5 x 10—c1 
for the ty and t, group angular distributions respectively. Insertion of tl 
appropriate reduced widths gives values of 16-7 x 10!%cm-!} and 16:4 x 10 
cm" for |A,|?.N;? for the reactions leading to the ground state and first excite 
state of °Li respectively, these being evaluated for the peaks of the angul. 
distributions. 


+ These results differ from those of Werner (1956) and El Nadi and Abou Hadid (195 
who obtain values of | Ay ?Cp? of 1-8, 1:08, and 0-27 for the reactions *C(d, t)2C, "Li (d, ty 
ground state and }°F(d, t)!8F respectively. The quantity Cr” is apparently intended to | 
the same as Butler’s N;? used above but no units are given in either of these papers and t 
results are presumably intended to be expressed in units of 101° cm-!. Although they v 
the same experimental results as we do their method of calculation differs only slightly 
ours and we have been unable to explain the discrepancy between their results for 
18C(d, t)C and ’Li(d, t)*Li reactions and our own. 
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The angular distribution of the ground state triton group has been studied 
it 3-3 Mev and 2:2 mev by Holmgren et al. (1954) and the (d, p) reaction between 
he same nuclear states has been investigated at 8 Mev (Rotblat 1951). We have 
itted the angular distribution for the (d, p) reaction with Butler theory (Butler 
ind Hittmair 1957) using /=1, ry=5-3 x 10-13cm and have obtained a value of 
ibout 1:0 x 10-!ergcm for the reduced width of the captured neutron. 

We have fitted the triton angular distribution at 3-3 Mev quite well with 
Butler theory and using the same form factor as in the 7Li(d, t)*Li calculation 
with = 1, 79 =5-8 x 10-8 cm but we can only achieve a poor fit with the angular 
distribution at 2-2Mev. Inserting the reduced width, the factor |A,|2.V,2 was 
evaluated for the peaks of the angular distributions and was found to be about 
3-8 x 1012 cm~! at 3-3 Mevt and 5-8 x 10!2cm~—! at 2:2 Mev, the latter value being 
elatively more uncertain because of the poor fit with theory at this energy. 
me (d, t)*8F. 

El Bedewi and Hussein (1957) have obtained the ground state triton angular 

distribution at 8-9 mev and we have obtained a good fit with this using Butler 
theory and the usual form factor with J=0, r,=6-0x 10-%cm. The reduced 
width for the corresponding (p, d) reaction has been found at 18-9 mev by Reynolds 
and Standing (1956) and using this we obtain a value of 3-2 x 10!cm- for 
|A,)?N,? evaluated at 10°. 
_ Since in all the (He, d) and (d,t) reactions studied, with the exception of 
che C(d,t)!#C reactions, the deuteron energy is farther above the Coulomb 
darrier than the mass-3 particle energy, it seemed of interest to investigate the 
effect of the Coulomb interaction between the nucleus and the mass-3 particle 
on |A,|?N2. This is shown in figure 6 where the values of |A,|?N2 are plotted 
gainst the ratio of the energy of the mass-3 particle in the centre-of-mass system 
0 the approximate Coulomb barrier height. The inclusion of points corres- 
donding to the 1C(d,t)!2C reaction is questionable because in this case the 
oulomb potential probably has a greater effect on the deuteron than on the 
iton. However, the general trend of the points suggests that the Coulomb effect 
dn the mass-3 particle is an important factor in determining the magnitudes of 
tripping cross sections using mass-3 particles, even at energies well above the 
Coulomb barrier. 


7Li (d,to)SLi 
7Li(d,t,) ®Li 
3C(d,to)2C 3-29 Mev 
4 °C(d,to)2C 2:19 Mev 
‘SF (d,to)'9F 
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ng (3He,d3)!2C 
9 77Al (3H,d4)28Si 
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Hak 2S. AOR S of Crap Fir B \, 9 
Energy of Mass-3 Particle/ Coulomb Barrier Height 
e 6. The variation of | Ay |? Ni? with the Coulomb effect on the mass-3 particle. 

+ See footnote on previous page. 
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§ 5, CONCLUSIONS 


The angular distributions of the (#He, d) we have studied could be explaine; 
by an extension of the simple deuteron stripping theory provided the bombardin} 
energy was above the Coulomb barrier and the corresponding deuteron reactioy 
showed good stripping. ‘The absolute cross sections appear to be reduced beloy 
the value expected from simple theory, the reduction being largely due to th} 


Coulomb effect on the mass-3 particle. 
Thus the (?He, d) reaction which can be studied at high resolution, may bj 
used to derive useful information about nuclear levels in cases where the leve 


structure is too complex to allow for investigation by the (d,n) reaction. 
| 
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‘Eddy’ Viscosity in Liquid Helium II 


By S. M. BHAGAT 


Clarendon Laboratory, Oxford 
Communicated by K. Mendelssohn; MS. received 27th October 1959 


1bstract. Isothermal flow of liquid helium II through a wide capillary has been 
tudied. The flow of the liquid is found to be complex and to obey a modified 
orm of Poiseuille’s law. Further, the effective viscosity thus deduced varies 
airly strongly with the initial pressure difference. A possible explanation, 
ntroducing an ‘eddy’ viscosity in the superfluid, is suggested. 


liquid helium IT through a system consisting of a porous glass filter in 

series with a capillary (Bhagat and Mendelssohn 1958). The observed 
yehaviour was unusual as well as very complex, suggesting a dependence of the 
ow mechanism not only on the pressure head but also on the history of the 
xperiment. A possible explanation of these results is the presence of vorticity 
n the superfluid. In order to investigate this phenomenon further, flow obser- 
ations have now been carried out with the-capillary alone. The present paper 
lescribes some of the characteristic features of the flow phenomena observed 
ith a 142-3 cm long capillary with an internal diameter of 0-068 cm. The experi- 
nents were made at several temperatures varying between 1-3 and 2-1°K. 

It is found that log (+c), where A is the level difference and c is a parameter 
etermined for each flow experiment separately, is a linear function of time. 
ence, one may write for the average velocity of liquid helium in the capillary 

P= yt Rgtad Powe. 4 OO-dae Wonks (1) 
here v, is again a parameter, closely related to the c mentioned above. ‘The 
lope k in the (d, grad p) relation may be written as 
k=a@[8nettq ttt tes (2) 
here a is the radius of the capillary. Since a linear dependence of d on grad p 
yay be taken as evidence that the liquid obeys a kind of Poiseuille’s law, an 
fective viscosity nerr may be attributed to it. The most important feature of the 
w seems to be that the slope kis not a constant from one flow curve to another but 
ends strongly on the initial level difference /;. Accordingly, the effective vis- 
ty of the liquid is not a constant but varies with the initial pressure difference. 
re 1 shows a typical graph of the dependence of err on hy, at 1-72°K. Similar 
have been obtained for several other temperatures. The effective viscosity 
he liquid falls rapidly as the initial level difference is reduced and for small 
igh fy the value seems to approach that of the total viscosity 7 of liquid 
lium II (de Troyer et al. 1951). It is therefore very tempting to attribute 
he additional linear resistance to the flow of helium to an ‘eddy : viscosity—a 
ontribution arising from the vortex motion in the superfluid component. The 


. A BOUT a year ago we reported some experiments on the isothermal flow of 


= 
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existence of turbulence in the superfluid was first suggested by Bowers, Chandrasy 
khar and Mendelssohn (1950, see also Chandrasekhar and Mendelssohn ‘and 
from their detailed observations of the passage of helium II through tubes fills 
with fine powder. More recently Vinen (1958) and Hall (1958) have obtaing 
rather direct evidence for the presence of vorticity in the superfluid. Vind 
(1957) also suggested that there may be a fairly large eddy viscosity associatd 
with the superfluid once the possibility of vortex motions was included. Cons} 
quently, using the two-fluid equations of motion one may write for the pressu} 
dependent part of the velocity in equation (1) the expression 


bee (2) — ie (2) — | a (3) | 
8 p/ Nn P/ 1s 


45 


7].(micro - poise) 


erp (micro- poise) 


0 5 0 1S 20 25 30 13 fo h4ee 150) KE oho 1-8 oo Foie 
hy (mm) Temperature (*k) : 
Figure 1. Variation of effective viscosity Figure 2. Variation of the eddy viscosity 
Nerr a8 a function of the initial level ns as a function of temperature for 
difference hjat1:72°K. The circles various values of the initial leve 
show the observed points and the full difference hij. 


curve is the smoothed curve drawn 
through them. 


where 7n and 7s are the viscosities, respectively, for the normal componer 
(Brewer and Edwards 1959) and the eddies, and the other symbols have the 
usual meanings. In figure 2 we have shown the variation of 7s, as calculate 
from our results using (3), as a function of temperature for various values of tk 
initial level difference. It is too early to suggest a detailed explanation for tt 
rather complex dependence of ns on temperature. However, one may state th: 
the eddy viscosity should be expected to decrease with increasing temperatu 
as the density of the superfluid supporting the vorticity is falling. On the oth: 
hand, large densities of vorticity should be more probable at higher temperaturs 
and hence may lead to an increase in the eddy viscosity. This should be 
importance only for rather large values of h; since then, presumably, large densiti 
of vorticity would be involved. Hence, one may expect 7s to vary in a rath 
complicated manner with temperature and pressure head. 
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The physical meaning of the term vp in equation (1) which represents the 
limiting velocity of the liquid for vanishingly small pressure gradients is evidently 
identical with that of the so-called critical velocity. It should be pointed out 
that the observed value of vy (~2cmsec™! at 1:7°K) rises somewhat with Aj. 
This may be a consequence of hysteresis effects involved in the decay of the 
vorticity in the liquid (cf. Brewer, Edwards and Mendelssohn 1956, Mendelssohn 
and Steele 1959). On the other hand there may be a sizeable contribution to 
%, due to slipping of the superfluid at the walls of the capillary. Only more 
detailed investigation of isothermal flow through capillaries of various diameters 
will throw further light on the nature of wo. 

The present observations indicate that there exists a fairly large contribution 
due to vorticity towards a linear flow resistance in liquid helium II. In the present 
paper we have written this as a lumped parameter, that is, as an eddy viscosity. 
‘However, the details of the processes involved can hardly be stressed at this 
‘stage and must await further observations. Experiments with this end in view 
-are being carried out. 
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§ 1. INTRODUCTION 


room temperature is about 16-0 and independent of frequency throughou | 

the long wavelength infra-red, microwave and radio frequency spect | 
During measurements on certain electrical properties of germanium at 
34-75 kMc/s(Gc/s) it was desirable to check the dielectric constant and we we 
surprised to obtain a value of 14:94. Further detailed examination around this 
frequency showed up a small but significant dispersion region and it is the purpo d 
of this note to describe the results obtained. — 


le is generally believed that the dielectric constant of intrinsic germanium ¢ 


§ 2. EXPERIMENTAL RESULTS 


Measurements were made of the attenuation and phase shift resulting fre 
the insertion of a sample which completely filled the rectangular waveguide 0 
conventional microwave bridge (see, for example, Montgomery ay 
sample thickness in the ProDsestnn direction was then reduced by ering ing 


ais ayn iele B 
’ | ay? a : 
cM i 
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The microwave bridge, which was isolated from the Klystron oscillator by a 
errite isolator, contained the specimen in a section of electroformed guide in 
yne arm with attenuators on both sides of the specimen section and a phase shifter 
und Elliott rotary vane attenuator in the other arm. Except at 30-4Gc/s, no 
component had a standing wave ratio greater than 1:02. ‘The phase shifter was 
calibrated at each wavelength used against an adjustable reflecting plunger and 
the whole system was checked by noting the phase shift when short, accurate 
sections of extra guide were inserted. 

In spite of the use of electroformed guide and attenuators around the specimen 

the observed phase shift on inserting the sample was not entirely independent of 
sample position. This source of error was reduced to negligible proportions by 
naking measurements at six positions in the guide (covering one guide wavelength) 
ind the four possible sample orientations. Hence each point on figure 1 is the 
average of 24 readings. The results were then corrected for multiple reflections 
in the sample but this correction never exceeded +4° in phase. 
_ The experimental points in figure 1 allow the position of the line to be fixed 
with an accuracy to at least 1°. As the total phase shift in the sample is around 
1200°, the wavelength in the medium Am can be determined to within 1 part in 
1000. Compared with this experimental accuracy, other effects are important, 
namely the phase shift on transmission at the sample surfaces and the conductivity 
contribution to the phase shift. For 50Qcm samples these effects contribute 
about 4° per 1000° but are of opposite sign and have been neglected. 


; 


_ Finally the dielectric constant is computed from the equations 


if Ao 
— [R’—QAy/2a)? 
where A, is the free space wavelength, a and b are the long and short dimensions of 
he rectangular guide, respectively, and d is the sample thickness in the 6 direction 
(Montgomery 1947). « was typically 1% greater than «’. 

The samples were cut from two single crystals of germanium, namely 50 Qcm 
N type and 60 Qcm P type. There was no detectable difference in the dielectric 
onstants so the results are believed to be characteristic of ‘pure’ germanium. 

The results obtained are summarized below. 


Frequency (Gc/s) 36°62 34-75 32-78 30-40 
Dielectric Constant 15-3540-10  14:9440-:05 14:9040:10 17-44 0:5 


[he very large uncertainty at 30-4 Gc/s arose because the Elliott attenuator had 
a significant and variable phase shift at this frequency, though a correction was 
made for this effect. . . = 

Other published data on the dielectric constant of germanium, which is of 
ssistance in constructing a dispersion curve, include the following: (i) The 
esults of Salzberg and Villa (1957) have been analysed by Moss (1959) and 
indicate x= 15-98 +0-01 at long infra-red wavelengths, (ii) Goldey and Brown 
55) give two values of « at 24-15 Ge/s, namely 16-4 + 0-2 and 16-6 + 0-3, (iit) 
Dunlap and Watters (1953) have measured the dielectric constant of gold doped 
manium at 1 Mc/s, at a temperature of 77°K, and obtained a value of 15-8 + 0-2. 
5 value must be corrected to room temperature, using the known temperature 
cient of the dielectic constant (Cardona, Paul and Brooks 1958) and is 


quivalent to 16:27 +0-2 at 290°K. 


Am aed c= 5 (e141 


| 
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§ 3. DiscussION OF RESULTS | 

All the above results are plotted in figure 2._The curve shown is a theoretical 
dispersion curve, given by 

ise) 


Ge Pere | 
where ¢,, = 15-98, fy=the resonance frequency =32:20Gc/s, C=203-0 (Gc/s)?? 
g°=3-16 (Gec/s)*. : 


| 


e(eo) ere ak 
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Dielectric Constant 


io 20 ca 50 70 100 
Frequency (Gc/s) | 


Figure 2. Theoretical dispersion curve (see text) and experimental values of diclectag 
constant of germanium. 


As there are four adjustable parameters in a dispersion formula, four points 
are required to fix the curve. The values at 32-78, 34-75, 36-62 Gc/s and the 
infra-red value were used. The agreement with the remaining (less accurate’ 
data is satisfactory. Though the experimental data are of insufficient accuracy 
to specify the dispersion curve uniquely it is believed to be adequate to show that 
a dispersion region does indeed exist. However, the fit between theory and 
experiment is particularly insensitive to the value of g? and a value of g? an ordet 
of magnitude larger than that chosen will give almost as good a fit to the available 
data. 

The additional absorption associated with the dispersion can be calculatec 
from the above data and is found to be small (~3 dBcm™ at 34:75 Ge/s). Thi: 
absorption is in addition to the free carrier absorption which gives a wavelengtt 
independent background of about 8dscm~-!. However the latter absorption i 
strongly temperature dependent in intrinsic material and increases by abou 
0-5 dscm~! deg~ around room temperature. Furthermore no reliance could be 
placed on attenuation measurements at 30-4 Ge/s, as explained above, and indee 
at all frequencies other than 34-75 Gc/s the Elliott attenuator was operating or 
the limits of its specified bandwidth. In view of these features, no attempt wa 
made to obtain quantitative data from the absorption measurements. 


t 
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A Note on the Viscosity and Resistivity of Liquid Gallium 


By N. CUSACK anp P. KENDALL 
Department of Physics, Birkbeck College, London 


MS. received 13th Fuly 1959 


n and specific volume wv of liquids are connected by 


CCORDING to the formula proposed by Batschinski in 1913, the viscosity 
| A 


C=C ewe NONE. Sateen ae (1) 
where a and ¢ are constants for a given substance. ‘This is normally tested by 
plotting wv against 1/7, or d/n, against d, where d is the density. Straight lines 
which may be called Batschinski plots are found for a wide variety of substances 
over considerable ranges of temperature. Greenwood and Martin (1952) 
discussed extensively the application of Batschinski plots to polar compounds 
containing boron. One interesting feature of their experiments was that the 
| iscosity was measured in the normal and supercooled states and the plots showed 
a change of slope at the melting point. ‘This was interpreted as indicating the 
onset of some form of aggregation which changed the size of the flow units; ¢ in 
equation (1) is related theoretically, if rather loosely, to this size. Analogous 
phenomena were shown by several properties other than viscosity. The effect 
was later discovered to occur also in non-polar liquids (Greenwood 1957). 
Gorjaga and Morgunova (1958) have recently measured the viscosity of 
zallium in the normal and supercooled states. "The Batschinski plot showed a 
narked change of slope near 350°c, but not at the melting point (figure Ly ' If 
Inv is plotted against 1/T the graph is not straight and shows a point of inflection 
ear 350°C, the activation energy being higher on the low temperature side. The 
iscosity of gallium had previously been measured by Spells (1936) who found 
uch higher values of the kinematic viscosity. Gorjaga and Morgunova suggest 
some sources of error in Spells’ experiment but do not point out that, despite the 
ifferent values, Spells’ results show an equally definite discontinuity in the slope 
f the Batschinski plot, though nearer 430° than 350°c. 

Greenwood and Martin remark that the discontinuities they found may well 
be related to the fact that, at the melting point, the liquid becomes metastable 
with respect to the solid. While a discontinuity at the melting point might 
easonably be associated with the unique nature of that particular temperature, it 
is not clear why a discontinuity should occur about 300 °c above the melting point 
in gallium. It is possible that the change in slope in the Batschinski plot is con- 
ected with the fact that gallium contracts on melting, the change occurring at 
near the temperature at which liquid gallium regains the specific volume it had 
s a solid just before melting. From the densities given in the Liquid Metals 
landbook (1952) and the volume contraction on melting (Frost 1954), this 
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temperature is of the order of 315°c. Between this temperature and the meltini 
point, the liquid has a volume compatible with solid structure at the prevailin: 
pressure; above 315°c, both temperature and volume are too high for the ordere; 
structure. It is pene canis that this circumstance influences the size of thi 
viscous flow unit by affecting the stability of temporary bonds between adjacer} 
atoms. If there is any validity in this suggestion, similar discontinuities of slop| 
might be found for other metals which contract on melting but not for those tha 
expand. Unfortunately there are few data with which to check this point. 1] 
was formerly believed that antimony contracted on melting but this appears nq 
to be so (Klemm 1958). Bismuth contracts and the liquid regains the density q 
the solid at about 530°c, but there seem to be insufficient viscosity data to dray 
a Batschinski plot in this temperature region. Nothing like figure 1 can be foun| 
for metals which expand on melting; their plots are either straight lines (In, Sb 
or smooth curves (Cd, Hg, Na, Pb, Zn). | 


d/7q (sec cm) 


I 
i=) 
So 


t (°c) 
Figure 2. Resistivity p and thermoelectric power P 
(against alumel) of liquid gallium. 


600 


+6 58 62 


Density (g¢ cm) 
Figure 1. Batschinski plot of the viscosity of liquid gallium (after Gorjaga and Morgungie) 


In the work of Greenwood and Martin previously referred to, discontinuities 
in electrical conductivity corresponding to those in viscosity were also detected 
This was only to be expected because the units of charge transport were ions 
whose mobility was determined by the viscosity. In gallium no peculiarity i 
electrical conductivity need be expected because any aggregation effects co 
only affect the electron relaxation time very indirectly. Nevertheless a change 
slope of the conductivity versus temperature curve was said to occur near 27 
by Gorjaga and Belozerova (1958) who connected it with the same structt 
change that they supposed would account for the unusual behaviour of 
Batschinski plot. As it is unusual for metals at the lower end of their liquic 
range to show effects of structure on electrical properties, experiments wer¢ 
performed to see whether the thermoelectric power showed any peculiarity n nea 
275°c; the resistivity was also measured. Spectroscopically pure galliur 
supplied by Johnson, Matthey was used. 
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The gallium was contained in a Pyrex tube sealed off under vacuum and fitted 
with tungsten electrodes. Resistivity measurements were made by conventional 
techniques on two independent lengths of metal. No abnormality in the resistivity 
curve could be detected and the results fall on the line (see figure 2) 


B01 957-610. wine YM er Wh (2) 


where p is in «© cm and Tin degrees Kelvin. The average deviation of the experi- 
mental points from this line was one part per thousand. ‘The measurements of 
Powell (1951) up to 40°c, and those of Bridgman (1921) at 65° and 100°c, agree 
well with equation (2). 

The thermoelectric power of liquid gallium relative to chromel and alumel 
‘was measured on another sample in an alumina tube, under an argon atmosphere. 
One set of values, which have an error of about 1:5°%, is shown in figure 2. The 
‘results agree with the resistivity measurements in failing to detect any feature 
that could be connected with the effect proposed by Gorjaga and Belozerova. 
The absolute thermoelectric power of chromel and alumel are about 23 and 
—18yvdeg- respectively in this temperature range, consequently it is not 
/possible to decide with certainty the sign of the rather small absolute thermo- 
electric power of the gallium. The latter quantity decreases by approximately 
Iv deg! when gallium melts, but the experiment was not designed to measure 
this change accurately. The shape of the thermoelectric power curve was 
repeatable with ascending and descending temperatures and on different occasions, 
and the maxima and minima below 200°c may represent changes in the sign 
of the Thomson coefficient of liquid gallium. However, this requires further 
investigation with, inter alia, other materials as counter electrodes. This will 
be discussed more thoroughly in a later paper. 

We conclude that the electrical measurements made so far do not lend any 
support to an explanation of figure 1 in terms of structure change or aggregation. 
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Wall Velocity in Ferroelectrics 


Reversal of polarizaticn P; in ferroelectric crystals (switching) occurs} 
under applied field E by the advance of the reversed phase behind * 180° walls’.| 
The geometry of the progress of the walls partly controls the switching} 
characteristics. Since about 1954 until last year, it was thought that the} 
advance in barium titanate was always in the form of a great many domain} 
spikes growing along the ferroelectric axis, from one face of the crystal to the} 
other, after nucleation at the faces. Miller and Savage (1958) showed that} 
with liquid electrodes and very low E£, the geometry is quite different, consisting} 
of only one or two domains which expand radially sideways to cover the whole; 
electroded crystal. The velocity of these walls is constant throughout the; 
switching, at constant #, and has the dependence 

UA CRD La LY. 7 oes B Ree ake Es cet ae (1) 
over an E range of 3:1 at least. In this laboratory we find (a) that the small 
number is characteristic, not of the low EF, but of the absence (G. W. Taylor, to be 
published) of solid electrodes on the surface (equation (1) also holds, though 
the shape of the domain cross section may be different at the higher E values); 
and (b) that limited radial expansion probably occurs also in the multidomain 
situations under solid electrodes (Peacock 1959, Burfoot and Peacock 1959),| 


$$$ Ss 


ee (gt)" exp{—C(gt)"*7} 


2 n=] 
£ small t large 
where g= ER Pulvari and Kuebler (1958) (empirical) 
EB Rals BR? Chynoweth (1958) (model) 
TDI (ROME 13 Peacock (1959) (model) : 
Also i~exp—Ct Landauer, Young and Drougard (1956) 


It appears that-single domain work with liquid electrodes will soon give plenty: 
of clear experimental evidence for study of the physics of the growth process. 
But for applications it will still be necessary to elucidate the complicated multi- 
domain processes of nucleation and growth if the well-known difficulties are to 
be overcome; the switching behaviour will not be amenable to adjustment 
until its relation to the domain behaviour is fully understood. It is the purpose 
of this note to examine some of the existing evidence on this point, particularly 
at ‘normal’ E rather than low E, and to discuss the implications for v. Normal 
E means upwards of 1kv cm7. } 
Experimental facts about the mu/tidomain geometries are not clear for the 
following reasons. (i) Direct observation is difficult. The domain thicknesses 
are of the order of microns only; the fast switching required in application 
implies exceedingly high domain velocities; and the opposite phases are optically 
indistinguishable unless cross fields are applied, which may alter the process. 
Partial switching and etch techniques cannot follow individual domains in 
growth. (ii) There may be differences in specimens and electrodes used in 
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lifferent laboratories. (iii) Evidence such as switching current variations 
(Z,t), wheret is the time, and Barkhausen pulses becomes very indirect when 
here are many domains, and needs elaborate interpretation. In particular it 
s difficult to distinguish nucleation from subsequent growth, and from the 
ater effects of coalescences of domains. It is not even easy to say whether an 
bserved i(¢) or i(£) is well fitted by a particular empirical function or model. 
Vlany versions exist which have been thought satisfactory; e.g. see the table, which 
efers to solid electrodes and normal EF. The expressions have been rewritten 
n comparable terms. ‘The initial rate R of nucleation was taken to be of the 
Vierz form 


Resor p = Pi )ale =) Scat 2p) ee (2) 


This can be predicted by any activation model in which all the non-bulk 
ffects for one nucleus (volume s) are represented by a free-energy term pro- 
yortional to 1/s, as in the expanding cylinder models. For the maximum of 


f= —aks+2b,/s is F=b?/aE. Were a=2Py, for it can be shown that higher 
legree terms in E£ are negligible at any reasonable E. Measurements at varying 
emperature would confirm or deny a thermal activation, but such measurements 
vave not often been made. Doubtless the confusion expressed in the table will 
oon be resolved. Meanwhile the following comments may be made about v. 
| (i) The models assumed w to reach a constant value in a negligibly short time. 
Sut the following simple treatment with radically different assumptions is 
Iso plausible for the first (rising) part of 7(t). If R were to remain constant and 
oalescence is negligible, the models may readily be seen to give (a) :oc#?R for 
onstant acceleration, or (b) ioctR for constant v. So if instead R is taken 
0 fall off as 2P,;—P, as the available nucleation surface decreases, then 
a t?(2P,—P) for (a) or ixt(2P;—P) for (b). Now the net polarization P at any 
nstant is — P, + fi dt, so that the z(t) expressions in the table may be rewritten in 
he simpler form ixt"(2P;—P). We see that, with this form for R, assumption 
a) or (b) reproduces the same form as in the table, for the early or late part of 
(t), respectively. Contrast the assumption that (b) holds at all times. Notice 
hat now the factor ¢” represents both nucleation and growth, while the exponen- 
ial is due largely to the decreasing nucleation surface. 
The treatment is not quite exact. For t large, coalescence will invalidate 
is approach, and the previous models are better. For ¢ small, the new assump- 
ons are not necessarily better, but they show that fitting 7(¢) does not give an 
dequate test of the model. wv may not be a constant. 

(ii) When v is constant, equation (1) suggests an activation mechanism with 
ctivation energy H~1/E: 
k, re erry a | Rae gee Aen (3) 
d D are constants. Perhaps such a mechanism should be identified with 
eation at existing walls. But it is possible to explain the results by quite a 
‘ent mechanism, in which parts of the existing wall are moved past ‘barriers’, 


The form of H(E) is quite different, as shown below. The conclusion again 
‘that it is difficult to postulate a unique mechanism. 

If a jump affects a volume 8s on average, the corresponding change in free 
due to the applied field is 2P;Es, so H=2B—2P,E8s, where 2B is the 
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value of H at zero E. More realistically, E probably displaces the position \ 
the barrier maximum. ‘The form of H(£) will then differ. For a simp 
sinusoidal barrier, the free-energy is F=—2EP.s+Bsin Ks, in which a/. 
replaces 6s, and one finds 


H=2B(sin@=—Ocos@) anne (4) : 


where cos@= 2EP,/BK. 

The nucleation postulate describes equation (1) as a consequence of 2 
equation like (2); new wall is being created, so that H becomes infinite | 
zero E, i.e. the creation restrains v. With the alternative mechanism ju 
suggested, H is finite (=2B, on average) at zero E, and it is the rever; 
process which restrains v when £ is not too large. The behaviour | 
statistical, because it is supposed that the fundamental ‘jumps’ are reasonab| 
independent, though there must in fact be some coherence or the wall wou! 
disintegrate. From equation (4), even with no reverse process, log wv plotte 
against sec 6 or —1/E now gives a plausible straight line, over an E range | 
3:1 below its maximum value, compare equation (3). Strictly, sec @ involv] 
BK, so if lower barriers are narrower in proportion, the result is not altere| 
At smaller E values, v is too large, but the reverse process reduces it. Tl 
reverse barrier height is H+47EP,/K, so v is multiplied by 


1 — exp (—m4nEP,/K); | 


the constant m depends on the detailed assumptions, but the correcting ofa 
is of the right order if Bm is of order 1. 


Queen Mary College, J. C. BurFoo 
London. 


30th July 1959, in revised form 13th October 1959. 
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A Comparison of Static and Microwave Measurements of Magneto 
crystalline Anisotropy in Cobalt Manganese Ferrite ; 


During an investigation of the magnetocrystalline anisotropy of cob} 
substituted manganese ferrite crystals by microwave resonance and torq 
curve measurements, a difference has been found in some instances between t 
values of the anisotropy constants obtained by these methods. The crystals w4 
cut from single crystal boules grown by the flame-fusion method (by Mr. J. Pz 
of these laboratories) and shaped into spheres of diameter 0:3 mm to 1:5n 
Measurements were made on samples cut from adjacent places in the same sin 
crystal boule, or, in the case where a difference in K, was first notic 
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Co9.2;Mnp.,;Fe,O,4), on the same sample. The results obtained and the chemical 
inalyses of the crystal are shown in the following table. 


Magnetic Anisotropy Constants of Co,Mn,_,Fe,O, (erg cm-*) 


At room temperature 


be K, Torque K, Resonance ‘Temperature 
(°K) 
0 — 37900 + 1500 — 36000 + 1500 298 
0-25 + 164000 + 3000 + 116000 + 10000 291 
Ae! = S2°K 
‘Torque Resonance 
og IRS Ke Ka K, IX IK 
0 — 221000 — = — 229000 — 47000 
2 + 3000 + 20000 + 30000 
: 0-01 +198000 —1-:04~x 10° — 67000 +258000  —1:23x10® —126000 
; 
| x Nominal composition Chemical analysis 
0 MnFe,0O, Mno.98F'€1-99O0 
0-01 Gory iMing- 99F e204 COo.909M no. 99 Fe 1-9804 
0:25 Coo. 25Mno.75F e204 Coo. 215M 9.747 Fe 1.99 


Values of saturation magnetization required in deducing the anisotropy 
-onstants from the microwave experiments-were measured by F. W. Harrison of 
hese laboratories. 

The measurements at room temperature and 82°K show that the values of Ky 
»btained by the two methods for «=0, i.e. MnFe,O,, are not significantly different 
f we take into account the experimental errors indicated. However, for the 
ample Co9.2;Mny.;;Fe,0,, the difference, 48000 + 13 000ergcm~, is definitely: 
arger than the experimental error. A difference is also present in the sample of 
omposition Co9.9;Mno.99F e,0, at 82°K, where the effect of the cobalt content on the 
nisotropy is much greater, though here higher order terms were required to 
lescribe the anisotropy energy and, therefore, the difference should be treated with 
aution. ‘The expression for the magnetocrystalline free energy of the crystal was 
issumed to be of the form 

B= Ky (c42g2 + 0192 01g” + 0¢g°q”) + Ko (%70tg"%g") + Ks (112019? + otg01g” + 019701”)? 

\ possible explanation of the discrepancy in the values of K, deduced from 
nicrowave and static measurements was recently put forward by Anderson and 
Donovan (1959) who suggested that the two methods measure the anisotropy at 
onstant strain and constant stress respectively. Kittel (1949) has shown that 
difference AK, is given by 

AK, =$ (C11 = C12) Ato” — 2044 Au" 

Te C11) C9) Cag are the usual elastic constants of a cubic crystal and Ajoo, Aqa1 are 
etostriction coefficients. Values for AK, have been derived by Baltzer 


) for some ferrites. 
- For the crystal Cog.25Mig.75F e204 we estimate C1 — C12 = C44 = 10! erg cm~* and 
e the measured values of the magnetostriction Ajg9=—111+ 6x 105%; 
Fee > Se) 
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A= +19£1x 10-%at 290°x. We obtain AK, =28000 + 3000 erg em~. Li 
mechanism thus seems able to account for the major part, and possibly all, of th) 
discrepancy in the observed values if uncertainties in the elastic constants are take} 
into account. Bozorth et al. (1955) reported a difference in the values of Ky 
measured by static and microwave resonance methods, for a crystal of nickel ferrou| 
ferrite. In this case the difference was not related to the elastic response of th} 
sample but to electronic relaxations associated with the ferrous ions present in th} 
crystal. 


Mullard Research Laboratories, R. F. PEARSOM 
Cross Oak Lane, R. W. TEALE. | 
Salfords, Nr. Redhill, Surrey. ) 
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Ionization by Ion Impact in a Collapsing Current Sheet 


A theory of the trapping of gas inside a collapsing current sheet in a gas dis 
charge is described by Phillips (1959), in which the mechanism by which neutr< 
gas is trapped is supposed to be ionization by electron impact. 

Russian work recently reported in the Journal of Nuclear Energy, shows the 
the electron temperature in the current sheet in a typical fast pinch discharge 1 
only a few (2-4) electron volts. Borzunov, Orlinsky and Osovets (1959) describ 
experimental work and Kogan (1959) and Borzunov, Kogan and Orlinsky (1959 
describe theoretical calculations which substantiate the above claims. The resu’ 
of such a low electron temperature will be a marked reduction in the rate of ionize 
tion of the incoming neutral particles by electron impact compared with the rat 
at the electron temperature of 50 ev assumed in the previous paper. 

The conclusion drawn by the Russians is that the charge exchange proces 
whereby an incoming neutral particle strikes an ion in the sheet, becomes charge 
and is subsequently held, dominates other processes. 

It is important to note that the neutral particle which results from the charg: 
exchange process is left with the thermal velocity of the ion and may move out of tl 
sheet at a speed much less than the speed of the sheet. Thus charge exchange 
not necessarily as clean as electron impact ionization in sweeping up the gas. 

The charged reaction product will either spin around the magnetic lines | 
force or suffer collisions with other particles. If the cylotron radius of tI 
charged product is much greater than the appropriate collision mean free path the 
the ionized gas particles will move freely in the magnetic field and a pressure wa 
will travel inwards because of the matter which piles into the current sheet. | 
this way, a hydrodynamic shock wave can build up. The trapping parameter 
easily shown to be the ratio of the mean cyclotron radius of ions in the current sh 
to the mean free path of an ion in a background of the neutral gas. When 
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rapping is good it would appear that the conditions may also be right to produce a 
shock wave. It is hoped to give a detailed discussion of this point in the future. 

For moderate electric fields (100 v em-1) and particle densities of the order of 
LO'® cm~* which represent the conditions envisaged in the earlier paper, ionization 
sy electron impact should be at least as important as the charge-exchange process. 
dowever it is of interest to draw attention to the effect of charge-exchange processes 
n modifying the efficiency of trapping. 

Evidently, for very fast pinch work involving large electric fields, the trapping 
theory must be built around the term (9,,8;,) for reactions between positive ions 
ind neutral particles, with g,, taken to be r the speed of the sheet and g,, the 
ippropriate charge-exchange cross section. 

New experimental results on charge-exchange cross sections in hydrogen for 
the reactions p+H-H+p and p+H,+H+H,*+ have been reported by Fite 
1960). Fora 100 ev collision the cross section for the former is about 4 x 10- cm? 
ind for the latter is of the order of 10-16 cm?, a difference which arises because the 
‘ormer is an energy-resonant process. The p+H cross section is so large that it 
easily explains the observed efficiencies of trapping. However, if the discharge 
vakes place in molecular hydrogen, then by some means or other, the H, must first 
de dissociated before charge-exchange collisions are effective. It is most probable 
shat the electrons play an important part in the dissociation process and that the 
ictual sequence of events which follows the entry of the neutral particle into the 
surrent sheet is a little more complex than that assumed in the present theory. 


Atomic Weapons Research Establishment, N. }..PHEGLIPS. 
Aldermaston, Berks. 


7th September 1959, in final form 29th October 1959. 
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On the Measurement of Deuteron Polarization 


When unpolarized deuterons are scattered from spin 0 nuclei, their resulting 
yolarization involves four parameters. Double scattering gives three functions 
f these parameters, which are therefore not fully determined by one experiment. 
_ This note shows that for a light nucleus which can itself be used as a projectile, 
suitable set of double-scattering measurements determines the polarization. 
‘or a heavy nucleus, on the other hand, some indeterminacy persists however 
double scatteringst are made, unless a previously calibrated polarizer or 
yser is available. ne 
The polarization of a deuteron beam can be specified by the statistical expec- 
on values (S,;)= P, and (4(S,S;+S,S,)— 35) = Ti, where S\@= 1, 2, 3) is 
2 spin 1 operator. P, and T;; are called the vector and tensor polarizations 


+ Excluding the use of magnetic fields for spin precession, suggested by Lakin (1955). 
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(we follow the notation of Stapp (1955, 1957) who derives many of the formulz 
used below). 
An unpolarized beam scattering from a spin 0 target develops polarization « 
the formt 
P= BNi, ‘ ; 
T,,=n(N,N;— 45) + «(D,D; — EE;) + 7 DE + BD,)| 1 (I) 
E, DandN are unit vectors in the directions ky — kj, kz + kj and k; x ky respectively 
where k; and ky are initial and final relative momenta. , 7, « and 7 are indeper 
dent parameters, functions of energy and scattering angle, which completel 
describe the polarization (incidentally, this is not the most general polarizatio 
deuterons can have). The analysing power of a scattering is given by the vect« 


A 
and tensor coefficients P; and 7;,. 
A 


P;=P; | 

v = T,,—21(D,E,+ E,D;) } a 4 | 

such that the differential cross section for a second scattering is : 
ETA IAS RHE ae (3) 


I, is the unpolarized cross section and the primes distinguish the second scattering 
For the experimenter equation (3) proves to have the form 


i= iil A+B cos G4C cog 2p), ree to aoa (4) | 


where ¢ is the angle between Nand N’. A, B and C are functions of energy an 
angle at the two scatterings, and are the quantities measured. A is manifest 
as a change in the azimuthally averaged cross section, B as a left-right asymmeti 
and C as an up-sideways asymmetry. 

When the target nucleus is relatively light, its recoil is not negligible and t 
change in deuteron energy between successive scatterings is serious. Howeve 
the centre-of-mass energies can be made equal if the light nucleus is itself t 
projectile at the first scattering}; we then find 

A = $(4+3x)(y’ — 3x’ cos 6 —37' sin 6’) 

B= $B’ —67(«' sin ®’—7'cos6’)- ~~ 4 ee (5) 

C= 3(y—«)(m’ +«' cos 8’ + 7’ sin 6’) 
where 6 is the centre-of-mass scattering angle, and primes refer to the seco 
scattering. Let us now select two different processes (same centre-of-ma 
energy but different angles or targets), labelled 1 and 2 say. Then it can be se 
that the three double-scattering experiments (1,1), (2,2) and (1, 2)—in 
obvious notation—determine the polarization parameters of both processe 
‘The measurements of A and C determine all the 7, « and 7 to within a numb 
of discrete solutions§, for the Jacobian of the equations does not vanish in gener 


t This notation is related to the angular momentum representation (e.; 
Hamilton 1959) as follows (Q.,)=—i$V3B, (Q2)=(3//2)(K cos 0+7 sin 0 -+ 
(Q1,)= V3 («sin 0—7 cos 6), (Qo2) = —$-V3(k cos 64-7 sin 6+), where the y and | 
axes are along N and kg, and @ is the centre-of-mass scattering angle. : 

} This arrangement is being used by several groups working on d--a scattering. A ran 
of angles is possible at the first scattering if the intermediate beam can be slowed. (Priva 
communications from Dr. M. J. Scott and Dr. J. B. Reynolds.) . 

§ Only real solutions need be retained. The numerical solution of the equations probab 
needs an automatic computer. 1 
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Two measurements of B then give the parameters 8. The third measurement of 
B over-determines the problem and reduces the number of solutions: we expect 
the solution to be unique apart from an overall sign for the parameters B and 
another for the n, « and 7. Since there is always some experimental uncertainty 
iM practice, it would be better also to perform the double scattering (2, 1) and to 
make a ‘best fit’ of the eight parameters to the twelve data. The ambiguities in 
sign can be settled if the scattering phase shifts are approximately known, as for 
instance in low-energy d—« scattering (Galonsky and McEllistrem 1955, Goldfarb 
and Rook 1959, Pondrom 1959, Phillips 1959). 
For double scattering from heavy targets, on the other hand, we find 


Peete te s(t OU) C= Bees (6) 
where 
t=3xcos@+3rsind—7n, u=3P 
v=3(xsin@—rcos@), w= —3(kcosé+7sin#+7). \ a eile D) 


The centre-of-mass angle 6 is now also the laboratory angle; t, u, v and w are 
linearly independent combinations of 8,7, « and 7. If we have the same target 
and angle at both scatterings, t and w may be found to within a sign, but w and wv 
cannot be separated. At first sight it seems we might determine them by taking 
three different processes (same energy but different angles or targets) and using 
the six possible combinations of first and second scatterings to find the six wu 
and v. However, the bilinear form u,u;—v,v; is unchanged by the simultaneous 
transformation 


u—>usecat+vtane } (8) 
U>utana +USec a 


or each pair, u, v (« being any angle). As long as we are restricted to simple 
double scattering, and none of the u or v are known in advance, there must remain 
an indeterminacy like this. 

When a previously calibrated polarizer or analyser (labelled 2) is available, 
however, a given scattering process (labelled 1) can be determined directly with- 
out ambiguities of sign. The experiments (1, 1) and (1, 2) or (2, 1) are enough, 
whether the target nucleus in ‘1’ is light or heavy. Calibrated nuclear 
reactions (Galonsky, Willard and Welton 1959, Goldfarb 1959) can also be 
helpful for measuring deuteron polarization. 

‘ Rojo Ny PHILLIPS: 

Atomic Energy Research Establishment, 

Harwell, 
Didcot, Berks. 

16th November 1959. 
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REVIEWS OF BOOKS 


Finite Difference Equations, by H. Levy and F. LessMan. Pp. viii +275} 
(London: Sir Isaac Pitman and Sons, 1959.) 37s. 6d. | 


The book starts with an elementary account of the properties of the finit¢ 
difference operators E, A defined by the equations 
Ef(x)=f(x +1) | 

Af(x)=f(x + 1)—f(*) | 

and of their applications in problems of the summation of series, interpolation} 
curve fitting by polynomials and numerical differentiation and integration; 
It continues with chapters on the origins, in the mathematical sense, of finite 
difference equations and on methods of solution of certain classes; there is ond 
short chapter on applications in pure and applied mathematics including one 
example from the theory of sequential sampling. | 
The real purpose of much of the first part is not very clear, for whilst more 

is given than is needed to lay the foundations of the second part, there is no 
enough, nor is the tone right, to provide a satisfactory treatment of numerica’ 
techniques. The detail of the numerical work is certainly not that of the ej 
modern practice; for example, central difference operators are never mentioned, 
nothing is said about the ‘vanishing differences’ in a table by means of whic 
the accuracy of the entries can be judged, and in every table printed the difference: 
are given not in the convenient form of integers in units of the last decimal, bu 
with decimal points and all leading zeros. There is, in fact, a distinct academi 
air about all this. Thus while a good deal of attention is given to the summatio 
of series which all look very much like examination questions, the importan 
Euler transformation appears only as an example (on page 27) and even theni 
not mentioned by name. ‘The notation is often confusing, thus expressions lik 

n—1 
2 In 

appear throughout the book ; this may not matter very much in single summations: 
but in multiple summations can cause great confusion, so that, as far as one ca 
understand what is meant, the relations given in Example 2, page 20, seem to b 
wrong. ‘There seems to be a serious mistake in the interpretation of th 
Euler—Maclaurin summation formula which expresses the definite integral as ; 
discrete sum together with a series of ‘ correction terms’ involving the derivative 
of the integrand; this series terminates if the integrand is a polynomial, bu 
otherwise is not in general convergent but has asymptotic qualities. By ‘anor 
this fact the authors have invited the reader in Examples 3 to 6, page 62, to prove 


some relations which do not hold; a very simple calculation with six-figure 
tables will show that 


co 
Se 
. . 1 
is not in fact 4(4/7—1). 
The chapters on finite difference equations contain a lot of interesting material 
not readily accessible elsewhere; indeed, the authors say that much of this has 
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never been published previously. Equations are considered in four classes: 
there is a first division into discrete and continuous independent variables and 
then into linear and non-linear forms. Thus typical linear first order equations 
with constant coefficients are 
QYnii + by, +e=0 

for the discrete variable and 

ay(x+1)+by(x)+c=0 
with x a continuous variable. As would be expected, reasonably general results 
can be obtained for linear equations with constant coefficients, less so when the 
coefficients are not constant and still less for non-linear equations. There is an 
interesting semi-graphical treatment of the general first order equation and a 
treatment of linear equations by definite integrals. A large part of the text 1s 
taken up with special cases and the present reviewer found the arrangement 
rather confusing. General methods and important techniques do not stand out 
clearly from the mass of detail; the argument could often be shortened without 
Joss of clarity and many of the examples are exceedingly trivial. The real 
importance of difference equations lies in practical uses of mathematics where 
often the numerical aspect dominates; in this book the flavour is much more 
academic, and the numerical properties of the recurrence relations are never 
discussed. 
| Tosum up, the book provides a useful and interesting collection of information 
on a fairly elementary level, but would have benefited from a closer contact with 
practical numerical work. J. HOWLETT. 


Optical Properties of Semi-conductors, by 'T. S. Moss. Pp. x+279. (London: 
Butterworths Scientific Publications, 1959.) 50s. 


Dr. Moss’ book is one of a new series of monographs on semiconductors. 
t is several years since he published Photoconductivity in the Elements which. 
ad a similar structure and so the appearance of the present volume is most 
welcome in view of the many recent advances in this field. As before, he 
presents his subject matter in two parts. In the first there is an extensive 
éview of theoretical ideas on a wide range of optical and electrical phenomena in 
solids. Perhaps the two important chapters are that concerned with photo 
ffects, e.g. photoconductivity, photovoltaic effect, Dember effect and photo- 
slectromagnetic effect, and that dealing with emission of radiation from semi- 
sonductors. This part of the text is valuable because it provides an idea of 
surrent perspective and of the co-ordinating features of modern semiconduction 
esearch. 
In the second section of the book, attention is concentrated on specific semi- 
onductors, including elemental solids and the most important photoconducting 
pounds, such as those of the III-V and II-VI elements and the sulphide, 
nide and telluride of lead. It is rather a pity that considerable condensation. 
material has been forced upon the author because of a restricted length of text, 
it is necessary to follow up the references provided to obtain a complete 
icture of the state of knowledge in each case. This is particularly true of the 
hapter on the zinc sulphide group of photoconductors. However, references 


re up-to-date, a very commendable feature. 
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One very important aspect of the field is missing from the book and it mig} 
well provide the basis of a separate volume, if possible from the same author} 
pen. It is a detailed and critical account of the many and varied techniqud 
involved in experimental investigations. Otherwise the book will be a welcon} 
addition to the shelves of solid state and other scientists. G. F. J. GARLICH 


Semiconductors, edited by N. B. Hannay. Pp. xxiii+767. (New York) 
Reinhold.) £6. 


This symposium of papers is subtitled ‘a definitive new work on principle} 
phenomena and materials’. A book of this kind should meet two princip# 
objectives, that of informing the newcomer of the present state of the subjeq 
and that of aiding the extension of our knowledge to substances and phenomer 
which are not yet familiar. The first objective is satisfied in high measure, tht 
second extremely well. | 

The editor contributes an introductory chapter on semiconductor principld 
which maintains a very high didactic standard. With one or two reservatior 
(e.g. concerning the spin correction of the carrier concentration at impurit 
levels and the treatment of the carrier injection concept), it should serve t 
average reader for whom the book is intended very well. The same applies t 
the second introductory chapter by J. J. Lander which is concerned with a sury 
of semiconductor chemistry and with the formation of crystal imperfection 
This is followed by two superb chapters on the growth of single crystals ( 
M. Tannenbaum) and on impurity control by freezing methods (by C. 
Thurmond) including, of course, zone melting, rate growing, and reme 
procedures. ‘These treatments include extensive descriptions of methods wil 
are not generally known, with informative emphasis on the fundament: 
processes involved. C. S. Fuller contributes a chapter on defect interaction i 
which he considers, amongst other things, the analogies between impurit 
semiconductors and aqueous solutions containing a weak electrolyte. Germaniui 
and silicon are, of course, stock examples since these materials have been produce 
in the purest and most perfect form and have received the most detailed stud! 
T. H. Geballe gives an extensive high-level survey of their electronic properti¢ 
and J. N. Hobstetter deals with theoretical and experimental aspects of dis 
locations, including the effects of bombardment, deformation and quenchin; 
H. Reiss and C. S. Fuller discuss diffusion problems on which so much of preset 
device fabrication depends. Certain Group II-IV compound semiconducto: 
are dealt with by D. G. Thomas, with special reference to the work carried ov 
in Holland, and by A. R. Hutson who includes accounts of polaron behavior 
and of the idiosyncracies of non-single-crystal samples. Alas, zinc sulphide 
not included; as principal electroluminescent material it would have bee 
very interesting. J. M. Whelan gives a short but informative account < 
Group III-IV compounds and various other mainly covalent materials. 

Infra-red absorption has long been used as an important investigational too 
and H. J. Hrostowski contributes a chapter on this topic in which he also dea 
with free charge carrier absorption and infra-red cyclotron resonance. Problen 
and results concerning recombination and trapping are briefly surveyed b 
R. G, Shulman and there is also a chapter by F. J. Morin on the interestir 
properties of the oxides formed by 3d transition metals. C. G. B. Garrett 
account of organic semiconductors is believed to be the only systematic summat 
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now available. It serves to illustrate the complexities of the subject and to 
foreshadow some of its potentialities. The general importance of surface 
properties has been increasingly recognized during the last few years and 
J. T. Law gives a selective survey. There is also a chapter on semiconductor 
electrodes by J. F. Dewald, interesting for its relevance to etching processes. 

It has obviously been necessary to limit the subject matter, and such topics 
as contact rectification, junction breakdown, parametric amplification and 
electrical noise are not dealt with. The amount of overlap between chapters 
has been kept low. The book can be widely recommended, the only major 
regret being its price. H. K. HENISCH. 


Principles and Applications of Random Noise Theory, by J. S. BENDAT. Pp. xxi 
+481. (New York: John Wiley and Sons, 1958.) 88s. 


The term ‘random noise’ was originally introduced by the electrical 
communication engineers to describe the random component of the time variation 
of electric current or voltage, superimposed over a regular ‘signal’ and thus 
more or less impeding communication by means of electric signals. In a wider 
sense it is nowadays frequently applied to all kinds of random or ‘stochastic’ 
processes in physics, engineering, meteorology and even economics. 

' Inthe present book the author in the first place sets himself the task to develop 
the theory of stochastic time series in such a way that it can be applied to all such 
phenomena and to present it in a language familiar to engineers. Only a modest 
mathematical knowledge is required and the reader is not supposed to have any 
previous experience in probability theory and the technique of Fourier and 
Laplace transforms. The author further-develops the mathematical methods 
for the statistical analysis of random processes and the design of ‘filters’ for 
obtaining the least distortion of the signals by noise, and he also describes certain 
analogue computer devices for solving the mathematical problems involved. 
Special items of particular interest are dealt with in some detail, in particular, 
random noise with ‘exponential cosine autocorrelation functions ’, the statistical 
properties of the ‘envelope’ of noise which has passed through a narrow filter 
and the so-called ‘ zero-crossing problem’, the derivation of formulae for 
estimating the statistical errors in the evaluation of the statistical parameters of 
random time series, problems to the solution of which the author has himself 
nade important contributions. 

The book is well written and the readers will have no difficulty in following the 
mathematical arguments which are presented in considerable detail and, in 
general, with sufficient rigour. There are a number of points on which one can 
take issue with the author, for example on the use he makes of the central limit 
heorem in cases where its application is not justified and in fact the noise is 
known to be non-Gaussian in character, and further on, the way in which 
erivatives of stochastic functions are treated as if they were derivatives of ordinary 
ctions in the strict mathematical sense. It is also regrettable that almost 
lusively American publications are quoted and no publications at all in other 
n the English language, making it appear as if this subject had been developed 
rely in the U.S.A. 

Nevertheless, the book can be highly recommended to all practical workers in 
ds where ‘noise’ is involved, and also to students who wish to acquire 


nowledge in this important field. R. FURTH. 
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Exploring the Structure of Matter, by JEAN-JACQuES 'TRILLAT. Pp. 214. (London 
George Allen and Unwin, 1959.) 30s. 


This book, which is addressed to the layman or non-specialist physicist, is : 
translation of the author’s Découverte de la Matiére published in 1956. It ij 
concerned with the methods used for studying the fine structure of matter. Th) 
first part describes x-ray and electron microradiographic techniques based on | 
x 600 optical enlargement of a contact radiograph. Subsequent parts of the bool 
deal with electron microscopy, electron diffraction and neutron diffraction. Eacl} 
part starts with an account of the principles involved and a description of thj 
apparatus and concludes with examples, profusely illustrated with plates, of thy 
technique. ‘The subject matter is competently handled, but the translation ij 
not above reproach. Ina few places, the meaning is definitely obscure. ‘Technical 
terms are often mis-translated (e.g. weak instead of soft x-rays; node instead oj 
lattice point). References to figures do not appear to have been properly checked 
Thus, Plate XXIIIB referred.to on p. 188 as a neutron, and on p. 208 as ail 
x-ray diffraction pattern; and the legend of figure 5 does not precisely agree witl 
the figure. In spite of these blemishes, the book gives in a small compass a good 
indication of the aims of an important branch of physics. T2B: RYMER 


Handbuch der Physik, Vol. LIII, Astrophysik IV, Sternsysteme, edited b 
S. FLucce. Pp. viiit565. (Berlin: Springer, 1959.) DM 142. 


Though astronomy in both the technique and the interpretation of it! 
observations is completely dependent on physics, only infrequently, other than ai 
a background, does it make any significant contribution to the body of ohyatel 
knowledge. So substantial, however, has been the growth of astronomy in thé 
last fifty years that we may well be entering a period when a detailed study of th 
subject will repay the physicist. Presumably with this in mind the new edition 
of the Handbuch der Physik will contain several volumes devoted to astronomical 
topics. : 

The volume under review is concerned with systems of stars, and is apparenth 
intended to be both an introduction for physicists and an account of the mos 
recent advances for astronomers. It may be said at once that it succeeds bette: 
in the latter than the former respect. What is lacking for the physicist is a1 
introductory article which sets out concisely present knowledge of the structure 
kinematics and dynamics of our own galactic system and gives some account 0 
the methods by which this knowledge has been gained, as well as briefly reviewin 
our much sketchier information about external galaxies with their differences it 
stellar population and their multiplicity of forms. Without such a guide 
confused indeed will be the ordinarily intelligent reader who strives to maste 
the whole of this volume. , : 

Several articles in the volume, however, can be recommended without reserva 
tion to astronomers and physicists alike. Thus McVittie’s account of Distane 
and ‘Time in Cosmology provides a badly needed critical assessment of photometri 
methods of distance determination, an assessment which brings out the larg 
uncertainty inherent in all distances beyond the trigonometric range. Likewis 
Hanbury Brown on Discrete Radio Sources provides a balanced and informativ: 
account of a problem bristling with difficulties but full of promise as providing | 

_means of exploration beyond the optical range. On the other hand there are sor 
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urticles which are mere bibliographies and which obscure for the reader the 
great classics of astronomical discovery. At best the remaining articles, with one 
ar two exceptions (for example Heckmann and Schiicking on Newtonian and 
Hinsteinian Cosmology), have much more the character of contributions to a 
symposium, surely the most ephemeral of scientific literature, rather than of those 
9ermanent contributions of knowledge such as Rayleigh’s encyclopaedia articles 
and many of the articles in the first edition of the Handbuch. _H. H. PLASKETT. 


Sroup Theory and its Application to the Quantum Mechanics of Atomic Spectra, 
by E. P. Wiener. Pp. xi+372. (New York: Academic Press Inc., 1959.) 
$8.80. 


The German original of this book was first published in 1931. Since then 
‘he author must surely have been inundated with requests for a translation, and 
there is probably no other work for the understanding of which more young 
énglish-speaking quantum theorists have struggled through courses of scientific 
serman! It is of course a classic and even to-day the translation will be 


*xtremely welcome. 
| 


: As an exposition of the principles of group theory in the form needed in 
ohysics the book has not dated at all and the fact that, as the title indicates, the 
pplications are confined to the quantum mechanics of atomic spectra only 
slightly diminishes its usefulness to those interested primarily in other fields, e.g. 
1uclear theory. 

It may astonish to see such modern ideas on the role of symmetries in 
quantum theory emerging in a text which at the same time shows some amusing 
traces of its antiquity : few present-day students will recognize ‘ Schrédinger’s 
equation ’ in the original form given here !_ In the main, however, the text of the 
riginal needed no emendation, except in so far as the abandonment of the left- 
nanded coordinate system has happily brought all sign conventions into line with 
urrent usage. ‘Three new chapters have been added; one on Racah coefficients 
nd the like, bringing formal development up to date, a second, most notably, 
which expounds the author’s important, more recent, work on the time inversion 
pperation and a third final chapter on the physical interpretation of various group 
heoretically defined quantities, which well deserves careful study. Undoubtedly 
is new ‘ Wigner’ will carry on the reputation of its predecessor. N. KEMMER. 


Sausality, by Mario Bunce. Pp. xx+380. (Cambridge, Mass.: Harvard 
University Press; London: Oxford University Press, 1959.) 60s. 


_“* An essay on determinism, with special emphasis on causal determinism— 
xr causality, for short.’”” The author analyses causality as it is actually used in 
arious sciences, particularly physics. He concludes that “ the causal principle 
sneither a panacea nor a superstition”, but “a philosophical hypothesis employed 
science ” of “‘ an approximate validity . . . in competition with other principles 
‘determination’. But his conclusion is far less interesting for the working 
ntist than the path leading to it. A short review can give no idea of the 
1ess of these closely packed pages. The first part of the book clarifies the 
ing to be given to causality, determinism and related words, and surveys 
formulation of the causal principle. Part 2 explains what causality is not 
mtrary to the assertions of various empiricists it does not by itself involve 
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contiguity or antecedence, it is not merely identical with invariable successic 
in time and it is not just what is mirrored by differential equations. Contrary 
the romantic views it is not merely interdependence, does not imply the * blo 
universe ’ of complete interconnection, and need not be fatalistic, nor mechanisti 

Part 3 explains what causality does assert; it involves linearity (1.e. * multip 
causation’ is rejected as not strictly causal), an artificial isolation, either a fir 
cause or an infinite regress, and continuity. It neglects the response of tl 
system, involves superposition of causes and renders genuine novelty impossibl 
The last part (over 100 pages) examines in detail the status of causality in moder 
science; a summary is impossible. (The discussion of quantum mechani 
accepts Bohm’s presentation a little uncritically.) 

Such a book must contain much to disagree with; its success is measured 
how much one feels the trouble of disagreement is made worth while by the re 
of the book. One reads with the continual desire to re-write, though alterir 
little, but with a complete lack of the author’s wide learning. C. W. KILMISTE| 


Handbuch der Physik, Vol. LI1. Astrophysik II1, Das Sonnen-system, edited 
S. FLucce. Pp. viit+601. (Berlin: Springer, 1959). DM. 148. 


Although this is the only volume of the Encyclopedia concerned with tl 
solar system, most of it is taken up with a series of articles on solar physi 
excluding the interior of the sun. Apart from a chapter by F. J. Kerr, optimis 
cally entitled ‘Radar reflections from sun, moon, and planets ’—reflections ha 
been obtained only from the moon so far—the remainder of the text is divid 
between articles on planetary atmospheres and interiors by H. C. Urey and S. 
de Marcus, and comets and meteors by K. Wurm and F. L. Whipple. 

Most of the text is taken up with surveys of recent advances rather than th 
basic groundwork so that this Handbuch has very little in common with i 
predecessor of a quarter of a century ago. Solar physics in particular h 
advanced rapidly in the intervening years, quite apart from the increased know 
ledge resulting from the application of rockets and satellites. The master: 
survey of solar physics, chiefly by C. de Jager, who has himself contributed 
much to the subject, is therefore especially welcome. Inevitably, there are son} 
mistakes. It-is particularly unfortunate that von Kliiber, in his pioneeri 
interferometric work on the width of the coronal emission lines is credited with 
resolving power of only 2600 instead of 26000. This article is well illustratd 
with the remarkable photographs taken by R. B. Dunn at the Sacramento Pe 
Observatory, and other workers. A comprehensive account of the solar photd 
sphere by L. Goldberg and A. K. Pierce completes the section on solar physi 

It is a disturbing, although understandable, feature of the book that it is co 
cerned almost entirely with the work of Western astronomers. The import 
contribution of the Russian astronomers to coronal studies for example, is cle 
from Shklovskii’s book on the solar corona published in 1951, and it is a pi 
that so much of this work has to be overlooked in an authoritative work of t 
kind. Some authors virtually ignore the Russian contributions to their subj 

All of the articles are in English with the exception of that by K. Wurm qd 
comets, which is in German; the standard of English of one article is rather lo 
There are two full subject indexes, one in English and one in German, but 
author index. D. E. BLACKWEL| 
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Statistical Physics. Vol. 5. Course of Theoretical Physics, by L. D. LaNpDAu and 
E. M. Lirsuitz. ‘Translated by E. Pererts and R. E. PEIERLs. Pp: x P4604" 
(London, New York, Paris, Los Angeles: Pergamon Press, 19537) o0s 


This book, the second volume to appear in English translation of the authors’ 
omprehensive Course of Theoretical Physics, effectively replaces their earlier 
vork with the same title (Clarendon Press, 1938), while adding greatly to its 
cope and usefulness. 

The earlier book became well known as an almost unique source, at that time 
nd at textbook level, for a thorough discussion of thermodynamic stability, 
ritical phenomena, and the Einstein—Smoluchowski theory of statistical fluctu- 
tions. With very few exceptions (sections on convection, Bernoulli’s equation, 
ind a rather full treatment of Liouville’s theorem have been omitted), everything 
n that book is to be found in this one: seldom seriously changed, though with a 
1ew recognition of the uncertain validity of thermodynamic expansion methods 
near critical lines and points. 

_ But whereas previously the statistical theory was confined to the Boltzmann 
distribution, indeed to classical mechanics, in the present work quantum 
nechanics is taken as basic. ‘Thus the specific heats of diatomic gases, electronic 
pecific heats, and black-body radiation, excluded from the earlier work, are now 
liscussed in some detail: so also are less familiar topics, as superfluidity, negative 
emperatures, and the properties of matter at very great temperatures and pres- 
ures. Electric and magnetic properties are omitted, to be dealt with in another 
rolume of the series. 

The result is a stimulating book and, in conjunction with the other volumes 
wf this series, undoubtedly a useful one. ‘Taken by itself, it is neither an intro- 
ductory nor a comprehensive course in statistical thermodynamics. It is not 
)articularly easy reading, more references would have been welcome, and there 
ire some oddities of thermodynamic notation (not present in the earlier edition). 
More seriously, perhaps, a rather strange feature is the virtually complete absence 
f comparison between theory and experimental measurements. Possibly an 
‘qually thorough knowledge of experimental physics is presupposed: but the 
isefulness of statistical theory as a working tool (as in the comparison of spectro- 
copic and calorimetric entropies) is never illustrated. Nevertheless, there is a 
srandeur of outlook and wealth of incidental wisdom which compensate for many 
esser things: and no student, of reasonable ability, will waste his time in reading 
t. Indeed, one is tempted to add, every postgraduate theoretical physicist 
yught to be reading the complete Course, as it appears. G. S. R. 


: 


iquids and Liquid Mixtures, by J. R. Row iinson. Pp. ix+360. (London: 
Butterworths Scientific Publications, 1959.) 75s. 


: This book deals with the equilibrium properties, particularly the (p, V, T) 
< tionships and heat capacities, of non-electrolytic solutions and the corre- 
yonding pure liquids. It does not deal with transport coefficients, nor with 
h liquids as molten metals. Polymers are also deliberately excluded. But 
n this useful, if restricted, field it is a mine of reliable information, critically 
ined, and of indispensable references, carefully compiled. Written with 
ical engineers in mind, as well as physicists and chemists, it is likely to 
Wve popular, at both textbook and reference levels, with a wide audience. 
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The author has divided the work into three, roughly equal, sections, each ¢ 
three chapters: the first two parts concern pure liquids and liquid mixture: 
respectively, and contain almost no theory other than thermodynamics. ‘The 
are largely concerned with a critical appraisal of experimental results. ‘The las 
section, which is more mathematical, introduces intermolecular forces an 
statistical mechanics. But after this brief indication of the scope of the book 
it is convenient to discuss the three parts separately. 

In view of the achievements of the present decade, in predicting the propertie 
of mixtures from those of their pure components through a somewhat sophis 
ticated theory of corresponding states, demanding accurate knowledge of thi 
thermodynamic properties of suitable reference substances, it is natural that thi 
author should first survey the properties of pure liquids, paying particular atten 
tion to the reliability, and mutual consistency, of experimental measurements 
The result is an invaluable and comprehensive compendium of our presen 
calorimetric knowledge of pure liquids and, to a lesser extent, dense gases. Thi 
complicated specific heat anomalies in the neighbourhood of the critical poin' 
not yet perhaps fully explored, are very carefully discussed, together with thei 
bearing on ultrasonic absorption. 

The second part of the book, on liquid mixtures, is equally lucid and we 
balanced. Paying particular attention to excess functions, the author conside 
mixtures of increasing complexity, from condensed non-polar gases to hydroge 
bonded structures, first at low pressures and then at high pressures, in whic 
connection there is a very thorough and detailed survey of azeotropy. As 
proceeds, this middle part of the book becomes increasingly technical and co 
densed, but it remains much more than a mere guide to the relevant literatur¢ 
The reviewer’s only adverse criticism concerns the absence of any indication 
the extent to which the survey of calorimetric measurements of the highe 
accuracy has been selective: it is certainly not complete, the much studie 
benzene—diphenyl system for example receives no mention. And the author’ 
cor cern, expressed in the preface, to keep to a minimum material that can readill 
be found elsewhere, is hardly an adequate guide. 

Finally, we have three more theoretical chapters, on inter-molecular force 
pure liquids, and liquid mixtures, respectively. They are all highly condensec 
but become increasingly so, to the point of unintelligibility. They remain, 
course, a very good guide to the literature, and the chapter on pure liquids i 
balanced and by no means unreadable. It is the last chapter, on mixtures, the 
the reviewer found disappointing. He is aware that this is subjective an 
perhaps not entirely fair criticism, but this chapter is so highly condensed an 
erudite that it is singularly hard to see the wood for the trees: the Appendi 
hardly helps. ‘That it should deal entirely with modern extensions of conform 
solution theory is entirely proper and in keeping with the plan of the book as 
whole: but to attempt this in three dozen pages was an impossible task. Anyo 
who has not read Prigogine’s Molecular Theory of Solutions should first do s 
and proceed to the papers by Scott and W. B. Brown. The present accou 
avowedly owes much to Brown’s work, and incorporates the author’s own rece 
applications of the theory. If it whets the appetite it will serve a most useft 
purpose: but in itself it is too indigestible to be entirely satisfying. : 


The production of the book is excellent, and there are few printing errors: 
G.§ 
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Figure 1. The spectrum of NiCl; 21 ft grating spectrograms. 
Strips 1 and 2; systems A,, A, and A3. 
Strip 3, Av=0 sequences of systems B, and B,. 
Strip 4, Av=0 sequence of system C. 
Strip 5, Av=0 sequence of system D. 
Strip 6, Av=0 sequences of systems E, and FE. 
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Figure 2. The spectrum of NiBr; 21 ft grating spectrograms. 
Strips 1 and 2, system-q,. 
“ Strip 3, Av=0 sequences of systems a and q3. 
~ ‘Strips 4, 5 and 6, system f,. 
Strip 7, Av=0 sequence of system fy. 
Strips 8, 9 and 10, system y. 
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Absiract. ‘Vhe method is based on the simplifying features of helium-like ions 
and on the rapid establishment of equilibrium between the processes of populating 
and de-populating the 2°P, level. The specific intensity of the emission line 
2°S,-2°P, can then be deduced as a function of the electron temperature. In 
cr to test the basic assumption that the electron velocity distribution is 
Maxwellian for the very fast electrons which produce the atomic excitation, more 
chan one member of the iso-electronic sequence must be studied. Also, an 
expression containing the relative emission from two members of the sequence 
eliminates the electron concentration which can only be estimated at present. 

The intensities of C v and Btv lines from scEPTRE IIA were measured with a 
combination of a monochromator and a photomultiplier. A carbon arc was used 
‘0 calibrate the intensities absolutely, and the spatial intensity distribution was 
determined by means of the Abel integral equation. For typical discharge 
conditions, the maximum electron temperature attained was in the range 
2-3)x10°degx. The electron temperature was unaltered by the introduction 
#themethane. The results suggest that any existing departure from a Maxwellian 

istribution of electron velocities did not seriously affect the value of electron 
emperature derived by this method. 


§ 1. INTRODUCTION 


HE electron temperature J, is an important property of any plasma irres- 
pective of how it is produced. Methods of measuring or estimating the 
electron temperature include the use of microwave probes, spectroscopy, 
sremsstrahlung, Langmuir probes and the electrical conductivity. Spectroscopic 
methods applied to an optically thin plasma as existing in ZETA and SCEPTRE III 
annot be based on the establishment of thermodynamic equilibrium. A new 
troscopic method, which is based on the simplifying features of helium-like 
and on the rapid establishment of equilibrium between the processes of 
ng and emptying the 2%P, level of this ion, has been reported in a preliminary 
ccount (Kaufman and Williams 1958). 

“The deduction by this method of an electron temperature of about 
} x 10° deg k in SCEPTRE I11 assumes that the distribution of electron velocities is 
cwellian, even at energies exceeding the high excitation potential of Cv, 
ely, 304ev. The very existence of a plasma current implies a perturbation 
the malocity distribution function which, in this case, may have been serious 
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because X-rays produced by energetic electrons have been detected. ‘Thus, the 
principal aim of the present investigation was to test the character of the distri- 
bution function by studying another member of the Het iso-electronic sequence 
for which the appropriate excitation potential is less than that of Cv. Also, if 
would be possible to determine the electron temperature without the need to 
estimate the electron concentration, as was previously necessary. 


Three comparative values of electron temperature have been evaluated from 


the measured intensities of C v and Biv lines emitted from sCEPTRE 111A (Ward 
1959) under typical operating conditions, and they are in agreement within the 
range (2-3) x 10°degx. The results suggest that any existing departure from z 
Maxwellian distribution of electron velocities has not seriously affected the value 
of electron temperature derived by this method. 

The assumption that the addition of methane to the deuterium does not alter 
the electron temperature has been verified experimentally. It is also assumed tha‘ 
the presence of the spectroscopic viewing window has not disturbed the plasma} 
In the main, repetition of the earlier paper is avoided but some aspects which wers 
briefly reported before are now elaborated. 


§ 2. THEORY 


We suppose that the 2?P, level of a helium-like ion is filled entirely by electroni 
excitation from the ground-level 11S, (population N,) at a rate g, and that de 
excitation from this level takes place solely by the radiative transition 2? S,-23P, | 
The spontaneous transition probability for this emission line is at least 10” sec™ 
depending on the helium-like ion selected. Hence, after about 10~ sec an equili, 
brium between these two processes is established. ‘The rapid attainment 0 
equilibrium is important in high-current discharges like scEPTRE where the dura 
tion of the complete current pulse is only about 1 msec. 

The rate 


a= NOx | 


where f(v) is the electron velocity distribution function and v,, the electro 
velocity corresponding to the threshold energy E,,. ‘The cross section Qj» q 
excitation of the 2°P, level from the ground level by electron impact is finite at th 
threshold energy (Seaton 1958) and is regarded as invariant with energy abov: 
threshold. The specific intensity J of the emission line is ghv where h is Planck’ 
constant and v the frequency of the line. On the supposition that the velocity 
distribution function is Maxwellian, : 


2k Te\1? E E q 

jh 9a (orbits N. 1+ —2 aye 

(=) 1" Qnaho( +) exp ( a) ree (1) 
where mis the electron mass, R Boltzmann’s constant and 7 the electron concen 

tion. 

If we consider a second helium-like ion (with primed symbols) then, 

DT’ _ Ny’ Qi’ v! 1+ (Eys'/RTe) Ey, — Eyp' 

kT. 


* of(v) de, 


Vy 


eek, 21 it ioe Mab oot LF be 

T~ NQuv 1+ (Ey/RTe) 
and the electron concentration is eliminated. Through the use of two helium- 
ions, three comparative values of electron temperature can be derived fi 
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equations (1) (two values) and (2). Only the ratio of intensities need be known 
when applying equation (2). 


§ 3. EXPERIMENTAL ARRANGEMENT 


The two helium-like ions selected were Cv and Bry. As previously reported, 
methane proved to be a satisfactory carrier for the carbon. The boron was 
introduced into the torus of scEPTRE 111A in the form of diborane. This gas 
requires very careful handling; it is very toxic and must be excluded from 
contact with air (Schechter, Jackson and Adams 1954). Earlier attempts to 
introduce the boron in the form of boron trifluoride were spoilt by the interference 
of the relevant B rv spectral line witha Fivline. The ionization-gauge sensitivity 
factors for methane and diborane relative to nitrogen are 0-71 (the same as argon) 
and 3-5 respectively. 

The Cv and Biv lines corresponding to the transition 2?S,—23P, are at 
2270-91 A and 2821-68 A (Edlén 1934) respectively. The specific intensity of each 
line was conveniently measured with a Hilger quartz monochromator (focal ratio 

/7) to which was attached a photomultiplier. The photomultiplier signal was 
displayed on a twelve-channel oscillograph concurrently with the electrical 
parameters of the discharge, so as to provide the necessary temporal resolution. 
The C vy and Biv emissions were not confined to one region of the plasma and so it 
was necessary to determine the spatial intensity distribution of eachline. This was 
btained by scanning the length of the vertical viewing window on SCEPTRE 
(Allen et al. 1958) with an aperture of height 1-2cm, and the resultant intensity 
istribution was converted to a radial distribution by use of the Abel integral 
2quation (Meek and Craggs 1953). 


Table1. Variation of Cv Intensity with Methane Content 


easurement Sequence 3 1 6 4 2 7 5 
’ 35 4-8 5°5 TFA 7:9 9-5 12 
‘(arbitrary units) 2:9 4-0 7-0 4-6 6:9 6:9 9-9 
0-97 0-97 1105) 0°75 1:0 0:86 0:95 
p’, partial pressure of methane expressed as a percentage of the deuterium pressure. 
yp" expressed as a fraction of the mean J/p’ of the seven readings. 


_ The monochromator—photomultiplier combination was calibrated for absolute 
ntensity measurement with the aid of a carbon arc run under standard conditions 
MacPherson 1940). The values accepted for the emissivity and temperature of 
he positive crater were respectively 0-98 and 3804°xk (Null and Lozier 1958), anda 
orrection factor of 2 was applied to the intensity of the C v line to account for the 
pparent departure from grey-body radiation at this wavelength (Johnson 1956). 


§ 4. RESULTS 


_ The specific intensities of the C v and B rv lines were measured on consecutive 
s under as nearly as possible the same discharge conditions, namely, deuterium 
pressure of 1-8 millitorr, the capacitor bank charged to 25 kv, turns ratio Loch 
tial toroidal magnetic field of 500 oersteds and a peak gas current of 7-5 x 10* amp. 
“he intensities quoted in table 1 were measured at a time 0-35 msec after the 
titiation of the discharge and for a volume 1-6 cm’ of cross section (2:5 x 2:5) em® 

yut the torus axis. This time was close to peak excitation of the Cv, Biv and. 
¥2 
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| 
also Ov lines. Because the oscillograms of light intensity showed high-frequenc: 
fluctuations superimposed on the main waveform, the oscillograms for tei 
discharges were superimposed on a single plate (see figure 1). In this way it wal 
possible to obtain a mean value for the intensity independent of the fluctuations; 
The spatial intensity distribution of the Biv emission is shown in figure 2; th’ 
Cv emission shows a similar distribution. ‘The electron concentration wa} 
estimated to be7 x 10!4cm~in the following way. The deuterium was considere¢ 
fully ionized with a particle concentration corresponding to the initial gas pressure 
Allowance was made for plasma compression by determining the enhancement 0} 
the toroidal field from magnetic probe measurements, and for contamination of th} 
plasma by 10° impurity of mean ionic charge5. ‘The best estimate (M. J. Seaton 
private communication) of the magnitude of the cross section O,, for both C v ant 
Biv, namely 0-2 74,2, has been accepted until a more reliable value will be forth) 
coming from wave-mechanical calculations. The estimates of N, and N,’ wer 
obtained by making assumptions of complete ionization and compression simula! 
to those for the estimate of the electron concentration. In addition, it wal 
supposed that all the carbon and boron atoms at the torus axis were in the respec 
tive ground levels of Cv and Brv. The spatial intensity distributions of Bi 
(ionization potential 37-9ev) and Biv as shown in figure 2 are a convincin 
demonstration of the validity of this assumption for Biv. It was not possible t 


Intensity (arbitrary units) 


Time (msec) 


Figure 1. Oscillographic record of C v (2271 A) intensity. Ten discharges superimpose 
Duration of first half-cycle of current: 0-9 msec. | 


obtain the Civ intensity distribution because of interfering lines, but from a 
examination of the O 111 (2984A), O.1v (3381 A) and O v (2781 A) spatial distribu 
tions it was inferred that most of the carbon atoms were raised to the ground lev: 
of Cv. ; 

The possibility that the introduction of the methane could have affected th 
electron temperature (for example, by increasing the energy loss from the plasm 
by means of spectral line radiation) was checked by observing the C v emission fc 
various partial pressures of methane up to 12° of the deuterium pressure. TI 
results (table 1) give no indication of the electron temperature having been altere 


by the introduction of the methane. This test also proves that interference fro! 


W 
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Specific Intensity (arbitrary units) 


| | 
G 5 10 5, 
| Radial Distance (cm) 


Torus Axis Torus Wall 


| Figure 2. Spatial intensity distribution of B rv and B 111 lines. 
ASB iy 2022 A> Beeb TL 066A: 

ithe neighbouring Cutt line 2271-69 A which was observed on some spectrograms 
was not serious. A similar check has not yet been performed with the diborane. 

The close agreement between the two values of electron temperature (table 2) 
from the independent intensity measurements of the Biv and C v lines suggests 
that, in the respective excitation of these lines, the number of electrons with 
energies greater than 203 ev and 304 ev is approximately that given by a Maxwellian 
distribution of velocities. At first sight the value of electron temperature derived 


Table 2. Values of Electron ‘Temperature 


Ion E,.(ev) p (torr) N,(cm~?) I(erg cm~? sec7) ve (es) 

Vv 304 tic 105 11052 9x 10? 22107 
Biv 203 221 1054 6 1024 108 2:0 x 10° 
Biv/Cv (relative intensities) 3-0 x 10* 
p, partial pressure of impurity (methane or diborane). 


from equation (2) might be regarded as the most acceptable of the three from the 
ollowing considerations. The electron concentration need not be known. The 
error is reduced by employing the relative magnitudes of Q,, and Q,,)’ rather than 
heir absolute values which are only estimates. There is likewise less error in 
ing the relative magnitudes of N, and N,’: the possible factors which may lead 
rrors by expressing N,/N,’ as the ratio of the initial partial pressures of carbon. 
boron, are the differences in ionization potential between Crv and Bin, and in 
sociation rates of methane and diborane by electron impact. However, it 
uld be borne in mind that the exponential factor in equation (2) is much less. 
sitive to changes in the electron temperature compared with that in 
ation (1). Hence, some departure from a Maxwellian velocity distribution, 
be expected to influence markedly the value of the electron temperature: 
derived from equation (2). This is demonstrated by the first of two interpre- 
ions of the results which follow. ; 
There is a greater likelihood that the electron temperature derived from the 
v emission is nearer to the truth than that from the C v emission, because there is 
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less dependence on the very fast electrons of the velocity distribution. The 
measured intensity of the C y line is five times greater than the intensity given by ar 
electron temperature of 2:0 x 10°degk. ‘This difference can be accounted for by 
errors in intensity measurement and by some deviation from a Maxwellian distri 
bution due to an excess of electrons with energies greater than 304ev. ‘Thus, if wa 
apply this correction in intensity to equation (2), the electron temperature from the 
relative intensities is 2:1 10°degK. According to this interpretation whic 
assumes that the product N, Q,, has been estimated correctly, all three tempera 
tures are in the range (2-0-2-2) x 10°degk. In the second interpretation of the 
results we assume that the velocity distribution function is strictly Maxwellian| 
Then the most reliable value of the electron temperature is that derived from 
equation (2), namely 3-0 x 10°degx. The two values of temperature from equa, 
tion (1) are equal to this value providing the product N,nQ,., both for Cv and 
Brv, has been over-estimated by a factor 54. An error of this magnitude in] 
estimation is quite feasible. Thus, it is possible to reconcile the differences in thd 
results by two extreme alternative interpretations. It is probable that the dis+ 
crepancy can be accounted for by a combination of these two factors, that is, < 
smaller departure from a Maxwellian distribution and a smaller error in the 
estimation of the product N,n Qj. At this stage it is impossible to be more precis 
and we conclude that the maximum electron temperature attained in SCEPTRE III 
most probably lies in the range (2-3) x 10° deg K. 


§ 5. Discussion 


The discussion in the earlier paper of the competing processes which fill anc 
empty the 2°P, level of C v can be extended to the case of Biv. If we suppos 
that excitation from the 23S, level by electron impact is the principal means 0: 
filling the 2°P, level, then the electron temperature from the B Iv emission is littl 
altered. Just as for C v, super-elastic collisions from the 2*P, level are unimpor: 
tant. We also neglect absorption of the line 23S,—2P, in the plasma for both C\ 
and Biv. Excitation by ions is also neglected for, in general, very much greatei 
ion energies relative to the electron energy would be needed to be of any ae 
Even if we accept the Doppler broadening of spectral lines to be due entirely t 
temperatures of several million degrees Kelvin (Hughes and Kaufman 1959) 
the relative difference in ion and electron energies is not important. 

An inherent weakness of the present method is the reliance on the very few 
fast electrons of the velocity distribution to characterize the mean energy. In this 
connection it is to be noted that x-rays emanating from SCEPTRE IIA have beer 
detected. Some preliminary experiments (Payne and Kaufman 1959) sugges 
that they are produced by electrons with energies greater than about tke 
striking the walls, but no information is available on electrons with lesser energ 
A large number of runaway electrons may perturb the Maxwellian velocity 
distribution sufficiently so as to falsify the spectral excitation of helium-like ion: 
in the deduction of the electron temperature. The results suggest that this is not so 

The present value of electron temperature from the C v emission is slig 
less than the preliminary value given in the earlier paper. Comparison of the dat: 
shows that there is a genuine reduction in the intensity of the C v emission fror 
SCEPTRE IIA compared with the earlier version, sCEPTRE 111. Although the cor 
ditions were apparently otherwise the same}, the gas current in the 111A versi 

+ The deuterium pressure in the earlier paper should be corrected to 1-8 millitorr. 
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was distinctly lower than in the earlier version, thus possibly accounting for the 
apparent reduction in the temperature. ; 

Both the C v and B tv lines were appreciably excited for most of the duration of 
the current pulse (figure 1) and over a large fraction of the tube diameter. ‘This 
would suggest that the electron temperature was about 10° deg kK over wide limits, 
since only a small change in electron temperature would alter the intensity of 
these lines markedly. Nevertheless, the clectron temperature had a distinct 
maximum on the torus axis. ‘These observations are in good agreement with 
the results derived from the analysis of magnetic-probe measurements on 
SCEPTRE 111A (Allen and Liley 1959). 
iz It is also of interest to compare the value of electron temperature derived here 
with that from a consideration of the ionization equilibrium discussed by Knorr 
(1958), bearing in mind that the time required to establish this type of equilibrium 
for O V ions is about 1 msec in scepTre. The fact that O v, F v and F vr lines are 
strongly excited in sCEPTRE leads to a value of electron temperature in the range 
(2-3) x 10° deg k from Knorr’s results (Knorr 1958, figures 5 and 6). 


§ 6. CONCLUSION 


The method presented here of estimating the electron temperature from the 
spectral emission of helium-like ions is now more firmly established. Under 
typical conditions of sCEPTRE 111A, the maximum electron temperature achieved is 
in the range (2-3) x 10° deg k, so confirming a preliminary estimate previously 
reported. The results also indicate that spectral excitation, even of the highly 
ionized C v atom, is not seriously influenced by the possible presence of runaway 
electrons. 

The method can be considered a proper measurement rather than a good 
estimate after a number of points have been further investigated. For example, it 
would be valuable to study the Be 111 emission so that in the excitation there would 
be still less dependence on the very fast electrons of the velocity distribution. In 
the case of lithium, since the Li 111 spectrum would be predominantly excited on 
the torus axis, it would be difficult to estimate N,. There is also an urgent need 
for more reliable data on the cross section Q,, and on the cross section for excita- 
ion from the 23S, metastable level to the 2°P, level by electron impact. In 
addition, independent measurement of N, and n would be valuable. 

It should now be possible to examine variations in electron temperature for 
different plasma conditions which may entail alterations in the magnitude of the 
lectron concentration. In these circumstances, the ratio of the Cv and Biv 
fensities should be a reasonably reliable guide to changes in the electron 
temperature. 

The method may be applicable to other forms of high-temperature plasma and 
r even higher temperatures than attained hitherto, providing contamination of 
the plasma caused by the helium-like impurity can be tolerated. However, when 
attempting to measure an electron temperature of several million degrees Kelvin 
ficulties can already be foreseen, including the questions of absolute intensity 
surement in the vacuum ultra-violet region and the identification of the 


S,-23P, line in the higher helium-like spectra. 
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Abstract. A simple and rapid procedure is described for the correction of line 
shapes observed in any branch of spectroscopy, for distortions governed by the 
squation 

Cc 
| HX) = | 2(x)h( xo — x)dx, 
oe 
where f(x) is the observed line shape, g(x) the true line shape and A(x) an instru- 
mental or intrinsic broadening function, provided that the moments of h(x) 
e finite. As an illustration the method is applied to the case of the distortion, 
nherent in the modulation technique, of magnetic resonance spectra. Formulae 
or the correction of moments of lines are also given. 


§ 1. INTRODUCTION 


N all forms of spectroscopy, the fact that the spectrograph has a finite 
| rstsing power causes the output reading of the instrument to be 

to some extent a distortion of the true or input reading, which could 
nly be observed by using an instrument of infinite resolving power. The 
listortion may be expressed in terms of the output line shape h(x) observed 
or an input line of infinitesimal width: the output line shape f(x) is related to 
he input shape g(x) and the ‘ folding function’ A(x) by 
0 


eae | a pei, = \dy = | A eee THY eines (1) 


This equation describes the resultant shape whenever each element of a function 
(«) is spread in some way to the shape A(x); this occurs in several cases of 
interest other than that of limited instrumental resolving power. For instance, 
he true line shape may be the result of two broadening influences g(x) and h(x) 
ccurring together; in nuclear magnetic resonance spectra of solids such 
fluences might be spin-spin and spin-lattice relaxation. Again magnetic reson- 
ce spectra are often observed by superimposing a sinusoidal modulation on the 
dy magnetic field and measuring the component of the output signal at the 
dulation frequency. In the limit of infinitesimal modulation amplitude the 
itput is a measure of the field derivative of the line shape; at finite amplitudes 
€ output differs from the derivative by an amount which can be expressed in 
1s of an appropriate folding function (Spry 1957). 

he present paper describes a simple procedure for determining the true 


. shape g(x) from the observed shape sAGae 
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§ 2. REQUIREMENTS OF A PRACTICAL CORRECTION SCHEME 
; j 


‘Two methods which rely on essentially the same principle have been pre 
posed for the manipulation of equation (1) to give g(x) in terms of the obseryd 
h(x) and f(«); a brief discussion of them will help to emphasize the requiremen| 
of a practical correction scheme. A function G(x) is chosen which has th 
property | 


filo) 


| G(ax)G{B(x, —x)}dx = G(yx9) | 
where y is a function of « and 8. By analysing both f(x) and h(x) into serif 
in G(x) and substituting in equation (1), it may be possible to obtain a similj 
series representing g(x). In general, however, unless the functions G(x) for 
an orthogonal set, the coefficients « of the expansion of g(x) are overdetermin 
by the f and y occurring in h(x) and f(x) whenever it is required to represe 
both of these functions by more than one term each in G(x). 

In practice, therefore, when using non-orthogonal functions, it is necessa 
to represent either f(x) or h(x) by a single term. ‘This restriction applies to a 
analysis in terms of the error function (Shull 1946) for which y = aB(a?+ B2)4 
and would also apply in the case of the Lorentzian function G(x) =a/n(a* +x 
for which y=a8(«+)-!. In any event, Shull uses the method of least squar 
in his analysis and this is too lengthy for the system to be of general utilit) 
The system does, however, have the advantage that the observed curves a 
represented by functions of shape similar to their own and therefore a sho: 
series can give a reasonable representation of the data. 

This advantage is lost in the second method which has been proposed 
Stokes (1948) and Spry (1957), who analyse f(x) and h(x) into orthogonal se: 
of harmonic functions, thus permitting the use of more than one term int 
representation of both functions. Moreover the number of terms needed i 
the expansions increases as the width of h(x) relative to that of f(x) decreas 
since the analysis of the two functions must extend over the same interval. Th 
results in a low efficiency when making relatively small corrections. Also 0 
is inevitably left with spurious oscillations in the wings of the corrected curve 
as may be seen in the papers of Stokes and Spry, where the amplitude of t 
oscillations amounts to about 24°% of the peak height of g(x). 

Since it is not usual for an apparatus to be used for investigations in whi 
its resolving power is grossly inadequate, it follows that the normal use of 


correction scheme will be in making small significant corrections to observe 


data, and therefore that the technique adopted must be particularly efficient i 
this limit. 


This suggests that the most efficient unfolding technique wo 
represent the corrected shape as the observed shape with the addition o 
correction term, or possibly a rapidly convergent series of terms, rather tha 


curve. 
of the type governed by equation (1) that this paper is concerned. 
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§ 3. GENERAL EXPRESSION FOR THE CORRECTION 

In some cases the folding function A(x) is a bell-shaped curve, and in the 
imit when /(x) is very narrow compared with g(x) it is possible to replace h(x) 
yy a delta function 5(x), so that equation (1) reduces to f(%)=g(%»). However 
n general the limit of A(«) cannot be represented by a delta function, and the 
indistorted shape f(xy) is not the same as g(xy). It is useful to consider the more 
reneral case where, in the absence of distortion, f(x))=€g(x)), where € is a 
inear operator acting on functions of x). In the case of magnetic resonance 
spectra observed by the modulation technique, for instance, € is the differential 
yperator D. It is readily shown from equation (1) that 


Pn (xo) = ie . Xm (Xp ry x), —m(x)dx O70 OO (2) 


there o,(x)=£f(%o)s xo(o) =78(o)s Hy (%o)=E7H(a), and r is a positive or 
negative integer. It follows as a special case of equation (2) that 


i Bolsa) =fls%0)= [ano ald see (3) 
& 


Phe significance of equation (3) is that f(xj) may be considered as the fold of 


sil 
st 


he undistorted output curve x,(%») =€g(%) and the generalized folding function 
--1h(x,), which must reduce to a delta function in the limit. 

| By performing a Taylor expansion of xj(x)—%) in x around x», equation (3) 
yecomes 


flsa)= 5 wrys)dy. DY x84) oe (4) 


where the suffixes on 7s and x have been dropped. Introducing the normalized 
noments of the folding function, defined by 


M,(W)= [> weedx/ |" Woda 
quation (4+) reduces to 


x(a) =4 & MCAD" fli) eee (5) 


Geom nay 


rovided that we choose [ ; b(x)dx=1. Expanding equation (5) and placing 


<< e 


(s)=0, the required correction series is obtained: 


(0) = Fler) — Va) g(a) + MEP prs) 


i 2 4 

‘. pelts & fe \ FY) + oe nee (6). 
atte M,(b)=0 corresponds to choosing the origin of x at the centre of 
‘of the folding function, and is convenient since a number of correction 
Peat inated; any. ther choice of origin of « would merely ha 


h 
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§ 4. COMPUTATION OF CORRECTED LINE SHAPES 


In applications where the moments of A(«) are to be determined fro: 
experimental data, they may be computed by the standard methods of numeri 
integration. ‘The derivatives of the observed curve f(x) are also required an 
the following method has been found convenient for their evaluation. Th 
calculus of finite differences supplies formulae for the derivatives of a curve : 
terms of its differences at intervals along the curve; of these formulae, tho 
in terms of horizontal differences are the most convenient for the present purpo 
for reasons of rapid convergence. Equations for the first four derivatives ai 
given below to the fourth order of differences, in terms of the interval w in. 
and the operations 6 of horizontal differencing and p: of averaging two oa 
entries in a column of differences (Whittaker and Robinson 1944), 


cof (2x) = p34 (oe) — hy d¥f(oe) +... 
20°F (w) = 52f(x) —48Yf(w) +... 
wf (we) = pd9f(x) — 
wf TY (xn) = S4f (4) — 


Usa 
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_ An example of the application of equation (7) is shown in the figure and the 
ccompanying table. Curve I represents the observed shape f(«) and actually 
mnsists of two Gaussian curves 10 x exp{— (5«/4)"} separated by 1-4 units along 
e x-axis, the whole being folded with a Gaussian function 


W(x) = (5/37) expt — (Sx/3)2}. 


Table 


Since f(x) is symmetrical about «=0, differences are given only for positive values of x. 
j 50-2, w(x) = (5/34/27) exp{— (5x/3)?}, M(x) =9/50, Mb) =243/2500. 

Column 7 is calculated from 

) = f(x) — 2-25 §2f(x) + 2-72 §4f(«) (see equation (7)). 

2 F(x) df (x) 3*f(x) d°f(x) d4f(«) x(x) 


0-1 1225 : =5 = WD 1204 


0 0 
0-1 1225 ES =A? 1204 
=5 = 12 
0:3 1220 — 17 —6 1242 
=u) —18 
0-5 1198 ote weet 7 1296 
257 = =11 
0-7 1141 = 46 13 1280" 
—103 Dabe? - 
0-9 1038 SY emcee 14 1175 
147 i : 16 
11 891 gs i 6 970 
; —175 owe ee 
3 7 a eee ty 1 732 
en a = 481 a3) 
Silane 2 5rtsst Pr 17 aba be <9 — 472 
s | * ea rr ts of LAD ' j vieia Sper i 
8 oe cic eng aRe RPE | 
Batre tir) y) BOG 7? Bet ae 15 oe ‘2 ee er ee “ 
err? ‘ SR “i; | ‘ of 


a eae he Pex 
F9Gra I sete Ts, eMIESG 
“ 


3) Aa 
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This broadening is so severe that the two component peaks of the broadene; 
curve are not resolved. Curve II shows the sum of the two Gaussian curve 
with no broadening and thus represents x(x). ‘The points lying near curve I| 
are calculated from curve I using equation (7) including terms up to that ij 
54f(«), as shown in the table; the two correction terms in 6?f(x) and 64f(x) ar 
shown in curves III and IV respectively; that in 6*f(x) is zero since the foldin| 
function is even. The r.m.s. error in the corrected points is about 1% of thi 
peak height. 

With decreasing width of the folding function the contribution from the ; 
term decreases rapidly. For a single Gaussian curve, folded with a Gaussiai 
function of width one-third of its own, for example, the greatest values of the 
and 64 terms are about 5% and 0:5%, respectively, of the peak height of th’ 
observed curve. In many applications, therefore, the correction procedure ma 
be terminated at the 6? term. (It may be noted that the 64 term is abnormall 
large compared with the 6? term in the example given in the figure because o 
the flat-topped nature of the curve f(x).) 

In practice the output from an apparatus is subject to some degree of rando 
fluctuation. It is usual to allow for such errors by drawing the ‘best’ smoot 
curve through the data. It will be evident that it is necessary to draw thi 
curve, and to read off ordinates from it, with some care, since the operation 
differencing tends to produce larger percentage errors in the differences tha 
exist in the original data. It may also be advisable to smooth the difference 
obtained, although this has not been done in the example given. 


§ 5. "THE FOLDING FUNCTION FOR SINUSOIDAL MODULATION 


As an illustration of the method, the effect of a finite modulation amplitud 
on a magnetic resonance line shape, observed with an apparatus which detect 
only the Fourier component of the signal at the modulation frequency, i: 
investigated. Since in the limit of infinitesimal modulation amplitude th 
output signal is proportional to the derivative of the true line shape, € is th 
operator d/dx,) and thus the effective folding function x(x ) is the integr: 
(i.e. €") of the shape of the output signal for a very narrow true line shale 
This latter output signal shape has been obtained empirically by Spry; it cat 
also be derived analytically as follows, so as to obtain exact values of its moments 

Let the modulation displacement be given by x=asinwt, and the inpu 
signal by a rectangular curve of unit area and width «<a centred at x=x 
The input signal will eventually be considered to collapse to the « It 
function 6(«)). The input signal is then non-zero only near t=, say, af 
t=7/w—t, and the time spent in traversing the input signal is t= |e/aw cos 
The Fourier component of the output signal at frequency w is then 


h(ty) = = | ai {(4) +3(2 * ny sin wt dt 


“ tan wt, 
= _ W 
Ta ” 


2 2% 
or M0) = aa Be AEX Ea. 
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he folding function is obtained by gees of h(x») followed by normalization : 
P(X) = 
‘he normalized moments of this function are 
git 2p 1 
Mad) = 57 TL {2 t, 
: a p+2 
My qii(#) ss 0. 


in substituting these moments into oe Mi we obtain finally 


ING 4 92) 12 


Ta 


: X(%o) =f(xo) — mae 0) + 5 =f ie) — -. see eee (8) 
i in terms of finite OL 
x(x) =f(%9) — a 2 a8 2f (xo) + Jou roe =) ol CUA, Semen fae (9) 


quation (8) may also be obtained by Sepa equation (3) of a paper by 
ndrew (1953) in which he calculates the correction to be applied to the second 
d higher moments of magnetic resonance lines for a finite amplitude of 
1odulation. It may sometimes be convenient, when observing weak lines, to 
crease the signal-to-noise ratio by using a rather large amplitude of modulation 
en though this may tend to smear out any structure of the line, and to recover 
e true shape and structure by the use of equation (9). 


§ 6. MOMENT CORRECTION 


In some fields of spectroscopy the even moments of a line are of importance. 
-is advisable in their determination to make a direct correction to the observed 
1oment since a shape correction followed by a moment evaluation introduces 
<tra errors and extra labour. 

The unnormalized gth moment of the fold of x(x) and s(x) may be written 


Mi N={" _[__ @+9)xeoyeedy 


. BS ao is ad yrw(a)dy |” " xt? y(x«)dx 


here y=x,—x. This equation may be written in terms of the normalized 
oments M,, by dividing both sides of the equation byM,‘(f)= Mo’ (x) My’ (#): 


M,(f)= » spi Be) Mayr Vee: (10) 


analogous equation has eeeaaah been given for the folding of histograms 
ournarie 1957). 

The required ape M,(x) may be expressed in terms of the sets of 
wn quantities M,(f) and M,,(y) by successive elimination of lower-order 


ments of y. Writing, as peioes M,(%)=0, 


M,(x)=M,(f) } 
M,(x)=™M2( f)— Mal) 
M(x) = M3( f)—3Mi(f) Malt) — Mal) fv eee (11) 


M(x) = M,( f) — (Ma(f) — Ma()}Ma() 
—4M,(f)M3()— My(), - 
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and so on. ‘The second and fourth of equations (11) reduce to the expressio 
given by Andrew for the particular case of broadening by a sinusoidal modul 
tion; for broadening due to a square-wave modulation the second of 1 
equations reduces to that given by Perlman and Bloom (1952). More gene: al 
these equations can be used to correct any moment of an observed curve | 
any broadening influence conforming to equations (1) or (3), provided tha 
moments of the folding function are finite. 
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The Polarization in Neutron-Proton Scattering at 77 Mev 
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Atomic Energy Research Establishment, Harwell, Berkshire 
ommunicated by B. Rose; MS. received 12th August 1959, in final form 1st October 1959 


lbstract. A measurement is described of the polarization in neutron—proton 
eattering at an effective neutron energy of 77Mev. The beam of polarized 
eutrons was produced by proton irradiation of a beryllium target. The 
eutrons emerging at a production angle of 55° were 23-7+1-8% polarized, 
1e beam polarization being measured by using the calculable polarization 
ependence of small angle scattering from uranium. In the neutron—proton 
xperiment, an angular range from 20-6° to 159-2° was covered detecting either 
cattered neutrons or recoil protons. The polarization effects are large and 
nere is a marked difference between the present results and those obtained 
reviously at 95mev. A broad neutron spectrum was used extending from 
Mev to 130Mev but arguments are advanced to establish that the spectrum 
oes not seriously vitiate the validity of the results. 


§ 1. INTRODUCTION 


HIS experiment was performed as part of a general programme to investi- 
gate nucleon-nucleon scattering in the energy range from 50 to 150 Mev 
using the Harwell 110 inch synchrocyclotron. ‘Two previous measure- 
aents of polarization in neutron—proton scattering at 95 Mev have been reported 
y us (Hillman and Stafford 1956, Stafford, Whitehead and Hillman 1957). 
the present experiment a reduced neutron energy of 77Mev was obtained 
using the neutrons produced in a beryllium target at 55° to the direction of 
é 165Mey incident proton beam. ‘The polarization of 23:7+1-8% obtained 
: this scattering angle (Stafford, Tornabene and Whitehead 1957) was appre- 
ably larger than was available for the experiments at 95Mev although the 
eutron flux was a factor five smaller. In order to make a more precise 
easurement of the polarization in neutron—proton scattering, without using a 
rge amount of machine time, a multiple-detector system was employed and the 
gular resolution of the detectors broadened. Scattered neutrons were 
rected in the centre-of-mass angular region from 20° to 90° at four angles 
On urrently, using large liquid scintillation counters. In the angular region 
om 70° to 160° recoil protons were detected using coincidence telescopes; ten 
ie. opes were used at the same time. 

Ps he polarization of the incident neutron beam was measured by small 
igle scattering of uranium where interference between. nuclear scattering and 
oulomb scattering of the neutron magnetic moment gives large and calculable 
metries (Schwinger 1948). Asymmetry measurements were made, as in 
srevious experiment, by using a fixed detector and precessing the polarization 
or of the beam. atels te “Se BORE 
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§ 2. METHOD 

The asymmetry produced by scattering a polarized neutron beam throug} 

an angle @ is given by | 
o— 19,0) =108, 7), : 

1(6, 0) +1(8, 77) | 


I(6#) is the intensity of protons at polar angle @ and azimuthal angle 4, measure 
with respect to the plane perpendicular to the direction of polarization of th] 
incident neutron beam. In conventional asymmetry measurements with | 
vertically polarized beam J(6,0) and 1(6,7) are determined by counting firs 
with the detector on the left [/(8, 0), say] of the incident beam and, after rotatiol 
of the detector system through 7 about the incident beam, counting with t 
detector on the right [J(6,)]. In our experiment systematic errors are reduce 
and detecting apparatus simplified by placing a stationary detector above (« 
below) the beam and first, with the plane of polarization of the neutron bea 
precessed clockwise through 7/2, counting J(9,0) say and then, with d 
h 


polarization precessed anti-clockwise through 7/2, counting J(6,7). T 
neutrons are precessed by means of a longitudinal magnetic field, produced 
a solenoid. ‘The technique has been described in detail previously (Hillma: 
Stafford and Whitehead 1956). 

The measured asymmetry is simply related to the beam polarization J 
and the polarization in scattering P, by the relation e= P,P». 

In our beam polarization measurement P, (uranium) is calculable, so / 
the polarization of the neutron beam is deduced from the observed asymmetr 
In the neutron—proton scattering measurement, we use the same neutron hea 
so P, is known and from the observed asymmetries we deduce P, (hydroge 
the polarization in neutron-proton scattering. 


§ 3. APPARATUS 


The experiment was carried out in two halves which are described separate 
below. At forward scattering angles where the scattered neutron energy | 
large, neutrons were detected. At large scattering angles recoil protons we 
detected. 


3.1. Detection of the Scattered Neutrons 


The neutron beam was collimated for this experiment to 8 cm x8 cm ar 
was scattered in an 18cm long liquid hydrogen target. This target is simil 
to the one used previously (Stafford, Whitehead and Hillman 1957) but hi 
double the active volume. Four large liquid scintillation counters were us 
to detect the neutrons (see figure 1). They were fixed in a frame at angles 
10° and 30° above the beam and 25° and 45° below the beam, rotation of t 
whole frame through 5° vertically brought the counters to 15°, 35°, 20° and 4 
respectively. 

The dimensions of the liquid scintillator volumes were 7:5 cm x 28cm x 50 
for one and 7-5cmx40cmx50cm for the other three. The containers V 
made of welded aluminium and one large face on each was made of 1-5 mm gl 


glass by four photomultipliers (EMI type 6097B) connected in parallel 
set with their photocathodes 10cm from the glass at the bottom of a rectangu 
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uncated pyramid which was painted white to improve the light collection. 
he gains of the photomultipliers were individually adjusted by means of 
stentiometers in their dynode chains so that the total current collected was 
dependent of the position of a Sr electron source immersed in the liquid 
intillator. It was found necessary to inhibit the light collection in the 
umediate vicinity of each photomultiplier to obtain the best uniformity of 
msitivity throughout the detecting volume and this was done empirically by 
unting small black spots on the glass face immediately under each photo- 
ultiplier. With this system the response from the ®Sr source was uniform 
rer the volume of the liquid scintillator to within +5°% and only fell off 
ypreciably within 2cm of the edges. 


y, 
Clearing Neutron 


Collimators Detectors 
, 4 | 
Cyclotron 
DX | cyctron [XC 


Solenoid J 


___ SY_S 


ane ' ue Hydrogen Target 
Metres 
0 | 2 3 
Neutron 


Detectors 


Hydrogen Target 


Figure 1. Scattered neutron detection system. 


The e.h.t. on each counter was adjusted for the same overall gain and 
m the threshold bias voltage was adjusted to give similar effective energies 
the various scattering angles used in the experiment. The procedure has 
mn described in detail elsewhere (Thresher, Voss and Wilson 1955). The 
ative counting rates in the four counters, each at a different angle, were con- 
ent with the differential cross section (Bowen, Scanlon, Stafford and Thresher 


o reduce the cosmic ray background the output from each discriminator 
ted by a pulse obtained from the cyclotron when the dee voltage reached 
uency corresponding to the production of the 300 microsecond long 
on burst. ‘The length of the gating pulse was 750 microseconds. 

boron trifluoride slow neutron detector was used as a beam monitor. 
s measurements had shown that, under the stable conditions of cyclotron 


high and 5cm wide at the target of liquid hydrogen which was contained 
a Z2 
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in a thin walled (0-0025 cm) nickel cylinder, 2:5 cm in diameter. ‘The axis | 
the nickel cylinder was horizontal and normal to the incident neutrons. TI 
height of the beam used was therefore defined by the target, the width by th 
collimator. | 
Ten two-unit coincidence scintillation telescopes were used, symmetrical} 
positioned above and below the liquid hydrogen target (see figure 2) first 
angles + 10°, +20°, + 30°, +40°, +50 and then, after a 5° shift of each bani 
at +15°, +25°, +35° and +45°. Measurements could not be made at 5} 
because of the low energy of the recoil protons. Only two front detectors we 
used to make five telescopes, four separate outputs from one large detector beiy 
used in coincidence separately with four back detectors. Aluminium absorb¢ 
were placed immediately in front of the back counter to fix the cut-off energ 


i—_————_} olenoid 
SSS 


ee 


Clearing Collimators 


Hydrogen AN 
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Defining 
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Figure 2. Scattered proton detection system. 


This energy was, in the first instance, determined by calculation from - 
measured neutron spectrum; it was then checked by an attenuation meas 
ment (see $5) and only slight adjustments to the calculated absorber thick 
made to bring the effective energies of all ten telescopes to within 4mev of « 
another. 

The telescopes had a triangular resolution function 10° wide at the be 
Simple ten-nanosecond coincidence units were used and no gating was necess 

Due to the symmetrical arrangement, the telescopes formed self-monitor 
pairs and this also enabled the reliability of the boron trifluoride monitor u 
in the neutron detection experiment ($3.1) to be checked. q 


§ 4. EXPERIMENTAL PROCEDURE > | 


After the counter arrays had been adjusted to give similar effective end 
cycles of runs were made with the direction of the neutron polarization preces 
either through 90° in one direction or in the opposite direction. 

This was done, of course, by reversing the direction of the current ( 
hence the field) in the solenoid. For convenience we refer to the current setti 
as ‘normal’ and ‘reverse’ and cycles of runs were taken with the fol 
settings, ‘normal’, ‘reverse’, ‘reverse’, ‘normal’ each run being of 10 
minutes duration. | | 

The numbers obtained were then analysed statistically using t 
test. In most cases the results agreed within the statistical distribution « 
and the asymmetry was calculated from the total counts. In the n 


~ 


‘ / — 
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stection experiment the counting rate was very dependent on the stability of 
ie electronics. Some variations in counting rate greater than those expected 
atistically were observed. However these drifts were slow by comparison with 
1e cycling time and when ratios of adjacent ‘reverse’ to ‘normal’ runs were 
iken, the subsequent x? test indicated a normal statistical distribution. 


§ 5. ‘THE NEUTRON ENERGY SPECTRUM AND EFFECTIVE ENERGY 


The energy spectrum of the polarized neutron beam was determined in a 
sparate experiment using a liquid hydrogen target and counter telescope at 
}° (lab.) to the neutron direction. The counting rate as a function of absorber 
uckness was measured and the neutron spectrum in the incident beam which 
as calculated from this is shown in figure 3. 


Incident Beam 


30° Proton Detection 


30° Neutron Detection 


Neutrons per MeV 


40 50 60 70 80 90 100 )=6 10—s*20-Ss*130 
Mev 


Figure 3. Neutron spectra. 


The neutron spectrum used in the polarization experiments depended upon 
ie incident spectrum and the threshold sensitivity of the detector. ‘Lhe 
reshold was adjusted according to the technique described by Thresher, Voss 
id Wilson (1955) to obtain, as closely as possible, the same effective energy. 
he measured values were in all cases within 6Mev of one another; the standard 
eviation on individual measurements being +3Mev. Effective energy of a 
uutron spectrum is defined here as being equal to the energy which is derived 
a measurement of the total cross section (measured with a 40 cm long piece 
polythene). With an effective energy of 77Mev the calculated neutron 
trum extended from 50 to 130mev. The calculated shape of the spectrum 
not quite the same in the neutron detection half of the experiment as in 
sroton detection half. In figure 3 is illustrated our estimate of these effective 


© scattered neutron experiment and at five angles in the recoil proton experi- 
it, the polythene attenuator being inserted into the incident beam before 


e hydrogen scatterer. 


350 C. Whitehead, S. Tornabene and G. H. Stafford 


§ 6. POLARIZATION OF THE NEUTRON BEAM 


The beam polarization was measured using small angle scattering fror 
uranium. ‘This method of producing polarized neutrons was first suggeste} 
by Schwinger (1948) on the assumption of a point nucleus. ‘The polarizatio 
of an initially unpolarized neutron beam after scattering from uranium at | 
small angle @ is given by : 
— 24 F(8) cot 4/2 

o(9) 


where o(0) is the differential scattering cross section (nuclear plus electrodynami 
scattering) which we measure (see Appendix), 


Le nh 
Hn| Fae 

p,=1:91 (which is the numerical value of the neutron moment in units ¢ 
eh|2Mc), M=neutron mass, Z=92, uranium nuclear charge, % F(#) = imaginar 
part of the nuclear scattering amplitude, =(k/47)o, at 6=0°. In the sm 
angular region we assume that the specifically nuclear scattering is insena 
to angle and. %F(9)=.4%F(0). o,=total neutron cross section which we measurec 
k=neutron wave number. Hence P(6) may be calculated. 


P(6)= 


Aas 


Corrected 


Uncorrected 


Degrees 


Figure 4. Polarization in neutron scattering from uranium at 77 Mev. 


This method of measuring the polarization of neutrons has been use 
previously by Voss and Wilson (1956) and by Stafford, Whitehead and Hillma 
(1957). Voss and Wilson point out that corrections should be made to allo 
for the finite size of the nucleus. ‘This reduces P(@) and is proportional to ( 
for 8<5°. Our calculated correction for uranium at 75 Mev is 2% at 1:5°.. 

It is also necessary to correct for the nuclear polarization assumed to be ze! 
in our expression for P(0). This has been done using the results of Hardin 
(1958) and Dickson, Rose and Salter (1955). The magnitude of the polarizat 0 
in purely nuclear scattering of 75Mev neutrons from uranium for @<5° hi 
been estimated to have a linear dependence on @ with P=1%, per degree; 
is the opposite sign to P(@) the Schwinger polarization. We have ma 
correction by a simple subtraction of P (elastic) from P (Schwinger). 

‘The calculated variation of polarization in small angle scattering from uranit 
is illustrated in figure 4, both uncorrected and corrected for these two effects. 

The scattering geometry chosen for this measurement optimized the produ 
P*N where P=efficiency of the polarization analyser and N=counting rate. 
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The mean scattering angle used was 1-4°. The neutron detector had an 
irea 120 cm? and was placed 5 metres from the uranium scatterer. The neutron 
deam was collimated to a size 5cmx4cm at the uranium. 

Measurements by Carpenter and Wilson (1959) have shown that the neutron 
eam polarization may be sensitive to the effective energy selected by the counter 
r1as. We have simultaneously measured the asymmetry in small angle scattering 
rom uranium at three different bias levels (and, with reduced statistical accuracy, 
asing a pulse amplitude analyser). Our results given in table 1 show that near 
che bias setting used, the variation in polarization with bias is not large. On 
she average it is approximately 2% per volt. As the four counters were adjusted 
n the direct neutron beam for the same overall gain it is believed that the 
relative settings of the threshold bias voltage were adjusted to appreciably 
better than one volt, so that uncertainty in the beam polarization should fall 
safely within the limits of +1%. In addition, the fact that the two overlap 
oints between the neutron detection half and the proton detection half of the 
*xperiment agree to well within the statistical accuracy is evidence that a similar 
beam polarization was used for both parts of the experiment. 


Table 1 
Bias (Vv) 18 22 27 
iffective energy (Mev) 72 76:5 81 
symmetry 0-0478 + 0-0020 0-0482 + 0-0024 0-0573 + 0:0032 


§ 7, BACKGROUND EFFECTS 


In the proton detection part of the neutron—proton experiment the back- 
round was reduced by building concrete shielding walls, and was measured 
uring the experiment by making occasional runs with gaseous hydrogen in 
slace of the liquid hydrogen in the target. The background was less than 6% 
f the real effect at all angles. The general layout of shielding is shown in 
igure 2. 

In the neutron detection part of the experiment the background, in the worst 
ase, was equal to the effect. Consequently it was necessary to investigate 
arefully the origin of the background in order to make a correct allowance for 
t. A measurement was first made with the liquid hydrogen in the target 
eplaced by hydrogen gas. This gave the contribution to the background from 
sosmic radiation, radiation coming through the shielding wall and through the 
imation. Neutrons scattered by the hydrogen could have been detected 
ra secondary scattering by the surrounding walls. This effect was estimated 
measuring the liquid hydrogen ‘in-out’ difference with a large block of 
1 70cm long placed between the hydrogen target and the detector. By 
ably combining the counting rates with the cyclotron off and the collimation 
nnel blocked it was possible to separate the contribution from the collimation, 

ic radiation and radiation penetrating the shielding wall. ‘The contribution 
he background from the various sources is broken down into components in 
able 2. 

In the uranium experiment since the neutron detector at 14° was close 
m) to the unscattered neutron beam, this beam was carried through a section 


352 C. Whitehead, S. Tornabene and G. H. Stafford ) 


Table 2. Sources of Background in the Gated Neutron Detectors in the n 


Experiment | 

fab (deg) 10 25 30 45 
Type 

Real hydrogen effect 1200 840 2360 1400 | 
Cosmic radiation 170 50 240 280) 
Through collimation 45 160 300 430 
Through shielding wall 890 270 440 320) 
Double scattered 10 20 


Counts per 10 min 


of evacuated pipe, in the neighbourhood of the counter, to prevent backgrour 
from air scattering. In addition, a clearing collimator was used to screen tl 
detector from the beam defining collimator. | 
| 

§ 8. ERRORS AND CORRECTIONS | 

Some corrections in the uranium experiment to P(#) have been describe 
in $6. The correction for multiple scattering of neutrons in the uranium targ’ 
(199%) occurs in both the differential cross section measurement and tl 
asymmetry measurement and cancels. 

The energy spread in the neutron beam causes the neutrons to precess ' 
the longitudinal field of the solenoid through a range of angles, depending i 
energy, from 70° to 110°. This angular spread is folded with the ¢ resolutic 
of the neutron counter (+ 10° at half height) and a correction to the observe 
asymmetry calculated assuming : 

1(6,¢)=1(0,0)(1 + P,P, cos ¢$). 
The correction for the uranium experiment was 5%. 

The value of the correction in the neutron—proton polarization measuremet 
varied with angle and lay in the range 1% to 6% depending on the angle. 

The estimated errors are listed in table 3. 

ee eee eee Nt 

Table 3. Errors i 

Uranium experiment oi 
Statistical on total cross section 1-6 : 
Statistical on asymmetry 5 
Statistical on differential cross section 2 
Systematic on differential cross section 2 
Systematic on the ¢ correction 0 
Systematic on polarization formula 3 
Systematic on background 2, 
Total i 

Neutron—proton experiment > 


Statistical on asymmetry see table 4 
Systematic on ¢ correction _ 0:5 


§ 9. WipTH or Neutron SPECTRUM 7 


As it was necessary for various reasons, in our experiment to use a bro: 
neutron spectrum it is important to get some idea how the measured rest 
would compare with a measurement using a more nearly monokinetic bea 
of neutrons. We have attempted to do this by subtracting from our angul: 


o, 


distribution the 95 mev polarization results of Stafford, Whitehead and Hillma 
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1957). The approximation made was that the neutron energy spectrum in 
he 95Mev experiment was the same as the high energy tail of the neutron. 
spectrum used in the present 77Mev experiment. ‘The resulting polarization 
ingular distribution does not differ very much from our unmodified 77 Mev 
-esults. 

In the calculation, the 77Mev neutron spectrum was considered as the sum 
of two component spectra, a low energy component A and a high energy com- 
sonent B identical in energy distribution with the 95 Mev spectrum of Stafford 
tal. The results for polarization in neutron-proton scattering of components 
A and B were separated using the relationship: 


Py=P+ ae) 


polarization of the B component of the 77 Mev neutron spectrum 


polarization of the A component of the 77 Mev neutron spectrum 


total intensity A 
and k= 


where f= 


| total intensity B’ 

P,, Py3=neutron—proton polarization of A, B, P=neutron—proton polarization 
of the combined spectra; Py, was obtained from results of Stafford et al., P was 
our present result. f=1-2, obtained from our measurement of the variation of 
beam polarization with bias, k=3 (estimated). The ‘improved’ neutron spec- 
rum had an effective energy of 68Mev and an estimated width at half height, 
hown in figure 5, of 30Mev. 


— /77MeV Results 
! 68MeV Points 


Polarization 
oS 
nm 
T 


1 
90 
Degrees 


= 40 60 160 -| > 


Figure 5. The 68 Mev spectrum. Figure 6. Polarization in n—p scattering. 


The calculated values for P, are shown in figure 6 together with a solid curve 
epresenting the 77 Mev results for comparison. 
 Itis interesting to note that although we have drastically affected the high 
nergy component in the neutron spectrum the values of the polarizations are 
ot seriously modified. We therefore conclude that our results can be taken 
s being a satisfactory measurement of the polarization in neutron-proton 
ttering at 77 MeV. 

§ 10. REsuLTS AND DIscUSSION 

The results are presented in table 4. In the second column the measured 

asymmetries are given; in the last column are listed the calculated polarizations 

id the corrections discussed in §8. The assigned error does not include the 

ncertainty in the value of the beam polarization as this can only influence the 
solute and not the relative value of the polarization, 


354 C. Whitehead, S. Tornabene and G. H. Stafford 


Table 4. Polarization in Neutron—Proton Scattering 


77 MeV c.m. 


Asymmetry angle (deg) Polarization 
Neutrons 0-042 + 0-006 20:6 0-185 +0-025 
detected 0-063 +0:005 30:4 0-275 +0-025 
0-077 £ 0-005 40-6 0-335 +0-025 
0-098 + 0-007 50:4 0-430 + 0-030 
0-097 + 0-004 61-4 0-425 + 0-020 
0-088 + 0-005 71-4 0-390 +0-025 
0-064 + 0-007 80:8 0-280 + 0-030 
0-057 40-005 90:6 0-245 +0-025 
Protons 0-071 + 0-003 78:8 0-303 + 0-012 
detected 0-058 + 0-002 88-8 0-250 + 0-009 
0-045 + 0-002 98-8 0-197 + 0-009 

0-031 + 0-002 108-6 0-134 +0-009 | 

0-017 + 0-002 118-6 0-073 + 0-008 | 

0-010 + 0-002 128-4 0-042 + 0-008 | 

— 0-002 +0-0015 138-2 — 0-008 + 0-007 

— 0-001 + 0-002 149-4 — 0-003 + 0-009 
— 0-002 + 0-002 159-2 — 0-009 + 0-009 


Beam polarization 23-7 +1*8% 


05+ | 
¢ Experimental points 
0-4t . 
— Signell & Marshak 
prediction 
03+ 


Polarization 
i=) 
nN 
T 


2 


0 
Py | Angle of Scattering (c.m.system) (deg) 


4 


Figure 7. Polarization in n-p scattering at 77 mev. 


It was pointed out in §1 that this experiment was one of a set aimed a 
providing information for a detailed study of the nucleon-nucleon interactiot 
For this reason, a discussion of the significance of the results can profitabl: 
await completion at a similar energy of the measurement of the differential cros 


changes sign moves to smaller scattering angles. ‘The high energy tail wo 
if anything, tend to increase the magnitude of the negative polarization. 
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APPENDIX 
MEASUREMENTS OF THE URANIUM DIFFERENTIAL CROSS SECTION 
A technique for measuring differential cross sections for neutrons has been 
described previously by Thresher, Voss and Wilson (1955). We have used a 
modified and simpler technique which is of interest. 
In principle, two measurements are required. The experimental arrange- 
ments for these measurements are illustrated schematically in figure 8. The 


aS ae Uranium 
a 


Collimator 


= b 


Neutron Counter Neutron Source 


Figure 8. Differential cross section measurements. 


ounting rates are given by 

D acG ,, ptN _ ptNT 
aapatieg e(- PF 
G 

2. N=5S B E, 

where S=neutron source strength, D=area of collimator, o/0Q= differential 
cross section, G= geometric area of counter, 


= N,=5 


neutrons detected 

neutrons incident ’ 

3 uranium total cross section, p,t, A=constants for uranium, N= Avogadro’s 
ber, so that 


£, =counter efficiency = 


do _ Aexp(pNTt/A) ra® N, Ey 
0Q ptN b2D N, E, 
{[t was assumed that E, = E, since the neutron spectra detected in the two measure- 
nts are similar, neutron collimation conditions are similar and the detector 


ciency is uniform over its volume. ; 
In practice the counting rate in measurement 2 was too great to measure 


directly and so an absorber was placed in the beam, and a further simple 
xperiment was performed to measure its attenuation. 
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Twisted Ray Paths in the Ionosphere 


By C. B. HASELGROVE anp JENIFER HASELGROVE 


The University, Manchester 
Communicated by K. G. Budden; MS. received 14th August 1959 


Abstract. It is shown how the Hamiltonian equations for a ray in an anisotropic 
nedium can be used on an electronic computer to calculate ray paths in three 
limensions in a model ionosphere. A programme has been written for a digital 
somputer and some ray paths have been calculated. 


§ 1. INTRODUCTION 


I’ a previous paper (Haselgrove 1954) one of us has discussed the application of 


| the Hamiltonian equations for a ray path in an anisotropic medium to the 
A. calculation of raysinamodelionosphere. ‘I’his paper was followed by another 
Haselgrove 1957) giving the results of some calculations by an electronic digital 
somputer of two-dimensional ray paths, that is paths which lay entirely in the 
slane containing the (constant) magnetic field. Itis the object of the present paper 
‘0 show how the equations for rays in three dimensions may best be expressed for 
computing. 

The method which we use to solve the equations is the Runge-Kutta method 

‘Gill 1951). This is particularly easy to use on an electronic computer for equa- 
ions such as the Hamiltonian ones. We show how the calculations are carried out 
d how they may be checked continually. 
Most of the paper is written in terms of Cartesian coordinates. Calculations 
one so far have been for a horizontally stratified ionospheric layer over a flat 
earth, and for these Cartesian coordinates were used. For calculations taking 
into account a spherical earth it might be better to use spherical polar coordinates 
and so we give the equations in this form also. However, they are more compli- 
ated and it may be found easier to express the curvature of the earth in Cartesian 
oordinates and use the simpler equations. 

In the next section the Hamiltonian equations for the ray path are quoted and 
in the following two sections the algebraic forms of the formula for the refractive 
index and its derivatives are discussed. §5 is concerned with the practical aspects 
of the use of the equations in a digital computer programme. 


§ 2. HAMILTONIAN EQUATIONS 


2.1. Cartesian Coordinates 


In the Hamiltonian equations a point on a ray path in three dimensions has 
three position coordinates %1, X2, ¥3, and three direction coordinates u,, u:, #3. ‘The 
fare such that the direction of the vector u is the direction of the wave normal 
the point («, %2, 3) and the length u= (u,2 +g? + Ug”)!? of u is equal to the 
ractive index p at that point and for that direction of wave normal. 
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‘he equations are expressed in terms of partial derivatives of a scalar quanti 
G. Gis written as u/; its value is therefore always unity but its partial deriva 
tives with respect to the x; and u, are not zero, since u = (u,? + Us? + us2)"? and wisa 
function of the x; and u; whose form we shall discuss in a later section, p is 
homogeneous of degree zero in the u,. 

The independent variable ¢ in the equations is some function of the distance; 
along the ray path and it need not be further defined. 

With these definitions, the Hamiltonian equations for a ray path take the familia 
form 


dx, 0G 

Se Em gone cal, ow Ba 5 a ae 1 
dt Ou;’ ( 4 
du; 0G 

WE ie nae se eee (2) } 


2.2. General Curvilinear Coordinates 


In the first paper (Haselgrove 1954) the derivation of the Hamiltonian 
equations was given for general curvilinear coordinates. 'The method used there} 
was a difficult one but the same results can be reached by the ordinary methods of 
tensor calculus, and we quote them here without proof. We are indebted t 
Dr. Julius J. Brandstatter for an independent verification of them. | 

We define the general curvilinear coordinates by the metric in which the line | 


element ds is given by ds? = g,, dx' dxi, where the &; are functions of the x; and we v 
the repeated suffix summation convention. We write the tensor contravarian 

to g;,asg”. The vector uisacontravariant vector with elements u', and we hay 

w=g,u'w, i 

In these coordinates the Hamiltonian equations become 

ig J) Ae 

dt du! 
du OG aks OG (egy Ag 

—— = —gii — — git gkmyt > (C8 Sa (4) 

dt Ox; ou™ OX, Ox; * on 

= 2.3. Polar Coordinates 


We first specialize (3) and (4) to the case of orthogonal coordinates 
&j=0ift4j. We shall not use the summation convention in this section 
for the orthogonal case we may write “At op nisvae tury anime 

al eel ha to eee i fe 


my a 


PPA i OM eRe IEC RG, ETE T Pee 
Instead of the vector u we use v, where v,=h, w’, so tha (7? ORF Toe 


Hee es 


aS 


Twisted Ray Paths in the Ionosphere 359 


In spherical polar coordinates r, 6, 6 we haveh,=1,h,=randh,=r sin@. ‘Then 
he six equations become 
dr 0G d0_ 10G_~= d¢ i cG 
ro 


dt dv, dt rov, dt rsin@ dv,’ 
doe etG,, | eG. l—aG 

dt or r ‘dv, r * dv, 

dna 0G dG dG 

di =( sf tag on a 

dvs 1 as. fe dG 0G 
ai ie a6 —sin Ov, 50, 008 824.5) 


We have stated this form of the equations for completeness. For the remainder 
of this paper we shall be concerned with Cartesian coordinates, and we shall see 
how their symmetry is an advantage. The polar form can, however, be used in a 
way exactly analogous to that which we shall describe. 


§ 3. THE REFRACTIVE INDEX 

The refractive index j« is to be regarded as a function of the scalar quantity 
X= Ne2/reymf? =fp2/f? (with the usual notation) and of the vector Y which is 
parallel to the earth’s magnetic field H and whose length is Y = upHe/2amf =fy/f- 
X and Y are given functions of the position coordinates 4;. 

The refractive index satisfies a biquadratic equation. This is a form of the 
Appleton—Hartree equation, but we shall express it in a vector form which is more 
convenient than the usual one. 

In the absence of absorption we have ~ 

Ay@s 2 BPC = 0) ei eerie (7) 
where 
ASX oY XCY uy |e, 
2B Ie XA ACY AUS ei eetneey (8) 
C=(1-X)[(1—-xX)?— Y?]. 
Hence G=u/p satisfies the biquadratic equation 
AG? + 20G* + C=O nF ie 0 cee nner ens (9) 


Zl 
with ; 
a=—C=(l=X)[(L-XP = eb 
B® 2)=2Bu2= —2(1—-X)(1-X—- V2) 4+ XV PF —-X(Y- Uo remotes a: (10) 
© cHAt=(1-X— V2)! + X(¥ . up’. 

We consider the partial derivatives of G required for the differential equations 
‘(1)and(2). First we differentiate (9) with respect toa general variable y, obtaining 
0G ., oe 


da ng 0G ,,ab 
24 G14 4aG3 2 4+2— G2+40G — + = =0. 
ay * a ey yaeicy 


hus 


aG Tee cel: sy, 
Ae AE a (PS 22 G24 — )/ 4G(aG?+). 
(6 +25 ay (a ) 


ut G=1, so that 


= . im (a+26-+0)} /4(a+8). 
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The factor 1/4(a+6) will appear in all the differential equations, so we ma 
ignore it. This is equivalent to a change of independent variable, from ¢ to t 
say. Then if we write 


Gaui rare (11) 


the equations become 

dx; dO 

peas Fe ee ee ee) Le IN 5: 12 

dt* ou,” (1) 
g 

di; a@ 

| A er or 13)9 

dt* dx; ( 3 


It should be noted that Q is equal to the left-hand side of (9) and is therefor re 
always zero, but its partial derivatives must be found from the formulae fora, b and 
c and do not in general vanish. : 

However, equations (12) and (13) are not directly suitable for computation 
since when X =0, for instance at the bottom of the ionosphere where a ray pathj 
calculation commences, we have also u=j1= 1 and all the partial derivatives of Q 
vanish. We therefore extract a factor X from the derivatives and use the equatio: 4 
in the form 


dx, 130 


dt** ee X ou,’ ee eeee (14) 
du; 1d i 
ee ve aes (15) 
§ 4. THE ParTIAL DERIVATIVES 
We have 
Q=a+2b+c » 


=U Xa Y8\ul = 1) x{ (vou e212) = sat 1) + Xe ae 
When X=0, u?=1 but the quantity (w?—1)/X, which we call q, is finite and r 
zero. We therefore write ‘oa 
QO/X* = (1—X— Y?)g@+{(Y. u)?+2(1— Ne Y%}g+ (1 ) me oon ese (LQ) 
and we shall also express the partial derivatives in terms of g. aes 
_ If-we - differentiate O with Sqn ith component of u we ee 
| ree exes 2 
we Ai on or 


4 
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For the Y variation we have two ty pes of term, namely Y2 and Y.u. These 
ive, “ae with respect to x,, 


wy P=2TY SS, 


—(Y.u)= Si 
j Ox; 
‘hus 


oO _ dQ 0X ee : ; ss 0 
axe ax On cs 2{- 2[(u?— 1)? +X(u?—1)]Y;+2X(¥ .u)(u?—1)u,;} 5 


od 


xX; 


roo 10Q 0X | : OY) 
X ax, ~ NON Om, eas 2(u’—1)(g+1)Y;+2(¥ .u)(u?—1)u,} aes 
We gather up these ots and express the differential equations in the form 
dx; >. 
ae UM KY; eforererels (17) 
du; OX oY; 
ia ko ce CS +MY ieaet ey ere (18) 
rhere 
J = —221—X= Y*)(g+1)+(¥.uPrtV3,  - ...... (19) 
Ree Ue ge (20) 
las (u2@—1)+(Y¥.u)?+2(1 —2X)— Y%3g+2-—3X, ...... (21) 
Beem tie) ate yee mes Rona We rp th eins (22) 


§ 5. THE UsE OF THE EQUATIONS 


5.1. Integration 


In the Runge—Kutta process (Gill 1951) the six derivatives forming the right- 

iand sides of (17) and (18) are calculated as functions of the six variables, four 
imes in each integration step. ‘The equations as set out above can be seen to be 
articularly suitable for this calculation. Because we have retained symmetry 
hroughout, most of the coefficients need calculating only once for three variables. 
[his makes the equations even easier to use than those used for the calculations 
n two dimensions described by Haselgrove (1957). 
_- The simplest way of using the Runge-Kutta process gives integration steps 
yf equal length in the independent variable. It is clearly most efficient, however, 
or the step in terms of actual path length to be large where the ray is nearly straight 
nd small where the curvature of the ray is liable to introduce truncation errors, 
\ suitable way of achieving this is to multiply the right-hand sides of (17) and 
18) by a further scaling function 


1/2 FEDAY DB we ye Vaya 
(nya) * Gee) * Ge) 
‘he denominator alone would have the effect of making the path length into the 


ndependent variable, and the numerator reduces the step length near the region 
vhere X = 1 and the rays are most curved. 


5.2. A Single Ray Path 


The computation proceeds step by step from a given set of initial values of the 
rariables. For a flat earth it is convenient to set the «-coordinates at zero initially. 
“he direction coordinates u; may be expressed in terms of two angles, the angle of 
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incidence i and the angle £ between the two vertical planes containing respectivel| 
the initial direction of the ray and the ‘north-south’ direction. (Initially, whe: 
X=0, the ray path direction and u coincide and w=p=1.) Then if the x, axii 
is vertical and the x, axis points to the north the initial values of the u, are 


U,=COSi, U,=Sinicos¢, ug=sinzsin ¢. 


x, 


Magnetic Meridian X2 


Initial direction of ray. When X=0, uw=1. 


For a reflected ray it is required to find the exact point at which the path returi| 
to the level of the bottom of the ionosphere, that is where x, again becomes al 
This is done by continuing the calculation until x, becomes negative, and the; 
performing one step of integration in the opposite direction. In order to m 
the length of this one step exact we divide all the derivatives by the derivativ 
of x, and multiply them by a ‘step length’ h, where —h is the negative val 
reached by x,. ‘This changes the independent variable to x, for this one st 
(Wheeler 1959). A similar technique could be used to find the point at which 
penetrating ray reached the top of an ionospheric layer. 

For a curved earth, the origin of the x-coordinates should be taken at t 
centre of the earth and a horizontally stratified layer then takes the‘form of! 
function of x,?+%,7+ x3". A reflected ray returns to the bottom of the ionosphe 
when x,7+ *.?+ x,” again reaches its initial value. 


5.3. The Computation of q 
The calculation of the derivatives as functions of the variables is straig 
forward except perhaps for the value of g. Equation (16) gives a quadra 
formula for g. This is equal to zero since, as may be verified from the Appleto 


Hartree equation, O/X?=0 even when X=0. Thus we have : 
ag?+2Bq+y=0 =n 
with - 
a=1-X—Y?, d 
28=2(1—X)— Y?+(Y.u)?, oceeee (2am 
y=1-X. 
Then 
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The upper sign refers to the ordinary ray and the lower to the extraordinary. 
Since we may have «=0 or, for the extraordinary ray, y=0, we choose that 
formula for g, at any point in the calculation, that has the larger numerical values. 
in the numerator and denominator. 


5.4. Checking 


_ We have used three direction coordinates as variables where two angles would 
have been sufficient to define the wave normal direction. This gives a method 
of continual checking of the calculations. We have defined g=(u?—1)/X, but 
this formula is not used anywhere in the calculation. At every step, therefore, we 
may calculate u?—1 and Xq from the x; and u; and compare them. This check 
may be used to show whether it is necessary to use a smaller integration step, 
besides testing for machine errors and programme blunders. 


§ 6. CONCLUSION 


__ A programme has been written for the Ferranti Mercury computer at 
Manchester University to compute ray paths using the Hamiltonian equations as 
set out above. Calculations have so far been confined to the case of Ordinary rays. 
with a flat earth, a horizontally stratified ‘ parabolic’ layer and a constant magnetic 
field, but these limitations were only imposed by a desire to reduce the number 
f variable parameters and to give results directly comparable with those of the 
lier paper (Haselgrove 1957). It is hoped to publish these comparable results. 


10 rtly. 
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An Electron Diffraction Study of the Effects of Heat Treatment 
on a-Fe,0, (Haematite) Single Crystals 


By M. BLACKMAN anp G. KAYE 
Physics Department, Imperial College, London 


MS. received 6th October 1959 


Abstract. Electron diffraction patterns have been taken from a large variety of| 
natural single crystals of «-Fe,O; (haematite) which had previously been heated} 
to 500°c. Some of these showed additional patterns similar to those observed] 
by Finch and Sinha in 1957. Measurements of the basic plane spacings asso-| 
ciated with the extra patterns showed that these differed considerably from} 
the corresponding basic plane spacings of «-Fe,O;. This result is ini 
‘contradiction to the findings of Finch and Sinha who claimed that the basic} 
plane spacings associated with the extra patterns approximated closely to those of| 
a-Fe,O;. ‘There is therefore no justification for assuming that a new form of | 
Fe,O, (8-Fe,O3) exists. | 

Experiments were also carried out on crystals of «-Fe,O,; which had been| 
heated to temperatures between 700° and 1000°c. In some cases oriented layers} 
of Fe,O, (magnetite) were observed but no evidence was found for the presence} 
of y-Fe,O; (maghemite) in contrast to the results of Finch and Sinha. These} 
investigators claimed that y-Fe,O,; was formed when «-Fe,O, crystals were} 
heated in air to temperatures above 700°c. 


§ 1. INTRODUCTION 


: HE present paper is concerned with examining the changes produced j 
| the surface of «-Fe,O; (haematite) crystals on heating in air. The investi- 
gations were prompted by the work of Finch and Sinha (1957) who provided| 
evidence for the existence of a new phase of Fe,O, (termed B-Fe,O;). This} 
phase was found in studying the diffraction of electrons from the basal (00.1) 
plane of crystals heated in air to 500°c and then cooled. A diffraction pattern 
different from that due to haematite, although of similar trigonal symmetry, was 
observed. In this pattern reflections were found such as (00.2), (10.0) which are 
normally forbidden by the space group of haematite. Certain plane spacings 
associated with this new pattern were however found to approximate closely to 
those of haematite and it is because of this that the diffraction patterns were 
attributed to a new form of Fe,O,. 

In addition Finch and Sinha found that on heating to 700°c in air another 
diffraction pattern was obtained, which was consistent with a cubic structure. 
‘Their analysis gave diffraction spots with mixed indices and it was decided on this 
evidence that the overgrowths found were composed of y-Fe,O, crystallites and 
not Fe;O, (magnetite)—both of which have similar lattice dimensions. It was 
concluded that y-Fe,O, was the stable form of Fe,O; at high temperatures, 
which differs from the widely held opinion that the y form is unstable on heating. 

Finch and Sinha are of the opinion that the B-phase is associated with the 
migration of cations in the haematite lattice to sites with four-fold coordination 
in the oxygen frame of haematite and reasons are given for believing that this 


~ 
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B-phase would be ferrimagnetic. This would be a possible cause of the parisitic 
ferromagnetism of haematite, the existence of which has been the subject of much 
speculation and argument. 

Because of the interest in the existence of a hitherto unknown and probably 
highly magnetic phase of Fe,O, a large number of haematite single crystals from 
different sources have been examined in the course of the present work. While 
layers which gave diffraction patterns similar to those observed by Finch and 
Sinha were obtained by heating «-Fe,O, to 500°c in air, the plane spacings found 
differed considerably from those of haematite; the existence of a new phase could 
not therefore be confirmed. 

Heating these crystals to 700°c produced evidence of oriented Fe,O, on the 
surface, but in no case did the patterns show the mixed indices to be expected of 
y-Fe,0s. 

§ 2. EXPERIMENTAL DETAILS 
2.1. Heating in Air 


In the majority of cases haematite single crystals having smooth natural 
(00.1) faces were chosen in order that reasonably good electron diffraction patterns 
would be obtained. After cleaning or etching in hydrochloric acid, diffraction 
patterns were taken from the surfaces of these specimens. ‘These showed no 
diffraction spots other than those of haematite. ‘They were then placed in a 
nickel container and heated ina wire-wound resistance furnace for a given time and 
cooled either relatively quickly (over a period of about one half hour) or more 
slowly (for about three hours). 

A number of experiments was devised to investigate the possibility of 

deposition on to the crystal from the furnace walls; for example lithium fluoride 
crystals (whose cleaved (100) faces had been initially examined) were heated with 
haematite crystals in the furnace. No layers were observed. On the other hand 
layers, similar to those obtained from crystals heated in air, have been observed 
on haematite crystals heated in sealed Pyrex tubes in the furnace. 
Crystals from various sources were used and those from a particular source 
were subjected to various degrees of etching before heat treatment. The time of 
heating was varied from one to five hours in the temperature ranges 500-550°c 
-and 700—1000° c. 
fs 2.2. Heating under Reduced Pressure 
These experiments were designed to investigate the layers, if any, formed on 
‘single crystals of haematite which had been heated under reduced pressures of 
either 10-2 or 10-+mmHg. In the former case the specimens were placed in a 
‘silica tube, which could be evacuated to a pressure of about 10-2 mm Hg by means. 
of a rotary pump, and then heated in the furnace. The temperature of the 
“specimens was measured by an iron—constantan thermocouple. The time of 
heating was varied between one and four hours in the temperature ranges 
~500-550°c and 700-800°c. Experiments at lower pressures of the order of 
10-4 mmHg were carried out in the diffraction camera. In these cases the 
“specimens were heated in a furnace constructed for use inside the specimen 
chamber of the diffraction camera at temperatures up to 800°c. A chromel-alumel 
thermocouple, with the hot junction placed immediately behind the specimen, 
as used to measure temperature. The diffraction patterns were photographed 


uring the heating process. 
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§ 3. RESULTS 
3.1. Heating in Air 
3.1.1. Heating in air 500-550°c. 


The factors which govern the appearance of the layers giving diffraction | 
patterns different from that of haematite could not be precisely determined ) 
although the time and temperature of heating were varied as well as the time of | 
cooling. Epitaxial layers have been detected on about one-third of the specimens | 
examined after heating to 500-550°c, the majority of these being crystals which 
had unetched surfaces. Further in any batch of specimens heated together these | 
layers could again only be observed on a proportion of the specimens examined. | 
Figures 1 (a) and (6) (Plate) show the diffraction patterns from the natural unetched | 
basal (00.1) plane of a haematite single crystal heated in the furnace for one anda | 
half hours at 550°c. Figure 1(a) shows the pattern produced by continuous | 
variation of the glancing angle of incidence during the exposure, the electron beam 
being directed along the [10.0] direction. The diffraction pattern at higher | 
glancing angles is due to the haematite substrate. This streaked pattern indicates | 
a good single crystal. As the glancing angle is reduced the arced diffraction 


Plane Spacing Measurements of Layers formed on Haematites from 
Various Sources 


Sample No. Origin Main Impurities d>(A) d,(A) d,(A) | 

S-H (Orig) Unknown 597 Ti 4-81 7°31 2-78 

S-H(S-S) St. Gotthard 5:00 105°. VW 4-82 7-05 2°78 | 
Switzerland O159,°Al 0°15°%,-Gr 

A-H Arizona, 0-39, dn O29, Al 4-84 7°32 2-80 
U.S.A. 

S-H(RSM) Unknown O35 7n 1a 4-86 7:30 2°81 

0:-4% Ba 
— Finch and 4-47 6-86 2°59 


Sinha (1957) 


Here d, is the plane spacing obtained from the distance between diffraction spots, 
measured perpendicular to the shadow edge. d, is the plane spacing obtained from the 
diffraction pattern of figure 1 (a), the appropriate distance being measured between spots 
in a direction parallel to the shadow edge. dy is the plane spacing obtained in a manner 
similar to d, but from the diffraction pattern of figure 1 (6). The corresponding spacings 
for pure haematite are 4-36, 13-72, 2-574. 


ns et DS eee 


pattern from the epitaxial layers becomes visible. This pattern is characteristic 
of layers almost perfectly oriented with respect to the haematite. F igure 1 (6) is 
similar to figure 1 (a) except that the beam is directed along the [11.0] direction 
m this case. It is evident from these patterns (figures 1 (a) and (6)) that plane 
spacings from the oriented layers do not approximate closely to those of haematite. 
The diffraction patterns from these layers have a symmetry similar tothe haematite 
(00.1) plane and their intensity varied according to the portion of the surface of the 
crystal being examined. Measurements of plane spacings have been made of 
the layers formed on haematite from various sources. ‘The method of measure- 
ment was to compare directly, on the same photographic plate, the diffraction 
patterns from the layers and the haematite substrate. This was done by changin 
the glancing angle of incidence in a continuous manner during the exposure ¢ 
the photographic plate. The cell dimensions of the haematite have been assume 
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nd used as the standard. ‘The results of these spacing measurements are shown 
n the table. 


1.2. Heating in air 700-1000°c. 

The results for these experiments varied from specimen to specimen and 
ould be classified under three headings: (a) specimens whose surfaces gave 
liffraction patterns which showed only haematite reflections; (b) specimens whose 
yurfaces had become covered with epitaxial layers; diffraction patterns from 
hese layers gave plane spacings similar to those obtained for the layers described 
n §3.1.1; (c) specimens whose surfaces had become covered with a very thin 
sriented layer of another material. The diffraction patterns from these new 
layers were consistent with a cubic structure with a=8-4A4 and their analyses 
showed reflections whose indices were either all odd or all even. This indicated 
Fe,O, rather than y-Fe,Oy since in the latter case reflections having mixed indices 
would also be expected to be present. The magnetite was oriented in the 
following way: 

(111) Magnetite parallel to the (00.1) Haematite 


[110] or [110] Magnetite parallel to the [11.0] Haematite. 


3.2. Heating under Reduced Pressure 


The diffraction patterns from haematite crystals, heated to 500-550°c under 
pressures of the order of 10-*mmHg using the apparatus described in §2.2, 
showed in the majority of cases an epitaxial layer of magnetite. ‘This was oriented 
as described above. In some cases, however, only haematite reflections were 
present in the diffraction patterns after heat treatment. 

Haematite crystals were heated in the diffraction camera under a pressure of 
the order of 10-*mmHg. The diffraction patterns from the (00.1) faces were 
observed during heating. As the temperature of these specimens was raised to 
about 400°c, diffraction spots due to an oriented layer of magnetite began to 
appear. ‘The intensity of the pattern due to this magnetite layer increased as the 
temperature was further raised to 700°c until after a certain time the thickness of 
the layer was sufficient to mask the diffraction pattern from the haematite 
substrate. The magnetite was again oriented as described in § 3.1.2. 


§ 4, DIscUSSION 


Layers differing from haematite have been observed on haematite crystals 
heated in air in the temperature range 500-550°c. The diffraction patterns 
from these layers show a geometrical similarity to those obtained by Finch and 
Sinha but measurements of plane spacings (cf. table) do not agree with those 
given by Finch and Sinha. The evidence for the existence of the ‘8’ phase of 
Fe,O, is the approximate equality of certain measured plane spacings of the extra 
layers with those of haematite. The results presented here are not consistent 
with this requirement for a new phase of et OFS 
The diffraction patterns (figures 1 (a) and (b)) from these extra layers show 
rigonal symmetry. ‘The reciprocal lattice appears to be a primitive hexagon but 
5 information is not sufficient to determine the structure. Prolonged heating 
specimens in this temperature range did not increase the thickness of the extra 
layers. Further, specimens on whose surfaces layers had previously been 
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observed, were reheated and this also failed to increase the intensity of the 
diffraction pattern, i.e. the thickness of these layers. In some cases the previousl 
formed layers were removed with dilute hydrochloric acid and the crysta’ 
reheated. On subsequent examination only traces of the extra layers were 
observed in the diffraction patterns. In addition, the extra layers were found tc 
be soluble in water. ‘These experiments suggest as a possible mechanism for 
the origin of these layers, the diffusion of some substance from the interior 
the crystal towards the surface. 

The diffraction patterns obtained from haematite crystals heated in air in the 
temperature range 700—1000°c differed also from those found by Finch d 
Sinha. ‘These authors state that oriented layers of y-Fe,O, are formed on t he 
haematite substrate at these temperatures. While the presence of y- -Fe,05 | 1a 

6) 


not been confirmed the present work has shown that in some cases a thin orient 
layer of Fe,0, was formed. 
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The Stability of a Dielectric Liquid Jet in the Presence of a 
Longitudinal Electric Field 


By N. K. NAYYAR anp G. 8S. MURTY Tf 


Department of Physics, University of Delhi, India 
Communicated by F. C. Auluck; MS. received 10th August 1959 


Abstract. The stability of a cylindrical jet of incompressible inviscid liquid in: 
the presence of a longitudinal electric field is investigated. It is shown that the 
electric field increases the stability of the jet. For given values of electric 
field, the wavelength of the disturbance at which the instability sets in and the 
wavelength which has maximum rate of instability are calculated. 


§ 1. INTRODUCTION 


is 27R, where R is the radius of the jet. Recently Glonti (1958) has. 

shown that the critical length of the jet increases in the presence of a 
longitudinal electric field. His analysis is based on the hydrodynamical equation 
satisfied by the perturbed stream function with proper boundary conditions on the 
surface of the jet. We shall re-investigate the problem by applying the Rayleigh 
energy principle and calculate for a given electric field the modes of critical 
stability. Also we shall calculate the wavelength for which the instability will 
develop at a maximum rate. 


Rez had shown that the critical length A. of a cylindrical liquid jet 


§ 2. FORMULATION OF THE PROBLEM 


Let us consider an infinitely long cylindrical jet of radius R, of an incom- 
pressible, inviscid dielectric liquid, placed in a uniform electric field E directed 
along the axis of the cylindrical jet. Since the field is assumed to be uniform 
we have by virtue of the boundary conditions 


: OMEN ee (1) 


where ¢i and ¢° are the electric potentials inside and outside the cylinder. 
In order to study the stability, we imagine that the surface of the jet is 
deformed by an axisymmetric perturbation and the resulting surface is given by 


P= Roe ACOSRZIUES OOF MS Sees. stot (2) 


Since the liquid is assumed to be incompressible the mass per unit length must 
be the same before and after the deformation. This requires that 


[ se EPL apy 2OMEateY SES) PR (3) 


The investigation of the stability of the jet consists of two parts. First we cal- 
~ culate the change in surface tension energy Ao and the electric energy AW per 
unit length resulting from the perturbation. Then depending upon whether 
: 


g 


+ Now at the Tata Institute of Fundamental Research, Bombay. 
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Ac+AW is positive or negative the jet is stable or unstable. This is essentially : 
the Rayleigh principle of investigating the stability of a system by the energy | 
method. 


§ 3, ‘THE CHANGE IN ELECTRIC ENERGY PER UNIT LENGTH CAUSED 
BY THE DEFORMATION 


In order to calculate the change in electric energy we need the changes in | 
the electric field due to the deformation which can be determined from the | 
boundary conditions, namely (i) the normal component of the electric displace- | 
ment and (ii) the tangential component of the electric field are continuous at | 
the deformed surface. 

The change in the electric field distribution can be derived from an electro- 
static potential §¢ satisfying the Laplace equation 


T78Sb= Or meauniehine eeal choive ates (4) 


For the problem on hand we can represent 6¢ as a series in powers of a of | 
the form | 


Sikes: a I,(nkr) sin nkz 


q” 


= Kh (RE SINR S Ae wale ene (5) 


(0 
S40 
where 5¢' and 54° are potentials inside and outside the jet respectively; Aj 
and B, are constants to be determined and I,, and K, are Bessel functions of | 
order n for purely imaginary argument, which have no singularity at the origin | 
and at infinity respectively. 

The constants A,, and B,, in equation (5) are to be determined by the con- 
dition that 54' and 54° and «,(d¢'/dn) and €,(0¢°/dn) must be continuous on | 
the boundary given by equation (2), where ¢, and €, are the dielectric constants 
of the fluid and the surrounding medium respectively and d/dn indicates the 
normal derivative across the boundary. Carrying out the calculation up to 


second order in a we find that the boundary conditions at the deformed boundary 
give 


A,1,(RR) = B,Ky(kR) 
AJT,(2ARJ=BK(2kR) ~~ 4. oo (6) 
€,A,1) (RR) — Ek =€,B,K, (RR) —€,Ek 
Re, Aylq(RR) + 2€, Agly’ (2kR) = €,B, Ky (RR) + 2€,B,Ky'(2RR), 

where the prime denotes differentiation with respect to the argument. Solving 
equation (6) one gets the coefficients A,, A,, B, and B, and hence the potential 
distribution from equation (5). We can now evaluate the change in electrical 
energy AW per unit length as follows. 
Let us suppose that an electrostatic field E has been established in a dielectric 
medium of dielectric constant ¢,. A dielectric body whose dielectric constant 
Is €, is now introduced into the field while the sources of E 


constant. ‘Then one can show that the electric energy of the di 
the electric field is given by (Stratton 1941) 


are maintained 
electric body in 


ee | 
Wim (@-«){ Ey Biggie be ae (7) 
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yhere E’ is the modified field distribution when the dielectric body is introduced 
nto the medium. If we suppose that the body is deformed and the electric field 
listribution now becomes, say E”, the electric energy of the deformed body is 
iven by 
7] €g— € ( " a 
W Tike Res Te. — ppl 2h Mi nec (8) 
Therefore, the change in electrical energy due to deformation is given by 
AW=W"-W. wv ees (9) 
We shall calculate the value of W’ and W"” per unit length of cylinder. We 
have from equations (1) and (7) 
‘als 
Wi= on Reperes Reg ee aes (10) 
Similarly the energy per unit length of the deformed cylinder is, from equations 
{1), (5) and (8), given by 
R+acos kz 
W” = }(e.— «| (e — EaA,l\(kr) cos kz — Ea? AyIy(2kr) cos 2ks.) rar\ 
0 


av 


FE? a 

ae Se (€2—<) Ro” — 7 (€:—€,)A,ERI,(RR); 

where we have retained terms up to order a? only. Therefore the change in 
electric energy per unit length due to deformation is 


AW= Ww” es: WwW’ 
BPP ee, a AERIER Oe ee ee (12) 


‘The coefficient A, is obtained by solving equations (6). It can be shown that 
ies Rk(€g—€,)EKy(RR) 

“ €,1,(RR)Ko(RR) + eK, (RR)Ip(RR)’ 
and therefore, the change in electrical energy per unit length due to deformation 


‘is given by 
4 aRR (€y— €)?E21y(AR)Ko (RR) 


AW= ——— STEP 
| he 8[e 1, (AR)Ko(RR) + €olo(RR)Ki(AR)] 
We see that AW is positive and is of second order in a. Since the change in 
energy due to deformation is positive the electrical field has a stabilizing effect 

on the jet. 
: 
* 


i. § 4, "THE CHANGE IN SuRFACE TENSION ENERGY PER UNIT LENGTH 
k CAUSED BY THE DEFORMATION 
The change in surface tension energy per unit length of the cylinder resulting 


rom the deformation given by equation (2) is given by 


Rohs is Dept ai)aaueh ya. nore ze osbt (15) 


here T is the surface tension of the jet. 
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§ 5. Mopbes or INSTABILITY 


The total change in potential energy per unit length due to deformation ig 
from equations (14) and (15) 
RR(€)—€,)*E719(RR)Ky(RR)a? 


Ap = PRG se) PRR) ER) o ee (16) 
AW SAO ore (ERK (BB) SSE (ERR EB] 


aT 
a— (Rk? R? — 1)a?. 
+ zp | Ja : 
The above equation leads to the following conclusions. (i) A jet is always) 
dynamically stable for RR>1. (ii) For RR<1 a jet is stable when 
47T[e,1,(RR)Ky(RR) + e.1)(RR)K,(RR)|] 
< (<, — €, 2RR?1,(RR)K(kR) 


Following the procedure of Chandrasekhar and Fermi (1953), it can be shown! 
that the equation | 


aT (x? — 1)a? as R(é, ~ €,)° E71 q(x) Ko (x)a? 
Zia 


ke 


2 Os3 a8 18 
3a, (2)Ko(2) + ely(x)Ky(@e)] (18) 


where RR=x allows a single positive root. Let x=xe. denote this root. Then! 


AW + hes 0 for xooxe, | 8 eee (19) 
and 


NWorho=  eflrk x= foo, see eel insta (20) | 


Hence all modes with x<wxe are unstable. In the table we have listed Xe for! 
a jet of water for a few values of E. This table exhibits the strong stabilizing} 
effect of the electric field. 


Xe Ee (v cm7}) xm 1/pm (sec) 
0-01 3720-0 0-0070 96:6 
0-02 2013-9 0-0140 48-4 
0-03 1416-0 0-0209 32:7 
0:04 1110-0 0:0277 24-6 
0:05 916:5 0:0347 19-7 


The critical modes xe, maximum unstable modes Xm and the growth constant 1/pm of the 
maximum unstable mode of a water jet for various values of longitudinal electric field. The 
radius of the jet is 2 cm, T=74 dyn cm", e, =81, and €,=1 (air). 


§ 6. THE Mope or Maximum INstaBiLity 


In the preceding section we have seen that for a given electric field a dielectric 
liquid jet is unstable for all modes of deformation with wavelengths exceeding a 
certain critical value. We shall now show that there exists a wavelength for 
which the instability is maximum. For this purpose we shall assume that the 
amplitude a of the deformation is a function of time and seek an equation of 
motion for it. ; 

We have shown that the potential energy of deformation per unit length of 
the cylinder is given by equation (16). The kinetic energy per unit length 


associated with the time dependent deformation is given by (Chandrasekhar 
and Fermi 1953) 
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5 Fe, (oe) (da > 
fig NG a 
Dalit) (=) 5, ee Se (21) 


where p is the density of the fluid. Using equations (16) and (21) we can write 
he Lagrangian equation of motion for the deformation as 


m7pR?1,(x) (d?a te aI (x*—1)a 
x1, (x) dt® R 
> (€2— ey) #B*To(x)Ko(x)a 
4[e,1,(~)Ko(x) + eglo(x)K,(x)] 


Sali ee! | (22) 


or alternatively, 


@a__xI,(x) [oeatoee! (cy — €)°E2x19(x)Ky(x) ] 23) 
df zpRI,(x) R Afes1,(«)Ko(x) + €alo(x)Ky(x)} 0 


If we write 


a=const.e2 he aes (24) 
we have from equation (23) 
2_ _*1,(x) [= =x) (eg —«)?E?xlo(«) Ko (x) ] (25) 
7pR*I)(x) R Afe 1, (*)Ko(x) + ealo(*) Ei} 


Equation (25) shows that p=0 both for x=0 and x=Xe. There is, therefore, 
an intermediate value of x, say Xm, for which p is maximum, say pm. The wave 
number xm clearly represents the mode of maximum instability ; for it is the 
mode for which the amplitude of the deformation increases most rapidly. For 
x<1 we may replace the Bessel functions which occur in equation (25) by their 
dominant terms for x>0. The expression on the right-hand side of equation 
(25) attains its maximum when 


2a, T 
2[-y- 2—i]= a eee we. ace 2 
X*m [ if log xm/ i] Cao: ) ( 6) 
where y is Euler’s constant 0:5772..... Also the critical mode x¢ is given by 
(for x<1) 
Are, T 
2[—-y— en eS 27 
xe? —y log x¢/2] (€,—€,)2E*k ( ) 
Zz 


For various values of x- the values of E and xm for the water jet are computed 
from equations (26) and (27) by numerical solution. Also the value of 1/pm 
where pm is the value of p given by equation (25) when x=%m is calculated. 
1/pm gives the scale of time interval in which the amplitude of the disturbance 


grows by a factor of e. 
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Abstract. The stopping powers of atomic hydrogen towards beams of protons, 
neutral hydrogen atoms and negative hydrogen ions are computed for beam 
energies up to 100 ev. 
| 
| 


| 
ale HE energy losses of low-energy beams of particles travelling in unlike gases 


§ 1. INTRODUCTION 


arise almost entirely from the transfer of momentum in elastic collisions and, 

some representative data have been provided by Massey and Sida (1955) 
and by Sida (1957). Their calculations do not apply to particles travelling in the 
parent gas for, quite apart from the losses which may occur through resonance 
charge transfer processes, the symmetry properties of the collisions must be take 
into account. The case of low-energy beams of protons, neutral hydrogen atoms 
and negative hydrogen ions in atomic hydrogen is of particular interest and may ‘ 
treated with high accuracy. 


§ 2. "THEORY 


It may be shown by elementary considerations that the contribution to i 
stopping power arising from the transfer of momentum in an elastic collision of 
particle of kinetic energy E with a stationary particle of equal mass is given by 


en = 4EQa se ecee (1) 

where Qa is the momentum loss or diffusion cross section defined according to 
+1 

Oren | 1(6) (1~cos6)d(cos®),, eects (2) 
~1 


1(9) being the differential cross section for elastic scattering through an angle @! 
For particles moving in unlike gases it suffices to use the classical formula _ 


Orere | ; PEEEIAD) diy arnunlinahe coe eee (3) 


where p is the impact parameter and « is given by 
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V(R) being the interaction potential at the separation R and R, being the outermost 
zero of 6(R) (cf. Massey and Burhop 1952). For particles moving in their parent 
gas it is necessary to use the quantal formula 


4g 2 
Oa= ey COE ee ee (6) 
=0 


where k is the wave number of the relative motion and 3, is the elastic scattering 
phase shift of order / (cf. Mott and Massey 1949). 

For the unlike case, it may be shown that the classical and quantal formulae 
become identical when Jeffreys approximation is used for the phase shifts and the 
summation over / in (6) is replaced by an integration over p={l(/+1)}1?/k 
(de Boer and Bird 1954). This equivalence does not exist in the like case for which 
there are two possible modes of interaction, one, V*(R), symmetric with respect 
to interchange of the nuclei and the other, V~(R), antisymmetric, and if 6, is 
associated with V+(R), 5,,, is associated with V*(R). However we may write 
down as a classical approximation to (6) in the like case 


Oran | pisin? C+(p) +sin? £-(p)}dp onal) 
where 7 
Epp ie Oh peat (8) 
in an obvious notation (Dalgarno 1958). If Jeffreys approximation to the phase 
shifts is used, the accuracy of (7) is comparable with that of (3): 
The integral (7) is usually evaluated by splitting the range of integration into 
two parts according to 


Oa=n(p*)?+ 2a { ; p{sin? +(p)+sin®L-(py}dp sees. (9) 


where #* is such that sin® ¢+(p) are rapidly oscillating functions of p when p <p*. 
: Regarded as a function of p*, Qa oscillates with small amplitude about a mean 
value which can be taken as the correct value of (7) (Boyd and Dalgarno 1958). 
Provided p* is not too small, it suffices to use the Massey—-Mohr approximation 
(Massey and Mohr 1934) to the phase shifts in which case 


A C#(p)= +1'(p)+ B*(P) v.-.. (10) 
_ where 
Th penalty V-(R) AR Wl 
coved Rai “ 
1. dn f2.-V7(R) 
ft SS ee ee OK ew te 12 
| B Eo»), @—-pP/Ry" (12) 
distance being measured in units of a, and energy in rydbergs (Dalgarno, McDowell 
and Williams 1958). Ifp* is large enough, B+ ~ B~ and (9) may be written 


: 


Qa=n(ptyi+4n |” pfsint T+ sin A—2sin’ D'sin® 8} dp nora 13) 
p* 


The contribution to the stopping power arising from resonance charge 
transfer processes is given by 


A.= aq E06 SS (14) 
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(Dalgarno and Griffing 1955) where m is the electron mass, M is the mass of the | 
parent atom and Q, is the cross section for the process. Provided EF is not so large : 
that the transfer of electron momentum affects Q, significantly (cf. Bates and | 
Dalgarno 1952, Dalgarno and Yadav 1953), O, may be written (Bates, Massey and | 
Stewart 1953) 


Qo=2n| " psin? P(p) dp. gee (15) 


) 


§ 3. CALCULATIONS 


For the cases Ht in H and H~ in H the momentum-loss cross section Og is | 
equal to twice the capture cross section Q, for all energies of interest and Q, has | 
previously been calculated for H* in H by Dalgarno and Yadav (1953) and for H7 | 
in H by Dalgarno and McDowell (1956), their results being in harmony with | 
recent experimental data (Fite, Brackmann and Snow 1958, Branscomb, Fite, 
Hummer and Stebbings 1959, private communication). For the case H in H, | 
the energies of interaction V+(R) calculated by Dalgarno and Lynn (1956) were | 
fitted by combinations of exponential and polynomial functions and (11) and (12) | 
could then be evaluated analytically (Dalgarno and McDowell 1956, Boyd and | 
Dalgarno 1958). 


§ 4. RESULTS AND DISCUSSION 


The momentum-loss cross sections Qg for the collision of a proton, a neutral 
hydrogen atom and a negative hydrogen ion respectively with a neutral hydrogen | 
atom are given in the table for various impact energies. The cross sections are 
greatest for negative hydrogen ion collisions and least for neutral atom collisions. 
The effect of the symmetry requirements is considerable and the cross sections are 
one or two orders of magnitude greater than for the collision of two unlike particles 
(Massey and Sida 1955, Sida 1957). 


Pe i ee ge ee hs eel ete 2 es ee 
Momentum-loss Cross Sections in units of za)? 


Impact energy (ev) H--H H-H H+-H 
0-1 TES 47 141 
1 494 37 114 
10 312 29 85 
100 176 22 57, 


The energy loss associated with momentum transfer in elastic collisions is 
M/m times that associated with resonance charge transfer processes. Charge 
transfer is important, however, for it causes a progressive neutralization of the | 
charged constituents of an incident beam. It should be noted that because the 
large energy losses are associated with scattering at large angles, an incident beam 
will not appear to be slowed but merely attenuated, most of the slowed particles 
being scattered out of the beam. 
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High Pressure Neon Flash Tubes : 


By H. COXELL anp A. W. WOLFENDALE | 


Department of Physics, Durham Colleges in the University of Durham 


Communicated by G. D. Rochester; MS. received 27th July 1959, in revised form 
26th October 1959 


Abstract. The properties of high pressure neon flash-tubes suitable for the} 
detection of cosmic rays are described. ‘The tubes have high efficiency for} 
flashing after traversal by ionizing particles, short sensitive time and low rate oft 
spurious flashing A search for an ageing effect has been made by subjecting each} 
of a batch of tubes to 10° flashes; no important deterioration in performance hast 


been found. 


: 
i 


§ 1. INTRODUCTION 


AR HE neon flash-tube was first introduced by Conversi and Gozzini (1955) andi 


consists of a glass tube filled with neon and mounted between paralle 
electrodes. When an ionizing particle passes through the tube and a suitable 
high voltage pulse is applied across the plates the tube has a high probability of 
flashing with such intensity that a photographic record can easily be made. 

The original tubes of Conversi and co-workers were filled with spectro 
scopically pure neon at low pressure and had quite high efficiency for pulses appliec 
within 2 psec of the passage of the ionizing particle. Gardener et al. (1957) sub- 
sequently showed that comparatively impure gas could be used (° commercial 
neon) and that the region of high efficiency could be extended further by increasin 
the pressure to nearly one atmosphere. 

The work of Gardener et al. has been extended in order to improve the 
characteristics of the tubes and in particular to obtain sufficient data to design tube 
for particular applications. 

This paper_is devoted mainly to the experimental aspect of the operation 0: 
the tubes; the theoretical treatment of a restricted aspect is considered in a 
accompanying paper by Lloyd (1960). 


§ 2. THE CHARACTERISTICS UNDER INVESTIGATION AND THE EXPERIMENTAL 
ARRANGEMENT 


The characteristics to be investigated have been chosen bearing in mind th 
usual requirements of cosmic ray experiments, namely: a, high efficiency 
flashing after traversal by ionizing particles, b, short sensitive time, c, low r : 
of spurious flashing, d, high spatial resolution, e, stability of operation, f, lon; 
lifetime. 

The apparatus used for testing the tubes was similar to that used by Garden 
etal. The stack contained 81 tubes in 9 layers with electrodes every third la 
Alternate plates were earthed and a positive pulse, of variable size, shape and dela 
was applied to the remaining plates when a fourfold coincidence of a Gei 
telescope indicated that a particle had passed through the stack. The arrar 
ment is given in figure 1 where the characteristic parameters of the pulse are : 
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hown. The resulting flashes were recorded on Ilford HPS (red sensitive) film 
sing a camera having an f/3-5 lens. Unless otherwise stated the measurements. 
efer to tubes filled with commercial neon. 


Pulse 


; <> 
Characteristics 


Coincidence 
Circuit 


‘oy 


“ig 1. The experimental arrangement and the pulse characteristics. The rise-time 
; Tp and pulse width 7 are measured at a field of 2/3 of the maximum value, Emax- 
A, B, C and D are the Geiger counter trays comprising the counter telescope. 


As in previous work, two efficiencies can be defined: (i) the layer efficiency 
. the ratio of the number of single flashes observed in a layer to the number of 
rticles having passed through that layer, (ii) the internal efficiency 7 derived from 
yz, by multiplying by the ratio R of the separation of the tube centres to the internal 
ameter of the tubes. ‘This definition involves the reasonable assumption. that. 
nly those particles traversing the gas of a tube can cause a flash in that tube. 
The statistical uncertainty in 7; is derived from the experimental data using 
he following relation: 

— op=ny(lL—ny) rine 

vhere 7 is the observed number of flashes. For the value of used in most of the 
riments (of the order of one hundred) the relation is accurate for layer 
sncies to within a few per cent of the maximum possible value. The internal 


— 


iciency is thus ms Pe 


= id — guy 
: n= Rint Uo 


Of the two efficiencies the internal efficiency 7 is the more fundamental 
and this will be used in the analysis. tik es 


’ 


eben. fb 
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3.1.2. Variation of efficiency with parameters of the pulse. 

Since it is found that a pressure of 2:3 atmospheres is best suited to many 
applications detailed measurements have been made on tubes filled at this pressure} 
"The variation of efficiency with field is shown in figure 3 (curve a). 


lOO 

! 30 80 
SS r— —- 

> Pots 23 a se 60 
i= = 
= = 8 
A= & S 

3 oS 40 
ie 2 pe 

3 
ra 20 
@) 5 fe) 15 20 25 : 
Time Delay (sec) Field (kv cm") 
Figure 2. Figure 3. 


Figure 2. The efficiency, time delay characteristics of flash tubes with gas pressure aj 
parameter. Emax=6-3 kv cm~, Tp=0-5 psec and t= 3-0 psec. 

Figure 3. The dependence of efficiency on field for tubes filled at 2:3 atmospheres; 
a, Tp=0-5 psec, t=3-5psec, Tp=3-4 psec; 

b, ZTR=O0-5psec, r=3-5psec, Tp =26 psec; 

c, Tp=2-Opsec, 7=3-5ysec, Tp=4-0 psec. 


Apart from the peak height of the pulse its main parameters are delay time T. 
and rise time 7. Of these 7), is often fixed by external factors (see later). The 
variation of plateau efficiency with rise time is shown in figure 4 and the dependence 


ele) 


Efficiency 7 (%) 


Rise Time (4Sec) 


Figure 4, The variation of plateau efficiency with rise time. Neon pressure, 2° 
atmospheres; Emax=7:0 kv cm™*, Tp=4-0 psec and 7=3-5 psec. 

of efficiency on field for extreme values of rise time is shown in figure 3. It i 

usually possible to reduce the rise time to 0-5 psec (for example 400 tubes can be 

fed from one pulsing unit with this value of 7),). 


3.1.3. Purity of the gas. 


A typical sample of commercial neon has the constituents shown in table 1 
‘The constituent showing by far the largest variation in quantity from one cylin 
to another is nitrogen. ‘Tests have therefore been made on tubes containi 
‘Spectroscopic neon and various concentrations of nitrogen (all at 0-8 atmosph 
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Bsc Reged ea ae bea Sie ters 
| ure). The results, given in table 2, show no apparent reduction in efhciency 
en at the highest concentration of nitrogen. 


Table 1. Constituents of Commercial Neon (vpm = volumes per million) 


AS Ne He D5 No A 
~ ‘ QRO ) ) vs \( : 
meentration 98%, +0-2% 2 ge0 2 7o 10 vpm 100-200 vpm ~ 0:5 vpm 


Oxygen is detrimental because of the high probability of negative ions being 
rmed by electron attachment. Since the oxygen content of commercial neon 
in be as high as 0-001% there is little to be gained by evacuating the tubes to a 
ressure below about 10-?mm; the tubes used in the present investigation were 
. fact evacuated to this limit. ; 


Table 2. The Variation of Efficiency with Pressure of Nitrogen Impurity 
Nitrogen content (vpm) 250 500 750 1000 
Internal efficiency (°%) 85-90 80-85 80-85 94-100 
The neon in the tubes was of spectroscopic quality at a pressure of 0-8 atmosphere. 
. pulse characteristics were Emax=6°5 kv cm~', Tp=0°6 psec, Tp =4-0 psec and 
oD psec. 


3.2. The Sensitive Time of the Flash-Tubes 


It has already been stated that a higher gas pressure enables higher efficiencies. 
9 be achieved at longer time delays: the consequence of this is a correspondingly 
mnger sensitive time. Thus, in a stack of tubes, flashes will appear due not only 


fe) 


Efficiency 7 (%) 


} 


Ol 
\ Te) Lee) \000 
Time Del ‘ 
. ime Delay (A5) aaa fo 
4 iS background 


iency with time delay for the tubes containing 
The variation is also shown after correction for 
1 Tp=0-5 psec and 7=3-5 psec. 


gure 5. The variation of plateau effic 
neon at 2:3 atmospheres pressure. 
background. Emax=58> ky cn” 


also to earlier particles. Obviously the number of 
promise pressure must be adopted 
of unwanted flashes low. When 


o the triggering particle but 
ich flashes must be kept to a minimum andacom 
or which the layer efficiency is high and the rate 


a“ 
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time delays in the region of 5—10 psec are expected this optimum pressure is abou! 
2:3 atmospheres for tubes of internal diameter 5-5mm. 

The variation of efficiency with time delay is shown in figure 5. At long tim| 
delays the curve flattens off to the background rate (see §3.4). After subtractiny 


the background the sensitive time is found by | 


T.= i ° a(t)dt = 39 psec. : 


i 3 


The lower limit — 7 allows for flashes produced by particles traversing a tub} 
during the time 7 for which the pulse is applied. ‘This value of 7's is sufficientl| 
short for most cosmic ray experiments but in certain experiments with a | 
ularly high particle rates this sensitive time could be excessive. Theoretical] 
it should be possible to reduce it by applying a static clearing field which woul! 
sweep unwanted electrons to the walls of the tube. The measured values d 
electron mobility suggest that a field of about 100vcm~* should reduce th 
sensitive time to some 5 sec. Experimentally, fields as high as 2kv cm™ faile: 
to produce a significant variation in sensitive time. The reason is unknown. | 


3.3. The Dead-Time of the Flash- Tubes | 


In most particle detectors a certain dead-time follows each detected partic 
during which subsequent particles will not be recorded. After a neon tube h 
flashed there is a probability of the same tube flashing again (so-called ‘afte 
flashing’) when a subsequent pulse is applied, due to the presence of electro 
remaining in the tube from the previous avalanche. The probability falls rapidl 
from unity after a characteristic ‘dead-time’. 


|\SOte ae aE ok ee | 


Probability of After-flashing (%) 


12) ie) 20 30 40 50 60 
Pulse Repetition Rate (sect!) 


Figure 6. The probability of repeated after-flashing of a tube as a function of the repetiti 
rate of the applied high voltage pulses. Neon pressure, 2:3 atmospheres; pul 
characteristics: Emax=7:0 kv cm7!, Tp=3-4 usec, Tp=0°5 psec and 7=3°5 y 


In cosmic ray experiments the particle rate is rarely high enough for tt 
limitation set by the dead time to be important. After-flashing can, in fact, t 
useful for two reasons. (i) It enables a much more intense photographic reco1 
to be made when a rapid succession of high voltage pulses follows the flask 
initiating pulse. This is useful since at high pressures the intensities of tl 
flashes can be rather low. (ii) Repeated flashes give the system a memory 
that, for example, some selection of events can be made on the basis of the nun 


or geometry, of the initial flashes and the camera shutter only opened fo 
selected events. 
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An experimental study has been made of the pulse repetition rate required 
to give repeated flashing. Pulses were applied at a repetition rate varying from 
about 20 to 50 per sec for 2 seconds and the probability of after-flashing determined 
visually. The criterion of after-flashing was a minimum of 4 consecutive flashes. 
Actually in most cases the after-flashing continued for the full period of 2 seconds. 
The result is shown in figure 6. It is seen that a repetition rate of about 60 pulses 
per second is required to give fully efficient after-flashing. 

The repetition rate for a 50% probability of after-flashing is 36 per second 
corresponding to a repetition period of 28 msec. ‘The probability of a flash being 
followed by another will thus fall to 50% for a time interval rather greater than 
28 msec and the ‘dead time’ of the detector is thus of this order of magnitude. 


3.4. The Rate of Spurious Flashes 


In order to find the probability of a tube flashing under a random pulse—that 
is a pulse not directly associated with an incident particle—the tubes were 
subjected to about 70 pulses per minute. Withh = =skvem, T= OS: nsec, 
and +=3-5,sec, the flashing probability p is found to be 1:12 x 10-* per pulse 
per tube. The background rate plotted in figure 5 is accordingly pn/R where 
nis the number of tubes in a layer and R the geometrical factor defined 
min § 2. 

The flashing probability due solely to cosmic rays at times before the instant 
of application of the pulse is given by pe=NT,, where N is the rate of cosmic 
rays through a single tube. On substituting the appropriate values and 
applying corrections for the effect of showers and knock-on electrons we find 


| pe=2-64x10-*. The ratio of observed to expected is thus 4:2: 1. 


Probability of Flashing 
wn 
ro) 
un 

Probability of Flashing 
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Figure 7. The variation of the probability of spurious flashing with applied field. The 
4 two sets of points refer respectively to normal flashing and to flashing under the 
influence of a radioactive source. The lines drawn through the experimental 
points have slope 2. The tubes and pulse characteristics are as for figure 3 (a). 


The most likely source of the extra flashes is radioactive contamination of 
he glass and the surroundings. Most of the flashes due to radioactivity arise 
from photoelectrons, liberated by y-rays, which give rise to widely differing 
degrees of ionization of the gas. Consequently an appreciable variation of 
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‘spurious’ flashing with field is expected since at higher fields smaller numbers 
of electrons are required to initiate a discharge. ‘This effect has been studied 
by varying the size of the applied pulse. ‘The results are shown in figure 7| 
and show that the probability of spurious flashing varies approximately as the | 
square of the field. Also shown in figure 7 is the result of a similar experiment | 
in which the rate of spurious flashing was greatly increased by the proximity | 
of a radioactive source. ‘The form of the variation is very similar to that observed | 
with no source and seems to confirm that most of the spurious flashes are of | 
radioactive origin. Further evidence in favour of this hypothesis is the fact that | 
the ratio of genuine to total flashes (1:4) is of the same order as the ratio of | 
cosmic ray to total counts in a typical copper-in-glass Geiger counter where | 
radioactive impurities are responsible for the non-cosmic-ray counts. | 
For most applications spurious flashes present no serious disadvantage. 


3.5. The Accuracy of Spatial Resolution | 


High spatial resolution is best attained by using several layers of tubes | 
staggered so as to give roughly constant resolution over the angle of acceptance : 
of incident particles. The situation for tubes of rather low internal efficiency | 
(~72%) has been described by Ashton, Kisdnasamy and Wolfendale (1958), 
where it is shown that the standard deviation of the positional uncertainty from | 
a stack consisting of five layers of tubes, of identical diameter to those used in 
the present study, is 0-6mm. For the high pressure tubes described here the | 
uncertainty should be appreciably lower and a geometrical analysis indicates a | 
value of 0-46 mm for five layers of tubes staggered in the optimum manner. 
The distribution in deviations between the known and predicted track position, 
found by geometrical analysis, is roughly Gaussian. In practice a longer ‘tail’ | 
is expected due essentially to spurious events, i.e. the flashing of tubes not 
traversed by the triggering particle. The contribution from the phenomena 


described in §3.4 is very small and most of the effect arises from knock-on 
electrons. These occur when the triggering particle passes through the gap 
between the sensitive volumes of two tubes and a knock-on electron produces a 
flash in one of them. An estimate of the magnitude of this effect can be made. 
The probability of two adjacent tubes flashing in one layer is found experi- 
mentally to be 3-75%. The probability of a knock-on event will be of the order 
of 5%, and the-result is an error of location in that layer of almost one tube 
radius. However, in some cases the knock-on events can be recognized on 
account of misalignment with the flashes in other layers and the effect is reduced. 
It is concluded that the error in the mean position resulting from unrecognized 
knock-on events is about 1mm and occurs with a frequency of about 3% which 
is comparable with that expected on the Gaussian distribution; the effect is thus 
barely significant. 
3.6. Stability of Operation 


The stability of operation depends on ambient temperature and humidity. 
Since the electron agitation energy is related to the ambient temperature a 


| 


change in temperature might change the plateau efficiency. However detailed _ 


oe have shown no significant change over the temperature range 
eee ; 

__ Difficulties of operation are not encountered unless the humidity is abnor 
high (R.H. > 80%). | 


w 
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3.7. Lifetime 

An important property of any detector is its expectation of life. If the 
Jash-tube contained only a pure gas an infinite life might be expected. However 
mpurities are present in the original gas filling and others are introduced from 
the glass walls by ionic impact. Since the characteristics of a discharge are 
iffected by very small quantities of impurities it cannot be stated a priori that 
the lifetime will be long and an experimental check must be made. 

A set of tubes of previously measured efficiency was subjected to pulses at 
a rate of about 1 per second for 13 days. A nearby radioactive source produced 
a flash in each tube for nearly every pulse and the total number of flashes was. 
sver 10° for each tube. ‘The efficiencies were measured again at the end of the 
2xperiment with the result given in table 3. There is no significant difference: 


: 


Table 3. Lifetime Test 
Ty =4 psec Tp =40 psec 
Efficiency at start (°%) 97:-5+3:4 47-0 +2°8 
Efficiency after 10° flashes (°%) 94:5+3-4 B55) ae DY) 


Pulse characteristics: Ey,ax—=10kv cm, Tp=0°6 psec, r=3°'5 psec. 
The tubes contained commercial neon at a pressure of 2:3 atmospheres. 


n » for short time delays but for a long delay there appears to have been an. 
ppreciable reduction. This may be due to a change in surface conditions 
fter the repeated ionic bombardment. It is likely that for comparatively new 
ubes more of the electrons produced by a pre-triggering particle either do not 
stick to the wall on collision or if they do-stick are easily detached by the high 
voltage pulse. The change in characteristics is obviously unimportant in 


§ 4. DiscussIoN AND CONCLUSIONS 


Our work shows that the flash-tubes are characterized by low frequency of 
purious flashes, long lifetime and stability of operation. The design of a flash- 
abe for a particular application is usually carried out in two stages. Firstly, a 
ube diameter is chosen which will give the required spatial resolution without. 


exe) acm! eS err || 
Experimental Pressure 
Points (atm) i 
80 0-6 
Se 
~~ 
| 60 
~ 
oO 
S 
‘8 40 
(a 
qe 
lu 
20 
- 5 lS ean Lea sO 


T/P (sec atm-') 


re 8. The variation of efficiency with the ratio of time delay to pressure. The curve 
is an approximate best-fit to the experimental points. 
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requiring an excessive number of layers. Secondly, the gas pressure is chose 
so that the plateau efficiency is high enough for the prescribed time delay, and 
the rate of spurious flashes sufficiently low. 

To facilitate the choice of optimum pressure the possibility of establishing < 
universal relation between the efficiency and some function of time delay anc 
pressure has been examined. The single parameter 7,/P is found to be 
suitable. The variation of 7 with 7\,/P is shown in figure 8. In addition t 
the measurements made in the present work those of Gardener et al. for a pressure 
of 46-1cmHg are also included. It is apparent that the simple relatio 
n=f(Tp/P) holds to a fair approximation over a wide range of pressures. h 
efficiency for a given time delay can now be determined for pressures ee 
0-6 and 3 atmospheres and the frequency of spurious flashes can then be founc 
from the area under the (7, 7) curve, the known cosmic ray rate, and thé 
contribution from radioactive particles. ‘The significance of the universal curve 
of figure 8 is discussed by Lloyd (1960). 
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On the Efficiency of the Neon Flash Tube 


Bye jibe LEY Dy 
Department of Physics, The Durham Colleges in the University of Durham 


Communicated by G. D. Rochester; MS. received 27th Fuly 1959, in revised 
form 28th September 1959 


_ Abstract. Using simple assumptions, the expected efficiency of neon flash-tubes 
(Conversi counters) is calculated as a function of time delay and numerical 
results are given, subject to one adjustable parameter. Satisfactory agreement 
with experiment is obtained, and the diffusion coefficient for thermal electrons in 
neon at 1 atmosphere and 20°c is found to be 1800 + 100 cm?sec™. 


§ 1. INTRODUCTION 


developed, but the mechanism is still in some doubt. The experimental 

feature most amenable to theoretical treatment is the efficiency for flashing 
as a function of the delay between the passage of the ionizing particle and the 
application of the electric field. This feature will be investigated using simple 
assumptions, and the predicted variation will be compared with experimental 
results. 

When an ionizing particle passes through the gas in the tube it leaves a trail 
of positive ions, electrons and excited neon atoms; and these, with photons, must 
include the agents which initiate the discharge when the electric field is applied. 
Now the positive ions can play no part: they scarcely move before or during the 
flash, recombination is negligible (Gardener et al. 1957), and they are too few to 
distort the applied field significantly. The excited atoms may radiate resonance 
or non-resonance photons, or may be metastable. Resonance photons progress 

_ very slowly through gas: they are continually absorbed and re-emitted and may 
~ take 10-2sec to cross the tube, whereas the field is applied and removed within 
10-> sec of the passage of the primary particle. Such photons, then, are ‘locked 
up’ in the gas during the critical period and cannot help to initiate the discharge. 
Non-resonance photons go immediately to the wall and perhaps produce photo- 
electrons there. These electrons could be important, but because they are so 
close to the wall they are very likely to collide with it again and stick. As for the 
‘metastable neon atoms, in the pure gas these are destroyed with emission of 
resonance photons ; but in the presence of a small quantity of argon impurity the 
_ metastable atoms can produce free electrons by the Penning effect, that is, they 
can ionize argon atoms with which they collide (see Druyvesteyn and Penning 
1940), and these free electrons augment the initial supply. ‘The free electrons 
H diffuse rapidly and some of them will reach the wall before the field is applied. Of 
those which reach the wall, many will become attached on first colliding with it 
(Massey and Burhop 1952) and the others, once in the vicinity of the wall, will 
repeatedly collide with it until they too stick. Electrons which have stuck to the 
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N EON flash-tubes (Coxell and Wolfendale 1960) have been considerably 
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wall probably skate over the surface when the field is applied, without re-entering | 
the gas+; and it seems reasonable to suppose that the free electrons present in the | 
gas at the start of the pulse, or produced during the pulse, are solely responsible 
for the initiation of the discharge. | 
The probability that the tube will flash must then depend upon the number of 
free electrons which have remained in the gas, and the evaluation of this number | 
forms the central problem of this paper. Earlier attempts have been made by | 
Conversi et al. (1955, b) and Gardener et al. (1957), but have been based upon | 
invalid approximations; the present work is more exact. The result is then used | 
to predict, ina manner that does not demand a knowledge of the discharge process, | 
the efficiency as a function of the time that elapses between the passage of the | 
primary particle and the application of the electric field; this prediction is based 
upon the postulate that each free electron has a chance f, of starting a discharge, | 


bf 
and that f depends on the tube operating conditions in an unspecified way, but not | 
on the time. 


§ 2. "THEORY | 


The formal theory will cover the general case of neon with a little argon; it | 
will then be applied to the case of pure neon. 


2.1. Electron Diffusion 


Consider an electron freed at time t=0 in a tube whose internal surfaces are | 
given by the cylindrical coordinates r=a,z=Oandi. The electron wanders from 
its starting point, and we may determine the probability that it will later be found | 
in some other part of the tube by making use of the solution of the analogous | 
problem in thermal conduction (Carslaw and Jaeger 1947); explicitly, the 


probability that an electron, freed at (r’, 6’, x’) will be found within the volume 
element rd0drdz at time t is 


dag E\ .. maz 2 mre’ 
t Q’ Lape, t =— es if 2 2 
Dig eee r) ral, =, exp ( Dm i) sin —— sin ; 
x 2 cosn(6—6')¥ exp (— De?t) Infor Jn(ce") rdé dr dz. 
eK r [J,,'(«a@)] 


Here D is the diffusion coefficient for thermal electrons and «a are the positive 
roots of J,,(aa)=0. 

We shall consider events which are far removed from the ends of the tube; 
then after summing over z and noting that only n=0 yields a non-zero average 
over 6 we find the probability that the electron remains in the gas is 


p(r’; t)=2 2 exp (— B® Dt/a”) J, (Br'/a)/BJ, (B) 


where B=«aa and takes the values 2:4048, 5-5201, 8-6537 .. . etc. (Jahnke andl 
Emde 1945). 


2.2. Electron Liberation 


In addition to the cylindrical coordinates, we use cartesian coordinates x and ys 


whose axes are perpendicular to the tube axis and whose origin is at the tube centre. - 

fit the wall is assumed to exert a short-range attractive force upon an electron, con-_ 
sideration of the resultant force shows that the electron will move tangentially provided that 
the field does not rise too rapidly. Also, if the electr | 


| does ons were able to re-enter the gas, 
the sensitive time of the tubes would be very much longer than is observed. 
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The primary particle passes along the line x=constant. If the probability that it 
produces a free electron in dy is Q, dy, then the number of free electrons surviving 
to time ¢ follows a Poisson distribution with mean 


hi . xp (— B2Dt/a2) 7 
y= | rel’ t)dy=20, ¥ SPE ID (5, (ar'ja)ay, 


Meanwhile metastable atoms produced by the primary particle with mean 
number Q, per unit length have been reduced in number by destructive collisions. 
At time ¢ there remain |Q, exp [— (u,+p.)t] dv metastable atoms and with them 
n, electrons: 


Y nck O; 62D 
hip = 2< exp[— (uy +pHe)t’ Pic? ex | - Sree) | fy ra) dy ae 
2 y3 " " [ ( 1 ) ] BJ,(B) p a ( ) o(B / ) y 
mes fexp[- 2Dt/a?|]—exp [— (44+ Me)t JJo(Br'/a) dy 
O22 BD l Pl B ] Pl (M4 ey) }} BJ, (B) 
where 1, and p, are the rates of destruction of the metastable atoms respectively 
with and without production of a free electronf. 
The functions 


2 Jo (Br'/a) dy/BaJ,(B) 


are shown in figure 1 for the first four values of A. 


: 2-0 
: Ss 
bO 
z o5 
ig, = 
fo) (oz) | 
~ ra 


Figure1. The first four functions 2fJo(Br’/a)dv/aBJ.(B), which are defined and used in § 2.2, 


+Destruction of a metastable atom without production of a free electron can occur by 
collision with another neon atom, in which the metastable atom is raised to a radiating 
te with a lifetime of some 10-® sec. If the radiation is ‘ imprisoned ’ in the gas, there 
1 almost always be an atom in the radiative state, and it might be thought that reversion 
metastability could occur. The experiment of Jesse and Sadauskis (1955) is best 
plained, however, by not entertaining this possibility, as is the variation of ionization 
coefficient with argon content. 
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During the pulse, which lasts from ¢ to t+ At, the number of electrons liberated 
by metastable atoms formed by the primary particle has mean value 


jp ep [= (y+ ea)t] exp Deng OD) | On dy. 
fey + be 
2.3. Efficiency 


The tube has been traversed by a particle along some particular value of x, 
and at the start of the pulse there are 7 free electrons in the gas, such that # =, + Mp. | 
Let the probability that an avalanche be caused when n=1 be fi, considered | 
independent of the place of production of this free electron; this assumption | 
is reasonable because the shape of the electron density function soon becomes | 
independent of place of production—the electrons (if they survive) have a short | 
memory. (However, for small values of Dt/a® the electrons are still distributed | 
along the path of the primary particle, and the results given in figure 2 are | 
approximations only.) : 
Then the probability that a flash will be caused by those present at the start of | 


the pulse is easily seen to be | 
exp (—”) 2, [1—(1—fi)"}n"/n ! 


= 1—exp (—f,%). 
Similarly, the probability that a flash (if not already initiated) will be caused by | 
electrons liberated during the pulse is 1—exp (—f,7%,) and the total probability 


of a flash is the efficiency for this value of x: | 


x= 1—exp (—fin —foMs). : 
The overall efficiency for the tube of radius a is 


1 a 
i —— 7 | ted 


2.4. Initial Energy of the Electrons 


Those electrons liberated directly by the primary particle will at first have 
considerable kinetic energy and will diffuse very rapidly. The rate of loss of energy 
can be found (a) from measured drift velocities and mean energies in fields of 
various strengths—useful down to 1 ev, and (b) analytically by assuming a value for 
the mean free path. ‘The two methods give concordant results. Using method 
(5) the time required for the electron velocity to fall from a high value to V, is found 
to be 

3MX . Va+Vo 

8mV, V.—Vo 
where A is the mean free path of the electrons, M the neon atomic mass, m the 
electron mass and V, the velocity of-a thermal electron. We do not distinguish 
between the various averages of velocity. The slowing down is essentially 
complete within a microsecond. q 

Where Dt has occurred in the equations, we should instead write { D’ dt, 
where D’ is the diffusion coefficient of the energetic electrons. We hn | 
that 


3MA Vs 


t 
D’ dt=D(t+8t), wi Ee ae 
aE: ( ), with 6¢ er n a, 
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vhere V, is the initial velocity of the electrons. For reasonable values of the 
‘onstants the correction at one atmosphere pressure is 5¢=0-5 ysec, which is 
1egligible. 


2.5. Knock-on Electrons from the Wall 


If a fraction g of the primary particles produce in the glass a knock-on electron 
which traverses the gas we should replace 7, by 


ne +g (l—72)]- 
We shall ignore this complication, since g is unlikely to exceed 0-03 (Seren 1942). 


§ 3. RESULTS FROM THE ‘THEORY 


: 

From the work of Jesse and Sadauskis (1955) we may assume that Q, = 0-460, ; 
we also find, from formulae given by these authors, that 1/12=7:5 psec at one 
atmosphere pressure and that for an argon concentration of 10 atoms per million of 
neon, 1/1, = 180 psec, at the same pressure. Accordingly in most of the work of 
Wolfendale and his associates the initial metastable atoms are unimportant. 
Conversi and his co-workers have used neon-argon mixtures in which py exceeded 
ly, but have not published results suitable for testing the theory. 


EFFICIENCY (%) 


O10 Os 0:20 


re) 0-05 
Dt/a? 


2. Variation of computed efficiency with time delay, for small time delay, as a 
function of f,, the ‘ electron efficiency’. D is the diffusion coefficient of thermal 


electrons in neon and a is the tube internal radius. 


Computations have been made only for the case in which the metastable neon 
toms are never converted (or are immediately converted). Figure 2 shows the 
omputed efficiencies against Dt/a’, with af,Q, as parameter. For time delays so 


ong that Dt/a? exceeds 0-2 the first term of the B-series may be used alone; then 


the efficiency depends only on af ,Q, exp (- ome Di/a*), in the manner shown in 
gure 3; this is the theoretical foundation for the empirical rule found by Coxell 
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and Wolfendale, for if a is constant and f,O, almost so, the efiiciency depends only 
on Dt, i.e. on ¢/p. : 
§ 4. DISCUSSION 

Figure 4 shows a family of theoretical curves with the separate time scales sq 
adjusted that all curves pass through the same point at an efficiency of 5%. A 
specially precise set of experimental results determined by Coxell and Wolfendale 
(1960) has been treated similarly. It will be seen that the curve marked af,Q, =6 
gives reasonable agreement with experiment. JD is obtained from the equation 
D=(a?/B," tso, ) In (20a f,Q,) and the value of Dp so found (where p is the pressure 
of the neon) is 1900 + 130 cm? sec~1atm. 


Le,e) 
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Figure 3. Variation of computed efficiency with af,Q, exp (—B,*Dt/a”). This curve may 
be used when Dt/a?> 0-2. By? =5-783. 


__ This process has been repeated with other sets of results, including some given, 
by Gardener et al. (1957). Figure 5 shows the variation of D with p; the mean 
value of Dp is found to be 1800+ 100cm2sec-!atm. If the mechanism investi- | 
gated here is the dominant one, then this seems to be the first experimental 
evaluation of Dp for thermal electrons. However, it had been surmised that this 
quantity lay in the range 600-2200 cm? sec~! atm for neon, in agreement with the 
present value (private communication from Dr. A. von Engel). 

In practice, from a comparison of theory and experiment, it is found that 

Si= 1, being typically 0-4 for p = 2-3 atm and near unity for p=0-6 atm for tubes of 
radius 0-3cm in normal operation. It remains to show that these values are 
reasonable. Consider a tube filled at a pressure of one atmosphere with neon 
containing 1 part in 2 million of argon (typical of the tubes used by Coxell and 
Wolfendale 1960). An electric field is applied, rising initially at the rate of 
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EFFICIENCY (%) 
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are 4. Comparison of theoretical curves with some results of Coxell and Wolfendale. 
The time scale of each theoretical curve has been adjusted so that all curves pass 
through the same point; the experimental curve has been likewise adjusted. From 


this an estimate of D can be made. 323 
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10!°vcm-!sec-! and causing a free electron to drift 0-3 cm to the wall. TI 
following results emerge from a simple analysis: (a) The electron drifts to th 

wall in less than 0-2 psec, when the field is still quite weak. (b) Direct lonizatic 
by the collision of this electron with neon atoms is unimportant: the averag 
number of electrons freed is only 0-1. (c) Some seven or eight neon atoms a} 
excited; these can act in two ways, by ionizing argon atoms or by producir 
photoelectrons, each of which may give rise to electrons acting in a much strong; 
field. Firstly we may assume, following Harries and von Engel (1954), that 30‘ 
of these excited atoms give rise to photons which go immediately to the wal 
each producing a photoelectron there. Most of these photoelectrons will } 
driven to the wall again by the electric field, but about a quarter of them (0-6. 
average number) should be released in a position permitting drift across the tub} 
Because the field will then be much stronger, such a photoelectron will be unlike| 
to fail to cause a flash. Secondly, some of the excited neon atoms will beconi 
metastable and eventually ionize argon atoms, but the mean number of sud 
ionizations during the pulse (of length 4ysec) is probably 0-1 or less. The} 
results lead us to expect a value for f, of approximately 0-6 in agreement, perhaj 
fortuitously, with those actually found. It should also be noted that an empiric 
value in excess of unity would indicate a fundamental error in the basic idea 
no such value has yet been found. It seems, then, that the experimenta 
determined values of f, are numerically reasonable. | 


§ 5. CONCLUSION 


The ideas discussed in § 1 can be made to fit the results fairly well: the effec 
upon the efficiency, of delay in applying the electric field is compatible with the lo 
of electrons by diffusion to the walls. Support for the theory lies in the fact th 
the diffusion coefficient found falls in the expected range. One electron may | 
sufficient to initiate a flash, and this is not unexpected. 
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A Note on the Resistivity of Liquid Alkali and Noble Metals 
By N. CUSACK anp J. E. ENDERBY 


Department of Physics, Birkbeck College, London 
MS. received 15th Fuly 1959 


Abstract. Resistivity values, and some absolute thermoelectric powers, for pure 
netals and semiconductors at and above the melting point are collected and 
abulated. ‘Theories of the change in resistance on melting are discussed in 
elation to the subdivision of the melting entropy into vibrational and structural 
Darts. 


§ 1. INTRODUCTION 


they melt. The resistivity increase (Ap)m must be connected with the 
A additional disorder in the liquid and therefore with the melting entropy. 
A number of authors have sought to separate the entropy of both liquids and 
solids into parts connected with different physical mechanisms and if this is 
applied to melting we have 


I T is well known that in almost all cases the resistivity of metals increases when 


AS=AS,+AS,+AS3 se ceee (1) 


where AS is the entropy of melting, AS,, AS,, the vibrational and structural 
ontributions respectively, and AS, a negligible contribution connected, in a 
metal, with the conduction electrons. 

There have been various suggestions for apportioning AS, and AS,. For 
face-centred cubic metals Borelius (1958) has based his analysis of thermal data 
yn the assumption AS,=0. In his original explanation of (Ap)m Mott (1934) 
assumed AS,=0. No doubt, in so far as equation (1) represents a valid sub- 
ivision, neither AS, nor AS, is really zero, and the question is one of estimating 
their relative sizes. Oriani (1951) has used observed compressibility and thermal 
*xpansion coefficients to infer AS, and finds that, in sodium for example, 
AS, ~ 12% of AS, in contradiction to Mott’s assumption. The separation into 
AS, and AS, is reasonable if the vibration frequency is considerably greater than 
he jump frequency of diffusive movement. Some justification for assuming this 
s found in observations of self-diffusion. For example, Meyer and Nachtrieb 
1955), quoting Zener, write ['=vexp (AS’/R) exp (—AH/RT), where. Deis 
he mean jump frequency, v the vibration frequency, AH the exponent in the 
sxpression for the diffusion coefficient, and AS’ the entropy of activation. ‘They 
ind by experiment that AH =2430calmole™ in liquid sodium and that AS’ 
s small, pehaps zero. This makes I'/y~0-04. 

It is possible, using Mott’s theory, to estimate AS, roughly from electrical 
resistivity data and this will be done for alkali metals. 

For a considerable number of elements (Ap)m is well known, and the tempera- 
ire variation of resistivity in the liquid state moderately well known. ‘Table 1 
-esents the best available values in the authors’ opinion. Since no recent and 
Yn plete collection of these data has been made, it was thought useful to include 
Il conducting elements for which information could be traced although only 


some cubic metals are discussed in the present paper. 


2C2 


396 


Element Tm (°K) 


Li 452 
Na 3709 
K 336°8 
Rb 312-1 
(es 301-6 
Cu 1356 
Ag 1233-6 
Au 1336 
Be 1557 
Mg 924 
Ca 1123 
Sr 1043 
Ba 983 
Zn 692:6 
Cd 594 
Hg 234-2 
Al 933-3 
Ga 303 
In 427 
Tl 576 
Si 1713 
Ge 1232 
Sn 505 
Pb 600-5 
Sb 903-6 
Bi 544 
Se 493-6 
Te 703-1 
Mn 1516 
Fe 1808 
Ni 1726 
Co 1768 


. BrapsHaw, F. J., 


N. Cusack and 7. E. Enderby 


Ps 
(uQ cm) 


6:598 
8°32 
13-7 
21-7 
10-3(5) 
9-4(5) 
8-2(5) 
13-68 
No data 
15-4 
No data 
No data 
~82 
16:7 
17:1 
18-4 
(par.) 
24-3 
(perp.) 
10-9 
~56 


c axis 


183 
290-8 
~103°5 
~ 5500 
(par.) 
11000 
(perp.) 
66 
127:5 
122 
65-4 
97 


PL 
(#Q, cm) 


9-573 
1207, 
22-0 
36-0 
Pile | 
20:0 
7-203) 
31-2(5) 


27-4 


~ 134 
37-4 
Zier 
90-96 


Table 1 


Ref. 
(P1/Ps)q ee 


Insufficient data 


1-451 1 
1:56 3 
1-60 3 
1-66 3 
2:04 6 
2-1 22 
2:09 6 
2-28 6 
1-78 6 
1-62 7 
2-24 6 
1-97 8 
4-94 9 sol. 
(par.) 
3-74 10 liq. 
(perp.) 
2:20 6 
0-45 ¢ 
$4602 agc14 
3:12 6b 
2:18 6 
2-06 6 
0-034 13 
0-067 14 
0-053 15 
0-077 16 
2-10 6 
1:94 6 
0-61 6 
0:45, 6 
~ 1000 17 
0-091 19 
(par.) 
0-048 
(perp.) 
0-61 20 
1-05 21 
0-9 22 
1:3 22 
1-05 22 


10. JAEGER, and STEINWEHR, 1914, Ann. Phys., 45, 1089. 

11. PoweE.., R. W., 1951, Proc. Roy. Soc., A, 209, 525. 

IP), CUSACK, iN; and KENDALL, P., 1960, Proc. Phys. Soc., 75, 309. 
135 Moxrovskt, H. P., and REGEL, A. R., 1956, Zh. Tekh. "Fiz, 23, 779., 
14. Kryss, R., 1951, Phys. Rev., 84, 367. 
5 DoMENICALI, Clos. Z Appl. ”Phys., 28, 749. 


16. Bu, Moxrovskt, H.P 
139. 


17. Borettus, G., 1944, Ark. Mat. Astr. Fys., 30A, No. 14. 


18. Lizett, J., 1952, J. Chem, Phys., 20, 672. 


a Temp. 
pQ cm range 
( deg- ) (4Q cm) Typ to: 
0-038 —4°5 573 
0-064 —8°5 53 
0-086 —4-8 373 
Insufficient data 
0:0089 9-1 1473 
0:0102 6:2 1873 
0:0090 6:2 1473 
0-014 12°5 1473 
0-0050 22-97) 1178 
Insufficient data 
Not linear 
Not linear 
Not linear 
0-:0145 10:7 1473 
0-:0195 19-9 670 
0-:0255 22:2 1276 
0-:0292 56:3 1073 
0-113 —113 1820 
Insufficient data 
0-:0249 35-4 1473 
0-0479 66:6 1273 
0:0270 87:9 1273 
0-:0570 99:2 1273 
Not linear 
Not linear 
Insufficient data 
0-033 50 1973 
0-:0127 63 1973 
0-0612 —6 1973 


and Prarson, S., 1956, Proc. Phys. Soc. B, 69, 441. 
. Liquid Metals Handbook Sodium (NaK) Suppl. 1955. 
. Bripeman, P., 1921, Proc. Amer. Acad. Arts Sci., 56,104; 1925, Ibid., 60, 385. 
; BoRNEMANN, RaUSCHENPLATT, 1912, Metallurgy, 9, 473, 505. 
Kurnakovy, N. S., and NIKITINSKI, A. L, 
s ROLL WA., and Morz, H., L957 7z. Metallk., 48, 272. 

. GRUBE, rey and DietRICH, 1938, Zs Elektrochem., 46,7 

‘ Norrurvp, E., and Suypam, V., 1913, F. Franklin Inst. 7s, 153. 
+ SCKELL,O., 1930. Ann. Phys. rg. 932. 


1914, Z. anorg. Chem., 88, 151. 


19. Epstein A. Sy ERITZSCHE H.; and ‘LarK-Horowrzz K. 1987, Phys, Rev. 
20. Gruse, G., and Spepet, H., 1940, Z. Elektrochem., 46, 23 ee 107, er 


21. PowE.u, R. W., 1953, Phil. Mag. , 44, Wide 
A.R., and Monova, H.} P., 1953, Zh. Tekh. Fiz., 23, 2121. 


22. RecEL, A 
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The assumptions of Mott’s original treatment of (Ap)m are: (i) the type of 
ructural disorder that exists in a liquid does not appreciably increase the 
esistance; (ii) the resistivity is given in both liquid and solid states by the 
ormula 

ee ie 30 5 
here N, is a numerical constant, NV, depends on the atomic weight and electronic 
cates, and © is the Einstein temperature; (iii) the atomic vibrations in the 
quid are about irregularly distributed equilibrium positions and the increase in 
esistivity is due solely to a decrease in vibration frequency v. The term N, is 
ssumed the same in both states; (iv) the change in v may be calculated from the 
ntropy of melting. 

§ 2. ALKALI METALS 


According to equation (2), the intercept in the resistivity axis at absolute 
ero is zero, but table 1 shows that all metals, except Na, K, and Rb, show a 
sitive ‘residual resistance’. There is enough additional information to show 
hat the negative residual resistances of Na and K are not really anomalous and 
anish if the variation of p with volume is taken into account. ‘The compressibility 
f liquid sodium has been measured by Pochapsky (1951). Bridgman (1952) has 
aeasured that of solid sodium, and also the variation of resistivity with pressure 
or both liquid and solid sodium. A combination of these results shows that 
(o®, at constant volume, for both liquid and solid sodium within, say, 150° 
rom the melting point, in agreement with equation (2). This is also true of 
sotassium but not of most other liquid metals. For Cs, Rb and Li, the data are 
sufficient to decide. 

According to Mott’s theory, 


t is reasonable to suppose that this equation applies to sodium in particular, for 
he following reasons: (i) the assumptions underlying equation (1) are realistic 
or this metal (Jones 1956); (ii) the proportionality of p to T has been established 
y experiment, and this argues that only thermal vibrations are important to 
odium resistivity near the melting point; (iii) it is, a priori, plausible that the 
umber of free electrons does not change when sodium melts and this is supported 
y the fact that the thermoelectric power is unchanged (Heiber 1935) and by 
eliminary observations on the constancy of the Hall coefficient at melting 
Kendall, private communication); (iv) the theory of Gubanov can be invoked 
. provide additional evidence that structural disorder is unimportant to 
esistivity in liquid sodium (see below). 

However, equation (3) does not give a good result for Na if ©,/@,, is calculated 
m the latent heat of fusion L, assuming AS,=0. The relevant equation, using 


1e Einstein model is, 


PIONS 1 exp (—OulTn) 4 7 (22) 722) 


3RTx 3R © 1—exp(— O/T m) 7 Tee 


®\ O/T 
a et 
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At high temperatures, equation (4a) reduces to the most widely used equation « 
Mott’s theory : : 
prlpa= exp: (80L/7 mm) Fea wee ee (46) 
where L is in kilojoules mole. 

In principle the Einstein temperature must be known for Na in order t 
use (4a). In so far as characteristic temperatures derived from specific heat 
and from resistivity differ, the one from resistivity should presumably be used 
In the literature, Debye temperatures are normally given and there is a wid 
range of recent values for sodium (Blackman 1951, Bradshaw and Pearson 1956 
In practice, however, if the observed latent heat is substituted in either (4¢ 
or (46), they give the same value of p,/p, for any reasonable ©,; this value | 
1-77 which is too high. 


If equation (4) is regarded as an equation for AS,, with (@,/0,)? chosen t 
equal p,/pz, AS, comes to 0-00455 kilojoule mole! deg or 65°% of AS+. TH 
Debye model gives the same result. 

‘Table7 

Li Na K Rb Cs 
py/ps obs. ? 1:45.) 4-560: 1-60 lied -Ag 
prjps calc., AS,=0 1945 177 _7-9ees 1-96 eee 
AS,/AS ? 0-65 0-78 0-84 0-92 
AS,/AS ? 0-35 O22 0-16 0-08 : 
AV /r° 1-00 0-70 0-50 0-42 0-38 


Table 2 shows the results of similar calculation for all the alkali metals assumir 
that Rb and Cs can be treated like Na and K. It appears that the structur' 
entropy of melting steadily decreases from approximately 35% for Na 1 
approximately 10% for Rb and Cs. 

As previously mentioned, Oriani found a much smaller fraction of vibration’ 
entropy of melting. This may be due to the fact the his method of calculati 
AS, allows only for the effect of expansion on the vibrations and not for structun 
change. But in alkali metals the expansion on melting is unusually small, pr 
sumably because of the structural change to closer packing. It has been argue: 
for example, by Mackenzie and Hillig (1958), that the ion should be regarded. 
the unit of relative movement in liquid metals. If so, large values of AS, shou! 
be the more favoured, the larger the value of AV/r?, where AV is the volum 
increase per mole on melting and r is the ionic radius. Table 2 shows AV/[r 
arbitrary units and its trend is qualitatively the same as that of AS. 


§ 3. NoBLeE MetTats 


For the noble face-centred cubic metals, Borelius (1958) gives argumen 
which fit well with the assumption that their melting entropy is all structur: 
The arguments do not hold so well for the alkali metals, in qualitative agreeme: 
_ with the conclusion above. According to Oriani, approximately 0-7 of the entroy 

of melting of copper is structural. If, however, the vibrational entropy do 
not increase discontinuously at the melting point, some other explanatic 


than equation (3) must be found for (Ap)m in the noble metals. } 


t Note added in proof. WL. S. Kothari et al. have proceeded similarly in connection wi 
neutron scattering (KoruarI, L. S., et al., 1956, Phil. Mag., 1, 560). 
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In this connection two ideal cases can be envisaged: (i) a liquid metal satisfy- 
ng Mott’s original theory, with pocT (at constant volume) and (Ap)m due to a 
change in atomic vibrations; (ii) a metal in which (Ap), is entirely due to an 
njection of ‘ residual resistance’, arising from some structural disorder at Tin, 
vhile for T > Ty, p varies linearly with T because of the steady increase of vibra- 
ional energy. If P denotes the quantity B/(Ap)m (see table 1), P will be zero 
n the first case and 1-0 in the second. P is indeed very small for Na and K if 
he volume correction is applied. For the noble metals, the information is not 
wailable for applying the volume correction, but without it, P~ 0-7, and a volume 
sorrection would increase this value. There is thus a difference of behaviour 
between alkali and noble metals. Therefore, despite the good agreement of 
Mott’s original theory with the observations for noble metals, it is reasonable to 
isk whether in fact some structural feature is not really responsible for (Ap)m 
n these cases. 

Scala and Robertson (i953) have demonstrated that small concentrations of 
‘mpurities in liquid copper, result in the same increase in resistivity as in the 
solid, and they infer that the disorder in the liquid state relative to the solid 
“cannot be large because the effect of one foreign atom in one hundred would be 
ost in comparison with the extensive disorder’’. But this does not altogether 
oreclude the existence of localized departures from order corresponding to 
what in the solid would be point defects. If these exist, then Scala and Robert- 
30n’s results suggest that their resistive effective effects would be similar in 
liquid and solid. 

_ According to a suggestion of Borelius (1958), the entropy of melting of Cu 
is connected with the introduction into the structure of vacancies and inter- 
stitials in approximately equal numbers. If this is so, the results of van Bueren 
(1957) can be used to estimate how many such defects would account for the 
observed (Ap)m. Since one atomic per cent of vacancies plus thé same number 
of interstitials in solid copper gives an added resistivity of about 6u4Qcm, the 
observed (Ap)m would require 2 atomic per cent. ‘The energy required to forma 
vacancy and an interstitial is about 6 ev, and 2 atomic per cent therefore require 
about 11 kilojoules per mole which is about the same as the latent head of fusion. 
ile no significance can be attached to the numerical agreement of such rough 
estimates, it may be concluded that the assumption AS,=0 in the noble metals 
is not necessarily inconsistent with the resistivity observations. It seems possible, 
therefore, that (Ap)m is associated in the alkali metals chiefly with vibrational 
change and in the noble metals with structural change. So far as interstitials are 
oncerned, it is believed that much of their resistive effect in the close-packed 
metals is due to the induced local strains, which are considerable, and not to 
the extra charge (van Bueren 1957). This effect, and therefore the corresponding 
resistance, is likely to be considerably less in the body-centred alkalis. It should 
also be mentioned that the resistance ‘anomaly’ in solid sodium just below the 
melting point has been attributed to 4°, of vacancies which add resistivity to 
the extent of 1:-5uQcm per atomic per cent (Machlup 1956). However, the 
careful measurements of Bradshaw and Pearson (1956) make it unlikely that 
anomaly is really there, so that either the vacancies are absent also, or they 
e much less than their theoretically estimated resistivity. The latter alter- 
ive is somewhat favoured by the fact that there is other evidence to suggest 
about 4% of vacancies are indeed present (Machlup 1956). So far as they 
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go, these considerations are in line with the view that structural factors are muck 
less important to the resistance than vibrations near the melting point of sodium} 
and less important to sodium than to copper. | 


§ 4, ELECTRON STATES 


All the preceding remarks are based on the assumption that the conductioy 
electrons are not much altered by melting. While this is a priori probable fo; 
alkali metals, there is not much actual evidence. According to Fakidov (1948| 
the Hall Coefficient of Rb is constant across the melting point to within ar 
experimental error of 10%. The same is true of Na according to recent worl 
by Kendall (private communication). More is known of the absolute 
thermoelectric power S for which the values are given in table 3. | 


Table 3. S at Melting Point in pvdeg 


Element Te Na K Rb Gs (Ou Ag Au | 
Sg 1525 —9-9 —17:°8 -—10:9 0-6 we. 10-4 30 | 
Sy, 21°5 —9-9 —1555 —7:1 6-4 16-7 10-4 3:7 8] 
Sz,—Sg 6:0 0-0 2:3 Sioe5 Sets 9:5 0-0 0-0 


The values are from Heiber (1935) and Lander (1948) and were obtained by subtractin 
from the observed thermoelectric power the S of the other member of the couple. On this 
account S may be of the order of Iv in error but S;,— Sg is directly given by the experiments 


It is interesting to note that where S changes on melting it always increases, 
and the biggest increases, in both the alkali and noble groups, are in the metals 
in which the Fermi surface in the solid is believed on other grounds to be closes 
to, if not actually touching, the zone boundary (Cohen and Heine 1958). A recen 
paper by Ziman (1959) on residual resistance in copper may give a clue to th 
behaviour of S at the melting point of noble metals. This paper suggests tha 
(i) impurities in solid copper break the contact between the zone faces and th 
Fermi surface and make the latter more spherical; (ii) this affects electron trans 
port properties and, in particular, gives a large positive increment to S. Th 
latter effect is not observed in solid Cu. If the Fermi surface remains i 
contact with the zone face up to high temperatures in pure solid Cu, then th 
disordering effect of melting may well have the same influence on its shape as th 
introduction of impurities in the solid. The positive increment of 9uv deg- 
would then arise by a mechanism similar to that described by Ziman. It doe 
not occur in Ag and Au, perhaps because the Fermi surface does not touch th 
zone face, as suggested by Cohen and Heine (1958). 

It should be mentioned that formal account of all types of electron scatterin 
in liquid metals is taken by Gubanov’s recent theory (1957). However, sin 
this theory is only developed in the free electron approximation it is onlyreasonable 
“ apply the expression for S to sodium. From Gubanov’s formulae it follows 
that 
WRT > 2Askyt + 3Byky? 5 
3|e| <’ | Aykyt + Byky? + D, +7 a 
where ky is the electron wavenumber at the Fermi level; the A, and B, ter 
arise from scattering of electrons by both sharply localized and smoothly varying 
departures from long-range order in the liquid; D, comes from electron—phonor 


Sy S5= 
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scattering. The observation that S,—S, is zero or very small, then indicates 
that the A, and B, terms are negligible compared with D,. Since Ay, By also 
express the structural contribution to (Ap)m, the thermoelectric observations. 
confirm that structural disorder is unimportant to liquid sodium resistance near Tm. 
| We conclude that when, as in liquid sodium, there is reason to believe that 
the electron free path is chiefly determined by thermal vibrations, the resistivity 
can be used as an alternative source of information about the structural contri- 
bution to the melting entropy. In other cases, there still remains considerable 
doubt as to how the mechanism of the resistivity increase on melting is best 
described. 

4 
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‘Atoms in Molecules’: A Simple Approach 
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Abstract. ‘The principles underlying Moffitt’s method of atoms in molecules | 
and Hurley’s intra-atomic correlation correction are examined with the minimum | 
of mathematical analysis, initially by reference to a wave function not involving | 
configuration interaction (the simplest wave function for the lowest 1X; state | 
of the hydrogen molecule). Because of variational difficulties in more complex 
systems, and difficulties of interpretation in all systems, it is suggested that the 
evidence which Hurley has presented in support of asymptotic energy adjustments, 
convincing though it seems, should not be taken to justify the use of the intra- 
atomic correlation correction as a means of improving molecular wave functions. 


§ 1. INTRODUCTION 


IF is customary in the simplest non-empirical molecular-orbital or valence- 


bond calculations to use the same value of the exponential scale parameter Z 
for the various states of excitation of a molecular system, and to equate this 
value to that appropriate to the composite neutral atoms. This leads to errors of 
the same high order as those obtained in calculations of atomic ionization energies 
in which the same value of Z is used for the initial and the final states. 
Endeavouring to produce a means of eliminating these errors, together with 
a miscellany of others conventionally attributed to the lack of provision for | 
electron ‘correlation’ in simple wave functions, Moffitt (1951) developed what 
is now commonly known as the method of atoms in molecules. He showed 
that it is possible to formulate a valence-bond calculation (or, equivalently, a 
molecular-orbital calculation) in such a way as to isolate terms corresponding 
to the valence-state energies of the dissociation productst of the molecule 
concerned; and he suggested that the calculated values of these ‘asymptotic’ 
energy terms might with advantage be replaced by spectroscopic values. He 
applied his technique, with considerable success in two cases (Moffitt 1953, 
Moffitt and Scanlan 1953 a), to a number of z-electron systems, for which 
calculations on a strict wave-mechanical basis are still overwhelmingly difficult. 
Pauncz (1954) and Hurley (1955) independently applied the method of 
atoms in molecules to the investigation of ‘covalent-ionic resonance’ in the 
ground state of the hydrogen molecule. They obtained surprisingly good results 
with a rather poor wave function (having Z=1), but uncovered a number of 
difficulties on studying improved wave functions. Hurley (1956a) subsequently 
demonstrated the need for distinguishing between scaling errors and correlation 


ch The dissociation products must be taken to be those suggested by the form of the 
approximate wave functions, regardless of spectroscopic evidence. 


i 
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errors, and introduced his ‘intra-atomic correlation correction’, in the develop- 
ment of which the method of atoms in molecules has become transformed from 
a bold device for adjusting energies obtained from crude wave functions to a 
means of refining calculations of considerable complexity (Hurley 1956b, c, 
1958, 1959). Arai has modified Moffitt’s procedure on much the same grounds 
as Hurley (Arai 1957, Arai and Sakamoto 1958). 

The main purpose of this paper is to provide a completely unsophisticated 
account of the application and the effects of asymptotic energy adjustments, by 
reference to two very straightforward molecular wave functions. In the belief 
that both the essential simplicity of the method of atoms in molecules and the 
nature of its assumptions have been seriously obscured by elaborate and highly 
generalized expositions, we have restricted our analysis throughout to the bare 
minimum required for the needs of the moment. 

Though it avoids the manifest difficulties of the method of atoms in molecules, 
and has indeed been found to give results in excellent agreement with experi- 
mental observations, Hurley’s procedure is subject to much the same uncertainties 
as Moffitt’s. One source of trouble is the lack of a demonstrably secure variational 
basis, and another the fundamental difficulty of correlating changes in molecular 
wave functions with asymptotic energy changes. In order to examine these 
separately, we have considered first the simplest valence-bond or molecular- 

orbital wave function for the lowest 15+ state of hydrogen (a wave function 
requiring the use of the variation principle only for scaling), and then Weinbaum’s 
(1933) wave function for the ground state. 

To facilitate comparison, we have used the same notation as Moffitt and 

Hurley for energy terms in the following discussion, approximation signs (printed 

as tildes) being used to distinguish symbols for quantities calculated from simple 

_ wave functions without empirical adjustment: unembellished, the same symbols 

_ represent quantities determined experimentally or calculated very precisely. 


§ 2. THe Lowest 12{ STATE OF HyDROGEN 


Four electronic configurations for the hydrogen molecule may be built up 
from the 1s wave functions of the separate atoms. The following is a convenient 


“set: 


Cab erty 2: 2.S2)—"2(ab + ba) ; 
Gy y= 2-25). eee ba); 
So7ne Maen as (2 +2S?)—1?(aa + bb); 
Gat) Py= (2=2S?) 2 (ade bb). 
Sis the overlap integral (a|b), and, for example, 
aa=a(1)a(2) = (Z3/m) exp (— 27a — Zax); 
ba=b(1)a(2) = (23/7) exp (— Zr — Zia 
q The triplet wave function ‘I’, does not admit of any atoms-in-molecules 
correction; and the ‘interaction > of VY, and ‘Y; to form an approximate wave 
function for the ground state has been examined thoroughly by Pauncz (1954) 
and by Hurley (1955, 1956a). In this section we shall consider only Fy where, 
t the present level of approximation, the problem of configuration interaction 


does not arise, and the effects of asymptotic energy adjustments are thus immedi- 
tely apparent. In so far as it is profitable to regard a molecular wave function 
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(in a quantitative sense) as a combination of simple ground-state atomic wave 


functions, ‘I’, may be taken to represent the lowest singlet excited state of hydrogen | 


(Herzberg 1950). 


In atomic units (which we use throughout) the energy, H, corresponding | 


to the function ‘, is 


A= (1-S9)A0T, -28T 22a eK eA SiGe) eR 


where 
T=(al—2V*]b), K=(alry*]@), J=(alrZ 119), 
R is the internuclear distance, and C and A are Coulomb and exchange electron- 
repulsion integrals. Zero subscripts denote one-centre integrals, and these 
have the valués~7, = 427, K,=Z, Cy= $Z. 
Without necessarily accepting the implication that the hydrogen molecule 


in its lowest 12% state dissociates into a proton and a negative hydrogen ion, we | 


may note that the product aa appearing in the expansion of ¥’, is the simplest 
wave function which can be formulated for the ion H-. [Wherever we refer 
to a, b, aa, ab, ba, bb we mean equally b, a, bb, ba, ab, aa.| The corresponding 
energy is 


W=2T,—2K,+C,=22— e: Tae) Fd Were (2.2) 


and this has its minimum value (W’ = —0-47266) when Z=0-6875. The experi- — 


mental value W of the electronic energy of H- is uncertain, but accurate calcula- 


tion (Chandrasekhar 1944) gives W= —0-52756. From (2.1) it is evident that | 


H-+W as R>o. 

Now whatever the demerits of the simple product aa as a wave function 
for H-, it is at least correct in shape, whereas the corresponding molecular 
combinations (2 + 2,S?)—¥2(aa + bb) are correct only in symmetry. Given opti- 
mum values of Z in each case, we may not unreasonably expect the function aa 
to lead to an estimate of the energy of the ion H~ better than that obtained from 
‘’, for the molecular state *2X{ (the more especially if, as spectroscopic evidence 
indicates, this state does not in fact dissociate into H+ +H-). For no 
value of R is the calculated energy likely to be in error by less than 0-05490a.v. ; 
that is 

H-H>W'-W, 
where H is the observed electronic energy. 

This prediction is readily tested by the substitution of the numerical values 
of the integrals concerned (Hirschfelder and Linnett 1950) in (2.1). We have 
calculated H in the range 1<R<5, treating the scale parameter Z in three 
different ways. ‘The results are plotted in the figure (curves A) for comparison 
with the ‘ observed ’ results (curve E), which we hope may be represented without 
significant error by a Morse curvet. } 

In the present calculations no great difficulty is involved in varying Z so as 


to provide the best estimate of A for any given internuclear distance (Coulson 

t ‘The Morse curve has been constructed from data quoted by Herzberg (1950). In the 
notation and the units of this paper R, =2:4429 and H,=—0-75666. We assume, with — 
Mulliken (1932, 1936) and Herzberg (1950), that the asymptotic value of H is —0-625, 
corresponding to dissociation into H(1s) + H(2s, 2p), not into Ht+H~(1s?). 1. 


* Atoms in Molecules’: A Simple Approach 405 


and Bell 1945), but, bearing in mind the simplifications which are often unavoid- 
able in calculations on more complex systems, we consider also the effects of 
using arbitrary values of Z independent of R. If we take Z=1 (corresponding 
to the use of unmodified atomic 1s wave functions), we find, as expected, that 
the calculated energy is much too high over the whole range of R (0:160a.U. 
too high at Re). We next try Z=0-6875, the optimum value for infinite R: 
this brings about a slight improvement in Af at Re (reducing the discrepancy 
between theory and experiment from 0-160 to 0-130a.u.), and a considerable 
improvement at larger internuclear distances. Finally we minimize the energy 
with respect to Z at each value of R, thus effecting a further slight improvement at 
low values of R, the difference between H and H being now 0-115a.v. at the 
equilibrium internuclear distance. 


Optimum Z 


Energy (A.U) 


Energies corresponding to the wave function ‘’, for the lowest 1X4 state of the hydrogen 


molecule. 
A, no empirical adjustment; B, intra-atomic correlation correction; C, method of atoms 
LZ in molecules, first form; D, method of atoms in molecules, second form; E, experi- 


mental. Equilibrium internuclear distances: ground state, 1-4015 ao; excited state, 
2:4429 a, (Herzberg 1950). 


Even for the larger values of R in the range considered these results are 
exceedingly poor, and for the calculation of the vertical excitation energy 
(R=1-4015) they are worthless. It is thus of interest to discover whether any 
improvement can be effected which does not explicitly alter the alluringly simple 
atomic-orbital basis of the calculation. We examine three possibilities, referred 
to below as (i), (ii) and (iii). 

(i) We have already seen that even with optimum scaling of the molecular 
wave function, H—H for any finite value of R is almost certain to exceed 


n 


0:05490 a.u., and we are probably justified in deducting this amount from the 
calculated values of H. ‘The curve showing the effect of this energy correction 
labelled B; it is seen to approach the experimental curve quite closely when 
-R> Re (within the range of the figure), but to diverge badly at lower values of R. 
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The deduction of 0:05490a.u. may be made with greater justification, but 
to lesser effect, in the calculations in which non-optimum values of Z are used, | 
(ii) If we substitute the quite inappropriate value Z=1 in (2.2), we over- | 
estimate the energy of the H~ ion by 0-15256a.u. (W= —0°375). When W is| 
calculated with the use of a non-optimum value of Z, there is no reason to suppose | 


that ia 4 | 
H-H>W-W, | 


and indeed the inequality may very well be reversed; but if we care to guess that | 
H—H and W-—W are approximately equal, and hence to deduct 0-15256.v. | 
from the calculated molecular energy, we obtain, for R< Re, a surprisingly good | 
approximation (curve C) to the experimental energy. ‘That this is fortuitous, | 
however, we realize on observing that, if the more suitable value Z=0-6875 | 
were used for the excited molecular state and for the ion, curve C would become | 
identical with curve B, which we have already seen to diverge markedly from | 
curve E even when R> Re. | 

Our adjustments (i) and (i1) are of course well known in a more formal guise: | 
(i) is Hurley’s (1956a) intra-atomic correlation correction, and (ii) is what | 
Hurley catalogues as the first form of Mofhtt’s (1951) method of atoms in mole- | 
cules. ‘The only difference between (i) and (1i), in this very simple example and 
in general, is that the former requires the optimum scaling of approximate 
asymptotic wave functions. ‘The account we have given here does no justice 
either to Mofhtt’s long and comprehensive analyses (Moffitt 1951, 1953, Moffitt | 
and Scanlan 1953 a, b) or to Hurley’s (1958 a) recent résumé; but we do not think | 
that it omits any unequivocal argument in favour of empirical corrections of | 
the type which Moffitt and Hurley have advocated. It will be noted that we 
have made no attempt to account for the discrepancy between W’ and W. 

(ii) ‘The second version of the method of atoms in molecules seems to differ 
quite fundamentally from the first, and so also from Hurley’s intra-atomic 
correlation correction (cf. Moffitt 1951). We consider a wave function ¥° obtained 
from ‘f’, by replacing aa by ¢a, a precise wave function for the ion H-: 


P= [2—2(¢al dv)]?(4a— $n). 
If we write the Hamiltonian operator for the hydrogen molecule as 
H=H, + Y, 


where H,,,, is the Hamiltonian operator for H-, the energy corresponding to the 
wave function 9 is 


(PE) ALPS) = CPS] Foal PY) + CPE] V9) 
= [1— ($p] $a)} “(al Hioal da) — (Fo| Higa $a)] + CLS] VIP9) 
=[1— po] 4a)]*L(Pal Aion a) — (Po] $a) - (Sal Hignl ¢a)] 
+ CEYVEPS) 
=W+ (FGLVI'F 9). 


» 


ion 


While there is no reason to suppose that a wave function of any given form is 
especially accurate when R ~ Re merely because its components fulfil their purpose 
with precision when R= oo, such a wave function may well be better than one 


>, is a | 
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known to be unsatisfactory when R= oo. Accordingly, in the second form of 
the method of atoms in molecules the molecular energy is taken to be (‘f"?| H|’9) 
rather than (,|H|‘’,). The value of W is known accurately of course, but the 
interaction term has to be evaluated approximately : 


(‘¥9| V9) ~ (Y,| VY.) = (1— S?)-1(2SJ —2K)+ RO=V. 


Most unfortunately this pleasingly clear-cut procedure offers no advantage 
over the two already considered (figure, curves D); indeed it is not always the 
case that (W°|H|'¥°), evaluated as in (2.3), is lower than (‘¥,|H|‘W4). One 
‘source of difficulty is readily appreciated: the expansion of the molecular wave 
function in terms of precise asymptotic wave functions rules out the use of the 
variation principle for optimum scaling. This might perhaps be unimportant 
if the interaction term V’ were insensitive to changes in Z, but, as table 1 shows, 
it is more sensitive than A itself, and there is no obvious means of selecting a 
suitable value of Z. When Z=1 moreover, V is unduly large for a perturbation 
» term. 
fe ___ 


Table 1. Hand V as Functions of Z (R= Re) 


L 0-6 0-7 0-8 0-9 1-0 
H —0:5956  —0-6312 -—0-6414  -—0-6292 —0-5955 
V - —0-0453 —0-1107 —0:1664 —0-2139 —0-2533 


(7V=0 =S)47QST=2K)+ R77] 
eeeeerer gt ase) et ee ee ee 


Presumably on the grounds that, in the present example, replacing W (or 
W’) by W is equivalent to replacing aa by ¢a, it is usually suggested that in the 
first form of the method of atoms in molecules, and not only in the second, the 
molecular energy adjustment for finite R is equivalent to the replacement of 
WY, by Y°, or at least by a wave function having some special merit when R= 00 
(Hurley 1958a). Plausible though this seems, it cannot be wholly true; and 
in fact if molecular variation of Z is admitted it manifestly is not true. It is for 
this reason that, unlike Moffitt, we regard the difference between the first and the 

second forms of the method of atoms in molecules as more than just a matter of 
computational convenience. 

We shall not consider either form any further in this paper, except in so far 
as the first was the forerunner of the intra-atomic correlation correction. Before 
we examine the application of Hurley’s procedure to more complex wave functions, 
we should make it quite clear that the arguments outlined in this section have 

‘been based on the behaviour as Ro not of the lowest 1y~ state of the hydrogen 
molecule, but of the simplest approximate wave function that may be used to 
represent it when R~ Re. We have noted that whereas the functions Ey and 
W° suggest H* and H™ (1s?) as the dissociation products, spectroscopic evidence 
indicates H(1s) and H(2s,2p). In case this seems to make nonsense of our 
| analysis, we must emphasize that what the procedures (i)—(iii) estimate, correctly 
or incorrectly, is the difference between (¥,| H[¥,) and (Py) AFD) not the 

ference between (¥,| H|‘V’,) and the true molecular energy. Itis not suggested 
that ‘¥? is a satisfactory wave function for the state we have considered, but 


1 erely that it is probably better than ‘’,. 


| 
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It follows that asymptotic corrections cannot be used effectively in conjunction | 
with arbitrarily formulated wave functions,f and, in general, this restricts their | 


application to calculations embracing complex sets of atomic configurations. 


§ 3. WavE FUNCTIONS INVOLVING CONFIGURATION INTERACTION 


The poor results described in §2 are in no way surprising. However satis- 
factory each may be in its own right, m atomic orbitals will not normally provide | 
an adequate quantitative basis for the construction of an m-electron molecular | 
wave function; and, furthermore, as we have just seen, a wave function for an | 
excited molecular state cannot well be trusted to give a reliable indication of the | 
nature of the dissociation products if it is compounded solely from ground-state | 
atomic orbitals. t 

There are at least two ways of improving the calculated energies without | 
abandoning an atomic-orbital basis: variation with respect to Z may be carried | 
out in a more flexible way than is customary in calculations based on simple | 
atomic wave functions (Phillipson and Mulliken 1958, Huzinaga 1958), or 
alternatively interaction between configurations built up on a less restricted | 
basis may be taken into account. It would be of interest to apply the second of | 
these techniques to the 12 state of hydrogen, and to study the operation of 
Hurley’s intra-atomic correlation correction on the improved wave function; | 
but, as Hurley’s own calculations on Weinbaum’s (1933) wave function for the | 
ground state of hydrogen will serve to illustrate all the points involved with 
little further computation, we shall re-examine them instead. 

It is well known that Weinbaum’s wave function 


Q= cP, + AP y= «(2 + 252)? (ab + ba) + A(2+2S?)—42(aa + bb), 


with optimum Z and A/«, is unique amongst simple molecular wave functions in 
providing reasonably good values (Kauzmann 1957) not only of the electronic 
energy (table 2), but also of the equilibrium internuclear distance (1:4135a, 
instead of 1:-4015a,). It thus serves admirably for an investigation of the effective- 
ness and the reliability of the intra-atomic correlation correction (in so far as 
conclusions can be drawn from work on any single wave function). 
Adjustments of the straightforward type described in §2 are, of course, not 
applicable, for the asymptotic behaviour of Weinbaum’s wave function is quite 
unexceptionable-(x->1 and A-+0 as R+oo). If, however, the assumption is made 
that the factors which cause the function Q to overestimate the energy of the 
hydrogen molecule are (much) the same as those which cause the function aa to 
overestimate the energy of the ion H~ (an assumption we are unable to justify), 
there are several arbitrary methods which can be used to adjust the calculated 
energy. ‘I'wo of these, labelled (a) and (b), are outlined below; both are roughly 
equivalent to the replacement of ‘VY; by V8 in Q. | 
(a) The integrals over atomic orbitals obtained on expanding the molecular 
integral (Q|H|Q) include (aa|H,,,|aa), (ab|H,,,]aa), and (bd| Hin] 24); 
multiplied by functions of S, « and A. With optimum Z, the function aa over- 
estimates the energy of the ion H~ by 0-05490 a.u. (§2), and we may feel justified 
t We should not, for example, expect Hurley’s procedure to yield noteworthy results 
with conventional 2pzr-electron wave functions (cf. Hurley 1958 a). > 


{ This rather formidable limitation on the applicability of non-empirical methods of 
calculation to molecular systems is often overlooked. 4g 
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1 deducting this amount from the calculated value of (aa| H,,,,|aa), even in the 
iolecular calculation. Less plausibly (but, as it happens, to greater effect), 
e may also adjust the values of (ab| H,,,,| aa) and (bb| H,,,,|aa) by the deduction 
E 0-05490 Sa.u. and 0-05490 S?a.u. respectively, and so obtain one estimate of 
1e decrease in energy which would result if the simple product aain Weinbaum’s 
4 function were replaced by an accurate function for H~ (table 2, adjustment 
a)). 

The justification for modifying the values of (ab|H,,,|@a) and (6d| H,,,,| aa) 
1 the way just described lies in the assumption that, analogous to the exact 
slation 


($0| Hionl $a) = (Po] $a), 


ere exist the approximate relations 


(ab| H,,,,| a) = (ab| aa) W= SW, 
(bb| H,,,,| aa) = (bb| aa) W = S?W, 

thich may perhaps be used fairly safely in the estimation of a small correction 

orm. 


Table 2. Ground-state Energy of H, (Weinbaum Wave Function). 
(Bond length = 1-4015a,) 


Electronic Energy Dissociation Energy 


(A.U.) (ev) 
No adjustment — 1-148 4-02 
Adjustment (a) —1-159 4-33 
Adjustment (3) —1-162 4-41 
Experimental —1:174 4-75 


djustment (a): Energy minimized with respect to A/« before adjustment of matrix elements. 
eeement (5): Energy minimized after adjustment of matrix elements (intra-atomic 
correlation correction formula). 


(b) Hurley’s intra-atomic correlation correction, like the method of atoms 
molecules on which it was based originally (cf. Hurley 1958 a), goes further 
han our adjustment (a): not only are the values of the integrals arising from the 
xpansion of (W,|H|‘¥’;) and (‘¥,| H[¥’s) modified as above, but A/« and even Z 
re then varied to produce a new energy minimum (table 2, adjustment ()). 
Though in this case their effects are very similar, there is an important difference 
setween the two adjustments in that the intra-atomic correlation correction is 
tended, unlike (a), to improve not only the energy but also the molecular wave 
action (by altering the balance between ° covalent’ and ‘ionic ’ components). 
Either of the adjustments (a) and (5) roughly halves the discrepancy between 
energy corresponding to Weinbaum’s wave function and the observed 
ecular energy. It would perhaps be rash to attach too much meaning to this 
eemingly satisfactory result considered in isolation, for any small adjustment 
hich cannot but reduce the calculated energy is bound to appear to be an 
ovement. But the results which Hurley has obtained in a variety of cther 
tems, under very much more searching conditions, give no cause for scepticism. 
Using carefully chosen atomic-orbital bases, Hurley (1956, 1958, 1959) has 
tried out calculations on the ground states (R=Re only) of the diatomic 
2D 
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molecules N,, LiH, BH, CH, NH, OH and FH, and also on the lower excited 
states of the series BH to FH, improving both binding energies and excitation 
energies most strikingly by applying the intra-atomic correlation correction 
(i.e. our adjustment (5), suitably organized and extended). | 


} 
j 


§ 4, DiscUSSION AND CONCLUSIONS 


Like all computational procedures in which energies are minimized afte! 
matrix elements representing non-observable quantities have been adjusted by 
reference to empirical data, Hurley’s intra-atomic correlation correction seem} 
to do some violence to the variation principle, though whether to an importan| 
extent, as in the method of atoms in molecules (Pauncz 1954, Hurley 1955), wy 
cannot decide. It is most unfortunate in this respect that there is as yet no mean} 
of assessing the significance of the apparent improvements in wave functions (a! 
evinced by changes in calculated dipole moments and transition probabilities; 
brought about by the application of Hurley’s procedure. ‘This is partly becaus' 
the intra-atomic correlation correction has been applied, except in the case oj 
hydrogen (Hurley 1956a), only to calculations based on non-optimum moleculaj 
scale parameters, partly because of the interpretative difficulty mentioned in th 
next paragraph, but mainly because of the paucity of experimental data. 

If a molecular wave function is formulated as an antisymmetrized linea 
combination (with optimum interaction coefficients) of the approximate way} 
functions of the corresponding dissociation products, it is by no means obviou 
that the electron-density distribution represented by the molecular wave functio1 
is necessarily improved by an adjustment of the coefficients not strictly controlle 
by the variation principle. Indeed it is not clear what meaning can be assigne‘ 
to the adjusted coefficients: even in principle the intra-atomic correlation corre 
tion is only roughly equivalent to a calculation in which approximate asymptoti 
wave functions are replaced by their more precise counterparts (§2); in practic 
(in the calculation of dipole moments and transition probabilities) the approximat 
asymptotic wave functions remain unchanged, and so also the correspondin 
electron-density distributions. While Hurley’s procedure probably provides 
reasonably safe method of allowing for intra-atomic errors in molecular energ 
calculations, perhaps by some implicit form of guided extrapolation, as a means 
improving molecular wave functions it seems insecure and difficult to interpre 

The removal of the uncertainty caused by the use of non-optimum _ 
parameters in calculations of the type Hurley has carried out would requi 
extensive computations. It is perhaps not unreasonable to hope that almos 
equally good non-empirical results might now be obtained, with comparativel 
little additional effort, from calculations embodying a very flexible treatment ¢ 
atomic-orbital scale parameters (see, e.g., Phillipson and Mulliken 1958); suc: 
calculations would have an unassailable variational basis, and would provid 
wave functions free from the unavoidable ambiguities associated with th 
application of intra-atomic correlation corrections. 


» 
| 
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Shock Waves and Controlled Thermonuclear Fusion 


BY Josie. oW RUG 


Atomic Weapons Research Establishment, Foulness, Southend on Sea, Essex 
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Abstract. An assessment is given of the various types of thermonuclear devic) 
based on shock heating. ‘The classical shock heating process in which the meay 
free path in the shocked gas is much smaller than the dimensions of the apparatu: 
is analysed and it is shown that shock heating alone is unlikely to yield tempera: 
tures in excess of the order of 3 x 10° deg k with present day techniques. Thi 
temperature may be increased in principle to a value required for power production 
by isentropic compression after the shock heating phase. The so-called Z pinch 
types of apparatus are limited by the growth of instabilities whereas the @ pincl 
devices are limited by the difficulty of recovering energy without undue ohmi¢ 
losses. 


| 
j 


§ 1. INTRODUCTION 


: 


thermonuclear reactor is that the temperature of a suitable gas such a: 

deuterium should be raised to many times 10’ degk. One method thai 
has been suggested of achieving such temperatures is to shock heat the gas an 
various experiments have been described (Artsimovich et al. 1956, Anderso 
et al. 1957, Bodin and Reynolds 1957, Kolb 1957, Hagerman and Mather 1958) 
Elmore, Little and Quinn 1958 are typical) in which temperatures of the orde: 
of 10°degk have been attained when deuterium was shock heated by wave: 
generated electromagnetically. This paper describes a theoretical assessme 
of the potentialities and limitations of shock heating in relation to controllec 
thermonuclear reactors. ‘The theory is based on the assumption that the mea 
free path in the gas is always much smaller than the dimensions of the apparatu: 
so that the results of classical shock wave theory are valid. In order to oF 
numerical results it has been necessary to postulate reasonable values of circuil 
parameters and the actual numerical results are therefore only approximat 
although the general conclusions are valid. 


CO): of the requirements of a successful power producing controlled 


§ 2, GENERAL DESCRIPTION OF THE APPARATUS AND PHysIcaAL PHENOMENA 
Figure 1 shows some of the experimental arrangements that may be Piel 


generate strong shock waves. Arrangement A is known as a fast linear pinc 
apparatus on which there has been much experimental work (Artsimovicl 
et al. 1956, Anderson et al. 1957, Bodin and Reynolds 1957, Hagerman ant 
Mather 1958). An axial discharge current starts in a cylindrical sheet near th 
walls of the discharge tube where the resulting circuit inductance is a minimun 
and the resulting circumferential magnetic field drives the current-carrying ga 
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articles towards the axis with such violence that, providing the initial assump- 
on that the mean free path in the gas is much smaller than the dimensions of 
\e apparatus is valid, an intense shock wave is produced. This shock wave is 
flected at the axis and the gas is once again shocked. The subsequent motion of 
1e gas is very complex, but in it the pressure differences across any shocks are 
nall compared with the ambient pressure and the gas condition can be calculated 
» a high degree of approximation by assuming the changes to be isentropic as 
1e plasma is compressed by the rising magnetic field. 
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Figure 1. Types of apparatus considered. 


In arrangement B, which forms the basis of the Scylla device described by 
‘more, Little and Quinn (1958), circumferential currents are induced in the 
as by the rapidly rising current in the coil round the discharge chamber. This 
ime the shock wave is driven towards the axis by a longitudinal magnetic field. 
Arrangements C and D are merely arrangements A and B bent round into 
-oidal form to eliminate end effects. These various devices will be referred to 
A, B, C and D respectively in the following discussion. A and C are often 
ed Z pinches because the current flows along the axis of the discharge whereas 
aratus of type B and D are called @ pinches because the current is in the 


The hot ionized deuterium behaves as a monatomic gaseous mixture of 
terons and electrons, since detailed calculations show that the ionization energy 
the deuterium can be neglected in approximate calculations at temperatures 
ove 10° deg xk. W = assume, initially, that the electrons and deuterons are in 


MAGNETIC 
FIELD7 


MAGNETIC FIELD> 


414 ¥..K. Wright 


thermodynamic equilibrium. According to standard strong shock wave theory the 
density of a singly shocked gas then rises to four times the ambient density and thé 
density of the doubly shocked gas is ten times ambient density. Throughout thi 
subsequent isentropic compression the plasma density rises rapidly with pressur: 
and temperature in the usual form pocp*® and pocT??. ‘Thus whereas the shock 
heated gas is at a high temperature but relatively low density, the temperatury 
rise in the subsequent isentropic compression is accompanied by a large density 
increase. It is well known (see, for example, Lawson 1957) that the requirement 
for a successful DD reactor are that the ions should be raised to a temperaturi 
T, of at least 2 x 108 deg kK in order that the power produced by fusion shoul 
exceed that lost from the system by radiation and also that the plasma should b: 
held together for a sufficient length of time 7 for the fusion energy to exceec 
that expended in raising the plasma to the high temperature T,. For a DL 
reactor this requirement is normally written nt> 101° where n is the numbe: 
of ions cm-* at temperature 7, and 7 is measured in seconds. For DT reactor 
the requirements are somewhat less stringent, namely, 7,>3 x10" deg k 
nt >10*. In the apparatus described in this paper a typical value of 7 woul 
be several microseconds and this duration can be attained in principle by thi 
use of a sufficiently large condenser bank. 

We may state at this point that an advantage that is often claimed for thi 
method of shock heating, namely that energy is put directly into the ions, is t 
a large extent nullified by the long reaction time 7. If the ion temperature wa 
substantially greater than the electron temperature, the thermal radiation whie 
is largely a function of electron temperature would be substantially reduced 
and also, for a given plasma internal energy, the ion temperature would be twic 
that obtained under conditions of thermal equilibrium. Unfortunately calcula 
tions based on Spitzer (1956) of the equilibrium time fe at the operating tempera 
tures of DD and DT reactors give te=3 x 10!4n—! and te =2 x 1012-1 and thes 
times are short compared with the corresponding reaction times, namel} 
7=10'n— and += 1014n-1 respectively. 

We now go on to discuss the problem of how far one should attempt to he 
the deuterium in the shock wave phase in comparison with the isentropi 
compression phase. 


§ 3. "THE ADVANTAGE OF SHOCK COMPRESSION 


At first sight it would seem advantageous to compress the plasma isentropicall’ 
to a high temperature so that the ion density would be increased therebr 
decreasing the minimum reaction time +. Unfortunately this is not the case in: 
# pinch apparatus of type B or D because in an isentropic compression the energ’ 
in the magnetic field becomes much greater than the energy transmitted to tl 
plasma and copper losses will limit the amount of magnetic field energy tha 
can be converted directly back into electrical energy. As a consequence th: 
value + must be increased above the figures quoted above, which do not tak 
copper losses into account. The detailed theory shows that, for a given ambie! 
density, the value 7 is approximately independent of the degree of isentr 
compression when we consider ohmic losses in the circuit. Suppose the plas 
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pressure, that for apparatus of type A and C the ratio of magnetic to thermal 
energies on the system is given by 
iP aah eal fe 
—M —In( —* )+ 21n10 | 
E, T,)t3 : morals) 


whereas for types B and D, the ratio is 


Ew 2 anf TeV? 4) 
Elia ye ( Ea Pde lhe oie otis 2.nir' 
B= 3107) sf (2) 


Values of the energy ratio for various values of 7),/T,, are presented in table 1 
a. the rapid increase in magnetic energy with degree of isentropic compression 
is at once apparent. Apparatus of types A and C are much better from this 
point of view but they have the disadvantage that the current channel is unstable 
and the discharge may be quenched by the rapidly growing instabilities. ‘The 
extra magnetic energy in apparatus of types B and D is in fact the price one has to 
pay for a stable discharge. Moreover, it will be seen later that the greater the 


Table 1. Values of Magnetic to Thermal Energy in a Reactor 


The gas is doubly shocked to a temperature Tp and thereafter compressed adiabatically to a 
temperature Tp 


Values of Ty/Tr 1 10 100 1000 
Apparatus A and C ies) 3-8 6-1 8-4 
Apparatus B and D 6-0-2-1 x10 6°7x10®) 2:1x10° 


eeese es eee Se eS Se 


compression with Z pinch apparatus of types A and C, the more rapid will be 
the growth of any instabilities. It is apparent then that it is desirable to generate 
as strong a shock as possible so the temperature is raised to a high value 7, 
and only a small further degree of isentropic compression is required to raise 
the temperature to the efficient reactor temperature T,. We therefore go on to 
consider the greatest temperature one is likely to attain by shock heating alone. 


§ 4. THe Maximum TEMPERATURE ATTAINABLE BY SHock HEATING ALONE 


The elementary theory of electromagnetically driven shock waves has been 
given by Allen (1957) who assumed plane shocks, a fully ionized plasma with 
the internal energy much greater than the ionization and dissociation energies 
and also that the driving current built up instantaneously to a steady value. 
‘The results of such an analysis for deuterium can be expressed in the form 


; j= 3-6 108Y byt at (3) 
i SE ee ee Te (4) 
ECR TMT shee Me A sas (5) 
T= 2-47. =8-6X 10 Vgbny ve (6) 
cai fii eilanah Mew cea eat, Tapp ONTOS (7) 


here T, is the temperature of the imploding shocked plasma Cx); Vo is the 
tential applied across the discharge (volts), b is the length of the discharge 
ath (cm), m) is the number of deuterons cm~ in the unshocked gas, ms 1 the 
umber of deuterons cm-? in the singly shocked gas, w is the particle speed 
hind the imploding shock (cm sect), M is the mass of a deuteron (g), k is 
Itzmann’s constant (1-38 x 10-1 erg g~), T, is the temperature in the doubly 
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shocked gas (°K), mg is the number of deuterons cm~ in the doubly shocked | 
gas. These formulae do not take cylindrical convergence effects into account, | 
The main consequence of these is that the shock strength is increased as it! 
approaches the centre and that the imploding shocked gas is compressed isen-| 
tropically as it converges. ‘This isentropic compression can be treated as part| 
of the general isentropic compression that takes place in the rising magnetic | 
field subsequent to the shock heating stage, after the shock process has been | 
completed. The actual increase in shock strength results in a higher temperature | 
in the shock front but the mass of gas that is raised to a temperature appreciably | 
higher than average is only a small fraction of the whole so that no very great| 
error is introduced by neglecting the effects of convergence. : 

Returning to equation (6), there is at first sight no limit to the temperature | 
that may be obtained if one increases the quantity Vjb-1n,—!?. However this | 
quantity is in fact limited by two considerations, namely that, in order to get| 
the full potential V, across the discharge, the impedance of the discharge circuit | 
must be considerably greater than the internal impedance of the current source, , 
and, secondly, the gas density must be sufficiently high for the thickness of the | 
shock transition to be small compared with the size of the apparatus. The}! 
problem of build up of voltage across the discharge has been studied by Wright | 
and Black (1959) who integrated the equations of motion of the shocked gas 
using the method of characteristics. ‘The main conclusion is that the voltage 
has built up sufficiently for the shock to be travelling at 90°, of its final speed| 
by the time the inductance of the whole circuit has built up to three times the: 
initial inductance. If we postulate that this speed should be attained by the! 
time the current sheet has travelled a fraction 0-2 of the distance towards the: 
axis we may estimate a value of V,/b for the various forms of apparatus by also 
postulating an initial circuit inductance of 10-!8V, henrys. This represents the 
lower limit of practicable values with present day commercially available dielec- 
trics. ‘The values V,/b are presented in table 2 together with corresponding 
values of the radius of the cylinder. The values are only approximate because 


Table 2. Optimum Parameters of the various types of Apparatus : 


Apparatus V/b r TR No 
A Zoe 2:5) LOS 16 x105V,1/4 1018]7,-1/2 : 
B 6 x 108 0-25 x10“, 1:6 x10°V,1 10x 1018722 
(e 2x 108 0:86 x10-*V, 1:26'/4 x 10514 = 2-3? x 1018]7,-1/2 : 
D 2x 10° 0-8/6 x 10-4V,, 1-:261/4 x 10®V,1/4 2463/2 x 1018V,-12 


¢ is the ratio of minor to major radii of the torus. A maximum value would be about 0-3. 


of the assumptions it was necessary to make. However the optimum apparatus 
parameters are not very sensitive to the approximations and in any case the 
comparison between the various types of apparatus is valid. In apparatus types 
A and B it was assumed that the length of the cylinder must be at least twice the 
radius in order to avoid cooling of the plasma by the walls of the apparatus. 

We must now estimate the minimum gas density for the thickness of the 
shock transition to be small compared with the size of the apparatus. This 
condition is necessary because, if it were not observed, there would be no collision 

: 
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between particles and hence none of the entropy change that is associated with 
shock heating. Detailed calculations show that the thickness of the reflected 
shock front is large compared with that of the incident shock and we only consider 
the former case here. The reflected shock front is a region where a stream of 
particles with velocity centred around a value w impinges on a hot gas at tempera- 
ture T',. After a time ¢,, the energy exchange time (and hence a distance 6 = wt») 
the particles have collided with particles of the hot gas and the directed energy 
thas become converted into random (i.e. thermal) energy. The length 6=wi,, is 
therefore a measure of the thickness of the shock transition. According to 
Spitzer (1956) this may be written 


4 


i AS 7h a ek eam mr 
a= FASC) & 
where, in our notation, 
| — 87e'np In A 
2 Me? 
and ja, _ Me 

Lael kT 


Here e is the electronic charge (e.s.u.), InA is a slowly varying function of 
temperature and density and is of the order of 10; and G(l,w) is a function of 
l,w tabulated by Spitzer. Using equations (5), (6) and (7) we get 

Sr lU00L niga ew gene (9) 
Since the doubly shocked gas is compressed by a factor 10, we will have a reflected 
shock provided §<10-1r. We therefore choose our requirement as 6=0-lr 
and we have a minimum deuteron density given by 


ged OAT 27/7 sae Ne (10) 
Substituting in equation (6) we get 
TPG 108 Vref 0 I ee (11) 


Obtaining values of V,/b and r from table 2 we may now estimate reflected 
temperatures and, using (10), optimum deuteron densities. These are presented 
in table 2. The optimum reactor parameters for 100kv and 10kv working 
voltage are presented in table 3. It will be noticed that the apparatus dimensions 
calculated here are somewhat smaller than those used in practice to date. It 
will be appreciated that the above calculations refer to a pure deuterium gas 


aie a Sc pew Fe it oa bot oe OE ei eae ht te ee et 
Table 3 


Reactor working at 100kv 


Apparatus Radius (cm) Tr (K) No 
A De 2:8x 106 3-5x 1015 
B DS) 2-8x10® 3-2x10%6 
Cc 2-0 1 S308 201*3'<1 1076 
D 32 1:5x10® 7:9x 1014 
Reactor working at 10kv 
A 25 1-6 x 106 1016 
B 0-25 1-6 x 108 1017 
CG 0-2 0:84x108 4x 1016 
D Ee 0:84x106 2-5x10% 


¢ is taken to be 0°25. 
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and that, with a DT mixture, the theoretically attainable temperatures would 
be somewhat greater. Even so they fall short of the minimum operating tempera- | 
ture of a reactor by a factor of 10 or so and a considerable degree of isentropic | 
compression would be required, after the shock heating stage. : 

Finally we examine the effect of a deviation from the optimum apparatus | 
dimensions. Suppose all the dimensions were increased by a factor «, the | 
voltage V, being kept constant. In equation (11) both r and 6 are increased by | 
a factor « and hence the temperature 7’, is increased by «—*. It follows that | 
doubling the apparatus dimensions leads to a maximum temperature which 1s | 
only a factor 1-2 lower than optimum. 


| 
§ 5. COMPARISON OF THE VARIOUS 'l'YPES OF APPARATUS 


We must now consider each of the types of apparatus in the light of of | 
calculations. We restrict our discussion to the least stringent of the operating 
conditions, i.e. the DT reactor. The most attractive schemes from the point of 
view of instabilities are the @ pinch apparatus. Type B is theoretically neutrally 
stable whilst the discharge column in type D tends to expand to the outer walls 
of the torus but is otherwise stable. With apparatus type B working at 100ky 
it would be necessary to raise the temperature of the doubly shocked gas by a 
factor 10 by isentropic compression to achieve 3 x 10’ deg K. According to | 
table 1, this implies that the magnetic energy is 200 times the thermal energy 
in the apparatus. Reasonable circuit parameters are a circuit resistance, storage 
capacity and pinched inductance of 2 x 10-3 ohm, 16 uF and 50 mud respectively | 
giving copper losses of the order of 10°% of the magnetic energy per cycle; conse- 
quently the value nz of the efficiency criterion must be increased from 10" to 
2x10. The amount of fuel burnt per cycle increases from the order of 1% | 
to the order of 20%. It is clear from these general considerations that it might 
just be possible to build a D'T reactor of the type B with a positive energy yield. 

The same considerations apply to reactor type D but here the magnetic 
energy is some 600 times the thermal energy at the operating temperature and 
it is unlikely that a successful toroidal @ pinch apparatus will ever be built. 

In order to overcome this difficulty with @ pinches it might be possible to 
build a reactor in which the gas is first shock heated and partially compressed 
in an apparatus of type B and size quoted in table 3 and is then transported laterally 
to a second small chamber where it is compressed to its final stage by a strong 
magnetic field acting over a small volume (see figure 2). The magnetic energy is 
reduced in such a device but the practical difficulties attendant on such a scheme 
may well be prohibitive. 

The alternative Z pinch method of apparatus A and C is limited by the rate 
of growth of instabilities. In fact it is generally accepted that the neutrons that 
have been observed from linear pinch devices are probably due to local intense 
fields associated with instabilities and are not a measure of the ion temperature, 


- But the important question from the point of view of reactor design is not so 


much whether instabilities exist but whether they grow at such a rapid rate that 
the plasma reaches the walls or the current channel becomes broken up. The 
problem of the plasma reaching the walls is not likely to be of great importance 
since at the high working densities reaction times 7 are in the microsecond orde 
of magnitude and the conducting walls exert a stabilizing influence on th 
discharge. The problem of sausage shape instabilities is more difficult. They 
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may be eliminated by means of a d.c. magnetic field of sufficient strength but this 
must be compressed by the plasma and one is back to the problem of excess 
magnetic to thermal energy as the price of stability. We may define two times 
that are of importance. The first of these, f,,, is the time to build up the current 
_ to compress the plasma isentropically after the initial shock heating period. The 
current for this compression is given by the well-known relation first derived by 
Bennet (1934): 


B=A00Tr MRT, se tes (12) 


where 7 is in amps. 


PLASMA MOTION 


Figure 2. Possible two stage compression device. ‘The plasma is generated at coils A and 
A’ and transported laterally to coil B where it is further compressed. 


The inductance of the system in the pinched state is 251n (r/r,) x 10~-° henrys 
or bIn (n/m) x 10~°henrys. Hence the time for current build up is of the order 


ty = In (n/n) x 10-%7/Vo 
36% 10-82 rng)*(RT)!” ic (=). sf (13) 
0 No 
The second of these times is the time-of-growth of sausage type instabilities 
denoted by t;. This is a difficult quantity to estimate but a dimensional analysis 
shows it to be equal to the time for a wave travelling at the local sound speed to 
traverse a certain number of radii of the pinched discharge. We may therefore 


express 


np) (RTp)'” 
where A is the number of radii. Intuition suggests A should be of the order 10. 
eet instabilities are not to upset the working of the reactor, the ratio t,/t, should 


be as large as possible and at least unity. 
We have, using equation (6) and the fact that density is proportional to the 


three halves power of the temperature in an adiabatic compression, 


1/2 
t, = 10-22 Ar (=) | ee Sh aoe", «ls tae, (14) 


RED fe hey n 

Bw (=) i (2). es (15) 
In (n|ng) is a slowly varying function of n/n) and can be considered as constant 
and of the order 7. Hence, in order for the current to build up in a time small 
compared with the growth of instabilities the temperature of the doubly shocked 
gas should be as high as possible in comparison with the fusion temperature. 
- This means that it is advantageous to use a DT fuel and to use the working 
~ conditions of tables 2 and 3 to obtain as strong a shock as possible. Even so, the 
minimum value of 7',/7', is likely to be of order 10 and, hence if instabilities 
are not to grow to serious proportions, the value \ would need to be of the order 
500. One feels intuitively that such a value is not likely to be achieved in practice 
although there is surprisingly little experimental evidence on this point. It is 


“ 
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also important that the time for instability growth should be more than the reaction | 


time 7, which for the DT reactor is 10'4m-1. If we compare 7 with the current | 
build up time for the various devices in table 3 we find that the two times are | 
of the same order of magnitude although the actual ratio between them varies 
with the type of apparatus and working voltage. Hence the same criterion | 
X~500 applies to this time to a good approximation and the best set of reactor | 


parameters is close to those presented in table 3. 


§ 6. CONCLUSIONS 


In conclusion, we may summarize our results in the following way. Shock 


heating is an attractive method of heating a plasma because energy is put directly _ 


into the ions and there is no long electron ion equilibration time to be taken 
into account. ‘This advantage is apparent rather than real since the electrons 
and ions are in thermodynamic equilibrium for most of the reaction time. In 


those types of apparatus where the current flows along the axis the discharge is | 


eventually destroyed by instabilities. The rate of growth of these is relatively 
least when the gas is shocked to as high a temperature as possible. The value of 
those types of apparatus where the current flow is circumferential is limited by the 


fact that the currents flowing are so great that copper losses outweigh the energy | 


generated by fusion. This effect is again least when the gas is initially shocked 


to as high a temperature as possible and the effect may possibly be overcome bya | 


modification of the apparatus geometry. There is an upper limit to the tempera- 
ture to which it is possible to raise a plasma by shock heating alone and the 
optimum design of apparatus to achieve this temperature is presented in tables 
2 and 3. 

Although it seems just possible to build a small pulsed DT reactor using 
shock heating it is very unlikely that the more stringent conditions required for a 
successful DD reactor will ever be attained by this method. 
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The Measurement of Flow Anisotropy in Pure Liquidst 


By J. V. CHAMPION 
Sir John Cass College, Jewry Street, London, E.C.3 
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Abstract. Ina previous paper (Champion 1958) a calculation was made of the 
optical anisotropy due to shearing a simple liquid. A coaxial cylinder apparatus 
‘suitable for the measurement of the streaming birefringence of pure liquids at 
'very high velocity gradients (50000 sec") was constructed in order to test this 
calculation experimentally. A new experimental technique to enable a weak 
birefringence to be measured was developed, the liquid being sheared for the 
' shortest possible time (~ 10sec), so that the heating effects within the liquid were 
negligibly small. Measurements on ethyl cinnamate, chloroform and carbon 
tetrachloride are described and for the tetrahedral molecule (CCl,) there is a 
favourable agreement between experiment and theory. ‘This agreement shows that 
‘the assumptions made and the conclusions drawn in the previous paper are 
reasonable. 


§ 1. INTRODUCTION 


N a previous paper (Champion 1958, referred to as I) a magnitude for the 
i optical anisotropy produced in a flowing liquid due to distortion of the radial 
distribution function was calculated. This calculation was based on the 
theory of Eisenschitz (1949) which described the steady non-uniform state of a 
liquid. A value of An=7 x 10~* was obtained for the birefringence produced in 
chloroform when subjected to a velocity gradient of 50000 sec-!, This value 
arises from the distortion of the radial distribution function and does not include 
any effect produced by orientation of the molecule in flow. 

As indicated in I, anisotropy of flow in a pure liquid has normally been asso- 
ciated with an orientation or distortion of the molecule itself, producing a 
considerably larger effect than that due to distortion of the radial distribution » 
function. The magnitude calculated for chloroform will not differ greatly from 
that arising from the same cause in a related molecule, viz. carbon tetrachloride 
which, being tetrahedral, would show no orientation anisotropy. The streaming 
birefringence of both carbon tetrachloride and chloroform was measured, there 
being an additional effect due to orientation in the case of chloroform. ‘The 
reliability of the apparatus was tested by measurements of the birefringence of 
trans-ethy] cinnamate, the range of velocity gradient being extended well beyond 
that used by other observers. Asa result a new technique was developed for use 
when the high velocity gradients necessary for liquids exhibiting very weak 
birefringence were involved. 

The coaxial cylinder arrangement is the most suitable type of apparatus for the 
tection and measurement of the flow anisotropy of the above liquids. 


+ Part (abridged) of a thesis approved for the Ph.D. degree of the University of London. 
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§ 2. THE CoAxIAL CYLINDER APPARATUS 


The liquid is placed between two coaxial cylinders, one of which is rotated. : 
The double refraction in the liquid is measured by passing a beam of light through : 
it in the direction of the common axes of the cylinders. The apparatus 1s designed | 
(a) to produce a velocity gradient over the range 0-50 000 sec! with laminar flow | 
in the liquid, (+) to enable a birefringence of the order An =10~* to be measured. | 


2.1. Dimensions of the Cylinders 


As an extremely high velocity gradient is required, it is essential that the outer | 
cylinder be rotated and the inner cylinder kept stationary (Taylor 1936). Appara- | 
tus in this form has been described previously by Edsall et al. (1952) and Jerrard : 
(1955) but the maximum velocity gradients producible in the liquid, while | 
retaining laminar flow, were only of the order of 12000sec~'. In order to obtain 
considerably higher values, the optimum dimensions of the apparatus (the radius | 
R of the rotor, and the gap t between the two cylinders) were obtained from data | 
given by Taylor (1936). | 
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Figure 1. ‘The critical velocity gradient Figure 2. 


as a function of t/R, for various as a function of the critical gradient for 
fixed values of t and R, when vp is various fixed values of ¢ and R, when 
0-63 centisteke. The dotted line v is 0-63 centistoke. The dotted lines 
indicates the required gradient. indicate the required gradient and the - 

maximum permissible speed. 


The critical speed of the rotor : 


Figure 1 shows that when using carbon tetrachloride (where the kinematic — 
viscosity at 18°c is 0-63 centistoke), a gap width of 0-006 inch or less must be used 
to obtain uniform velocity gradients up to 50000 sec-, irrespective of the radius” 
ofthe rotor. It can also be seen that there is a considerable advantage in having R 
small, as the critical velocity gradient increases with decreasing R. However, for 
small R the rotor has to be driven at a proportionally higher speed than one of 
greater radius, in order to provide a similar velocity gradient between the cylinders. 
If the rotor speed exceeds about 7000rev/min, the mechanical difficulties of 
alignment and stability become overwhelming. 

Figure 2 shows the critical speed plotted against the critical velocity gradien 
for various values of R and ¢ for carbon tetrachloride in the apparatus. The 
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required critical gradient (50000sec~1) and the maximum suitable speed 
(7000 rev/min) are shown as dotted lines on the graph. In order to utilize the full 
range of available speeds, the critical gradient must occur at a speed only slightly 
greater than 7000 rev/min. Hence the curve for a given radius must lie just outside 
these limits to ensure that turbulence does not occur. It follows that the most 
favourable range for the radius of the rotating cylinder is 0-3 to 0-4inch. For 
liquids in which the kinematic viscosity is greater than 0-64 centistoke the critical 
velocity gradient is proportionally higher, and laminar flow is ensured. 

The above criteria for the onset of turbulence in a coaxial cylinder arrangement 
only hold for Newtonian liquids when the outer cylinder is rotating. Figures 1 
and 2 were constructed from the curve given by Taylor (1936), and the theory of 
dynamical similarity was used to enable different values of ¢ and R to be con- 
sidered. Any vibration or extraneous force acting on the liquid will tend to change 
the conditions and turbulence will occur before the above critical values are reached. 


2.2. Practical Considerations 


(a) For a high intensity of the beam of light passing through the annular gap, 
parallel to the common axes of the cylinders, the gap width has to be reasonably 
large. Also a uniform gap is required, and the cylinders must be accurately 
coaxial at allspeeds. Ifa gap width of 0-005 inch is to be used, the machining and 
alignment errors of the cylinders and the eccentricity of the rotor must be as small 
as possible, and in practice cannot be reduced below +0-0001inch. Fora given 
tolerance of machining and alignment, the relative uniformity will increase with 
the gap width. 

(b) A constant speed of rotation is necessary and, to avoid undesirable rises in 
temperature in the sheared liquid, the high speed must be attainable in a short 
time. It was found that the apparatus did not reach a temperature equilibrium 
in the time suggested by Bjornstahl (1942). 

(c) All vibration must be eliminated from the rotating cylinder assembly so 
that turbulence does not occur prematurely. 

(d) The path length L through the liquid has to be large so that the phase 
difference 8 between the two components of the electric vector parallel to the two 
principal axes of the liquid in the plane of the streamlines can be measured with 
reasonable accuracy to give the birefringence An, since 


3a aaa ticks (1) 


2.3. Description of the Apparatus 


The coaxial cylinder assembly is shown diagrammatically in figure 3. ‘The 
| stator was turned between centres on a lathe and the bore of the rotor ground so 
seat they were circular and parallel along their lengths to within + 90-0001 inch. 
The two bearings were a selected pair, the inner race having an eccentricity of less 
than 0-0001 inch when the outer races were preloaded. The stator and rotor were 
aligned with the centring device, the annular gap between the cylinders being 
made uniform by distorting the brass ring and lead washers shown infigure3. The 
final adjustments were made with the apparatus on an optical bench, and the 
diffraction patterns (of the gap at each end of the cylinders) were made as uniform 


As possible (Janeschitz-Kriegel 1957). 
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When the outer cylinder was rotated at high speeds ( > 3500 rev/min) the liquid 
in the annular gap tended to be thrown out, and to prevent this the filling hole was 
made vacuum tight and a vertical brass tube attached to the inner edge of the glass 


annulus. Any small amounts of liquid thrown over this tube were caught in | 
a tray above the bearings of the rotor. The outer cylinder was rotated by a 


continuous belt drive from a variable speed motor, and the speed of the rotor 
determined with a continuously recording electromagnetic system. 


Figure 3. The coaxial cylinder assembly. 1, vertical pillar; 2, brass collar sliding over 
Tees bolt for adjusting lateral position of the stator; 4, the top plate located by the 
cone fitting 16; 5, cone fitting of the central plug; 6, upper glass annulus; 7, 


stator ; 8, rotor; 9, small bolt and rubber washer sealing the filling tube; 10, — 
retaining bolt holding the stator in its cone fitting; 11, central plug of centring 


device ; 12, bolt for adjusting stator tilt; 13, brass ring; 14, lead washer; 15, hole 
for oiling bearings; 16, cone fitting of the top plate; 17, brass collar cemented to the 


upper glass annulus with Araldite; 18, main housing; 19, annular gap between 


cylinders ; 20, filling tube; 21, socket for leads from search coil; 22, search coil; 
23, Alnico magnet fixed to the rotor; 24, ball races; 25, brass foil for preloading 
outer races of the bearings; 26, lower glass annulus. x 


The optical system, shown in figure 4, consisted of two optical benches, one 
horizontal and one vertical. The source was a high pressure mercury arc 1mm 
in diameter and 3 mm long (type ME/D as manufactured by the British Thomson 
Houston Co. Ltd.), and was sufficiently stable after an initial heating up a 
The beam of light was accurately collimated, and the mercury green line isolated 
with a Wratten 77A filter, transmitting 79°, of the light of this wavelength. 
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Surface aluminized mirrors were used to rotate the beam through a right angle 
where necessary, the final beam being viewed with the aid of a telescope. 


igure 4. Schematic optical system. S, mercury arc source; L,, achromatic condensing 
lens; L>, long focal length achromatic collimating lens; D, small adjustable iris 
diaphragm; F, filter; M,, Mg, surface silvered mirrors; P, polarizer; R, rotor: 
S, stator; C, compensator plate; A, analyser; T,, telescope. 


The Sénarmont compensator (quarter wave plate) is the most suitable arrange- 
ment for determining the double refraction produced in the liquid (Jerrard 1952). 
he beam of light passes through a }-inch square aperture Glan—Thompson 
polarizing prism, mounted in a circle, before entering the liquid. The emergent 
light passes through the compensating plate, which is a suitably orientated 
quarter wave mica plate, and extinction is obtained with an analyser (similar to the 
polarizer) mounted in a 6-inch circle. When using a quarter wave plate as a 

ompensator in the usual way, it can be readily shown that 

+8=2at2mm nee (2) 


where S is the phase difference between two vibrations at right angles produced by 
the anisotropic medium and « is the rotation of the analyser from the original 
rossed position to the position of extinction. This method of measuring the 
shase difference, and hence the birefringence, reduces to a measurement of a 
otation of a plane of polarization thus allowing rapid determinations. Equation 
2) is only correct when ¢, the angle between the original linear vibration and the 
‘ast axis of the birefringent medium, is 7/4 and the phase difference produced by 
the quarter wave plate is exactly a/2. 

_ The errors in the compensator have been discussed by Jerrard (1954), and it 
san easily be seen that, for an error of less than 1% in the value of 5 determined, 
the axes of the compensator must be correctly orientated to less than 0-3°, and the 
mpensator made to have a phase difference as near to 90° as possible for the 
2E 
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wavelength used. Also, if the axes are not correctly orientated at 7/4 with the 
original plane of vibration, and the phase difference produced by the compensator 
is not 90°, the light leaving the compensator is not linearly polarized, and adjust: 
ment of the analyser will give only a minimum and not a complete extinction, 


2.4. Construction and Calibration of the Compensator Plate 


The compensator (quarter wave) plate was made from Indian ruby mica 
split to a suitable thickness and embedded in Canada balsam between isotropir 
glass plates. This method of mounting the plate suppressed the multipl/ 
reflections and enabled it to be used in the apparatus under exactly the samé 
conditions as when calibrated. | 

The plate was calibrated by the channelled spectrum method (Jerrard 1952) 
The visibility of the fringes was considerably increased by using a portion of th| 
mica, cut from the plate being calibrated, for producing multiple reflections 
Using a microphotometer for the analysis of the photographic plates of the spectrun 
under the conditions described by Jerrard (1952), the wavelength at which thi 
compensating plate produced a phase difference of exactly 7/2 could be determine: 
to within +2A. The phase difference produced by the compensator plate use¢ 
in the apparatus was 89-80 + 0-03° at a wavelength of 5461 A, assuming that th! 
difference of the dispersion of the two refractive indices in the plane of the mic 
sheet was negligibly small. 


§ 3. EXPERIMENTAL CRITERIA AND 'TECHNIQUES 


3.1. The Velocity Gradient 


It may be shown (Jerrard 1950) that, in a liquid held between two vertic: 
coaxial cylinders, the velocity gradient G produced at a point distance r from th 
common axis, when the outer cylinder is rotating and the inner cylinder is hel! 


stationary, is given by 
wR,” R? : 
C)= gat ta {1+ Se 
where wy is the angular velocity of the outer cylinder, R, and R, being the radii ¢ 
the inner and outer cylinders respectively. : 
When the largest gap width (0-019 in.) is used in the apparatus the variation ¢ 
G(r) across the gap is only 3%, and decreases to less than 1% in the case of th 
smallest gap (0-0048in.). The birefringence produced is directly proportional 1 
the velocity gradient, and will thus vary across the gap. However, as the ga 
widths are small, it is virtually impossible to determine the small variation « 
birefringence and only an average value is obtained, which corresponds to tt 
average velocity gradient. Hence G(r) may be considered to be constant and give 
by G=2rNR/t where R,~ R,; 3(Ri+R,)=R; R,—R,=t and Nis the numb: 


of revolutions per second. 


s 


3.2. Turbulence 4 
The critical velocity gradients G, for the various gap widths and liquids usé 
are given in table 1. : 
The effect of turbulent flow on the birefringence was first investigated | 
Sadron (1936), Signer and Gross (1933) and Cerf (1951) with results that appe 
contradictory, since Signer and Gross found a decrease, Cerf an increase in 
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yirefringence above Ge, whilst Sadron could obtain neither. Jerrard (1950) 
jualitatively indicated the effects to be expected, and the more recent work of 
Nayland (1955) has confirmed them by measurement. Wayland obtained a 
yrofile of the velocity across the gap, using ethyl cinnamate, by measuring at 
ntervals across the gap the birefringence produced and assuming that it was 
yroportional to the principal shearing stresses in that part of the liquid. Heshowed 
hat, at the onset of turbulence, the velocity gradient was greater at the walls of 
he coaxial cylinder than in the centre of the gap. Thus when a small gap is used 
mly a small discontinuity of the birefringence is observed at the onset of turbulence 
is only an average value for the birefringence is obtained (corresponding to the 
werage velocity gradient). 


Table 1 
————— G,(sec~) 
Ethyl cinnamate Carbon tetrachloride Chloroform 
t (in.) Gev- (cm-?) P= WPAN v=6:3-x 105° V=3°3 x 105 
0-0190 1-4 x 10° 1-08 x 10° 8-8 x 108 4-6 x 10° 
0-0098 3:4 x 10° 2-62 x 10° 2 AetOF Houses 1} 
0-0048 2 10% 9:30 x 10° IES SO 4-0 x 10+ 


v=kinematic viscosity (stokes) at 18°c 


Wayland (1955) also showed that Ge, exhibited by this small discontinuity, 
sorresponded, within experimental error, to the value obtained by calculation 
‘rom the curves given by Taylor (1936) for the transition from laminar to turbulent 
ow. We may conclude from this that (i) if the values of Ge given in table 1 for 
he various liquids are not exceeded, the flow will be laminar, (ii) when a small gap 
s being used, and the birefringence is weak, it will be difficult to detect the point 
f transition due to the small discontinuity in the average value of the birefringence. 


3.3. Heating of the Liquid 


The work performed on the liquid while it is being sheared will cause a 
emperature rise in the liquid and a temperature gradient across the gap, with 
hossible deviation of the beam of light, which may then be further polarized by 
eflection at the walls of the metal cylinders. Considerable error in the measured 
irefringence may thus be introduced. 
The effect of heating has been considered by Bjornstahl (1942), who obtained 
in approximate expression for the difference in temperature existing between the 
entral and outer layers of the sheared liquid when thermal equilibrium is attained. 


00 sec-! in ethyl cinnamate, the temperature rise was 0-8 degc whilst a rise 
only 0-12degc is predicted at equilibrium using the theory of Bjornstahl. 
ue to the relatively large masses of metal in the rotor and stator the rise in 
4 perature of these was immeasurably small, and it appeared that equilibrium 


r Id only be attained after a considerable time. 
2E2 
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Preliminary experiments using ethyl cinnamate (figure 5) showed that th 
birefringence was apparently decreased and the scatter of the values was greater 
as the total time of shearing the liquid and the temperature gradient across th 
gap increase. However, this effect may be made negligibly small by shearing th) 
liquid for only a very short time (less than 10seconds). When this was done, 
linear relation was obtained between the velocity gradient and the birefringene 
produced in the liquid, as shown in figure 6. 


3.4. Experimental Procedure 


The speed of the rotor was calibrated directly against a recording millivolt| 
meter. Before assembly, the apparatus must be thoroughly cleaned, removin; 
all traces of grease and dust from the cylinder surfaces and the glass windows 
The collimation of the beam of light and the uniformity of the annular gap wer 
tested by examining the diffraction pattern produced. Before filling the apparatus 
the rotor was spun at its maximum speed to detect any residual or strain bire} 
fringence produced in the glass windows. None could be detected provided th: 
retaining screws had been uniformly tightened during assembly. 

The apparatus was filled from the bottom with the aid of a long i 
needle and syringe. Air bubbles formed in the annular gap were easily detecte 
by observing a discontinuity in the beam of light passed through the gap. Wher 
filling the smallest annulus (0-0048 inch), several attempts were generally necessar’ 
(the assembly being dismantled, cleaned and the glass windows retested as a 
due to air bubbles being trapped between the walls of the cylinders by particles 
dust. By slowly rotating the outer cylinder whilst filling, a large number of th 
bubbles were brought to the top of the gap and trapped beneath the upper glas 
annulus. ‘These were removed with a piece of bent fine wire (48s.w.g.), by 
guiding them to the free surface of the liquid. The liquid was then left at res 
between the metal cylinders for several minutes to ensure a temperature equilil 
brium, the thermoelectromotive force being continuously recorded. The moto 
drive was then brought up to the required speed, taking approximately four seconds 
and the millivoltmeter switched over from recording temperature to speed. Thi 
Glan—Thompson prisms were arranged such that two adjacent arms of the cros 
of isocline could be viewed. ‘The analyser was then rotated until the two arms C 
the cross of isocline collapsed, the motor shut off, and the recorder switched fror 
speed to temperature measurement. ‘The complete determination took approxi 
mately ten seconds and the liquid was allowed to regain its temperature equilibriur 
before a further determination was made. 


§ 4. RESULTS 


The bore of the outer cylinder was 0-6277 + 0-0001 in., and circular along it 
length to within the same limits. The diameters of the various stators used at 
given in table 2, two measurements at right angles being made at equal interval 
along the stator with a high precision vernier micrometer. 

The rotor and stator can be aligned to within +0-0001 in., thus when state ' 
is used the possible non-uniformity of the gap can be of the cele of +5%. Henc 


the calculated velocity gradient can vary by this amount, the error ber 
proportionally less for larger gaps. 
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Table 2 
Dimension Stator A _ (in.) Stator B (in.) Stator C (in.) 
0:5897 0-5897 0-6082 0-6083 0-6182 0-6182 
0:5897 0:5897 0-6083 0-6082 0:6182 0-6183 
Diameter 0:-5896 0-5896 0-6082 0-6082 0:6183 0-6182 
0-5897 0-5896 0-6082 0-6082 06182 0-6182 
0:5897 0-5897 0-6082  0-6082 0:6182 0:-6182 
Mean diameter 0-5897 0-6082 0:6182 
| Length 4-421 4-391 4-416 
) Gap width 0-0190 0-0098 0-0048 


; 


The continuously recording millivoltmeter was calibrated to give the velocity 

adient produced in the liquid when a particular stator was used. The speed of 
ie rotor was measured with a stroboscope, which according to the manufacturers’ 
libration, had a maximum error of 1%. 
Before any observations were made, the analysing and polarizing prisms must 
crossed. By taking a large number of readings of the crossed position it would 
found that the standard deviation of a single setting was 1-0 minute of arc. The 
mpensator plate was then inserted and rotated until its axes corresponded to the 
ansmission planes of the crossed prisms, a complete extinction being obtained. 
he standard deviation of a single setting was found to be 0-9 minute of arc. 

Thus the total deviation of setting up the optical system produces in An an 
ror which is small compared with that which exists in the determination of the 
locity gradient. 


4.2. Results for Pure Liquids 
) Ethyl cinnamate. 

The liquid used in these experiments was tested for purity by freezing point 
1d boiling point determinations, and was found to be trans-ethyl cinnamate 
ontaining less than 0-1% impurity. The initial results (figure 5) show that at a 
iven velocity gradient, the birefringence decreases as the time to take the observa- 
on and the temperature rise in the liquid increase. It is well known that the 
atio An/G decreases with increase of temperature. Tsvetkov and Kibardina 
1948) show that for a number of organic liquids the ratio An/G decreases by 2% 
3%, per centigrade degree rise, but as a fall of approximately 15% per centigrade 
ee was obtained in the present work, it appears that another effect is producing 
change. This could be due to the increasing temperature gradient across the 
ap increasing the number of reflections of the beam of light from the walls of the 
ylinders as suggested by Bjornstahl (1942). 

' Further experiments showed that by shearing the liquid for the shortest 
sible time necessary to make an observation (~ 10sec) both the effects above are 
inated. The results in figure 6 show a linear relation between the birefrin- 
e and the velocity gradient, the line passing through the origin. The ratio 
from the slope of the curve is M=An/G= 5-74 x 10-11 sec and is compared 
‘the results of other workers in table 3. The values are obtained from the 
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average values of An/jG given by the authors, and by using 7 = 7:74 x 10 poise 


at 25° and 7 =7:15 x 10-2 poise at 18°c for the viscosity of trans-ethyl cinnamate 
(as determined with an Ostwald viscometer). j 
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Figure 5. Birefringence of trans-ethyl cinnamate. The temperature rise during p 
determination is indicated by the series of points as shown. = 
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Leray (1955) suggested that the discrepancy between his value and those 
obtained by other workers was most probably due to impurities in the liquid. 
The present result obtained for the pure liquid is in good agreement with Leray’s. 
(b) Carbon tetrachloride and chloroform. 

Several samples of carbon tetrachloride and chloroform were used, all being 


*Analar’ reagents, containing an impurity of less than 0-:1%. The results are 
shown in figures 7 and 8 respectively giving 


for CCl, Vie :2 110 eA Sec, 
for CHCl, Vis 2°39. 5410 52 ccc, 


_ Inall the measurements the technique of making a single complete observation 
in a minimum time was used. 


Birefringence Ar 
bo 
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Figure 7. Birefringence of carbon tetrachloride. 
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Figure 8. Birefringence of chloroform. 


§ 5. DISCUSSION 
5.1. The Determination of M 


It has been shown that by using the technique of only shearing the liquid for 
he shortest possible time, a straight line graph passing through the origin is 
i. tained for the birefringence as a function of velocity gradient. ‘This shows that 


the birefringence measured is that produced in the liquid by the velocity gradient 
by 


ind that any spurious birefringence has been made negligibly small. The value 
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of M obtained for trans-ethyl cinnamate confirms the work of Leray (1955) over 


an extended range of velocity gradients, Leray using 0 to 8000 sec™, whilst 0 to — 


40 000 sec was used in the present investigation. 


The value of MW for chloroform has not been measured previously, as a suffici- | 


ently high velocity gradient could not be attained without turbulence appearing in — 


the liquid. A value for CCl, was obtained by Buchheim et al. (1939) giving | 


M<0-09x 10-12, The discrepancy between this value and that given in this paper 
is most probably due to the heating effects discussed above, and to an insufficiently 
high velocity gradient being used to produce a measurable value. As the graphs 


of the birefringence as a function of velocity gradient for CHCl, and CCl, are | 


straight lines, passing through the origin, as in the case of trans-ethyl cinnamate, it 
can be concluded that the results for these liquids are trustworthy. The values of 
M given above may be subject to an error of +5% due to the large inaccuracy 
incurred in the determination of the velocity gradient when the very small gap is 
used. An error of the order of 5% due to the quarter wave plate not having a 
retardation of exactly 7/2 will also appear when very small retardations are being 
measured. These errors do not apply in the case of trans-ethyl cinnamate where 
both the gap width and retardations are large. 

It was found to be extremely difficult to observe any birefringence below a 
value of approximately 2:0x10-* for chloroform and carbon tetrachloride, 
corresponding to velocity gradients 10000sec+ and 15 000sec™? respectively. 
This was due to the very low contrast between the darkened areas of the field of 
view and the background illumination. 


5.2. Comparison of Experimental Results with Theory 


The constant obtained in the theoretical calculation was M == 1-46 x 10-™ sec. 
As the polarizability of carbon tetrachloride is slightly larger than that of chloro- 
form, the expected value for carbon tetrachloride would be rather larger, assuming 
a similar potential function. 

Thus there is a favourable comparison between the value calculated for the 
anisotropy due to a distortion of the radial distribution function, and that obtained 
experimentally for an allied molecule. The experimental value obtained for 


chloroform is 1-7 times that obtained by calculation. This is due to the experi- 


mental value containing the distribution function distortion anisotropy and a | 


small amount of orientation anisotropy. 

The favourable agreement between theory and experiment shows that the 
assumptions made in the calculation in I are reasonable, and that the conclusions 
there are valid. 
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A Simple Interferometric Arrangement for the Measurement of 
Optical Frequency Response Characteristics 


By P. HARIHARAN anp D. SEN 
National Physical Laboratory of India, New Delhi, India 


MS. received 30th September 1959 


Abstract. In the instrument described, collimated light from the lens which is 


being tested is directed into a triangular path interferometer in which the two 
beams are sheared by tilting a single, parallel plate, while the path difference be- 
tween them is varied linearly with time, over a range of one wavelength, by means 
of a polarizing system. ‘The modulus and argument of the frequency response of 
the lens are obtained directly from the amplitude and phase of the resultant 
sinusoidal variation of the total flux in the interference pattern. 


§ 1. INTRODUCTION 


HE use of a shearing interferometer for the measurement of the optical 
| frequency response characteristics of a lens system was first suggested by 
Hopkins (1955 a) who pointed out the advantages of such a technique over 
more conventional direct scanning methods. Subsequently, an interferometer 
of this type was constructed by Baker (1955), while, more recently, Kelsall (1959) 
has shown how such an arrangement can be modified to make automatic recordings 
of frequency response curves. Both these instruments are basically Michelson 
interferometers in which the end mirrors have been replaced by corner-cube 
prisms (Peck 1948), permitting the introduction of a lateral shear between the 
two wave fronts. However, such instruments, while satisfactory in other respects, 
are relatively complicated and expensive. The present paper describes a simpli- 
fied arrangement for measurements of frequency response characteristics which 
utilizes a triangular path interferometer. 


§ 2. 'THEORY 


The theory of the interferometric method for measurements of the frequency 
response of a lens has already been discussed in some detail (Hopkins 1955a, 
Kelsall 1959) and hence will only be briefly outlined here. The basic feature of 
the method is that an illuminated slit placed at the focus of the lens under test 
produces a collimated beam of light which is directed into the interferometer, 
where it is divided into two beams which are laterally sheared with respect to one 
another, interference taking place in the region of overlap. For two circular 
pupils of unit radius, the relative shear s is numerically equal to the spatial frequency 
parameter. If we make the simplifying assumption that the amplitudes of the 
two beams are equal and uniform over the whole area of the two pupils, we can 
show that D(s), the normalized frequency response in the plane of shear (which 


being a complex quantity can be written in the form D(s)= T(s) exp 76(s)), is. 


related to F(8) the total flux in the interference pattern by the equation 
F(8)= Fy{1 + Voy T(s) cos [(2x7/A)5 — 6(s)]} eer c 


Interferometer for Optical Frequency Response Measurements 435 


where F, is the total flux through the pupils, V,, is the coherence factor for the 

two beams, and 8 is the path difference introduced between the two beams. The 

value of the coherence factor ’,, may be taken equal to unity, provided the width of 
the slit placed at the focus of the lens and the spectral line width of the source do 
not exceed certain critical limits (Hopkins 1957). It then follows, from equation 
(1), that if the path difference is made to vary linearly with time, the total light 
- flux in the interference pattern will undergo a sinusoidal variation whose amplitude 
and phase give respectively the modulus T(s) and argument 6(s) of the frequency 
| response. 


§ 3. OpTICAL SYSTEM 


The optical system of the instrument is shown schematically in figure 1. A 
| narrow slit 5 illuminated with monochromatic light from the mercury arc lamp A 
| is placed at the focus of the lens L, which is being studied. The collimated beam 
from this lens, which is incident on the semi-reflecting mirror Mo, is divided into 
two beams which traverse the closed triangular path M,M,M, My in opposite 
directions, before emerging approximately at right angles to the original, incident 
beam. ‘These two beams are brought to a focus by the lens L, on a diffuser D 
placed in front of the photocathode of a photomultiplier tube PM. The anode 
current of this tube is then a measure of the total flux in the interference pattern. 


Lo P4 Re a 
ee 
7 
SK Mo 
Figure 1. Schematic diagram of the optical system. A, mercury arc; ) _ 
filter; S, slit; Ly, lens under test; Moy, beam divider; My, M2, end mirrors; I, 


shear plate; Pi, Pe, Ps, Pa, polarizers; Rj, half-wave plate; Re, quarter-wave plate ; 
Ly, lens; D, diffuser; PM, photomultiplier tube. 


F, monochromatic 


3.1. Shearing Mechanism 


In a triangular interferometer of this type, any two rays traversing the tri- 
angular path in opposite directions which are formed by the division of a single 
ray incident on My will always emerge parallel to one another, though, in general, 
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there will be a finite lateral shear between them. In addition, it can also be shown 
that when the interferometer is adjusted so that these rays run parallel to one 
another over the whole triangular path, the path difference between these two beams 
will be equal to zero. Once this adjustment has been made, it is possible to shear 
the rays without introducing a path difference between them, merely by moving the 
mirrors M, and M,asaunit. However, amore convenient and sensitive method is 
to use a tilted, plane-parallel plate (Hariharan and Singh 1959) of thickness f, 
introduced in the path of the two beams at T. This shears the two beams by an 
equal amount d, in opposite directions, given by the relation 
d=tsina[1—(u?—sin?a)—¥2cosa] =n ae (2) 

where y is the refractive index of the material of the plate and « is the angle of 
incidence. ‘This method has the advantages that for small values of « the shear is 


very nearly proportional to «, and the sensitivity of the shear control can be easily 
modified by choosing a plate of suitable thickness. 


3.2. Path Changing System 


As has been pointed out earlier, it has been shown that if the path difference 
between the two beams is made to vary as a linear function of time, this results in a 
sinusoidal variation in the total light flux in the interferogram whose amplitude and 
phase directly give the modulus and argument of the frequency response of the 
lens which is being tested, for the spatial frequency corresponding to the particular 
value of shear used. In the present instrument, a polarizing system similar to that 
employed in the Senarmont compensator is used for this purpose. This permits 
a linear variation of the path difference over exactly one wavelength, by the rotation 
of a single polarizing element. 

In order to utilize such a system, it is essential to have the two beams emerging 
from the interferometer polarized in mutually perpendicular planes. This is 
done in the triangular path interferometer by means of a combination of two 
polarizers P, and P; placed as shown in figure 1, which have their planes of 
polarization respectively parallel and perpendicular to the plane of the paper, 
with a half-wave plate R,, having its slow axis at 45° to the plane of the paper. If 
the original incident beam is polarized at 45° by means of another polarizer P,, 
it is easily seen that in the case of the beam traversing the triangular path in the 
clockwise direction, only the horizontal component of the incident vibration is 
transmitted by the polarizer P,. When this passes through the half-wave plate R,, 
its plane of polarization is turned through 90°, so that it is transmitted by P, and 


emerges polarized at right angles to the plane of the paper. On the other hand, for. 


the beam which is traversing the triangular path in the opposite direction, only the 
vertical component is passed by P;. ‘This also has its plane of polarization turned 


through 90° by the half-wave plate R,, after which it is transmitted by P, and — 


emerges polarized in the plane of the paper. 

The Senarmont compensator consists of a quarter-wave plate R, with its slow 
axis at 45° to the plane of the paper, followed by a rotatable analyser P,. The 
function of the quarter-wave plate is to convert the two beams which are polarized 
at right angles into two circularly polarized beams, one right-handed and the 
other left-handed. These normally combine to produce linearly polarized light 


whose azimuth is determined by the phase difference between the two beams. If, | 


then, the azimuth of the analyser makes an angle ¢ with this plane, it is seen that 
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this is equivalent to advancing the phase of one circularly polarized wave by ¢ 
and retarding the other by an equal amount, so that a further phase difference 
2¢ is introduced between the two beams. By rotating the analyser at a steady rate, 


the phase difference between the two beams can be made to vary linearly by an 
amount ranging from +7 to —7. 


§ 4. ADJUSTMENT 


The interferometer has to be set initially so that the shear is equal to zero over 
the whole path, when the shear plate is normal to the beams. For this, the rays 
are first made parallel to each other over the whole path by adjusting the angles 
of the beam divider My and one end mirror, after which any residual shear is 
eliminated by translating one of the end mirrors. ‘The progress of this adjustment 
can be followed with a fair degree of accuracy by introducing a pair of cross-wires 
at various points in the path, and checked by observing the shear fringes seen with 
an eyepiece at D when the slit Sis opened up. When the shear plate is normal to 
the beams, the zero-order fringe should cover the whole field. There should 
also be no displacement of the zero-order fringe when the shear plate is rotated by 
equal angles to either side of this position. Finally, the slit S is narrowed and set 
so that it coincides with the centre of the zero-order fringe. 

The adjustment of the polarizing system is also relatively easy and is carried out 
as follows. The half-wave plate R, is first removed, and the polarizers P,, P are 
set with their planes of polarization respectively horizontal and vertical, so that 
there is complete extinction. R, is then replaced and adjusted so that the trans- 
mission isa maximum. After this, the polarizer P, is set so that one of the beams 
is extinguished, and the azimuth of the quarter-wave plate R, is adjusted, so that 
when the analyser P, is rotated the fluctuation in the photomultiplier current is a 
minimum. Finally, the intensities of the two interfering beams are made equal, 
by making the shear equal to zero and setting P, so that the change in the photo- 
multiplier current when P, is rotated is a maximum. 


§ 5. MEASUREMENTS 


Since the path difference between the two beams is always very small in this 


‘instrument, the spectral line width of the source is not very critical (Kelsall 1959). 


This permits the use of sources of high intrinsic brightness, such as the high 
pressure, mercury vapour lamp. Accordingly, a very simple photoelectric 
detecting system can be utilized. For preliminary measurements with this 
arrangement, the mercury arc lamp was run from a stabilized a.c. line, while the 
output current of the photomultiplier tube was read with a mirror galvanometer. 
For each setting of the shear plate, the maximum and minimum, values of the out- 
put current as well as the azimuth angles of the polarizer P, corresponding to 
these values were noted. From these readings, the corresponding values of the 


contrast transmission factor and its spatial phase shift could be easily obtained. 


A typical experimental curve secured with this set up for a defocused telescope 
objective is presented in figure 2. This curve was obtained with a defect of focus 
Woy =2'5A, and agrees reasonably well with the theoretical curve for this value 
(Hopkins 1955b). The phase jump of 7 on passing through the first zero of the 
response curve is clearly shown. 


438 P. Hariharan and D. Sen 


FREQUENCY RESPONSE D (s)— 


fe) fon] = 0-2 o3 
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Figure 2. Response curve obtained with the instrument for a defocused telescope objective 
Defect of focus, wa9=2°5A. 


In a more recent version of this instrument, the analyser P, is rotated at 
150 rev/min by a small motor, and the a.c. output from the photomultiplier tube 
is fed to an oscilloscope with a long persistence screen, whose time base is 
synchronized with the rotation of P,. The values of the modulus and th 
argument of the frequency response can then be read directly from the amplitude 
and phase shift of the a.c. wave displayed on the oscilloscope screen. 7 


§ 6. CONCLUSIONS 


The interferometric system described is comparatively simple siti inexpens 
and permits rapid determinations of the frequency response siarariricGel 
lenses. All the three basic units, namely the interferometer, the path cha 
mechanism, and the arrangement for shearing the beams, are extremely stabl 
easy to adjust. In addition, a very simple photoelectric detecting system 


used with this Eben since it is possible to use sources of high int 
brightness oat it. - ks 
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RESEARCH NOTES 
The Correlation Energies of the Helium Sequence 


By A. DALGARNO 
Department of Applied Mathematics, The Queen’s University of Belfast 


Communicated by D. R. Bates; MS. received 7th December 1959 


§1. INTRODUCTION 


between the exact non-relativistic energy and the Hartree-Fock energy, it is 

instructive to develop it as a series in inverse powers of the nuclear charge Z. 
Recently Fréman (1958) and Lowdin (1959) have obtained the first non-vanishing 
term for the helium sequence (the two leading terms are zero) by fitting a power 
series expansion to the available Hartree-Fock energies. It is possible to formu- 
late a theory such that all terms of the series expansion of the Hartree-Fock 
energies can be calculated exactly, and in this note the theory is briefly described 
and the leading term of the correlation energy is evaluated. 


: | N discussing the correlation energy of an atomic system, defined as the difference 


§ 2. THEORY 


Writing the wave function #(rj, r,) of any member of the helium sequence 
in the product form (ry, rz) =u(r,)u(r2), ¥, and r, being the position vectors of 
the two electrons referred to the nucleus, the orbital u(r) satisfies in the Hartree— 
Fock approximation the equation 


Z_ (le OP ae 
2 Vt = - Silke 0 Gore 1 
( sve 5 fies" e\u(r) =0, (1) 
atomic units being used throughout. We expand u(r) and « according to 
u(r)= x Un(T), €= > Cpe Te Dees Ce - (2) 
n=0 n=0 
_where uo(r) and €, satisfy the unperturbed equation 
(= 3° F<) (7) =0 pane) 
Thus 
3\ 1/2 
ae (=) EN ee OR Lee a ph eeancrOe (4) 


Corresponding to (3) and (1) we define a perturbing potential 


} oye | Phar ASG) 


[r—r"| 


nd it also may bejexpanded according to 


vhere 
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eee | pe ae ee: (8) 
v,(r) = = = ea aes (9) 


Then substitution in (1) yields the set of equations in increasing order in tie 
perturbation: 


(Sani ~~ <)u=0 ate (10) 
(-39°— 5-0) tease (11). 
2 - 0 1 i 140 ee eee \ 
4 
1y2_ 2 = 
aed 4V a, 7 = €9 Ug + (v,—€)u+ (Vg — €g)Uy = 0 eee eee (12) 
which yield the formulae 
€1 = (Up; Vo), a= (Uo, [21 — <1 ]41) + (Mos Pato)» weve (13) 
It is convenient to require that (u,u,)=0. It follows almost immediately th 
53 (Mix Vitts on oe le eo keerione@esaece (14 
The Hartree-Fock energy is given by 
E=2«— | v(r)|u(r) Pde eee: 
so that writing | 
Emp ER 
n=0 
there results 
Ke=2e,= SZ “af NOG Oey eee (1 6) 
5Z 4 
E, = e454 + eee eee (1 ) 
Ey =2 (Up, 0424). en 


‘The function u(r) may be determined by numerical integration of ie. r by 
minimizing the functional 


, : | wa y= (4 a Lyre 2 —a]u) +200 reece a (1¢ 
I have employes the jetes cate eee sheet an poe > ; 


Os The res ut is th: : 
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The Relativistic and Radiative Corrections to the Eigenvalues of the 
Helium Sequence 


| By A. DALGARNO?F anp A. L. STEWART T 


| Department of Applied Mathematicst and Department of Physics, 
' The Queen’s University of Belfast 


Communicated by D. R. Bates; MS. received 5th November 1959 


§ 1. RELATIVISTIC CORRECTIONS 


two electrons with respect to the nucleus, the relativistic corrections to 
O(a2), « being the fine structure constant, for the ground states of the helium 
iso-electronic sequence are given by (Bethe and Salpeter 1957) 


AE, = (Ey' + Ey" — E" + By’)? ryd 


|: Zis the nuclear charge and r, and r, denote the position vectors of the 


where 
E,’= — 3(4, Vi'¢), 
E,"=27Z(4, 6(03)$), 
E," = —2n(g, 9(i2)9); 


1 
E,' = E pa {V,.Vo+n.(n. Vi)Vaie | ? 
12 


¢ being the eigenfunction, 6(r) the three-dimensional Dirac 6-function and n 

a unit vector parallel to r3=",— r?, 
Writing d= 4, + 4, where $y = (Z29/7)exp{ —Z (r,+7,)} and ¢, is the solution of 

ehh “i 
(-ve-ve~ SZ -  024) b+ (A-F)b=0 
ie ta eS 

it follows immediately that to O(Z4s?), AEy= — 0:-5Z* and that to O(Z%a?), 

EB,” = —0-25Z%, E,’=0. These results have been given previously. ‘The purpose 

of this note is to give the exact values of E,’ and E,” to O(Z*) and consequently the 


exact expression for AE, to O(Z%«"). 
Fo O(2*), 
Ey = —{¢x [Vi'-52* 60} vere (2) 
‘ EB,” =4nZ{d,, [8(r1)—Z/t]Pof- see (3) 


It is not possible to solve equation (1) exactly but by using the methods of 
Dalgarno and Stewart (1957, 1958), equations (2) and (3) can be written in the 


ni~-2f6n(2-2} 


here ¢,' and ¢,” are solutions of, respectively, 


2F 
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6 V2 -ve— 2 4278) $y — MM 5Z4)p, =0 


"Y 
and 


(—vit-ve- 2 — 2 4222) +207 (81) 5) #0 
il 
Using the fact that V2(r-!) = —478(r), we find that 


$1 = are —2Z1\nr,— “an dy 
Ty 


and that 
ees 124 = +22 lar, + 27%) “a 
si! 


Hence by elementary integration 
E,/ = —2:52Z4+ (—241n2 + 33)23/8 
and : 
E,” =2Z4 + (121n2—19)2Z3/8. 
The relativistic shift in the ionization potential is then 
AI, = }02Z?[Z? — Z(7 — 61n2)] = 402Z?(Z? — 3-84 1117 Z) 


which may be compared with the leading terms of the expression given by Bethe 
and Salpeter (1957) 
AT, = 402Z?(Z? — 4-252) 


and of the expression given by Dalgarno and Stewart (1958) 
AT, =407Z?(Z? — 3-802). 


§2Z, RADIATIVE CORRECTIONS 


The radiative corrections of O(a) have been derived by Araki. (1957) al 
not in a form suitable for computation. His results for the shift in the i ionizat 
oes may be written more conveniently as a 


aie Bane ines 1, 2) Ty. os cna 
co Sa the Lamb : 4 Y ne- el sepa tok & (4 io 


a> wf, fw re> snipe i os by = n ate pigerail ” i); 7A S104 
ee, Naas 


7; hee aur iM roe  ecle 
‘4 
oay it 


ah Th an ee AT 
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where ¢(r,,r,) is the non-relativistic atomic wave function, y is Euler’s constant 
and 


=Q 7r4< 4, 


1,, being the inter-electronic distance. Apart from FE," which they do not 
consider, the terms have been given previously in this form by Kabir and Salpeter 
(1957) who show also that to a close approximation 
| POG ANE PW Aa cel ae ny eye (4) 
Using our earlier results, it follows that to O(2%a*), 
| 8Z4a3 1 
| A= 3 (-7:490+21n2Z)+ 7 (I1-41—3111nZ)} ryd 
7 
‘which may be compared with the leading terms of the expression given by Bethe 
‘and Salpeter (1957) 


8Z4a3 1 
AL= 7 (—7-490+21nZ) + 7 (11-93 —2-611n Z) ryd 
7 
and of the expression given by Dalgarno and Stewart (1958) 
453 
ape 2 : {(—7-490+2InZ) + F (12:11 -2:66 in Zh yd 
TT 


from which the E"\2 term was omitted. 


EB", 2 for helium. 
If the atomic wave tunction is written in the form adopted by Hylleraas (1929) 
P(r F2)= L Cmns”t” exp (— 28) 
| where 
s=2ZR(r, +72); u=2ZkRr40, t=2Zk(r.—1). 
It may be shown after some manipulation that 


f E," B27\ 56 54.0 /F 
ees AL (in2zk+ =) - 278 = 


A+2 
Fan item tot 2> cootroo(A+2)! bee 
ut+v40 p=1 


G= = Comm’ min’ A. Bs? 


A=/I+I, p=m+m, v=nt+n, 


ia ; i) 1 
S, y= +(=L3A+e+ v+5)! lorie) ESTEE 


a result which agrees with Sucher (1958) apart from the factor of (A+2)! in 
the expression for F. Using the value of E,” given by Pekeris (1958) and the 
wave function of Hylleraas (1929) to evaluate k3F/G, we obtain for helium 
— —(-0685 cm—1 compared with Sucher’s value of —0:072 cm. 


2 
2F2 
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An Investigation of the ?8Si(?He, d)°P and 7*Si(*He, a)?”Si Reactions at a 


Bombarding Energy of 9°16 Mev 


By S. HINDS anp R. MIDDLETON 


Atomic Weapons Research Establishment, Aldermaston, Berks. 
Communicated by K. W. Allen; MS. received 28th October 1959 


§ 1. INTRODUCTION 


' 
. 


1959 b) using the Aldermaston 6 Mev Van de Graaff accelerator and 
broad-range magnetic spectrograph, several deuteron and «-particle: 


D URING a recent study of the *He reactions with ®O (Hinds and Middleton 


groups were observed arising from the 78Si component of the silica target. 


Alpha 


particle energy spectra have previously been measured at an incident energy of| 
5-8 ev and the positions of several levels in 2’Si have been determined (Hinds| 
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Figure 1. Energy spectrum of the deuterons from the **Si(*He, d)?°P reaction measured 


at an incident energy of 9:16 Mev and an angle of 20°. 


‘ 


and Middleton 1959 a). In the present communication deuteron and a.-particle 
angular distributions measured at an incident energy of 9-16 Mev are presented. 
An attempt has been made to fit these with theoretical curves calculated on the 


-basis of a direct reaction process. 
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§2. THE #8Si (#He, d)?9P ReacTion 


In figure 1 is shown a deuteron energy spectrum measured at an angle of 

observation of 20°. Following our usual procedure, groups corresponding to 
States in *°P are labelled numerically and those arising from target impurities by 
the symbol for the final nucleus. The group labelled N, is due to carbon and 
appears as a doublet due to carbon deposits forming on both sides of the target. 
‘The weak unlabelled groups at radii of 45, 51 and 52-5 cm are due to unidentified 
target impurities. 
_ ‘The energy of the incident "He beam was determined to be 9-156 + 0-010 Mev 
from measurements made on the elastically scattered groups from oxygen, 
silicon and gold. From this value the Q-value for the 8Si(*He, d)?°P reaction 
was calculated to be — 2-731 + 0-012 Mev and the mass of 2°P to be 28-990978 + 16. 
a.m.u. ‘The latter was obtained using the masses of the d, He and *8Si reported 
respectively by Quisenberry, Giese and Benson (1957), Friedman and Smith 
(1958) and Endt and Braams (1957). This mass value differs by about four 
times the experimental error from the previous value of 28-991035 + 12a.m.u. 
measured by Giese and Benson (1958) from the 2°P B+ decay end point. No 
reason is known for this discrepancy. 

The excitation energies of the first and second excited states of 7°P were 
determined to be 1-386 and 1-960 Mev respectively within an experimental error 
of +10kev. These levels have previously been observed by Calvert, Jaffe and 
Maslin (1957) from a study of the ?*Si(d, n)?°P reaction. ‘The corresponding 
states in the mirror nucleus 2°Si occur at 1-278 and 2-027 Mev (Van Patter and 
Buechner 1952). 
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Figure 2. Angular distributions of the deuteron groups from the 28Si(#He, d)?°P reactiom 
measured at an incident energy of 9:16 Mev corresponding to the ground, first and 
second excited states. The curves were calculated from Born approximation 


stripping theory. 

In figure 2 are shown the angular distributions of the deuteron groups leading 
to the ground, first and second excited states Ofp??. Phd Lhe ground and first 
excited state distributions have been fitted with Born approximation stripping 
urves calculated from the theory of Newns (1952). The /-value assignments of 
0 and 2 respectively agree with those obtained from the 78Si(d, n)°P reaction by 
Calvert et al. (1957). It may be noted that the radius of interaction required for 

e ground state distribution is equal to the Gamow radius +1 fermi. The authors. 
ve found that this radius provides satisfactory agreement for a number of other 
e, d) reactions and is equivalent to using the Gamow radius in Butler stripping 
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theorv. However, this value was unsatisfactory for the first excited state distri- 
bution and better agreement was obtained with a radius less than the Gamow 
value by 0-4 fermi. | 

The second excited state angular distribution does not exhibit a good stripping 
pattern, although there is an ill defined peak at about 20° which might indicate} 
an J=2 transition. Also the maximum differential cross section is only one 
fifth of that of the first excited state. This contrasts with the results of Calvert 
et al. for the 2°Si(d, n)?°P reaction who report that the second excited state angular} 
distribution is of similar shape and intensity as that of the first excited state, 
The corresponding transition in the mirror reaction *°Si(d, p)?°Si has also been! 
studied by Holt and Marsham (1953). ‘They also observed a good stripping, 
pattern with a peak differential cross section between 3 and 3 of that of the first 
excited state. The reason for this discrepancy is at present unknown. A possibl 
explanation is that Coulomb effects are responsible since they would be expecte 
to be larger for a (#He, d) reaction than for a deuteron stripping reaction. It ma 
be noted that the Coulomb barrier for *He particles incident on ?°Si is 9-2 Mev) 
which is slightly in excess of our beam energy. However, it is surprising that the 
first excited state angular distribution has not been similarly affected. 


Ground State 0-782 mev State 0-958 mev State 
1=0 1-0Or t32 


Ae 1 1=2 
, 


o (6) (arbitrary units) 


40 Co. wa 


meen 70 40) ani COs ane 100 0 
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Figure 3. Angular distributions of the ground, first and second excited state a-particl 
groups from the 27Si(He, «)?’Si reaction measured at an incident energy of 9:16 Mev 
The curves shown were calculated from Born approximation pick-up theory. 


§ 3. THe 78Si (He, «) ?7Si REACTION 


In figure 3 are shown the angular distributions of the ground, first and secon¢ 
excited state «-particle groups measured at an incident energy of 9:16Mev. ‘Th: 
arbitrary unit of cross section is the same as that used for the deuteron angula 
distributions in figure 2. Although several groups were observed correspondin; 
to higher excited states, angular distributions were not measured because mos 
of these were weak and partially obscured by a background of «-particles anc 
spuriously scattered *He particles. ne H 

The curves shown in figure 3 were calculated from Born approximatior 
pick-up theory (Newns 1952 and private communication) using a radius 0 
interaction of 5-4 fermi, i.e. Gamow radius. In the case of the ground state grov 
slightly better agreement was obtained with a radius of 5-0 fermi, as is shown © 
broken curve. ee 

The measure of agreement between the theoretical curves and the experime 
‘points is quite satisfactory, particularly since Coulomb effects are neglected in th 
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theory. Also the /-value assignments of 2, 0 and 2 respectively for the ground, 
first and second excited states of ?’Si are in agreement with the known spins and 
parities of the mirror states of ?’Al, i.e. 8+, $+ and 3+ (Endt and Braams 1957). 
‘Thus, these results provide further evidence that the pick-up process plays a major 
part in (*He, x) reactions at intermediate energies and confirms the conclusions 
of previous investigations of the #*C(°He, «)"C and O(He, «)O reactions 
(Hinds and Middleton 1959 c, 1960). 
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Scattering of Electrons and Positrons by Xenon and Mercury 


By J. R. ATKINSONY, J. R. GREER{J anp G. WYLLIE 
Department of Natural Philosophy, Glasgow University 


MS. received 2nd December 1959, in final form 29th December 1959 


nuclei is described in first approximation by the ‘relativistic Rutherford’ 


| HE scattering of electrons and positrons of moderate energy by atomic 
cross section introduced by Neher (1931) 


2mv? 


where c is the cross section for scattering per unit solid angle round scattering 
angle 0, Z the atomic number of the scatterer, m the rest mass and v the velocity of 
the scattered particle, and B=v/c. Even in classical mechanics the relativistic 
mass change, as the speed varies in the scattering, produces a precession of the 

srbit in opposite senses for electron and positron. An extension of Sommerfeld s 
analysis of the hydrogen fine structure to open orbits shows that the main part of 


+ Now at Dounreay Experimental Establishment, Atomic Energy Authority. 


{ Now at Department of Physiology, Glasgow University. 
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the cross section is given by the same (relativistic Rutherford) expression with! 


cosec! 46 replaced by 
[cos cos? (v)]* 5 (vd) 


where 


[1 —y2(1 — B2)] cos? (yp) =1-? 


and 6=7—2¢ for positrons, 2¢—7 for electrons. 

At small speeds and scattering angles this modification is equivalent to multi- 
plying the relativistic Rutherford cross section by 1 + (7f?/4) sin 34, the positive! 
sign for electrons and the negative for positrons. However, since the angular 
momenta in Sommerfeld’s fine-structure analysis are known to be wrongly 
assigned, only the signs in this result can be taken seriously. A calculation based! 
on the Dirac equation of motion gives a correction factor 


1— B? sin? 40 + maf sin $6 (1 —sin $6) : 


where «= Ze?/he~ Z/137 (McKinley and Feshbach 1948). 

The difference between the behaviour of positrons and electrons will be most 
readily measured for scatterers of large Z and at scattering angles near 7/2, and the 
cross sections must then be computed numerically (Massey 1942). Few materials 
of large Z are available as vapours at room temperature, but foil targets introduce: 
serious complications. Champion and Barber (1938), using a cloud chamber 
containing mercury dimethyl vapour, obtained results in serious disagreement! 
with the theory. Experiments have been carried out at Glasgow using’ cloud! 
chambers either with xenon, or with mercury dimethyl vapour as scattering} 
material. ‘The experimental technique and the method of analysing the results: 
are described by Greer (1955). An attempt to run a chamber using mercury! 
dimethyl as sole condensable vapour was unsuccessful, and the results on mercury 
scattering were obtained with a chamber containing the dimethyl, water, and either 
argon or nitrogen. 

In xenon 260m of track of electrons of mean energy 0-83 Mev, and 111m of 
track of positrons of mean energy 0-7 Mev were analysed. In a preliminary 
experiment on mercury dimethyl with argon, 64 m of electron track at mean energy 
0-61 Mev and 12m of positron track at mean energy 0-48 Mev were analysed. 
Within the large statistical errors both sets of results were in agreement with 
the theoretical predictions of Massey (1942). 

A carefully replanned experiment at lower energies, using mercury dimethyl 
with nitrogen in a chamber of piston, rather than the previous diaphragm, type, 
led to the analysis of 35m of electron track at mean energy 0-195 Mev and 26m 
of positron track at mean energy 0-185 Mev. The absolute cross section, angular 
distribution, and electron—positron ratio of cross sections, all agreed with those to 
be expected for nitrogen alone. 

This contradiction between our successive experiments with mercury dimethy! 
led us to reconsider the anomalous results obtained by Champion and Barber 
(1938), who reported scattering by mercury of one-sixth the expected amount. If 
the actual vapour pressure of mercury dimethyl in Champion’s experiment, and 
in our second experiment, were much lower than the saturation vapour pressure 
of about 3cm Hg, the anomalies would be explained. For such a situation to 
exist in a steady state there must be a mechanism removing the vapour from the 


% 


Research Notes 449; 


chamber, and perhaps also one depressing its rate of replacement from the liquid 
phase, which was always present. 

The density, and equilibrium vapour pressure between 0°c and 20°c, of the 
mercury dimethyl were measured and found to agree with published data. ‘To 
find whether the dimethyl was being destroyed by a reaction in the gas phase, 
mixtures of dimethyl vapour, over the free liquid, and argon or nitrogen, were 
- exposed to ionizing radiation or high-frequency discharge in vessels connected to 
-manometers. The main decomposition product of the dimethyl, ethane, would 
_ have shown its presence in a steady pressure rise. No decomposition was observed 
_ in the presence of either argon or nitrogen with treatment far more severe than the 
_ irradiation of an expansion chamber in normal use. 

Mercury dimethyl is very rapidly absorbed by rubber : a rubber sealing cap in. 
- contact with the liquid absorbed a third of its weight of the liquid in four hours. 
- However, the expansion chamber used with argon, with rubber working parts, 
_ showed a rise in pressure of 3-3 cm Hg when the mercury dimethyl was introduced, 
and tracks in it showed scattering ascribable to this concentration of vapour, 
| which is the probable saturated vapour concentration at the (not recorded) 
' chamber temperature. 

/ Thus it was necessary to suppose that in the experiments with mercury 

' dimethyl in nitrogen by both sets of workers, not only was vapour absorbed by 

the rubber components of the chamber, but the rate of supply of vapour was 
restricted. In fact, in each of these experiments the liquid mercury dimethyl was 

| present as a single pool of restricted surface area, which could readily become 
covered by a water film as a result of slight local cooling. Since mercury dimethyl 
is little soluble in water, such a film would be a serious barrier to evaporation. 
In the argon experiments the liquid dimethyl was dispersed in fine droplets over 
a thin gelatine layer covering the velvet background of the chamber, and its 
surface is unlikely to have been largely occluded by liquid water. The velvet was 
absent in our second chamber. 

The main outcome of the present experiments is the explanation we now offer 
for the otherwise puzzling results of Champion and Barber. In the experiments 
not complicated by loss of scattering material, the confirmation of the existing 
theory of electron and positron scattering by xenon and mercury nuclei is no better 

than has been obtained for other materials in the form of foils. 
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Direct Measurement of Long Spin-Lattice Relaxation Times 


By L. O. BOWEN 
Carroll Magnet Laboratory, School of Applied Physics, University of New South Wales : 
MS. received 31st August 1959, in revised form 23rd October 1959 


§ 1. INTRODUCTION | 
FE issste methods for the measurement of the spin-lattice nuclear | 


relaxation time 7 are well described in the literature (see for instance | 
Andrew 1956). The c.w. methods used for long times suffer from | 
inaccuracy and/or inconveniently long observation times. Pulse techniques | 
(Hahn 1949, Carr and Purcell 1954) are preferable but require sophisticated : 
equipment. 
Adiabatic reversal of the nuclear magnetization was first used to estimate the | 
order of long spin-lattice relaxation times by Bloch (Bloch, Hansen and Packard | 
1946) using a sudden change in the value of the static field H). However, unless _ 
the conditions as described below are maintained, observation of the decay of 
the resulting transient requires a measurement of signal amplitudes, and/or a 
correction, in terms of the times spent above and below resonance per modulation — 
cycle. 
The adiabatic fast-passage technique used for relaxation times of the same 
order as the sweep period (Drain 1949) was extended for long T, by using long 
modulation periods (Chiarotti et al. 1954). However the latter method requires | 
either a measurement of four quantities (H, 4 H*) or the obtaining of two records" 
(H, = H*) to evaluate T, with an observation time much greater than 7,. Here 
H is the static magnetic field and H* the nuclear resonant field. : 


§ 2. METHOD 


A diréct c.w. method for the measurement of 7',> 7s, the sweep period of the | 
magnetic field, has been developed from Bloch’s method and used (Bowen 1954, : 
unpublished thesis) for some time in this laboratory. The method retains a 
reasonable degree of accuracy and measures 7, directly in an observation time 
of the same order with a required measurement of only one parameter. Where 
changes in 7, are occurring (e.g. due to temperature changes) observation times 
much greater than T, may well cause erroneous values of T, to be obtained. 

To use the adiabatic nuclear induction technique for the measurement of Ty 
one requires, besides the adiabatic condition (Bloch 1946), ; 

dH 
Ee ie ee (1) 
the conditions 
TR XTs; T,>Tp > Stee (2) 
in order to exclude transverse relaxation. Here Tp = resonance time ~ 7sH,/ 2nHsy 
7s=Sweep period, 7',=spin-spin relaxation time+, H (t) = Hy + Hs sin wet, 
Hs = modulation field, H,=radio-frequency field perpendicular to H(t), 
Y = gyromagnetic ratio. 


+ This includes the effect of inhomogeneity in H. 
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If the static field H, is adjusted so that the resonant field H* is reached just 
before the modulation field reaches its peak value then 


jee ore So eo ee eee (3) 


where 7, is the time spent below resonance in one modulation cycle, and r, the 
time spent above resonance. 

The observed nuclear resonance dispersion signal at dynamic equilibrium is 
then due to the time variation of a nuclear magnetization, approximately equal to 
M, the static magnetization, since the time 7, during which the magnetization is 
reversed (and when 7, decay can occur) is much less than 7, ~ Ts. 
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However, if the nuclear sample is initially subjected to only the field 
H,({t)=H,+ Hssin wst and subsequently H, is switched on during the time 72, the 
_huclear magnetization will be in the same direction as H, instead of reversed as 
it would be for dynamic equilibrium. Thus a transient negative signal initially 
proportional to My will be obtained which decays to a positive signal proportional 
to M, through zero in a time 7, = T,1n2 the T, decay now occurring in the 
time 7, (See figure). The method is analogous to the Carr—Purcell (Carr and 
Purcell 1954) pulse method in which 7,,,;, is obtained by adjustment of the time 
interval between a 7 and 7/2 pulse. In this latter case it is necessary to adjust 
‘this time interval to measure different values of 7}. 


§ 3. EXPERIMENTAL DETAILS 


It is important for accuracy that the experimental values be adjusted so that 
the inequalities (1), (2) and (3) are maintained. ‘Typical values and times used 
are: H,=3 oersted, t3=20 msec, T,=0-6 msec, H,=50 oersted, t,=0-2 msec, 
7, = 19-0 msec. 


Accurate observation of T,y, Tequires a good signal to noise ratio and 


consequently radio-frequency amplification of the signal may be required before 
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detection. The nuclear induction apparatus used is conventional but incor- 
porates a fast relay actuated from a modulation voltage-controlled thyratron to 
actuate the radio-frequency oscillator. It is necessary to adjust the phase of the 
incoming trigger since the modulation field has a phase difference with respect to 
the modulation current. ‘This arrangement allows H, to be established during 
time 7,. A cine camera was used to measure 7,1 
oscilloscope display, a continuous record of 7, being obtained simply by starting 
and stopping H,. It is intended to replace this method of recording with a phase 


at leisure from a cathode-ray | 


sensitive detector and electronic counter. Spin-—lattice relaxation times for | 


various proton-containing substances have been measured with an estimated 


error of +5%. Such times within this range are in agreement with accepted | 


values. 

The method, for the modulation frequency and radio-frequency field ampli- 
tude as quoted, is suitable for measuring 7, over an approximate range of 0-5 sec 
to a few minutes, this range being dependent to some extent on the method of 


recording. Its main use is in application to liquids but it is also suitable for some 
solids where T= 7s (in this case 20 msec). An extension of the upper limit of - 
I, would be possible by using an integrating gate circuit for very weak signals. | 
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Functional Equations for the Vibrational Spectra of Diatomic Chains 


By P. DEAN anp J. L. MARTIN 
Mathematics Division, National Physical Laboratory, Teddington, Middlesex 


MS. received 29th September 1959 


§ 1. INTRODUCTION 


HE functional equation of Dean (1959, hereafter referred to as 1) for the 
vibrational spectrum of a disordered chain of atoms applies only to cases in 
which no correlation exists between successive matrix elements. Thus, 
while it is successful in dealing with a number of simplified models—such as the 
type 1 chain of Dyson (1953) and (after modification) the alloy of Schmidt (1957) 
it cannot be used, as was at first thought, for more complex systems. : 
In this note we use a probability argument which takes into account correlation 
between matrix elements to derive a system of equations for the spectrum of the 
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general binary lattice (subject to nearest neighbour harmonic forces). he 
method is based upon Sturm’s theorem, as in I. 


§ 2. DERIVATION OF THE FUNCTIONAL EQUATIONS 


We use the notation of I and, in particular, refer to the table of §4 of that 
-paper. The sufhxes of «, 8 and P, in the following, correspond to row numbers of 
- the table. 


Let H,,.(A;) be the probability distribution of h; when an X atom occurs at the 
ath site anda Y atthe (7+ 1)thsite. We consider first the case when both X and Y 
}are Aatoms. ‘The relation between h; and h;_, can then have either of the forms 


a 
h;=a,—v—B/h,_, 


h;= SS nA B5?/h;_4 


according to whether the (i— 1)th atom is an A or a B. Equating the probability 
of values of h; with those of h;_, we obtain, for the infinite lattice, 
Hy (hj) dh; 


P, By” By? Ps ( Bs" ) 
= 2, | | H 
P, +P; Ans (.~ = (ex v—h, + Peep he ge ees, 


——— 


| where (with A’s at i andi+1) P,/(P,+P;) is the probability of an A occurring at 
| the (i—1)th site and P,/(P, + P;) that of a B. 

| We may use similar arguments to derive further relations between the distri- 
_ bution functions by considering each of the three other ways of occupying the 
' iand (i+1)th places of the chain. We thus obtain the following system of four 
' equations for the functions H,,(), Hy,(/), H,,,(h) and Hgp(h): 


2 at Bi af aly re aaa se ae SL es 
Pas) Bop, Gqnvshe 8 |g veh) * PAP; Ge— yh 


2 
x Apa (= =) 
os — V 


(cf. the equations (A 15) of Schmidt (1957), derived in a different context). — 
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According to the theory of I, the integral distribution function for the normal | 
mode frequencies 1s 


M(v) = { ae H(h)dh / | © H(idh, yee (3) 


where H(h) is the weighted sum: 
H(h) =(P, + Ps)Hy4(h) + (Pot Po)Han(h) + (Ps + P,)Hpa(h) 
+ (Pp Pip p(t eee Oe et ee re ie (4) 
It should be noted that the P’s are not all independent and may be determined 
very simply in terms of the imposed order parameters of the chain, asin I. 


§ 3. Pertopic LATTICES 


When the lattice under consideration is periodic, the functional equations reduce 
to very simple forms. For the monatomic lattice of A atoms, P, = 1 and all other 
P,=0. Inthis case the system (2) reduces to 


Hiya (— peel sieiige (5) 

AA AA a,—v—h (a, —v—h)’ eee eee 
the other H,,, Hp, and Hpp becoming indeterminate; relation (4) becomes 
H(h) =H, 4(h). 

Equation (5) has the straightforward solution 
[h? — (a, —v)h+ By?) (when |«,—v|<28;), 
Hy ,(h) = 

5(h—hy) (when |«,—v|>28,), 
where hy satisfies h)?—(«,—v)hy+f8,2=0; other considerations show that hy 
must be the root of smallest absolute value. The relation (3) now leads to the 
familiar frequency spectrum of a monoatomic lattice (cf. Brillouin 1946). : 


The regular diatomic lattice... ABABA...is only slightly more complicated. 
In this case, P,; = P, = 4, and the functional equations are 


Hyx(h)= eee ee (i) 


H ( h) = B53? H Bs? 
va (a;—v—h AY \(ag3—v—h))’ 
and H(h)=4Hy,p(h)+4Hpa(h). When 
[Bs"-+ Bg” — (%3— v)(%g— ») ]? < 48378”, 

that is, when v lies inside the acoustic or optical bands, the solution is 

Hy p(h) ={(3— v)h? — [Ba — Bg? + (213 — v) (%g— v) J + Bg(%g— v)} 1, 

Hyy(h)={(a% — v)h? — [Be? — Bs? + (%g — v) (a3 — v)]h + Be?(as—v)}-1, 
For other values of v, H,, and Hx, are simple 5-functions. 

No such solutions are known in the disordered cases. The alternative is to 


attempt to solve the equations (2) numerically but the method given in I is much 
more direct and accurate (cf. Dean 1960). 
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Ageing Process in Triglycine Sulphate 
By J. STANKOWSKA anp J. STANKOWSKI 
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Communicated by A. Piekara; MS. received 15th Fuly 1959, 
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E., etc.) occur with time. In the present case, the same samples were 
investigated when old and when young. A sample that has not been sub- 
} jected to heat treatment or an a.c. electric field for a considerable period of time 
| (the time depends on the kind of ferroelectric material dealt with) is termed old. 
| An old sample can exhibit a double hysteresis loop. A sample heated to a 
temperature above that of the Curie point is termed young. A young sample 
_ always exhibits a normal hysteresis loop. The process converting an old sample 
| into a young one is termed rejuvenation. The inverse process is that of ferro- 
electric ageing (figure 1). Anaz.c. electric field can also act asa rejuvenating agent.. 


I: the ageing of a ferroelectric, changes of its dielectric properties («, tand, Ps, 


ageing process 


——_—_—_—_—— 


rejuvenation 


——<—_—_—__—_—\_—_—_ 


a) (b) 

Figure 1. goon representation of the shape of the hysteresis loop in (a) an old and 
(b) a young sample. 

The rejuvenating action of an a.c. field upon pure triglycine sulphate salt is shown. 
in figure 2 (Plate). Picture (a) is that of the old sample ; subsequently, a much 
stronger a.c. field is applied for 5 minutes for rejuvenation (b). Picture (c) shows. 
hysteresis loops of the sample rejuvenated by the action of the former a.c. field. 
‘In pure triglycine sulphate salt the shape of the loop changes very rapidly, so that 
at high intensities of the electric field the effect can be overlooked. The process. 
of rejuvenation by applying a field is much more conveniently observed in triglycine 
ulphate that has been doped with CuSQ,. The admixture increases the activa- 
ion energy for domain reorientation ; in such material, the double hysteresis loop: 
can be observed at leisure on the oscillograph screen. 
Figure 3 (a) (Plate) shows the hysteresis loop obtained with an old sample of 
riglycine sulphate doped with CuSO,; figure 3 (0) is that of the same sample: 
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subsequent to heating to a temperature exceeding that of the Curie point. ‘The 
asymmetry of the loop shown in figures 2 (a) and 3 (a) is related to the region from 
which the sample was cut. : 

Higher concentration of admixtures was found to produce a decrease in « and 
Ps and a rise in the coercive field E,. ‘Temperature hysteresis connected with the : 
process of rejuvenation was also observed. | 

From investigations on ageing carried out jointly with Pajak (Pajak and | 
Stankowski 1958) and from results of Chynoweth (1959) and Yureen and_ 
Zheludev (1959), ageing may be considered to consist of two processes occurring | 
simultaneously: (i) reorientation of the domains, finally yielding antiparallel _ 
domain configuration, and (ii) diffusion of the admixtures towards the walls — 
separating the domains, tending to fix the state of a domain as antiferroelectric, — 
In various ferroelectric materials the two component processes participate to a 
various degree. In BaTiOs, it is the first that plays a considerable part, while in | 
Rochelle salt and triglycine sulphate, where domain configuration is antiparallel by | 
nature, it is diffusion of the defects towards the walls between the domains that is — 
the more important of the two. 

Hence it may be concluded that for practical purposes it is most convenient to 
use pure ferroelectric materials, wherein «, Ps and FE, change but little in the course — 
of time. Results are to be published in detail (Stankowska and Stankowski | 
1960). : 


The authors wish to thank Professor Dr. A. Piekara for directing the present : 
investigation and for his numerous valuable discussions. : 
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Effect of Hydrostatic Pressure on the Dielectric Properties of BaTiO, 


By, J. KLIMOWSKI anp J. PIETRZAK 


Institute of Experimental Physics, A. Mickiewicz University, Poznan, Poland 


Communicated by A. Piekara; MS. received 15th July 1959 
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CONSIDERABLE number of papers dealing with the effect of hydrostatic 
pressure upon ferroelectric properties has been published. Vul and 
Vereshtchagin (1945) found that hydrostatic pressure raises the capacity 
of a polycrystalline BaTiO, plate, the relative change in capacity per unit pressure 
amounting to 1-2 x 10-5cm2kg-?. Merz (1950) detected a linear depression of 
the Curie point in a monocrystal subjected to hydrostatic pressure, amounting to 
—5:8x 10-%degatm~!. Shirane and Sato (1951) investigated (Ba—Sr)TiO3 solid 
solutions and found a depression of the Curie point of —6-0 x 10-° deg atm 


+ The present investigation has been supported in part by the Institute of Physics 
tthe Polish Academy of Sciences. 
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The present authors investigated the effect of hydrostatic pressure on the 
dielectric permittivity of both monocrystalline and ceramic BaTiO, above and 
below the Curie point. Crystals grown by Remeika’s method had the shape of 
thin 0-2-0-3 mm plates of an area of 4-10mm?. Silver electrodes were made on 
the surface by evaporation. Monocrystals (c-plates) exhibiting a hysteresis loop 
'of 94° ‘squareness’ and a dielectric permittivity of 300 at 2kc/s and room 
temperature were used for measurements. Ceramic samples were obtained from 
_ polycrystalline BaTiO, of grain size not exceeding 100 u by well-known methods 
(see Trzebiatowski and co-workers 1952). Hydrostatic pressure was produced 
within the piezostat by a pressure intensifier filled with paraffin oil. ‘The 
| pressure was measured to an accuracy of +1%. The temperature was measured 
with a thermocouple. The dielectric permittivity of BaTiO, single crystals and 


L| 


‘ 60 ~~ TV" 
100 20 ISG) 100 120 0 0 7) 


\Figure 1. Temperature dependence of 1/e Figure 2. Temperature dependence of 


i i i lues of 
stal, at various values of the 1/e for ceramic, at various va 
odes pressure: 1, 0 kgcm™?; 2, the hydrostatic pressure: 1, 0 kg cm—*; 

500kgcem~—*; 3, 1000kgcm~?; 4, 1500 2, 740 kg cm—?; 3, 1600 kg cm~—?. 


— kgem—?; 5, 2000kg cm~*. 


ceramics was measured with a Schering type bridge. The accuracy in eee 
the capacity attained +0-2pr. The measuring field did not exceed Bee a 
the frequency of the measuring signal was 2kc/s. In each seep aane the 
temperature dependence of the capacity at constant pressure, the samp ae 
cooled from a temperature of 180°c. The rate of cooling was 30 deg per oy 
and was kept constant. The temperature- and ely eas variations 0 

e stray capacity did not exceed +0-1% and could be neglecte . : 

_ Figure 1 shows the reciprocal value of the dielectric permittivity ° ; mono- 
erystal as plotted against the temperature, at various values of the hy Si 
ressure. As the pressure increases, the Curie point (corresponding to the 
imum value of e) undergoes a linear shift towards lower temperatures, 
ounting to — 4-1 x 10-* deg cm? kg—1, and the maximum value of the permitti- 
rises monotonically. Hydrostatic pressure 1s seen to produce no rate i 
e sign of the tangent to the «(7)) curve below the Curie point, and, hence, the 


2G 
PROC. PHYS. SOC. LXXV, 3 


458 Research Notes 


BaTiO, monocrystal may be assumed to retain its original c-domain structure. 
The Curie-Weiss temperature (for which 1/e=0) decreases as the hydrostatic 
pressure rises; this decrease is, however, less than that of the Curie point and 
amounts to — 3-6 x 10-* deg cm?kg~1, the Curie constant undergoing no change 
and equalling 1:1 x 104 °c. Thus, as the hydrostatic pressure rises, the difference 
between the Curie point and the Curie-Weiss temperature diminishes. ‘ 
Measurements of the dielectric permittivity of BaTiO, ceramics (figure 2) 
against the temperature and the hydrostatic pressure revealed a linear fall in the 
Curie point and Curie-Weiss temperature resulting from a rise in pressure and 
amounting to —4-5 x 10-8degcm?kg~. The latter value is larger than that for 
a crystal and is in agreement with the experimental results of Jaffe and co-workers 
(1957). The Curie-Weiss constant is independent of the hydrostatic pressure 
and amounts to 0-9 x 10* °c. 
In figure 3, the reciprocal value of the dielectric permittivity (1/e) of BaTiO, 
ceramic and a monocrystal is plotted against the hydrostatic pressure at two fixes 
temperatures. It is seen that the reciprocal of the permittivity is a linea: 
function of the hydrostatic pressure. Below the Curie point, 1/e decre 
linearly as the pressure rises, the rate of decrease being temperature dependent, 
whereas above the Curie point 1/e increases linearly with the pressure, the 
steepness being independent of the temperature. 
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Figure 3. Dependence of 1/¢ on the hydrostatic pressure. . 
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The results obtained for a monocrystal within the region above the Curie 


point can be compared with Devonshire’s theory. For this, the free 
expressed as a function of the hydrostatic pressure and the polarization 
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(figure3). ‘The coefficient 7 can now be computed assuming 1/e,— 1/e=5+3 x 10-5 

for o=2-000kgcm~, yielding a value of »=1-:7x10-%cm2dyn—. On the 
} other hand, 7 can be computed from the relative change of volume and the 
| spontaneous polarization at the Curie point. Differentiating equation (1) with 
respect to the hydrostatic pressure and assuming o = 0 yields AV/V =7P?, whence, 

putting AV/V=4-9x 10 (Kay and Vousden 1949) and P=P,=18uccm 
| (Merz 1953), we have »=1-7x 10-8cm?dyn-, a result in good agreement 
with the value of 7 computed from measurements by the present authors. 


The authors wish to thank Professor Dr. A. Piekara for directing the present 
| investigation and for his valuable advice throughout the measurements. 
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Internal Friction in Synthetic Quartz 


By C. S. BROWN 
Research Laboratories of The General Electric Company Limited, Wembley, England 


MS. received 10th November 1959 


for piezoelectric application, has been described by Brown et al. (1952), 
Hale (1952) and Walker and Buehler (1954). The properties of conven- 
tional oscillator crystal units cut from synthetic quartz have been measured 
(Brown and Thomas 1957, Bechmann 1955), and found to be closely similar 
to those made from natural quartz in all respects, including Q-factor. 
— However, conventional quartz crystal units are insensitive to changes in the 
‘intrinsic damping in the material, the changes largely being masked by the 
extraneous losses imposed by the mounting system. It is now possible, using a 
special design of crystal unit described by Warner (1952), to reduce extraneous 
losses to a very low level and so obtain a measure of the internal friction in the 
quartz. ' 
A study of synthetic quartz using this type of unit was first made by King 
(1957, 1959) and he showed that at 20°c the internal friction of natural quartz is 
considerably less than that of any synthetic quartz then available. More 
o ecently, similar studies have been carried out in these laboratories which. have 
confirmed these results. In fact, quartz grown on aseed plate cut perpendicular 
to the optic axis at a rate of 0-5 mm per day on each side of the seed was shown to 
have a Q-factor of the order of 3 x 105 at 5 Mc/s compared with a figure of 2:5 to 
3-0 x 106 for natural quartz. It must be stressed that even this change of one 
~ order hardly affects the activity of conventional oscillator units which have a 


Q-factor of 10° or less. 


i} HE hydrothermal growth of large crystals of quartz, of a quality suitable 
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An examination of a number of samples of synthetic quartz grown on different 
seed orientations by slightly varying processes has suggested that the losses are 
relatively independent of the growth process for a given growth rate. A number 
of crystals has been grown at rates varying from 0-10 to 0-55 mm per day in 
order to determine the effect of growth rate under carefully controlled conditions, 
Measurements of internal friction have been made using 13:5 mm diameter 
AT-cut contoured vibrators operating at 5 Mc/s on their fifth overtone. ‘The 
values of Q~! at 20°c are plotted as a function of growth rate in the figure, from 
which it will be seen that the internal friction is a rapidly varying function of 
growth rate, closely approaching the value for natural quartz at rates below 
0-15 mm per day. 


0 0-| 0-2 0-3 0-4 OS O06 
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Internal friction in synthetic quartz as a function of growth rate. 


Although for conventional piezoelectric applications it would still be mot 
economic to employ a higher growth rate, for special applications, such ; 
frequency standards, where the highest possible Q is required, crystals grown 
the reduced rates would be essential. | — 

Studies are being carried out to determine the internal friction of syn 

artz grown at different rates of growth as a function of temperature - 
ge +-400°k, together with the effects of x-irradiation. ‘These re: 
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Pree Roe Oe bite OLCOR 
The Absorption Spectrum of Neon 


The absorption of neon has been measured in the region 600A to 2204 
by methods previously reported (Ditchburn and Heddle 1953, Ditchburn 1955). 
The absorption cross section is shown in figure 1 in comparison with the curve 
_ obtained by Po Lee and Weissler (1953). The results are in good agreement 
except in the regions near the L;L, series limit (575 A) and near the L, series 
limit (256 A). The new curve is very probably correct in the region near 575 A 
_ because it agrees not only with the present measurements but also with some 
measured points of Weissler which he ignored in smoothing his curve. In the 
' region near the L, edge, the position is more uncertain since the emission lines 
_ used for making the measurements are photographically very weak, both in the 
) present experiment and in Weissler’s. Some points lie considerably above the 
' curve. The deviations may be due to experimental error or to weak auto- 
) ionization lines. 
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Figure 1. Absorption cross section for neon (1 mbn= 10-18 cm?) as a function of 
wavelength. 


—— Experimental results 

—-— From dipole length formula 

---~~From dipole velocity formula 
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Figure 2. Absorption cross section for neon. 


In figure 2 what is believed to be the best experimental curve, taking account 
both of the present results and of those obtained by Weissler, is compared with. 
theoretical curves calculated by Seaton (1954) using a dipole length and a 
dipole velocity approximation respectively, It may be seen that the dipole 
length formula gives the better fit, except in the regions near to the series limits. 
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This agreement indicates that strong auto-ionization effects similar to those found 
in thallium (Marr 1954) are not present. 


I wish to thank Mr. J. F. James and Mr. G. Wood for help in this work. 
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Noise Spectra of a Probe in a Hot-Cathode Discharge 


The noise potentials at a floating probe (Singh 1959) can be explained | 
qualitatively if the ion sheath is assumed to be a dynamic rather than a static | 
structure, i.e. the positive ions in the sheath are slowly moving in to the probe | 
which is negatively charged (e.g. 15 volts negative to space potential) and being | 
replaced by others drawn from the plasma. ‘This positive current to the probe 
will be balanced by a corresponding flow of electrons to the probe, just sufficient | 
to maintain the floating negative potential. There will then be a finite conduc- | 
tance between probe and plasma, the effective temperature of which is governed - 
mainly by the electrons which contribute most of the conductivity; and the | 
probe will behave like a retarding-field diode with a high-resistance leak from 
anode to cathode, the leak from the probe being provided by positive ions. It is" 
also known both theoretically and experimentally (Druyvesteyn 1933, Knol 1951) 
that the effective temperature T', of the negative electrons in a plasma approxi- | 
mates to eV/R where V is the ionization potential of the gas and k is Boltzmann’s 
constant. J. is insensitive to discharge conditions, the only significant correction 
being a function of ratio of gas pressure to discharge-tube radius. 

One would therefore expect probe noise to be insensitive to discharge con- 
ditions and probe orientation, as long as its potential is being controlled by the 
arrival of electrons. ‘The drop in noise when the probe potential is taken to minus 
30-40 volts (Singh 1959, figure 4) is presumably due to the elimination of 
electron current to the probe. Noise will then be due to positive ions, which 
have a temperature lower than T,. 
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On the Thermomagnetic Effects of Monovalent Metals 


In his article, Blatt (1957) mentions that ‘‘ The observation of positive values 
of these (Nernst and Ettingshausen) coefficients in copper and other metals 
poses a problem more serious even than the positive absolute thermoelectric 
powers of lithium and noble metals’’. Jones (1955, 1957) has resolved the 
question of positive thermoelectric power of noble metals by considering the 
Fermi surface to be lying very close to the Brillouin zone boundaries in these 
metals. But theoretical studies of the Fermi surface in these metals are deficient 
as is pointed out by Callaway (1958), in order to verify Jones’ assumption. A 
- consideration similar to that of Jones appears to explain the positive Nernst and 
_ Ettingshausen coefficients. 

The expressions for two of the thermomagnetic coefficients (for these are the 
ones that are of interest) namely Nernst and Ettingshausen coefficients for a model 
of a single band of standard form, in the limit of small magnetic field and the lowest 
order in k, 7/7 (Jones uses results to this order) are respectively 
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The notations are as in Blatt’s article. One may notice a change of sign in these 
| coefficients from those given by Sondheimer (1948) and also Wilson (1954). 
| The latter authors denote Ay, by Byy'- A misprint in the formula for A, which 
+ occurs in the article of Blatt, is here corrected. 

Both these coefficients should be negative if 7 is a monotonically increasing 
function of < and this is true of scattering by lattice vibrations, while they would be 
positive if 7 is a decreasing function of « near the edge of the Brillouin zone (Wilson 
1954). 

oe to Jones (1955), when the Fermi surface is a slightly distorted 
sphere and lies very close to the Brillouin zone boundaries 
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where B is a positive constant involving some universal constants like /, 7 and qo 
the radius of the Debye sphere in the space of the wave vector of the lattice 
vibrations. Substitution of this in (1) and (2) gives 


Axi= — BN 2-(x5 5)... | Pb te 
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The second term in the square brackets in (4) and (5) is 4 for free electrons. 
But for monovalent metals in which the Fermi surface is very close to the Brillouin 
zone boundaries, this term may be much larger. From the same arguments as 
fones’ (1955), if this is the case, this factor may very well exceed 2 and hence lead 


to positive values of Ay; and A,. 
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A New Method in the Theory of Superconductivity, by N. N. Boco.tusov,V.V. 
Totmacuev and D. V. SuirKov. Pp. iii +121. (New York : Consultants 
Bureau; London : Chapman and Hall, 1959.) 50s. 


This monograph has previously been published in Russian and in a shortened 
English translation in the Fortschritte der Physik. It gives a full and connected 
account of Bogoliubov’s ‘ quasi-particle’ transformation for fermions, and its 
application to the theory of superconductivity. In physical content the theory 
of Bogoliubov et al. is similar to that of Bardeen, Cooper and Schrieffer, but 
the mathematical scheme is more rigorous and elegant, and lends itself better to 
detailed calculations. 

The quasi-particle transformation is applied to the BCS Hamiltonian, to the 
Bloch—Frohlich electron-phonon Hamiltonian, and to a more complicated model 
Hamiltonian in which Coulomb interactions are explicitly included. The latter 
model yields a criterion for superconductivity, to which that of BCS is a first 
approximation. The collective modes are discussed, in Fréhlich’s model. In 
Chapter III (not included in the abridged Fortschritte version), boson and fermion 
quasi-particle transformations are applied together, to obtain a ‘ superconduc- 
ting’ ground state for the electrons, together with Frohlich’s renormalization 
of the phonon frequencies and the coupling constant. 

The authors claim to present a complete solution to the problem of super- 
conductivity. The reviewer cannot agree, since no demonstration is given of the 
Meissner effect, nor of the anomalous Knight shift. Nevertheless, this book will 
be very welcome to theoreticians with any interest at all in the theory of super- 
conductivity, especially as the material is so clearly written and presented. 

C. G. 


Fluctuation Phenomena in Semiconductors, by A. VAN DER ZIEL. Pp. viii+ 168. 
(London : Butterworths Scientific Publications, 1959.) 35s. 


The subject of fluctuations in semiconductors is of considerable theoretical 
interest and has recently become of great practical importance. ‘This book starts 
with a brief introduction to methods of noise measurement and the mathematics 
of fluctuations. Subsequent chapters deal with the major sources of noise in 
semiconductors: generation—recombination noise, flicker noise and noise in 
diodes. ‘The results are applied to obtain expressions for the noise figure of 
photoconductors, rectifiers, diode mixers and amplifiers and transistors. Those 
who are not already familiar with the subject will probably find this book very 
difficult to read, one is often overwhelmed with algebra and unable to see clearly 
in which direction one is going or what is the ultimate goal. In some places the 
treatment is very condensed and, in others, there is an excess of unimportant 
detail. No real attempt has been made to present the essential features of the 


subject in the simplest possible form or to indicate which of the results are of 


major importance. ‘The chapters on semiconductor devices would be of more 
use and greater interest if more practical results had been included. It woul 

for example, be useful to have some actual values for the noise figure of transistors 
so that the reader could easily make a comparison between the performance of 
transistors and vacuum tubes. Although the book contains over three hundred 
equations and several hundred symbols are used, there is no list of symbols, s¢ 
that much time is wasted by the reader in hunting through the text to find their 
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definition. One of the most useful features is the extensive and up-to-date 
bibliography containing nearly three hundred references which will certainly be 
of great value to research workers in this field. B. V. ROLLIN. 


Elements of Solid State Theory, by G. H. WANNIER. Pp. vii +270. (Cambridge: 
University Press, 1959.) 35s. 


The phrase which is used as the title of this book is not altogether without 
‘ambiguity. Interpreted literally it would imply a vast range of physical sciences, 
for example, crystallography, metallurgy, large parts of chemistry, and even 
‘geology. In fact the phrase ‘ solid state physics ’ became popular in the decade 
) following the second world war and was used primarily to denote the topics 
| associated with the electron theory and the lattice dynamics of metals and semi- 
| conductors. The author of this book has taken a rather wider view. The book 
| opens with a chapter on crystallography and ends with one on cohesion and 
chemical bonding. There is much of interest between—and including—these 
} chapters. For example, there are chapters dealing with lattice dynamics, co- 
operative phenomena, electron theory of solids and friction in electron dynamics. 
Many topics which the reader might reasonably expect to find under such a title 
are absent and, indeed, the author himself states in the preface ‘some topics of 
current interest are missing altogether and others will be found only in skele- 
tonized form”. In fact, it is probably fair to say that from the topics omitted or 
t only touched upon, another book could be written which would qualify for the 
} same title. 

In a book which attempts to cover such a wide field it is inevitable that no 
particular topic can be treated in great detail, but if in some cases detail is absent, 
there can be no question about the depth of the treatment. he principles 
underlying the various topics dealt with are in all cases most carefully elucidated. 

Many readers who have made solid state physics their speciality will still find 
much in this volume that is stimulating and enlightening. It is doubtful whether 
this book is really suitable for the beginner. Only those who are familiar with 
the mathematics and notation of modern theoretical physics will be able to 
appreciate many of the formulae which appear. ‘To the well-equipped graduate 
_student who wants to survey the principles on which solid state theory is based, 
the book can be thoroughly recommended. H. JONES. 


Handbuch der Physik, Vol. XLIV. Nuclear Instrumentation I, edited by 
: S. FLtcce (co-editor E. Creutz). Pp. viit+473. (Berlin : Springer, 
1959.) DM. 125. 

The science of nuclear accelerator design has developed with spectacular 
success since 1930 and the implementation of its conclusions now commands an 
important fraction of the total scientific budget in many countries. It is timely 

that a volume containing authoritative accounts of the main instruments, as 
seen at the end of 1957, should now appear, since development and experiment 
“have usually outstripped publication and details of many machines have been 
vailable so far only in laboratory reports. The authors of the articles in this 
volume have covered the available material exhaustively as far as their respective 
achines are concerned; the reader may perhaps only regret that no general 
survey article relating the different accelerators and comparing their performance 


s been included. 
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The arrangement of the material in the book follows a historical sequence, 


The chapter (in German) on cascade generators, by E. Baldinger, reminds the © 
reader that transformers, rectifiers and condensers are standard components to | 
the electrical engineer, and that multiplying networks can be treated in con- | 
siderable detail by circuit theory. The auxiliary apparatus of a cascade accelera- 
tor, such as ion source and accelerating tube, is not discussed. ‘The following | 


article on Van de Graaff generators, by R. G. Herb, necessarily treats the 


installation as a whole and gives a thorough account of the development of this 


most precise and controllable member of the accelerator family, with particular | 


reference to the important contributions of the University of Wisconsin. 


The next five articles deal with accelerators which employ time-varying fields, 


The necessary theories of orbit stability are developed in several places and typical 


examples are generously discussed. B. L. Cohen writes on the classical cyclotron 


and the removal of its relativistic limitation, following the enunciation of the | 
principle of phase stability, by the development of the synchrocyclotron. He | 
also shows how the later proposal of azimuthally-varying-field machines offers : 
both high energy and high intensity. Electron synchrotrons (including the | 
strong focusing type) are discussed by R. R. Wilson, and betatrons by D. W. | 
Kerst, in stimulating articles which clearly exhibit the electrodynamic principles — 


of these machines. No article deals with the microtron, which seems to merit 
treatment at this point. G. K. Green and E. D. Courant have written an 
account of the proton synchrotron which provides a detailed comparison of the 
design and operating problems of four large machines of this type, and leads on 
to a discussion of the alternating gradient principle and the AG machines under 


construction. ‘This thorough and informative article is likely to be the standard | 


reference on its subject for many years. L. Smith concludes the descriptions | 
of machines with a comprehensive account of linear accelerators for electrons, — 


protons and heavy ions. 


The Editors have rightly decided that the production of neutrons is as useful 
in nuclear physics as the acceleration of charged particles and D. J. Hughes 


gives a survey of the more important reactor techniques. ‘This article concludes — 
a well-produced volume whose contents form a remarkable tribute to the courage 


and ingenuity of physicists and engineers over three decades. 
W. E. BURCHAM, 


Vector Space—and its application in crystal-structure investigation, by Martin J. 


BUERGER. Pp. xiv+347. (New York: John Wiley; London: Chapman 
and Hall, 1959.) 96s. 


The power of certain techniques has frequently been recognised before 
scientific workers had the tools to make full use of new ideas. For instance, the 
theory of space groups had been worked out and was ready for use once von 
Laue had shown that crystals can diffract x-rays. The simultaneous growth in 
the understanding of Patterson vector maps, due to a great extent to the work 
of Buerger, and the development of electronic digital computers is perhaps a 
similar happy coincidence. Thus the publication of Martin Buerger’s most 
recent book Vector Space is most opportune. 

Patterson showed that it is possible to construct a Fourier synthesis which 
represents the vector relationship between the scattering matter in a crystal, 
when all vectors are transposed to the origin. The advantage of the Patterson 
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synthesis is that it requires only experimental data, while the construction of an 
electron density map requires both the experimentally measurable structure 
factors, and their relative phases, which cannot be measured, but must be 
derived. ‘The great problem in crystallography is either to find, using indirect 
/means, the phase of each structure factor or to reconstruct the crystal from 
vector relationships found in the Patterson map. This is the problem which 
'forms the main subject of this book. 

The Patterson function is introduced in Chapter 2, and some of 1ts properties 

/ are investigated in Chapters 3 to 6. Chapters 1 to 5 might well be omitted by 
'those who are already familiar with the basic properties of vector space. 
- Buerger then enlarges on the consequences of symmetry on Patterson maps and 
considers the possibility of solving a structure by the use of so-called Harker 
» sections and implication diagrams alone (Chapter 7). However, more complicated 
| organic structures (Buerger quotes tartaric acid and DL-methionine) have 
'strong non-Harker background on Harker sections. Hence the most vital 
| part of this book lies in Chapters 8 and 10 to 13 where the theory of image 
/seeking functions is developed and different superposition functions are 
| compared. 
) The scragginess of the contours of the examples chosen show that graphical 
. methods must suffer a good deal of approximation, although the final answers 
+ show a remarkable resemblance to the final electron density maps. ‘The reader 
is left to speculate on how close an approximation to electron density could be 
achieved by repeated superposition with the Buerger minimum function and the 
accuracy made possible by the use of an electronic computer. Further, if the 
time taken for an attempted superposition is not prohibitive it becomes less 
important if a multiple vector has accidentally been chosen as a point of super- 
position, for another attempt at solution can then be made. 

The practising crystallographer will want to know whether the better method 
of solution to his particular problem lies in, say, the use of the heavy atom 
technique, or in the superposition of the Patterson maps; or perhaps in the use 
of difference Pattersons as compared with usual isomorphous replacement 
techniques. In general, what is the exact equivalence between vector space and 
reciprocal space solutions ? Until these questions receive an answer the full 
power of vector methods cannot be correctly assessed, but the many problems 
‘which have already been solved by the use of vector methods make it clear 
that those who are interested in the analysis of complex crystal structures should 
have a copy of Vector Space in their own library. MICHAEL G. ROSSMANN. 


Mécanique Quantique, Vol. 1, by A. MesstaH. Pp. xv +430. (Paris : Dunod, 
£959:):3:900 fr 


The time has surely come when the appearance of yet another textbook of 
quantum mechanics should be received with reserve if not with suspicion. 
At all events I must confess to such sentiments when I opened this first volume 
of Dr. Messiah’s work. Very soon, however, I had to admit that here was some- 
thing new which tried to present the subject in a manner quite different from 
what one is accustomed to. Until the second volume has appeared I think one 
must suspend any final judgment upon this presentation; but it is already clear 
hat, whatever the student will make of it, the teacher will find it invaluable. 


After a fairly lengthy exposition of the origins of the quantum theory the bulk 
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of this first volume is concerned with setting up the formalism of quantum 
mechanics in a modern framework, particular attention being paid to mathe- 
matical niceties. It assumes a level of mathematical sophistication which may | 
be appropriate to the average French student but which is considerably above | 
what one can expect of the British undergraduate. Halfway through the book, | 
for example, one finds a lengthy exposition of the properties of projection | 
operators and these are used extensively thereafter. Although one warmly | 
welcomes the use of such powerful concepts in principle, one wonders to what | 
use they can be put and to what extent they can be understood by a student who, | 
at this stage, has been shown very little in the way of practical applications. | 
It is not until the last third of the volume that there is a study of the standard | 
problems of angular momentum, scattering, the hydrogen atom, and the | 
harmonic oscillator, for which much that has gone before is unnecessary. | 
Characteristically, the third page of the treatment of the harmonic oscillator | 
introduces creation and annihilation operators. However, all of the formalism | 
of this volume is valuable, if not entirely necessary, when one comes to the | 
study of perturbation theory and relativistic quantum mechanics. ‘These | 
topics are promised in the second volume, and one therefore awaits its appearance 
with considerable interest. Personally, I am not inclined to recommend this 
book to students; but I shall certainly use it myself, and shall encourage other | 
teachers of quantum mechanics to do likewise. B. H. FLOWERS. | 


Atlas of y-ray Spectra from Radiative Capture of Thermal Neutrons, by L. V. 
GrosHEv, A. M. Demipov, V. N. LuTsENKo and V. L. PELEKHOV; 
translated from the Russian by J. B. Syxes. Pp. iv+198. (London, 
New York, Paris, Los Angeles: Pergamon Press, 1959.) 140s. 


Detailed study of the energy and intensity of the cascades of gamma radiation 
following slow neutron capture is of great interest to the nuclear spectroscopist. 
The power and value of such studies was first fully revealed by the experiments 
of Kinsey and his collaborators at Chalk River but this work did not adequately 
survey the many low energy transitions owing to the limitations of the magnetic | 
pair spectrometer. These limitations are largely (though not entirely) removed : 
by the use of a Compton spectrometer and experiments with such an instrument 
by the authors of this book and others, at the Atomic Energy Institute of the 
Academy of Sciences of the U.S.S.R., confirm and extend the Chalk River 
results, 

The introduction to this volume briefly surveys and compares the different 
techniques of measurement, and is followed by a useful table of thermal neutron 
capture cross sections and neutron binding energies. ‘The body of the book 
presents, nucleus by nucleus, a table of all measured energies and intensities in 
the gamma-ray spectra, experimental curves obtained with the Compton spectro- 
meter, corrected curves from which instrumental effects have been removed, and 
finally a scheme of bound levels showing observed transitions and spins and 
parities where known. Appendices deal with internal conversion electrons and 
gamma rays associated with beta decay. 

The atlas gives a valuable picture of the low-lying levels of nuclei and should 
be useful to both experimentalist and theoretician. There are some sma 
imperfections in the diagrams and tables, due probably to photographic repr 
duction, but these do not affect the general clarity and utility of the presentati 

: W. E. BURCHAM 
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Seventh Symposium (International) on Combustion, published for the Combustion 
Institute. Pp. xlvi+959. (London: Butterworths Scientific Publications, 
1959.) £11 4s. Od. 


The seventh international symposium on combustion (the first to be held 
outside the United States) was held in London and Oxford in 1958. This 
account of it, which runs to nearly a thousand pages, has been printed with 
exemplary speed and clarity. It contains one hundred and twenty-four papers 
on eleven topics which include the mechanism of combustion reactions, the 
structure and propagation of flames, combustion in practical flowing systems, 
detonation and its initiation, and related subjects ranging as far as spectroscopy 
and instrumentation. There is a just balance of theory and application, and the 
volume is an admirable cross section of recent work in these developing fields. 
| J. BRONOWSKI. 


Physics and Heat Technology of Reactors, by various authors. Pp. v+174. 
(New York: Consultants Bureau, Inc., 1958.) Prices £853s.10d. 


This collection of eighteen papers originally appeared as Supplement No. 1, 
1958, to the Soviet fournal of Atomic Energy. Articles in this journal of interest 
to English readers, are usually translated and published in the Fournal of Nuclear 
Energy (Pergamon Press), but this procedure has not been applied to the 
supplements. Consultants Bureau have therefore performed a useful service 
in issuing this volume, which covers a wide range of problems in reactor theory, 
reactor physics and reactor engineering. 

The first paper derives multigroup diffusion equations from the basic and 
adjoint diffusion—age equations, which remain valid for strong absorption during 
slowing-down; in the second paper the diffusion equations for one- and two- 
dimensional regions are replaced by finite difference equations. Next we have 
a discussion on the relation between critical mass and critical volume in homo- 
geneous reactors. ‘l'wo papers outline a synthetic kernel method for neutron 
diffusion in hydrogeneous and non-hydrogeneous materials; the elastic collision 
function is replaced by a synthetic function of the form 

ae ~*"& (w—1) + b8(u) + c6(u— 1)8(u) 
_ making it possible to derive an integral equation for the flux. ; 
A report on the pulse method of investigating neutron slowing down in 
_ graphite, shows that after the elastic slowing-down stage, the neutrons interact 
with the lattice as if they were a hot Maxwellian gas subject to Newton’s law 
of cooling. A set of three papers on fission products, deals with the overall rate 
of decay, the yield in the mass number range 139-153 for eo Lan a deter- 
mination of o, for Xe. A report is given of the experimental determination 
of the spectrum of scattered y-rays emerging from a lead shield. The use of 
- 235UJ as a coating on thermocouples for measuring neutron flux, is then discussed. 
An account is given of the experimental determination of the maximum per- 
 missible thermal-neutron flux, using a paraffin dummy. oa 
The papers of engineering interest start with the determination of the power— 
weight ratio for various designs of fuel elements. _ This is followed by an. 
analysis of the optimum thermodynamic cycle for atomic power stations, obtained 
by minimizing the total cost. The use of saturated steam in atomic power 
i d. A paper on boiling water reactors deals with the efficiency 


472 Reviews of Books 


and the loading factor, i.e. the fraction of heat transferred to water. ‘The use 
of freon as a working fluid in single and dual supercritical thermal cycles is 
discussed. The final paper deals with radioactive contamination in the steam 
circuits of atomic power plants. 

Reactor physicists and engineers should find much to interest them in this 
volume; the translations run smoothly. A minor criticism is the inadequacy 


of the references and particularly those of original British and American books — 


and articles. J. WOODROW. 


Introduction to the Theory of Compressible Flow, by Surn-I Pat. Pp. xiti+ 385, | 


(Princeton, N.J.; Toronto; London; New York: van Nostrand, 1959.) 
738. 


Over the last decade, the increasing interest in high speed flow has been 
reflected in an increasing number of textbooks and treatises on compressible 


fluid theory, some designed for the student with no prior knowledge of — 


the field and others written with the research worker or specialist in mind. 
Professor Pai’s book seems to fall into the first category; the specialist will find 
little that he is not already familiar with, and the treatment rarely goes far 
enough for it to be useful as a reference book, However, as an introductory 
text it suffers, at least in the reviewer’s opinion, from various defects. 

The treatment is often too brief or condensed to make for easy reading by 
the student. ‘This appears to be due, in part at least, to the fact that the coverage 
of the field is almost complete, including accounts of comparatively recent 
developments like hypersonic boundary layers and magnetogasdynamics, so 
that of necessity much of the material has to be condensed to get it into 377 
pages. ‘The reviewer feels that many portions of the book may not be clear 
to the student fresh to compressible fluid theory. Moreover, the author tends 
to manipulate equations formally, rather than give a clear description of the 
fundamental concepts and a satisfactory development of the subject. For 
example, the student is unlikely to appreciate the significance and usefulness 
of the exact solution for supersonic flow round a sharp corner (the Prandtl— 
Meyer expansion) when it is introduced as a ‘ lost solution’ of the hodograph 
equations. 

The problems at the end of each chapter appear to be badly chosen; in few 
cases do they serve to illustrate the text. Moreover, the author adopts the 
practice of referring to reports with limited circulation. This is to be deplored 
in a textbook for students, since in the majority of cases a student would have 
great difficulty in obtaining such reports. Furthermore, it usually requires a 
person of some experience to abstract the relevant information or results from 
them. P. G. SAFFMAN. 


Semiconductor Abstracts, edited by E. PasKELt. Pp. ix+456. (New York: 


John Wiley; London: Chapman and Hall, 1O59:) 
Paris: PUBLICATIONS SCIENTIFIQUES ET "TECHNIQUES DU MINISTERE DE L’ AIR: 


Résolution par analogie électrique d’équations aux derivées partielles du quatriéme 
ordre intervenant dans divers probléemes d’élasticité, par J. Boscuer. Pp. 
xxi+ 130. No. 348, 1958. 2250 fr. 


Contribution a l'étude des ultrasons aériens: production et applications, pat 
R. Boucuer. Pp. xiv+ 138. No. N.T. 79, 1958. 2548 if: 


PROC, PHYS. SOC. VOL. 75, PT. 3 (M. BLACKMAN AND G. KAYE) 


Oriented layers formed on the (00.1) face of a haematite single crystal heated 


Figure 1 (a). 
in air at 550°c for 1} hrs. Beam directed along [10.0] direction. 


Figure 1 (b). Same as figure 1 (a) except that the beam is directed along the [11.0] direction. 
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Study of Quartz Imperfections by Light Scattering 


By LUCIENNE TAUREL} ann S. P. F. HUMPHREYS-OWENt 
t Laboratoire des Recherches Physiques, 1, Rue Victor Cousin, Paris 
{ Department of Physics, Birkbeck College, University of London 


MS. received 1st Fuly 1959, in revised form 4th November 1959 


Abstract. Light scattered by natural crystalline quartz is studied as a function of 
temperature and wavelength, and of time after change of temperature. Anomalous 
scattered flux is found to be divisible into two distinct fractions. The first 
fraction is highly anisotropic and orientation-sensitive and is consistent with the 
existence of ‘needles’ lying parallel to the c axis. This fraction reacts at a 
different rate to change of temperature, depending on whether the temperature is 
raised or lowered. A semi-quantitative interpretation is given in terms of 
substituted impurity atoms which form atmospheres near edge dislocation lines 
lying parallel to the axis. On lowering the temperature there is a drift to the 
, atmospheres, and on raising the temperature there is a (faster) diffusion away from 
them. A single diffusion coefficient of the order 10-®°cm?sec—! is derived for 
both processes. The equilibrium temperature dependence allows an estimate of 
the mean binding energy of an impurity atom to the dislocation line to be made 
which agrees with prediction from the theory of Cottrell and Bilby. The second 
fraction is not readily explained in terms, directly, of defects, and it is tenta- 
tively suggested that defects are indirectly responsible through perturbation of 
the spectrum of lattice vibrations, leading to a modification of thermal scattering. 


| 
; 
; 
: 
| 
| 
: 


§ 1. INTRODUCTION 


HE luminous flux scattered by a perfect crystal is caused by thermal vibra- 
| tions of the lattice. ‘The acoustical branch produces Rayleigh scattering 
and the optical branch Raman scattering. The intensity of Raman scat- 
tering in quartz is less than 10% of Rayleigh scattering at visible wavelengths and is 
almost independent of temperature below 200°c (Landsberg and Mandelstam 
1928, Landsberg and Leontowitsch 1929). Raman scattering will be ignored 
for the purpose of this paper. The theory of Rayleigh scattering predicts an 
intensity which is proportional to the absolute temperature and inversely pro- 
portional to the fourth power of the wavelength (A~law). In view of some 
ambiguity in the use of the term ‘Rayleigh’ we shall refer to this scattering as 
“thermal ’. 
_ Real crystals scatter additional light because of imperfections. ‘The presence 
of this ‘real structure’ contribution is recognized when the scattering power 
differs between crystals of the same kind, and is suspected when the magnitude 
ad characteristics of the scattering power differ from the predictions of the 
thermal theory. Strictly the latter observations are not conclusive evidence for 
the existence and characteristics of a real structure contribution because the very 
-obability of imperfections being present has so far prevented the confirmation of 
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the thermal theory. Nevertheless it has been customary to assume that the 
thermal theory is sufficiently well founded for its correctness to be assumed, and 
that information about real structure scattering can be obtained by subtracting the 
theoretical thermal flux from the observed flux. 

This paper describes experimental results obtained by one of us with the original 
intention of confirming a theory of thermal scattering in quartz (Barriol, Chapelle — 
and 'Taurel 1954). It turns out that subjection of quartz to cycles of temperature | 
between room temperature and a high upper temperature can bring it temporarily 
into a state in which the temperature and wavelength dependence of the scattered | 
flux appears to be in accordance with the thermal theory. But the magnitude and | 
certain depolarization properties are not, and moreover the magnitude is not the | 
same for all crystals. Therefore a real structure residue remains and the theory | 
cannot be confirmed. 

Before, and long after, the cyclic treatment the scattered flux is quite at variance 
with the predictions of the thermal theory and another real structure contribution 
appears to be manifest. We have adopted the procedure of assuming the correct- 
ness of the thermal theory and of ascribing excess scattering to a real structure 
contribution. ‘The available measurements have been used in a discussion of the | 
two distinct real structures which appear in general to be present in quartz. | 


§ 2. NOTATION AND EXPERIMENTAL MATTERS | 

Experimental details have already been published (Chapelle and Taurel | 
1955). The source of light was a high pressure mercury vapour arc type Osram _ 
HBO.500. The lines 4358 A, 5461 A and 57804 could be isolated by interference | 
filters. Reception was by photomultiplier and galvanometer without further | 
amplification. The characteristics of source multiplier and glass lenses produced | 
a detected light confined effectively within the above wavelength range with most | 
of the intensity in the 4358A line. Incident and scattered beams, of small | 
aperture of the order 1/20 radian, could be separately polarized by polaroids. The 
angle between incident and scattered beams was always 90°. 

The received scattered flux ¢ will have in general two suffixes. The first. 
relates to the polarization of the incident beam, the second to that of the scattered | 
beam. A suffix will be I when the electric vector is normal to the plane of scattering | 
(vertical polarization), and will be i when it is in the plane of scattering (horizontal 
polarization). The sum of the four possibilities will receive the suffix Q, thus 


bo= birt birt Sut Fi: 
When the incident beam is unpolarized, only one suffix, that relating to the 
scattered beam, will beshown. ‘Then 


$a =o+4- ¥ 
Depolarization factors p are defined as follows: 
incident beam unpolarized: 


pu= (by rig by)! (Pr £3 dix) 


incident beam vertically polarized: 


y= by/ dup 


incident beam horizontally polarized : 


Ph= bu/ dis: 


4 
? 
e 
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Two orientations of crystals with respect to the beams have been used, selected 
so as to preserve the simple condition that directions of polarization remain 
parallel to the principal axes of the ellipsoid of the refractive indices. Orientation 
S: plane of scattering normal to c axis, incident beam parallel to a binary axis; 
jorientation P: plane of scattering containing the c axis, incident beam parallel to 
‘the c axis, scattered beam parallel to a binary axis; in this orientation, in order to 
javoid the complications of rotatory power, only ¢, and ¢, are measured. 

Five colourless crystals, A, B, C, D, E, have been studied. In A and B, 
from Madagascar, a few small white flakes can be seen in the beam of light. But 
-a volume free from these could always be selected. C, D, E, from Brazil, are 
jentirely free from visible imperfections. E was turned in the form of a right 
jcylinder with generator parallel to the c axis. A, B, C, D, are rectangular 
'blocks with one pair of faces normal to the c axis and one other face normal to 
_a binary axis. 


; 


. § 3. FoRMULA FOR COMPARISONS WITH THERMAL ‘THEORY 

In accordance with usual practice the flux scattered by a crystal is compared 
with that scattered by an identical volume of the standard liquid benzene, 
prepared in the same laboratory as that of Chollot and Morlot referred to below. 
|The following values for Ry, the experimental Rayleigh ratio of benzene at 
20°c, have been used (Chollot and Morlot 1958) 

(47+5) x 10-8 at 43584 
(14-9 + 1-5) x 10-6 at 5461 A 
(11-8 + 1-2) x 10-* at 5780 A. 

Having regard to the similar values of Carr and Zimm (1950), and to the 
values derived from known molecular weights of macromolecules, the accuracy 
is probably higher than the above estimate of 10%, being perhaps nearer 6%. 

For the orientations which have been used the ratio of the flux scattered by 
quartz to that scattered by benzene is theoretically 


> nny (ng+1)! yet wR > Pas (1) 


Fy= = | (n,+1)%(m,+12% me ” 2RprM! 
B j,k j k g B 


N;, n;, are indices of quartz relating respectively to the directions of polarization 
of incident and scattered beams. With polarization normal to the c axis one 
has mo of the ordinary ray, and with polarization parallel to the c axis one has 
me of the extraordinary ray. mg is the index of the glass of the cell containing 
benzene, 7p the index of benzene, A the vacuum wavelength, k Boltzmann's 
constant, T the absolute temperature, f,, a function of the photoelastic 
constants, s the density of quartz and V the velocity of an active acoustic wave. 
The second summation is over the three active acoustic waves and the terms in 
it are calculated for orientation S by Chapelle and Taurel (1955). ; 

Table 1 gives the values of the indices employed in calculating from 


quation (1). 


Table 1. Values of Indices employed in calculating from equation (1) 


Wavelen A n Ne Ng nz 
am Cae 1-558 1-563 1-470 1-530 
5461, oe 1-346 1-555 1-461 1-503 

5780 1-544 1-553 1-460 1-500 


2H2 
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§ 4, EXPERIMENTAL RESULTS AS FUNCTION OF "TEMPERATURE 
4.1. Above Room Temperature 


Crystals were subjected to cycles of temperature between 18°c and various | 
selected upper temperatures. Before any measurement of scattered flux was : 
made the crystal was maintained at the particular temperature for 14 hours, : 
In between measurements, changes of temperature were carried out at a rate of | 
10° per hour. Figure 1 shows a typical behaviour for orientation S. In the | 
figure the separate points are numbered in sequence of time. For the first | 
part of the experiment an upper temperature of 120°C was reached. Then, | 
after two cycles, the upper temperature was raised to 200°c. ‘The following | 
are the salient characteristics of the behaviour: (a) The flux falls during initial | 
heating stages. (b) During all cooling stages the flux is a linear function of the | 
temperature and produces a set of parallel straight lines. (c) ‘The distinction 
between the heating and the cooling stages vanishes after a sufficient number of | 
cycles and the two stages merge into a single straight line; in the figure this state : 
has not quite been reached with the 120°c upper temperature, but has been 
reached with the 200°c upper temperature. (d) The single straight line, when : 


Scattered Flux (arbitrary units) 


100 
Temperature (°c) 


Figure 1. Scattered flux from a typical crystal during cycles of temperature above 18°c. 
Full lines are for decreasing temperature, broken lines for increasing temperature. 
The former are all parallel. After a number of cycles the cooling and warming | 


. 


stages coalesce. This has not quite happened with the upper temperature 120°C 
(points 4 to 5 and 5 to 6), but has with the upper temperature 200°c (points 10 to 19). 
The final single line extrapolates to an ordinate 2-3 units at 0°K. Its slope, 0-0033. 
units, is more than the theoretical slope, 0-0017 units on the same scale, for thermal 
scattering. 


extrapolated, has in general an intercept on the ordinate axis at 0°K; the higher 
the upper temperature of the cycles the lower is this intercept; the crystal D 
~ had a nearly zero intercept for an upper temperature of 150°c. (e) The common 
slope of the cooling lines, which is also that of the final single line, is greater than 
the slope predicted by the theory for thermal scattering, in the figure the slope 
is 0-0033 arbitrary units, and to the same scale the theoretical slope should b 
0:0017 units. (f) The state represented by the single straight line is not pe 
manent: after crystals are left at room temperature for several weeks the scattere 
flux reverts to the values obtained before the cyclic treatment. (g) The spee 
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with which the single straight line is obtained, as indicated by the number of 
cycles necessary, 1s increased when the upper temperature is raised. (h)The 
crystal E, which had been mechanically turned into cylindrical form, was not 
affected by the cycles. Throughout such experiments its flux, temperature 
curve was a single straight line extrapolating to the 0°K origin. The slope of 
this line was, as with the other crystals, in excess of theory. 

We interpret these results as follows. There are two distinct contributions 
to the scattered flux. The first contribution, F, say, is an inverse function of 
itemperature but with a long reaction time to raised temperature and an even 
ee reaction time to lowered temperature. The second contribution Fp is 
proportional to the absolute temperature over the range of experiment and is 
effectively reversible. 
| During an early heating stage F, falls but does not have time to reach the 
equilibrium value appropriate to the upper temperature. Its fall is greater than 
the rise of Fy and there is a net fall of flux. During the ensuing cooling stage 
(and all cooling stages) the reaction of F’, is so slow that its value is effectively 
tationary and only the fall of Fp is seen. ‘Thus a cooling stage is a straight line 
with a slope which gives the constant of proportionality of Mp, and with an 
intercept at 0°K which gives the temporarily stationary value of Fy. 

Later heating stages bring fF, nearer to equilibrium, as illustrated by the 
successively lowered intercepts of the cooling lines. After a number of cycles 
‘a attains the equilibrium value appropriate to the upper temperature and is 
therefore stationary both during heating and cooling. In this state there is no 
onger a distinction between heating and cooling stages and they merge to a single 
jstraight line with an intercept at 0°K which is the equilibrium value of F, for 
ithe upper temperature of the cycles, and with a slope which is the constant of 
proportionality of Fp. 

The reaction of F, to lowered temperature cannot be detectable during a 
ooling stage, for otherwise the final single line of crystal D would have shown a 
rise of flux during cooling and hence an intercept. This slowness of reaction 
to lowered temperature is also exemplified by the long time, measured in weeks, 
taken for recovery from the cycles. 

It might be that pure thermal scattering is responsible for Mp, but in §5.2 
below we produce evidence that Fp is not the same for all crystals. Also the 
depolarization factors are not quite consistent with thermal theory and the 
nagnitude of Fy is in excess of theory. At one time it was thought (Chapelle 
and Taurel 1955) that the magnitude of Fy) agreed with thermal theory. But 
this conclusion was based on an old value for R, (Cabannes and Rocard 1929), 
namely 27 x 10-* at 18°c for 43584, which is now considered to be incorrect. 
Also different crystals had not been investigated at that time. 

For these reasons we conclude that there is a real structure residue in Fp. 
7, does not show the slowness of response to change of temperature which is 
own by Fy, but the experimental procedure did not permit a conclusion that 
response is effectively instantaneous. We shall distinguish the two real 
tructures responsible for F, and part of Fp respectively by referring to them 
ereafter as the slow structure and the fast structure. 

The slow structure flux is investigated as a function of temperature above 
room temperature by the cyclic experiments. Its value at a particular tempera- 
ture is the intercept of the final single line when that particular temperature has 


478 L. Taurel and S. P. F. Humphreys-Owen 


been the upper temperature of the cycles. Its value at room temperature is | 
obtained by subtracting the room temperature value of Fy (fast structure plus 
thermal flux) either from the total flux at room temperature as measured before | 
the cyclic experiment or from the total flux long after the cyclic experiment. 
Furthermore, since Fp reacts relatively rapidly, it will have its room tem- 
perature value as soon as the crystal is at room temperature, and before the slow | 
structure has attained equilibrium. Therefore, once Fy has been evaluated | 
for room temperature, the evolution with time at room temperature of the slow | 
structure as it recovers from a past state at a different temperature can be studied | 
by subtracting Fp from the total flux. | 
In $4.2 we report an investigation of the evolution of the slow structure at | 
room temperature as it recovers from an immediate past history at — 80°C. 
4.2. Recovery from a Low Temperature State 
The crystal D was maintained for 15 days in a cold bath of solid CO, | 
suspended in acetone. It was not practicable to measure the scattered flux | 
while the crystal was in the bath so it is not certain whether the slow structure | 
had time to reach the —80°c equilibrium, but we assume that it was not far | 
from equilibrium. After the 15 days the crystal was withdrawn from the bath | 
and left at room temperature for 2 hours. Measurement of scattered flux 
was then started and was continued at intervals for a further 80 hours. Figure | 
2 shows the results. The value of the flux after the 80 hours was found to be | 
the same as before immersion in the cold bath. This supports the conclusion | 
that the slow structure flux is a definite function of temperature but with a long | 
reaction time. One notes also the shorter time required to attain the state of | 
raised temperature (—80°c to 18°c) compared with the weeks required to attain | 
the state of lowered temperature (150°c to 18°c) during recovery from the cyclic | 
treatment. 


w - wn 


Scattered Flux (arbitrary units) 


Scattered Flux (arbitrary units) 


50 100 200 300 
Time (hours) Temperature (°C) : 


Figure 2. Figure 3. 

Figure 2. Slow structure scattered flux at 18°c from crystal D plotted as a function of time 
starting from 2 hours after withdrawal from a bath at —80°c. The flux has returne 

to the value it had before the crystal was immersed in the bath after a lapse of im 

of about 80 hours. 
Figure 3. Slow structure scattered flux as an equilibrium function of temperature. 


all eee the flux falls with increased temperature. In crystal D it is nearly a 
at Gs ; 


Study of Quartz Imperfections by Light Scattering ah 


It must be admitted that the flux will have fallen somewhat from the —80°c 
value during the 2 hours which elapsed before the measurements were started. 
| Therefore the initial point in figure 2 does not correspond exactly to scattering 
| in the — 80°C state. 
| However, we have neglected this error and we have included this point in 
figure 3, which shows the equilibrium slow structure flux as a function of 
_ temperature in general. The fall with rise of temperature is seen, and it may be 
_ correct to postulate that the flux tends to zero with rise of temperature. ‘The 
. cylinder E, which had no slow structure flux during the cycles, also showed no 
+ enhancement of flux as a result of cooling. 

It should be emphasized that figure 2 shows the evolution with time at 
/ room temperature, not the evolution with time as the temperature rises. 


§ 5. EXPERIMENTAL RESULTS AS FUNCTION OF POLARIZATION 
5.1. The Slow Structure 


The slow structure flux was not detectable when orientation P was used. 
This fact will be commented on below. The depolarization factors were found 
not to be sensitive to change of temperature. Table 2 gives some fluxes and 
depolarization factors for the slow structure in orientation 5 at Seco. He 
uncertainty in the depolarization factors is about 20%. 


(ee a Se = a ee 


Table 2. Slow Structure Fluxes and Depolarization Factors in Orientation 5 


Pry peo fae Vika Pus Pw_—s Ph 
Crystal A 1-4 0:30 0:24 0-45 04 O02 0:5 
Crystal B 1-2 0:57 0-40 0:70 0-6 0:37 03 
Crystal C 3-0 1:6 0:5 
Crystal D 1-0 0-6 0-6 
Crystal E All components nil 
Thermal theory 3-0 0-21 0:26 15 0-13 0:09 1:40 


ee ee ee ee ee SS ee 


The depolarization factors are quite different from theory and indicate high 
anisotropy. Absence of flux in orientation P, meaning that scattering elements 
are not randomly orientated, prevents representation of the scattering by a 
‘tensor of polarizabilities, and hence inference from the depolarization factors. 
But this absence is consistent with the existence of ‘needles’ parallel to the c 
axis, for with the incident beam parallel to c there can be destructive interference 
(Van der Hulst 1957). 


5.2. The Fast Structure 


Table 3 gives some flux ratios and depolarization factors for the fast structure 
at 18°c in the two orientations. Depolarization factors were not sensitive to 
‘temperature change. Measurements were more difficult than for the slow 

structure and depolarization factors have an uncertainty of about 50%. 

There is no significant effect when the orientation of the crystal is changed. 
_ This indicates that the scattering elements are randomly orientated. ‘The fluxes 
are significantly different for crystal C, which makes it necessary to suppose the 
presence of a real structure. The structure appears to be common to all the 
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crystals since the depolarization factors do not differ significantly amongst the 
crystals. The anisotropy of the scattering is not quite the same as that inthe 
thermal theory. The scattering is such that it can be associated with a tensor 
of polarizabilities with nearly equal non-diagonal elements small (about ;5) 
compared with the diagonal elements. This suggests that the scattering 
elements are nearly isotropic. Quantitatively, the anisotropy 8 given by 
3? = Spy/(3—4pv) 

for randomly orientated elements, has the fairly low value + 0-3. 

The general features are those produced by fairly small (see §6.2 below) 
nearly isotropic scattering centres orientated at random. 

In tables 2 and 3 the theoretical values were calculated from equation (1) 
for a wavelength of 43584. On the other hand some of the experimental values 
were obtained using total light. This does not affect significantly the com- 
parison of theory with experiment. The theoretical F;, changes by 20% 
between 4358A and 57804. In the apparatus used its experimental value 
for total light is in this range and near the value for 43584. We estimate a 
consistent error of 10%, which will not invalidate the two main conclusions, 
that the scattering power of crystal C is different from the others, and that the 
anisotropy of the fast structure flux is not quite the same as that in thermal 
theory. 


§ 6. EXPERIMENTAL RESULTS AS FUNCTION OF WAVELENGTH 
6.1. The Slow Structure 


Measurements at only three wavelengths will not provide a very sensitive 
indication of wavelength variations but will be sufficient for a test of departure 


b 
Crystal D 


Hours after 
withdrawal 


_@ 
Crystal C 


Fak, (arbitrary units) 


°s78 546 436 578 546 

, Wavelength (mu) 
F igure 4. (a) The quantity FgR 4* for the slow structure scattered flux plotted against 
‘ wavelength at different equilibrium temperatures. The quantity would be constant 
+ if A-4 law were obeyed. Rise with increasing wavelength indicates an exponent 
less than 4, and the presence of a dimension in the scattering elements comparable 
with the wavelength. Deviation from A-4 law appears to be lessened at the higher 
temperatures. 

(6) The same plot for crystal D during recovery from immersion in the cold 
bath. The conclusions are similar. 
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from A-* law. In equation (1), if the quartz obeys this law, the quantity 
F,,RpA\! will be a function of wavelength only to the extent that the refractive 
indices vary with wavelength. ‘This effect over the wavelength range employed 
is smaller than our experimental error and can be neglected. Therefore if the 
quartz obeys the A~* law, the experimental F;,RpA* should be independent of 
wavelength. 

Measurements were made with unpolarized light because the insertion of a 
wavelength filter and two polaroids cut down the light too much. Figure 4 (a) 
shows the wavelength variation of F,R,\* for the slow structure at different 
equilibrium temperatures. Figure 4(5) shows the wavelength variation of this 
quantity in the case of crystal D at 18°c as it recovered from immersion in the 
cold bath. It is seen that FR ,A* increases with increasing wavelength. This 
shows that the slow structure flux obeys a law A~*—®, where e is positive. For 
then F)R,A* is proportional to A‘. 

This kind of result indicates the presence of a linear dimension in the 
scattering elements which is comparable with the wavelength. It is also to be 
noted in figure 4 that the rise of F)R,A* with increasing wavelength becomes 


less at higher temperatures, as though the large linear dimension is reduced 
when the temperature is raised. 


6.2. The Fast Structure 


Table 4 shows FRA‘ for the sum of fast structure and thermal flux tabulated 
against wavelength for three crystals at 18°c in orientation S. 


Table4. F,R,A* x 10% for the Sum of Fast Structure and Thermal Flux tabulated 
against Wavelength 


Crystal 57804 5461A 4358A 
B 0-8+0-1 0:9+0-1 1:0+0-1 
Cc 0-62 + 0-07 0-60 + 0-06 0-70 + 0-07 
D 0:9+0-1 0-9+0-1 ee 2B 


There is constancy with wavelength to within experimental error. The 
apparent rise at the short wavelength 4358 A is on the border of significance, but — 
is in any case in the wrong direction to be interpreted as indicating a large 
dimension. ‘The 10% uncertainties give the law of scattering as A+), One 
can say that the scattering elements of the fast structure are at least fairly small 
compared with the wavelength. 

Crystal C has been investigated elsewhere (Humphreys-Owen 1956) as a 
function of wavelength. The orientation was P, in which only the sum of fast 
structure and thermal flux should be observed. His published curve of flux 
plotted against \~* indicates a larger departure from the A-* law than shown by 
the present results. But in the light of more recent experience it is likely that 
the curve is partly erroneous. In order to avoid having to immerse the crystal 
in a liquid, inconvenient for work in the ultra-violet, end pieces were fixed to 
the crystal with the purpose of removing entrance and exit reflections of the 
incident beam from the scattered beam. Later experience has shown that this 
expedient is not entirely successful. Secondly, the interpretation of the curve, 


that scattering elements behaved like spheres, was based on Cabannes’ old valu 
of Ry and so is not valid. 
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§ 7. DiscuUssION 
7.1. The Slow Structure 

There is evidence from other experimental fields that crystalline quartz has 
anomalous properties in the direction of the c axis. From anelasticity Bommel, 
Mason and Warner (1956) suppose the existence of stationary dislocation lines 
lying at a small angle to the axis and made up of straight sections of length 
1:8x10-8cm linked by impurities or dislocation nodes. Their estimate of 
dislocation density is 103cm~2. On the other hand Despujols (1957), from 
broadening of Debye-Scherrer rings, estimates 10®cm~*. ‘The electrical 
conductivity is also anomalous, having values up to 1000 times greater in 
directions parallel to the axis than in directions perpendicular. 

The slow structure scattered flux indicates the presence of long imper- 
fections lying parallel to the axis. One can suppose, after Bommel et al., that 
these are dislocation lines, in which case there are the following possibilities to 
explain the anomalous light scattering: (a) An electrostatic hypothesis, under 

| which charged defects are attracted to oppositely charged dislocations. (b) An 

| elastic hypothesis, under which impurity atoms, not necessarily charged, relieve 

| the strain caused by their presence by migrating to dislocations and forming the 

| so-called Cottrell atmospheres. In (a) and (6) the extra light scattering can be 
caused by the extra polarizability of the defect concentrations near the disloca- 
tions. There is also a third possibility: (c) A strain hypothesis, under which 
the defects do not introduce extra polarizability in themselves, but only by 
virtue of the distortion of the lattice. 

We consider that (c) can be ruled out for the reason that the concentration 
of defects, which tends to be dissipated at high temperatures because of diffusion, 
will be greater at low temperatures with consequent greater relief of strain and 
hence with less light scattering, which is contrary to observation. 

We intend to assume that the electrostatic hypothesis does not apply to quartz, 
partly because the concept of charged dislocations has so far been developed 
only for ionic crystals and its validity is not yet established for non-ionic crystals, 
but mainly because the rate of change of defect concentration with temperature, 

- if controlled only by diffusion and electrostatic forces, should be symmetrical 
with respect to raised and lowered temperature, whereas the slow structure 
~ scattered flux shows a marked lack of symmetry in this respect. 

On the other hand, the elastic hypothesis, which we shall adopt, provides 
amongst other things a satisfactory explanation of the above lack of symmetry. 
We admit however that a fuller explanation might necessitate the inclusion of 
electrostatic effects superposed on elastic effects. 

Impurity atoms of the wrong volume are, by interaction with the stress field 
of an edge dislocation, attracted to one side of the dislocation line. At the same 
time they have a random motion at non-zero temperatures tending to disperse 
them. The result is an equilibrium distribution near the line which is a function 

of temperature. The simplest expression for this distribution is (Cottrell 1948) 


Or Oy epeap1 Us URI} Pee ieee. (2) 


; 
where c is the concentration of impurity atoms at a point (r,@) in the plane 

containing the slip direction and the normal to the slip plane (9=0 in the slip 
plane), cp is the concentration far from dislocation lines, and U(r, 6) is the 
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binding energy of the impurity atom to the line. This energy (Bilby 1950) 
is given by 
U(r, 0) = (4ubea* sin 0)/r = (A sin @)/r say. 


uw is a modulus of rigidity, b is the magnitude of the Burgers vector of the 
dislocation, and «e=da/a where 6a is the difference of radius between the correct 
atom of radius a and the impurity atom. 

For a given sign of da there is attraction to one side (positive sin@) and 
repulsion from the other side (negative sin@). ‘To interpret the light scattering 
results we consider attraction only. ‘There will be attraction to both sides if 
‘large’ and ‘small’ impurity atoms are present (both signs of 6a). Now 
impurity atoms can be in substitutional and interstitial sites. ‘The only sub- 
stitutional atom commonly found in natural quartz is Al, which substitutes for 
Si, and for which « is + 0-2. On the other hand there is a choice of interstitial 
atoms. It will be slightly simpler to consider the substituted Al only, meaning 
attraction to one side of the line only. Neglect of possible interstitial migration 
will not affect our estimates in order of magnitude. But apart from the sim- 
plicity gained, it is not unplausible to assume that because of the rather 
voluminous open spaces in the quartz lattice interstitial atoms will not cause 
appreciable strain, and will therefore not migrate to dislocations under the 
Cottrell mechanism. We have support in this opinion from Klemens (1951) 
who also assumes that interstitial atoms in quartz cause no distortion of the 
lattice. 

Thus, considering Al only, with p=4x10"%dyncm-, b=3 x 10-8cm, 
a®= 1-6 x 10-** cm, one calculates A =1-5 x 10-2°dyncm?. Then at T=293°x, 
equation (2) gives the distribution c/cy)=exp (3-75 x 10~sin@/r). A polar 
diagram of this distribution looks like a set of circles with a common tangent 
sin?=0. c/co is less than 1-2 outside the circle of radius 10-* cm approximately. 
If the value 1-2 is taken as a lower limit for effectiveness in light scattering, one 
sees that the ‘needle-like’ anisotropy of the scattered flux is explained. An 
increase of temperature by 200° does not greatly affect this conclusion. 

c/cy begins to rise steeply with decreasing y within the circle of radius 
2x10~‘cm. We should not follow it much below this value of r because 
atomic dimensions are being approached and equation (2), based on macroscopic 
theory, becomes invalid. In fact it is probable that in reality c/cy ceases to rise 
and tends to a limit for values of r not much less than this. We shall arbitrarily 
replace the distribution by a circle (cylinder in three dimensions) of radius 
7=1x10~"cm, in which there is a uniform concentration ¢=c, exp (O/RT) 
with a uniform binding energy O= A/7=15 x 10-4 erg, (0-09 ev). ‘The scattered 
flux will be proportional to ¢—cy, and, introducing a factor of proportionality Fo, 

Pap fet (ORT) HL is, ov ean i coe (3) 
Equation (3) represents the scattered flux as an equilibrium function of tem-— 
perature and it may be compared with figure 3. We plotted the ordinates of 
figure 3 against exp (O/kT)—1, with different trial values of 0. The plots were 
quite sensitive to U, and only for the value 0=8 x 10-“erg, (0-05 ev) could 
straight lines through the origin be fitted to the points. The high temperature { 
(150°c) point of crystal D was an exception. Even with adjustment of the 
slightly suspect point corresponding to —80°c no value of U produced agree- 
ment with equation (3). If the high temperature point is accepted as bad, and 
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not explained, the curves of figure 3 become consistent with equation (3). The 
slopes of the straight lines gave the F,’s as (Fy) = 0-22, (Fo) c= 0°34, (Fo)p =0-10. 
All the points in figure 3 are contained in figure 5, which is a plot of F/F,, where 
F is an ordinate in figure 3, against exp (8 x 10-4/RT) —1, using the above 
values of F). 

Apart from the one unexplained bad point the agreement with the theory is 
quite good considering the simplifications made. 

Two complications in particular have been ignored. From $6.1 and figure 4 
there is apparently a shortening of the atmospheres with rise of temperature, 
indicating that a two-dimensional treatment is insufficient. Secondly, the 

| cylinder E may have, as a result of the mechanical treatment, an exceptional 
_ number of dislocations. There is no slow structure flux from this crystal, and 
_ we suggest that there are so many dislocations that, with a given density of 
| impurity atoms, there are not enough of them to bring up the concentration per 
atmosphere to detectable level. 


20 
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F'/t, where F is an ordinate in Figure 3 
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exp (8x10 “/RT) -1 


Figure 5. The curves of figure 3, in which the ordinates are F, are fitted to 

> F/F,=exp (8 x 10-14/RT) —1, with a separate value of Fy for each crystal, but with a 

: value of the mean binding energy, U=8 x 10-'* erg, common to the three crystals. 
The bad point for crystal D is referred to in the text. 


For the other ‘crystals, it is significant that the derived value of U is of the 
same order of magnitude as the estimate. ' 

The non-equilibrium processes are of two kinds. First there is the drift 
towards atmospheres resulting from a lowering of temperature. Secondly there 
is the diffusion away from atmospheres resulting from a rise of temperature. 
For the first process we do not have detailed results but only the observations 
that it takes about a month for the atmospheres to return to the room temperature 
state after having been in a high temperature state, and that the process is too 
slow to be detected during the period of a cooling stage in figure 1. For the 
second process we have figure 2, and also the observation, from the cyclic 

xperiments, that it is more rapid than the first process. 
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Some guidance to the first process can be obtained from the theory of strain 
ageing. In this theory there are initially no atmospheres, but, when the crystal 
is overstrained, impurity atoms migrate towards free dislocations and anchor 
them by forming atmospheres. Under our hypothesis we regard the dislocations 
as initially present and anchored, and assume that an initial state of zero excess 
concentration in atmospheres can exist as a result of a past history at high tem- 
perature. The law of flow into the atmospheres will be the same in both 
situations. 

Let n be the excess number of impurity atoms per unit length of atmosphere, 
n being assumed uniform in cylinders of radius 7 and zero outside. According 
to Cottrell and Bilby (1949) the rate of rise of 7 is 

dn|dt =2c)(AD/RT)**t-*, 
where D is the diffusion coefficient. The equation ignores the fact that 7 must 
tend to a limit as t> 00. 

Harper (1951) introduced a limit by multiplying the right-hand side of the 
equation by 1—(n/mp), in which at t> 00 all the impurity atoms in the crystal 
are supposed to have entered atmospheres, and m, is the share taken by unit 
length of atmosphere. For our purposes this limit is extreme. In place of 
Harper’s factor we shall use 1 — (n/n), where n, is the equilibrium value to which 
n is tending at the temperature of the process. Then 


dn m.—n AD\?! 
et Qa | ae) hE NO: 
ie Cae (Fr) 


In terms of concentration, n=77?(€—¢y). ‘Then 
dé &-€ AD\?!* 
afi = = 2e5|,-— ) eu 
(57) 


di 6, 
where (E,—¢y)/¢g=exp (O/RT) —1. 
In terms of scattered flux F, dé/dt ocdF/dt, ,-CocF,—F. Write 
(AD/kRT)?° 


~ exp (O/kRT)—1° 
Then 
dF/dt = (F,—F)2ot-*. 
Integration withthe boundary condition F=0 at t= 0 gives 
(Fy— F)|F.=exp (—3ot), 


~ where, using previous estimates, 30=1-2 x 108D®5. Now supposing that the 
process is nearly complete, with the left-hand side equal to 0:8 say, in one month 
(2:6 x 10®sec), an estimate of D can be obtained, which is ‘ 


D=3 x 10-79 cm?sec—!. 


‘saa he other process, diffusion away from atmospheres, is not physically the 
reverse. It is ordinary diffusion down concentration gradients, whereas the drift. 
in the theory of Cottrell and Bilby is akin to hydrodynamic flow. But the 
controlling coefficient of diffusion should be the same. The diffusion away 
from atmospheres is opposed by the low intensity field with potential U. This 
makes the problem too difficult to be worth a rigorous attack in the present 
context. Instead, the field will be neglected and a textbook solution with pur 
cylindrical symmetry will be used. 
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At time t=0 let the concentration, c,, be uniform in a long cylinder of radius 
| ¥ and zero elsewhere. Whenat later times the matter diffuses away into infinite 
| space, c(r, t) is known and Crank (1956) gives curves of c(r)/c, plotted against 
| r/7 for (Dt/7?)? = 43,1. We put 7=10~*cm and make c(r=7)/c, correspond 
_ to the difference between an ordinate and the final ordinate in figure 2, divided 
by the initial ordinate. The fall with time of c(r= 7)/c, in Crank’s curve super- 
poses quite well on the experimental curve with D=10-!9 cm?2sec—1, 

When (Dt/#?)#?=0-25, 0-5, 1-0, and #=10-7cm, 
Dt x 1026= 6-25, 25, 100. Hence with D=10-!9 cm? sec-1 
| tx 10*=0-62, 2-5, 10. At these times, from Crank, 
c/c,=0-34, 0-22, 0-06. But from figure 2 at the same times 
c/c,=0-45, 0-15, 0-06. 

The agreement in order of magnitude between the diffusion coefficients as 
' estimated in the two processes does indicate that our experimental results are 
/ consistent with flow towards the atmospheres under the theory of Cottrell and 
} Harper, and diffusion away from them under diffusion theory, in agreement 
with our general hypothesis. 


7.2. The Fast Structure 


Presumably point defects distributed throughout the crystal are somehow 
responsible for the fast structure scattered flux, but it is difficult to regard the 
point defects themselves as being the scatterers. ‘The experimental results are 
not consistent with a plausible density and temperature dependence. For 90° 
scattering and unpolarized light the scattering power P of N per unit volume 
' randomly distributed points each with effective polarizability « is 

P= (82?/A*) No? = (2 x 107°) Na? at 4358 A. 
The corresponding quantity for thermal scattering by quartz has the magnitude 
{2x10-’. For the scattering by point defects to be comparable with thermal 
Scattering No*®>10-%’, or, with «=3x10-*cm*®, N>10%cm-*. This is 
| excessive. 
Another objection is the difficulty of reconciling the temperature dependence 
i} with experiment. The conditions for agreement with experiment (scattering 
proportional to T over the experimental range) are that the curvature of P(T) 
should be low over the range and that the tangent at a point in the range should 
pass through the origin. Let the squared polarizability be proportional to T”, 
and the density of point defects proportional to exp(—B/T) where B will be 
related to an activation energy H by B=H/k. ‘Then 
. Par“ exp(—B/7). 
The condition for the tangent at T= 7, to pass through the origin is 

B = Th ae n). 

B is essentially positive, therefore only values of m negative, zero, or unity are 
to be considered. One might say that the density of defects is scarcely a function 
of temperature over the experimental range, and put B=0. Then n=1, and 
PecT. But one cannot imagine polarizability increasing with temperature. 


On the other hand one might make the polarizability constant with n=0, 
B=T,. Choosing T,=400°K say, in the middle of our range, this means that 
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H has to be 5°5 x 10 erg (0-035 ev) which is surely unacceptably low for the 
creation of a point defect. A reasonable value for H, say 0-9ev, requires the 
absurd n= —24. Also the requirement that P(7) should have small curvature is 
disobeyed with high negative values of n. 

These considerations make it unlikely that the point defects are the direct 
cause of the fast structure scattered flux. But it is conceivable that they are the 
indirect cause through their perturbation of the spectrum of lattice vibrations, 
This would amount to a modification of thermal scattering and the proportionality 
with T would be retained. But the suggestion is tentative because it may be 
difficult to show that the modification could be comparable with the original 
scattering by fluctuations in the perfect lattice. 
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| Abstract. Numerical values of the normalized intensity of scattering by semi- 
stiff chain molecules are calculated. ‘The method depends on the calculation 
(of the inverse Laplace transform of an expression first obtained by Daniels, 
, which is also derived in this paper by an alternative method. The values obtained 
}from this calculation are compared with those given by Peterlin’s formula. 
The normalized intensity is also calculated for a polydisperse system of chains of 
constant stiffness parameter. 


§ 1. INTRODUCTION 
T= problem of finding theoretically the angular distribution of light or 


X-rays scattered by semi-stiff chain molecules in suspension is one which 

has not been completely solved. For a Gaussian chain, in which there is 
complete freedom of both rotation and bending between any two links, 
the problem is comparatively simple; but when stiffness is introduced between 
links it becomes difficult and has only been solved, in an incomplete manner, by 
Kratky and Porod (1949), Hermans and Ullman (1952), Benoit and Doty (1953), 
and Peterlin (1953 a, b). 

It is apparently impossible to obtain any closed mathematical expression for 
the distribution of scattered light in this case. One can only obtain functions 
which are approximations to the required function. The procedure here adopted 
is to use one of these approximate functions to compile tables of the scattering 
function, and, by comparison with another function that is known to be a better 
approximation to estimate the limits of error of the tabulated function. 

'_ Experimental studies of the scattering of light and x-rays by chain molecules 

have been made by a number of workers, including Kratky and Porod (1949) 
(polyvinyl bromide) and Hermans (1959) (desoxyribose nucleic acid). Peterlin 
(1953, b) also quotes measurements on thymonucleic acids. 


Definitions and assumptions. 

| By a semi-stiff chain we mean a chain consisting of many identical links, such 
‘that, if the angle between the mth link and the (7 +1)th link is $,, (i) every $, 
‘has the same probability distribution; (ii) every ¢,, is statistically independent of 
every other ¢,,; (iii) there is complete freedom of rotation about the long axis 
lof each link, i.e. the plane containing the (7—1)th and the mth links is equally 


likely to make any angle with the plane containing the mth and the (n+1)th 
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A special case is a chain in which every link makes a fixed angle with the next 
link; the statistical distribution of ¢,, then only allows of one fixed value. 

We shall assume in addition that the length of a link is much smaller than the | 
wavelength of light; or much smaller than d/ max in the case of X-ray scattering : 
up to angles @,,,,: so that the structure of individual links does not enter into 
the problem. We also assume that there is a negligible probability of any part 
of the chain colliding with any other part. | 

The degree of stiffness is defined by a parameter a called the stiffness parameter | 
(or persistence length). If % is the angle between the directions of two links that | 
are separated by n joints, it follows from the statistical independence of the ¢’s 
and the free rotation about the axis of any link that 


cos i= (cos $)” 


where the bar denotes an average value. If s is the length of chain making up | 
these n links, and b is the length of a link, then s=nb, and if we define a so that | 
cos d= exp (—4/a), it follows that : 


coswiexp(—=s/2) eee (1) 
and the stiffness parameter is therefore equal to the length of chain which has | 
cos#s=1/e. For a short section of chain, for which s<a, equation (1) becomes | 


tm sid... a ee eee (1a) 
This definition is equivalent to that used by Kratky and Porod (1949) and others. 


§ 2. THE DISTRIBUTION FUNCTION OF LINK-TO-LINK DISTANCES 


The scattering function is related to the distribution function of link-to-link 
distances for a given length of chain. The normalized intensity of scattering is 
given by 

I(3)/I(0) = 4(1 + cos? @)P(w) 
where 
¥ t ft sin wry. 
Biayoe: | | PRD ish i ge eA i (2) 
(see, for instance, Guinier and Fournet 1955) in which 7,, is the distance between | 
any two elements of the chain of lengths ds, and ds, and t is the total chain length; 
19 is statistically distributed in some way to be determined, and w = (477/d) sin (9/2); 
# is the angle of scattering and A is the wavelength in the liquid in which the chain 
molecules are suspended. 

Let D(s; r)47r?6r be the probability that 71. lies between r and 7+ 5r when 
ds, and ds, are separated by a length s of chain; this probability function is 
independent of the behaviour of the rest of the chain. Then 


a ee | 
Plo) =5 | | |t—s| D(s; 7) SRO" dorr® dr ds. Pia (3) 
al wr 
If Fo(s; w) is the three-dimensional Fourier transform of D(s; 7), then 
2 
Po)=3 | (t—s)Fy(s; «) ds. oe 


Theory of Light Scattering by Chain Molecules 491 


It is only for a Gaussian chain that we can obtain the function D(s; r) in a simple 
form; it is then a Gaussian error function of r (cf. Debye 1947). It is possible 
to determine the moments of the distribution for a semi-stiff chain; thus 


r=2aexp(—s/a)—1+sfa} (5) 


and 7, and higher moments can be obtained (Porod 1953), but the expressions 
for these rapidly become very complicated. 

_ The Laplace transform of the function F) has been obtained explicitly by 
Daniels (1952), but an alternative derivation is given here in the belief that it is 
simpler and that the method may have other applications. 

__ We consider a length s of chain with one end held at the origin O with its 
tangent vertical, and let D(s; 7,6) dv be the probability that the other end will 
lie inside a volume dv around a point whose polar coordinates with respect to O 
are (r,0,¢); this probability is symmetrical about the axis of the coordinates 
and is therefore independent of ¢. Let F(s; w,@) be the three-dimensional 
ae transform of D, expressed in terms of polar coordinates (w, 6, 6), and let 


F(s; w, 6)= > Tatoo \Palcos eae cae et (6) 


here P,,(cos 6) is the nth Legendre polynomial. 

We now add a short element of length 5s to the length of the chain at the origin 
end, and consider the effect on the density distribution D(s; 7,4); namely (1) to 
shift it upwards through a distance 6s, and (ii) to ‘smear’ it, by oscillating it 
around the vertical axis through small angles whose mean square value is 26s/a 
as in equation (1a). The corresponding effects on the function P,(s; w, @) are 
a) to multiply it by exp (iw cos 64s), and (b) to ‘smear’ it as described above. 
The effect of this smearing on a single spherical harmonic function P,,(cos @) 
s to multiply it by a constant factor (1—4n(m+1)¥*), provided that #4 and higher 
ments are negligibly small. We have, therefore, to the first order in ds, 


> F,,(s+8s; w)P,,(cos0)= > F,(s; w)P,, (cos #){1 + iw cos 65s — 3n(n+ 1)8s/a}. 


f we subtract >, F,,P,, from each side and equate the coefficients of P,,(cos @), 
ye obtain 


d . {n+l n i> 
a, nls: w)=tw te TCG s ae 5, nt 1) Fn 
‘we denote by B,(p; w) the Laplace transform 
3 [5 Faexp (—ps) a 

0 


F,,(s; w), then equation (7) becomes 


i bse E 1 n 1 
pB,, —F (0; w)=to Gas Brit wg Bn) 5, nat 1)B,,. 
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Now >,, F,,(0; w)P,,(cos@) is the Fourier transform of the distribution function 
for a zero-length chain and is therefore equal to 1 everywhere ; hence 
PO) = 195 £7 (0; o) = 0 for #21; 


and equation (8) becomes 
—1+pB,=}twB, 


Wate G5 noe Tong Ba) - 5 n(n Wier eet (9) 
and hence 
Po 5 Fiua(Bi]Bo) 
io 5 =pt+ : - zing 
jie =p+ 2 Gia ete 


which, on elimination of the ratios B,,,,/B,,, gives By in the form of a continued 

fractiont : 

1 (1/3)e* (2/3)(2/5)w2 (3/5)(3/7)0? : 

By= — oN tee (10) 
ptptif/at+ pt3/at+ pt+6/at 


§ 3. DERIVATION OF THE LIGHT-SCATTERING FUNCTION FROM THE DISTRIBUTION 
FUNCTION | 
Since F,(s; w) is the average of F(s; w, @) over all directions, and D(s; 7) 
is the average of D(s; 7,6), it follows that Fy(s; w) is the Fourier ae i 
of D(s; 71), as already defined for the purposes of equation (4). In order to evaluat 
P(w) we must therefore apply an inverse Laplace transformation to By so as ta 
obtain Fy, and then substitute in equation (4). | Equivalently, we can obtain 
F(w) by finding the inverse Laplace transform of p~?Bo, and multiplying by 2/#: 
We shall therefore consider practical methods of obtaining the inverse Laplace 
transform of By. We shall put a=1, for convenience, since our unit of length is 
arbitrary: this is equivalent to putting p for pa, w for wa, and By for B,/a. 


§ 4. METHODS OF OBTAINING THE INVERSE LAPLACE TRANSFORM OF By : 
(a) Series expansion in powers of p-. 


We expand B, as a power series in p-, and take the inverse Laplace transform 
term by term. Thus 


ETE a ama ats ia ed 
ior ao pee ie wt (se 3°") 5 3pe* Ci. One i (11a) 
1 1 ap k remand eniti (ny 
Div oe Uae eolgd sbtess tt cael acon ot Ve eee es 
0 pont gates (Gu 50) as ae Se ai 
(i a a | Me eet Sl We aa ee ee ems te (110) 
1 1 lee Pad Be es ab 
Fy ime ieee i a a ee ee eT 
Willen Sarr + aut (Ee 5°") 360 3780 7°" 


t This is the same as Daniels’ equation (1952, p. 305), if allowance is made for sligh 
differences of notation and for the fact that Daniels uses the ‘p-multiplied’ Laplace transform 
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Clearly this is only of practical use when ¢ and w are small enough to give a rapidly 
converging series. 


(6) Expansion in powers of w— and functions of w/p. 
Equation (11a) suggests an expansion, which can be obtained rigorously 
from equation (9): 


1 w 1 wt 
Bea tan ey ee 
o= — tan r aa 58 ape sealer (12a) 
‘which gives 
ie SE SS ee eye. (126) 


wt 6 w 
from which P(w) may be obtained.The first term leads to the scattering formula 
‘for straight rods. This expansion can only be of use if w is large and wt is not 
| large. 


\ (c) Approximate function-fitting method. 
__ The inverse Laplace transform of 1/(p+ ,) is exp(—pyt), therefore if we 
can express B, sufficiently accurately as a sum of functions of this sort, e.g. 
= A, = A, a A; ; 
PtP: Pthe PrPs 
\ we can then find the corresponding functions Fy and P(w). 
The difficulty here is to know what constitutes ‘sufficient’ accuracy, since 
| there is no simple method of assessing the maximum error in an inverse Laplace 
} transform from the errors in the given function By. We therefore express By 
+ in terms of a series of the type (13) with only two terms, and then as a series with 
| three terms, and compare the resulting numerical values of P(w). Since the 
| three-term approximation must be better than the two-term aproximation (since 
it has two more disposable parameters) we may safely assume that the errors in 
the two-term approximation are only of the same order as the differences between 
the two approximations. 

In the two-term approximation there are four disposable parameters As. 
A,, Pi Po. These are made to satisfy the following four conditions: 
@) and (ii): The coefficients of p1 and p~* must be 1 and 0 respectively, as in 
equation (11a); hence 


A,+A,=1; Ayp,+Aop2=0 
r 


>) 


Ai=Pol(Ps—P1)3 As=—Pil@e— Pr). wees (14a) 
| (iii) and (iv): The approximate expression must tend to the right value and have 


the right slope as p>, i.e. 
| 1 


Gi B,(0)= x finial om we OI. (145) 


ie fom Blareil (140) 
(i — B,/(0)= — + — Fe tees c 

. 0() p Pile Pe” 

B,(0) and By'(0) were obtained numerically from (10) for each of a series of 
values of w, and p, and p, were calculated. Since the sum, p,+P,, and the 
“product, p;ps, are nearly linear functions of w®, these are tabulated in table 1. 
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Knowing p, and p, for given values of w* we can calculate 


Fi (s;.0)= bop, BP (Pas) Bea oP (Pet) abate (15) 


zZ P ie 3 
P(w)= pdt palPat— 1+exp (—p,t)}— 5,3 Pat 1+ exp ( at) | . 


Sirs (16) 
Table 1. Sum and Product of p, and p, 
w? piths Pike 
1 1-120 0-3432 
2 1-242 0-7057 
3 1-365 1-:0871 
4 1-491 1-4870 
5 1-618 1-9048 
6 1-746 2-3400 
7 1-875 P1924 
8 2:005 3-2604 
9 2-136 3-7443 
10 2-268 4-2431 : 
Table 2. P-(w) for Chains of Uniform Length, (with a=1), | 
calculated from equation (17) : 
a 1 2 3 4 5 6 7 8 9 10 


7. 
+ 


1:000 1-000 1-000 1-000 1-000 1-000 1-000 1:000 1-000 1-000 | 
1:006 1-014 1-018 1-029 1:034 1-043 1-050 1-058 1-065 1°075 | 
1:024 1-048 1-073 1-100 1:121 1-155 1-182 1-210 1-239 1-269 | 
1-049 9421000011539 91-209. 915265. 1-325 ¢601*384 51-4454 506 ae 

1-079. --1:168 .1:256 1-351. 1-447 1-548 1-648 1°751  1°853. 1-Gmm | 
T16E of335,- 1°522 2718 — )-O18~ 2-123 23192-5513" 2-700 eee | 
1-256 1°543 1-848 «= 2:169 -2°482-- 2-785 93-075 3-344°° 3-596 "ame 
1-362 1:779 2-217 2-660 3-079 3-472 3-830 4-162 4-475 4-767. 
1-479 = 2:037 2°611 3-165 3-674 4-141 4572 4975 5:350 570% 
1:605 2-304 3-012 3-663 4-262 4-810 5-316 5-787 6:226 6-637 
1:733__ 2°577. 3:401 4163 4-850 5-454 6-061 6-600 7-103 75a 
1:869 2-857 3-804 4-661 5-438 6:121 6-805 7-413 7:979 8-507. 
2008 3:145 4-201 5:159 6-027 6-820 7:549 8-226 8-856 9-443. 


GDAodnd 


SoeMmNIAMUAWH HEROD 


— 


For values of w? greater than about 0-9 the roots p, and p, are complex, so it i: 
convenient to denote them by 


Pi=Poexp (te); p2=Po exp (—ie), 
and substitution in equation (16) then gives 


P(w)= 5 


: , , ‘ 8 
Ir E [exp (— Pot cos €) sin (pot sine + 3¢) —sin 3e + pot sin 2e]. 
0 


woes 5 ( 
The reciprocal of the light-scattering function, as calculated from these formulae 
is given in table 2. The reciprocal is used because its dependence upon w? i 
much more nearly linear than that of P(w), and it is therefore convenient fo 
comparison with experimental results, and for interpolation. ? 


aa 
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In order to assess the effects of error in this approximation, the three-term 
approximation to By was also obtained, by a similar procedure, and the corre- 
sponding light-scattering functions calculated for w?=10. The two-term and 
three-term approximations are compared in table 3 and it is seen that the 
differences between them are too small to be of consequence in almost any 


Table 3. Comparison of Results of T'wo-term and 
Three-term Approximations 


t P(V/10), 2-term P(/10), 3-term Difference 
0-5 0-930 0-939 0-009 
1-0 0-788 0-804 0-016 
1:5 0-637 0-650 0-013 
2:0 0-512 0-517 0-005 
3 0-347 0-347 0-000 
+ 0-261 0-260 —0-001 
5 0-210 0-210 0-000 


comparisons with measurements of light scattering. We may therefore assume 
that the two-term approximation is sufficiently good for values of w? up to 10. 
But if w? is increased to larger values it would eventually become necessary to use 
three or more terms in the approximation, and the calculations would become 
correspondingly more tedious. 


Asymptotic form of P(w) for large values of t 
When ¢ is large enough for the exponential terms in equations (16) or (17) 
to be neglected, the expression for P(w) reduces to 
P(@)S2B,(0)t 2B, (0 tem eee (18) 
Moreover, the same asymptotic expression is obtained whatever number of 
terms are used in the approximation (13). 


| 
| 


Table 4. Difference between P, (Peterlin) and P, (Stokes) 


Po—ia Dp ag Pp-—Pg 
t or=3 w?=6 w?=9 
1 0-006 0-014 0-024 
y 0-020 0-042 0-068 
3 0-040 0-074 0-088 
A; 4 0-052 0-093 0-088 
5 0-065 0-084 0-080 
6 0-070 0-078 0-074 


Comparison with Peterlin’s formula 
Peterlin (1953a, b) assumed that the function D(s; r)t could be replaced, to 
‘a good approximation, by a three-dimensional Gaussian distribution having 
the same value of the second moment, as given by equation (5). It is then possible 
to integrate equation (3) with respect to 7, and to integrate the result with respect 
tosso as to givean infinite series whose sum, under favourable conditions, converges 
rapidly. Hermans and Hermans (1958) have suggested a variant on this method. 
It is clear that this assumption will lead to erroneous results when the chains 
are very short and stiff, but it is very difficult to make an estimate of the error 
tobeexpected. The difference between values of P(w) obtained from equation (17) 
and values obtained from Peterlin’s formula are given in table 4. 
+ Peterlin’s assumption was in fact that the function Fy(s; w) was nearly Gaussian, 
ut this implies the above assumption. 
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§ 5. SCATTERING BY POLYDISPERSE SYSTEMS 


A particle-size distribution which is sometimes taken as a basis for comparison | 
with experimental results is that in which the fraction of particles having masses 
lying in the range m to m+ 6m is given by «exp (—am)ém, where a is constant. 
In the case of chain molecules this means that the fraction having their lengths | 
between ¢ and ¢+6t is «exp (—at)dt, where the average length is 1/«. | 

Since the intensity of scattering from one particle is proportional to @ times | 
the normalized intensity J/J, for that particle, it follows that the intensity for a | 
polydisperse system is given by 


I P(t; w)aexp (—at) dt 


P(w) = 2 = }3 IE P(t; w)exp (—at) dt. 


P taexp (ot dicee, a ee (19) 
0 


But from equation (4) we have 


[- #PC; o)exp(—pn dt=2[* [ CSSVFS? ts exp (bt) ae 
0 0 0 


2 | 
= pi Bol Ps w) : 
hence : 
J( Gp) 0. Be (0s 0) De aici es Mee) ale (20) 


: 
Thus P is much simpler to calculate than P. The function is given, in terms of | 


the average length 1/«, in table 5. : 


Table 5. [P(w)]— for Polydisperse Chains (see text) (a=1) 
obtained from equation (20) 


wr, 1 2 3 4 5 6 7 8 9 10 
1 /o 
0-5 1°035)° 1-109.) 1-162) ° 1-213 ) 1-263 1°312. "1-360 14072 1-453 Tee | 
1-0 1-162 1°315- 1459 1°597 1-728 1-852° 91°971° 2-085: 2-194) 3-aaE | 
11S) 1-288 1:555 1-802 2-034 2:251 2-455 2-648 2:830 3-004 3-169 
2:0 1-424 1-811 2-165 2-494 2-800 3-084 3-351 3-603 3-840 4-066 
2:5 1564 2-075 2-539 2-966 3-360 3-726 4-068 4-388 4-690 4-976 
3-0 1°709  2:344 2:920 3-446 3-929 4376 4-793 5-182 5-548 5-893 
3:5 1°855_2-617 3-304 3-930 4-503 5-031 5-522 5-980 6-410 6815 
4-0 2-000 2-892 3-692 4-417 5-080 5-690 6:255 6-782 7:276 7-740 
455 2-151 3-169 4-081 4-906 5-659 6-350 6:990 7:586 8-143 8-667 
5:0 2:300 3-448 4-472 5-397 6-239 7-013 7:727 8-392 9-013 9-596 


ig eee ol ae $e ee ine ene 
From this result it is a simple matter to derive the light-scattering functions 
for certain other distributions: an example is that one for which the fraction of 
chains with lengths lying between ¢ and t+ ¢ is 
C7 
gi [exp (~at) —exp (—Br)]6¢ 
—% 
where « and f are constants. A special case of this is obtained if we let a>, 
to give a distribution having the function «2t exp (— at), for which 


Po)aat| — Bo a ) |. ices amy 


This is a simple case of a distribution function with a maximum ; the maximum 
lies at = 1/« and the mean length is 2/«. 


‘ 
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The Cross Section of ?°Ne(p, y) 74Na 


By G. C. THOMAS ann N. W. TANNER 
Clarendon Laboratory, Oxford 


MS. received 3rd November 1959, in final form 23rd November 1959 


Abstract. he integrated cross section of the 1170 kev resonance of °Ne(p, y)"Na_ 
has been measured by counting the 4Na positron activity following the proton | 
bombardment of aneon gas target. Assuming Ip >I’, we find wl’, = 1-13 + 0-07 ey} 
for the resonance. Using this result as a calibration for previous work on the: 
non-resonance capture process in ?°Ne(p, y)?4Na we obtain a value for the cross | 
section parameter S (used for describing nuclear reactions in stars) of 40 kev barns. 


§ 1. INTRODUCTION : 
PREVIOUS investigation (Tanner 1959) of the reaction esa 
A | 


produced evidence for the existence of a non-resonant process which| 
was described as direct radiative capture. This process is ee | 
interesting in 2°Ne(p, y)4Na as it is believed to provide the major contribution | 
to the cross section at the thermal energies effective in stars (Ep ~ 25 kev for this} 
reaction). *°Ne(p,y)*4Na is important as a source of 24Ne which can undergo | 
the reaction *4Ne(«,n)**Mg thereby providing neutrons for heavy element! 
synthesis (Burbridge et al. 1957). | 
The absolute cross section for direct radiative capture (Tanner 1959) was} 
based on the cross section obtained by Brostrém et al. (1947) for the 1170kev| 
resonance of *°Ne(p,y)?!Na using absorbed gas targets. However, because of| 
the nature of these targets, the resonance cross section was uncertain by, perhaps, 
a factor of two. It was clear that a simple gas target measurement could | 
provide a more accurate value for the resonance cross section. 
§ 2. EXPERIMENTAL METHOD 


The reaction was observed by detecting the *4Na positron activity remaining | 
after proton bombardment of a neon gas target. Spectroscopically pure neon: 
of natural isotopic abundance was used as the target gas. 

Figure 1 shows the target assembly. The proton beam entered the chamber 
through a nickel foil 0-00004 in. thick (150kev for 1mev protons), which had 
been soldered to the end of a tube of 0-16 in. internal diameter. The beam had 
been reduced to 0-10 in. diameter by a stop. It was possible to replace the gas 
chamber and foil by a quartz plate, and so visually check that the apparatus was 
aligned and the beam would go through the foil. 

The beam current, about 1a, was measured on a ‘leaky integrator’, viz. a 
0-5 uF 'T.C.C. ‘plastapack’ condenser shunted by a resistance so that the half-life 
of the combination was equal to the 22-8 second half-life of 2Na. This 
automatically compensated for the decay of the 24Na during bombardment, the 
delay before counting and fluctuations in beam current. The voltage on the 
condenser was measured with a valve voltmeter of high impedance. : 

The positrons from #4Na stopped in the walls of the gas chamber and were 
there annihilated. The two 0-511 Mev annihilation quanta were detected by 
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ie 4in.x4in. Nal crystals mounted on opposite sides of the target and about 
1} in. from the centre of the target. The counters were biased just below the 
0-511 photopeak, and used in coincidence. 


eS 


Figure 1. Gas target assembly in cross section. a, Cylindrical brass gas chamber; 
b, gas volume; c, tantalum disc; d, nickel foil 0-00004 in. thick; e, gas inlet; 
f, guard ring; g, Perspex insulator; h, beam defining stop. 


The counting efficiency was measured with a **Na source of about 1c 
| deposited on a 0-001 in. thick Al foil of about 0-25 in. diameter. This foil was 
. supported by a wire frame at the centre of an identical gas chamber which could 
be substituted for the original. The 1-28 Mev photons coincident with the *Na 
| positrons were detected in a 2in. Nal crystal, and the efficiency of counting 
positrons given by the ratio of the triple coincidence counting rate to the singles 
counting rate in the 2 in. crystal, due allowance being made for the 11% electron 
capture. The counting geometry for the Na activity (approximately a point 
source) was not identical with the geometry for the distributed *'Na activity. 
(The activity was distributed over the walls of the gas chamber rather than 
through the volume of the gas. This was shown by pumping out the gas 
immediately after bombardment with a loss of only 20% of the *4Na activity.) 
However, in both cases the positrons must be annihilated in the walls of the 
chamber as this was the only available material sufficiently thick to stop the 
positrons. Another possible source of error lies in the different ranges of the 
21Na positrons (end point 2:50 Mev) and **Na positrons (end point 0-54 Mey). 
In fact, the error was less than 1% mainly because the counters were much larger 
than the target chamber. 
The 24Na activity measurements were made by bombarding the target for 
30 seconds and, after a delay of 5 seconds, counting the positron activity in 
15 second intervals for several minutes. As the count was started, the resistor 
of the ‘leaky integrator’ was disconnected leaving the condenser with a memory 
of the effective proton bombardment. Figure 2 shows the sum of two decay 
curves obtained from such bombardments. 
As the 1170kev resonance of ?°Ne(p,y)*4Na is known to be quite narrow 
compared with the target thicknesses used in the present experiment (‘Tanner 
1959) the resonance curve should be flat topped with a maximum independent 
of target thickness, i.e. gas pressure. However, straggling and multiple 
scattering in the nickel foil and in the gas spread the energy and the path length 
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in the gas. The result of such processes is demonstrated in figure 3 which shows 
excitation curves for various target gas pressures. The curves for pressures of 28 
and 41 cm Hg both have flat tops and agree in maximum yield, indicating that for 
quite a range of bombarding energies all protons that enter the gas pass through 
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20Ne (pif)2Na 
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Counts per !5 sec Interval (background subtracted) 
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Figure 2. The sum of two decay curves of the positron activity following the bombardm en 
with 1:37 Mev protons of neon gas at a pressure of 41 cm Hg. The 23 second and 
10 minute lines were fitted by a least squares analysis. r 


?°Ne (p,4)?Na 
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§ 3. RESULTS 

Figure 2 contains the data used in calculating the cross section. The decay 
curve is the sum of two runs taken with a gas pressure of 41. cm Hg and proton 
bombarding energy of 1:37Mev. Room background has been subtracted ; 
it amounted to 18 counts per 15 seconds. The decay curve was subjected to a 
least squares analysis assuming 22:8 seconds 2INa, 66 seconds !’F from 
16O(p,y)F and 10 minutes 8N from 2C(p,y)8N. Apparently there was no 
ME (—34+4212 total counts). The calculated amounts of 24Na and 13N are 
shown in figure 2; the r.m.s. error for 24Na was SEV Ae 

The counting efficiency was measured immediately after the activity measure- 
ments of figure 2 as (2:17+40-06)%, in satisfactory agreement with earlier 
measurements. From these data the thick target yield of 2°Ne(p,y)24Na is 
(6:5 + 0-3) x 10-1° 24Na per proton. 

Integrating the Breit-Wigner formula for a thick target gives the yield per 
proton as 27°Awl pl, /le~27r°Vwl/e if [p>T,, where A is the de Broglie 
wavelength, I’p, I, and [ the partial and total widths of the resonance, w the 
statistical factor and « the stopping power. Using e= (5-55 + 0-2) x 10-8 kev cm? 
(Whaling 1959) we find of,=1:13+0-07ev; Brostrém et al. (1947) found 
wl',~2eyv. Using the new value for wl’, the cross section for direct radiative 
capture becomes 0-74+0-15 ubn at a bombarding energy of 1050 kev. 

Some measurements were also made at a bombarding energy of 1:13 Mev and 
a gas pressure of 52cm Hg. ‘The proton energy inside the foil was then about 
1lmev. The 74Na activity, which was comparable with the #3N background, 
amounted to (1:25+0-4)x10-" *!Na per proton. The cross section was 
obtained from this yield by assuming an energy dependence 


: o= SE-1exp (—2nZ,Z e/hv) 


where £ is the centre of mass energy, v the relative velocity, Z, and Z, the 
charge numbers of the proton and target nucleus and S is a constant (the cross 
section parameter). For E=1mev, o=1:0+0-3ubn which agrees with the 
measurement quoted above of 0-74+40-15yubn. The weighted mean of these 
two measurements is 0-80 + 0-13 bn, which gives S=10-4+1-7kev barns. ‘This 
is in rather better agreement with the value calculated by R. F. Christy and 
. M. Duck (quoted by Tanner 1959) of S=4-9 kev barns. 

Using the experimental value of S=10-4kev barns at 1050 kev and the 
energy dependence of S given by Christy and Duck, then at thermal energies 
effective in stars (FE, ~25 kev), S=40kev barns. 
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Proton Elastic Scattering Polarization as a Test of the Low 
Energy Optical Model 


By A. STRZALKOWSKI, M. S. BOKHARI, M. A. AL-JEBOORI 
AND B. HIRD 


Nuclear Physics Research Laboratory, University of Liverpool 


Communicated by H. W. B. Skinner; MS. received 29th July 1959, 
in final form 5th November 1959 


Abstract. The polarization produced in the elastic scattering of protons from 
carbon has been measured at several scattering angles using a bombarding energy 
of 9-4mev. This was compared with an optical model calculation of Bjorklund 
and Fernbach. At 40° scattering angle, the energy dependence of the polarization 
was measured. It was found to vary smoothly with energy down to 7:5 Mev. | 
The polarization from proton scattering by copper at 35°, 45° and 55°, at an | 
average scattering energy of 6-8 Mev was also measured. 


§ 1. INTRODUCTION 


HE elastic scattering of protons by nuclei in the medium energy region 
has been analysed with considerable success by representing the nucleus 
as a potential well (Glassgold, Cheston, Stein, Schuldt and Erickson 1957, 
Gibson, Prouse and Rotblat 1958, Melkanoff, Nodvik, Saxon and Woods 1957). 
The maxima and minima of the diffraction pattern, which result from this shape 
scattering, are well reproduced in the experimental differential cross section 
results. ‘The success of these theoretical fits is rather surprising in the case of 
light nuclei in the medium energy region, since compound elastic scattering 
can then be important, and the levels through which this type of scattering 
proceeds are not dense enough to give a good statistical average with the energy 
resolution usually used in the measurements. Indications of compound elastic 
scattering have been found in differential cross sections which, though still 
retaining the general shapes associated with optical model predictions, show 
rapid fluctuations with energy. (Gibson, Prowse and Rotblat 1958, Greenlees, 
Kuo and Petravié 1958.) 

Measurement of the polarization of the scattered protons provides independent 
data for comparison with the optical model predictions. It is expected that this 
polarization will be particularly sensitive to the presence of compound elastic 
scattering, so that it may be possible to determine the contribution which this 
makes to the elastic scattering. 

The optical model in its low energy formulation is a theoretical description of 
energy averaged results, where all the rapid variations over the different compound 
levels have been smoothed out. For this energy averaging to give the equivalent 
of potential scattering by a suitable optical potential, it is necessary to assume 
that there is no interference between the different types of scattering which are 
in fact, present. Thus the assumption must be made that the interference tora 


‘ 
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between shape elastic scattering and the compound elastic scattering, and also 
between the different compound levels, do not occur. The first type of inter- 
ference is usually eliminated by assuming that all compound states, excited in the 
scattering process, have lifetimes which are long compared to the passage of the 
shape scattered wave. The compound elastic wave and the shape scattered wave 
are therefore separated in time and hence are incoherent (Friedman and Weiss- 
kopf 1955); this requires the widths of the levels to be small compared with the 
energy resolution of the measurements. The second type of interference comes 
from the overlap of different energy levels, and is eliminated by making the 
assumption that the level widths are much smaller than the level spacing. If 
this is not true, the interference may still be eliminated by the statistical assumption 
that, when an average over many levels is taken, these terms cancel each other out. 
When these assumptions have been made, the scattering is reduced to the sum 
of the potential scattering and the compound elastic scattering separately. 
Moreover without interference between levels, the compound elastic part cannot 
produce polarization and the effect of its presence is merely to dilute the polarization 
from the potential part of the scattering. At high energies of course none of 
these matter since compound elastic scattering makes a negligible contribution 
to the elastic scattering cross section. 
There exists an energy range for proton scattering by light nuclei which is 
high enough for some, or all, of the above assumption to be unjustified, but low 
enough for compound elastic scattering still to be significant. The polarization, 
itself an interference effect, may then be very different from that which is predicted 
_ by the spin-orbit part of the optical potential even when broad energy resolution 
}is used. 
__ Ina previous paper (Al-Jeboori et al. 1959) measurements of the polarization 
produced by proton elastic scattering from oxygen at an energy of 8-7 Mev were 
described. Evidence for rapid energy variation of the polarization was obtained 
when a change in the beam energy spread was made. In spite of this, the general 
shape of the polarization angular distribution was consistent with optical model 
scattering. At higher energies where the compound elastic scattering should 
be less important, Brockman (1958) found little variation in the polarization of 
protons scattered from carbon over the energy range 15-9 Mev to 18-1 Mev. 

This paper describes further measurements of the polarization of protons 
scattered from carbon. Since both the angular and energy variations are of 
interest, measurements were made at a single scattering angle, 40°, over a range 
of proton energies from 8-7 Mev to 7:45 Mev, and also at several scattering angles 
for a fixed incident energy of 9-4 Mev. A few measurements were also made using 
a copper target. For this nucleus the compound elastic scattering should be 
negligible so that the optical model predictions are expected. 


ef 
= 
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§ 2, EXPERIMENTAL DETAILS 


The polarization was deduced from measurements of the left-right scattering 
mmetry when protons of known polarization were scattered from the target. 
['wo counter telescopes, each consisting of a proportional counter and a CsI 
sintillator, measured simultaneously the left-scattering and right-scattering 
events. The whole scattering and counting system was placed in an inverted 
Dosition during half the running time, by rotating it through an angle of 180° 
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about the incident proton direction. It was possible to deduce the true scattering | 
asymmetry, independent of the counter efficiencies and many of the geometrical 
errors, by using in the calculation the product of the two left-right counting; 
ratios as measured in the two positions. 

The polarized proton beam, used in these measurements, was produced by; 
the deuteron stripping reaction. A graphite target was subjected to bombardment, 
by the circulating beam of the 37 in. cyclotron. The cyclotron fringe field and a| 
wedge magnet focused the protons, corresponding to the ground-state group of 
the stripping reaction, on to the second target placed four metres from the cyclotron, 
where the scattering asymmetry was measured. ‘The experimental arrangement! 
was similar to that used for the oxygen scattering measurements previously, 
described (Al-Jeboori et al. 1959). 

Nuclear emulsion, exposed directly to the proton beam, was used to find its| 
energy spectrum. The polarization of the proton beam was determined by 
filling the scattering chamber with helium and measuring the scattering asymmetry, 
in the usual way. It was necessary to repeat both these calibrations whenever! 
the internal target was changed, since slightly different focusing conditions were| 
needed for each target. Fortunately they lasted long enough for us to be able to 
complete each group of measurements without making a target change. 

Considerable deuteron contamination was present in the proton beam. Since 
all the focusing was with magnetic fields, deuterons of half the proton beam| 
energy follow the same trajectories, and it was possible for deuterons scattered 
inelastically by the internal target to reach the second target. Fortunately the 
Q-values for deuteron stripping in carbon were low enough for any protons, 
produced by this reaction in the second target, to be rejected by the energy’ 
selection of the counter telescopes. In the measurements with copper, even 
though the stripping cross section is comparatively small, it was decided to 
eliminate the deuterons completely from the beam by passing it through 
32mg cm~ of aluminium. : 

The self-supporting carbon targets were made by abrading pieces of pile 
graphite down to a thickness of 25 mg cm~? for the angular distribution measure- 
ments, and to a thickness of 12-5mgcm~? for the measurement of the energy 
variation of the polarization. The copper target consisted of a foil rolled to 2 
thickness of 21-2mgcm~. : 

A typical pulse height spectrum from one of the counter telescopes is shown 
in figure 1. This was obtained at a scattering angle of 40° using the 12-5 mg cm~ 
graphite target. ‘The width of the elastic scattering peak is consistent with this 
target thickness and the energy spread in the beam. The background count 
from neutrons and y-rays was determined by running without the target. It was 
in all cases confined to the lowest channels so that, except at the lowest energies 
used, it was clear of the elastic scattering peak. No detectable difference in thé 
position or width of the peak was found for the two positions of each counte1 
telescope. 

A possible source of error which is not eliminated by inverting the counting 
system and target chamber comes from the uncertainty in the direction of th 
incident protons. ‘This uncertainty was mainly due to the convergence of th« 
proton beam from the wedge magnet. If the mean direction of the beam dic 
not coincide with the axis of rotation of the counting system, a false asymmetry 
would be produced. This source of error is most serious at angles where th: 
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differential cross section varies rapidly. ‘The angular spread in the beam striking 
the target was 0-7°, and this corresponds to a possible systematic error of 4% in 
the carbon polarizations at the 40° scattering angle; at larger angles where the 
differential cross section changes more slowly the error is smaller. Another 
systematic error which does not cancel out when the system is inverted may be 
produced by non-uniformity of the beam over the area of the target. The widest 
beams used were in the carbon angular distribution measurements. Before 
these were made, the spatial distribution of the beam at the position of the target 
was determined and found to be uniform enough for this type of error to be 
negligible. 
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Figure 1. A pulse height distribution from one of the counter telescopes, showing the 
: protons scattered to the left at 40° from a proton beam of energy 8°5+0-3 mev 
by a graphite target 12-5 mg cm~ thick. 


§ 3. RESULTS 


The angular and energy variations of the carbon scattering polarization 
are shown in table 1, and graphically in figures 2 and 3. 

The copper scattering polarization results are shown in table 2. 

The angular distribution part of the carbon measurements was made using 
a proton beam energy of 9-4+93 mev and polarization —43 + 7%. Allowing for 
the variations in thickness of the 25 mg cm ~ target, the mean energy at which the 
scattering occurred was calculated to be about 8-2 Mev. The internal target in 
the cyclotron had to be changed for the 40° energy variation measurements, and 
at the optimum focusing condition the beam energy then became 8-7 + 0-5 Mev, 
with a polarization —41+8%. In this part of the measurements the target was 
12:5mgcm~ thick, which had the effect of reducing the average scattering 
energy by about 0-4mev. The energy variations were produced by inserting 
appropriate thicknesses of aluminium foils in the beam just before it entered 
the scattering chamber. In the case of the copper scattering ene 
another change in the internal graphite target and the 32 mgcm™ of aluminium 
which was inserted in the beam, produced a proton beam whose average energy of 
scattering in the 21-2mgcm™ target was 6:8 Mev. 
In view of the smallness of the asymmetries found in the copper measurements, 
it did not seem worth while to make a separate helium calibration, and, in 
calculating the results, the polarization of the proton beam was taken as —434+7%. 
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Table 1 
Carbon Scattering 
(1) (2) (3) (4) (5) 
L R LG R 
34°+2° 8-2 1268 965 963 1437 — 744 3 
40°+2° 8-2 663 678 511 700 —19-6+ 5 
50°+2° 8-2 561 447 491 509 +11-14 5 
60°4 2° 8-2 411 309 456 306 +39:54 9 
F002? 8-2 359 Lvs 200 116 +91-4416 
80°+2° 8-2 524 214 360 268 +67:-4+12 
90° + 2° 8-2 363 174 338 369 +37-4+ 9 
100°+2° 8-2 743 304 396 660 +22:2+ 6 
110°+2° 8-2 580 322 326 533 + 56+ 5 
120°+2° 8-2 529 358 308 514 — 7146 
130°+2° 8-2 326 245 236 390 —126+ 7 
140°+2° 8-2 250 334 211 293 ~ 35-7240 
40°+2° 8-3 487 471 594 616 — 02295 
40°+2° 7:9 542 652 606 705 —20-5+ 6 
40°+2° 75 503 740 568 880 —49-3+10 
40°+2° 7-0 377 613 535 930 —62:1+13-0 
Helium Calibration 

40°+5° 9-0 598 744 472 677 —43-0+ 74 
40°+5° 8-5 396 578 515 616 —41-0+ 8: 


(1) Angle in laboratory system; (2) average energy of scattering (Mev); (3) numbe 
of counts left and right with frame upright; (4) number of counts left and right with fram 
inverted; (5) polarization (°/), in the case of the helium measurements this refers to ch 
incoming protons assuming that the analysing power of the helium scattering is — 33 ; 
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‘The errors shown in the results represent the combined statistical error of 
each measurement and its corresponding helium calibration run, but they exclude 
the effects of any error in the assumed analysing power of the helium scattering. 
This analysing power was calculated from phase shifts which originally had been 
obtained by analysing differential cross section measurements. It was difficult 
to ascribe meaningful errors to the results of such a calculation, and it seemed 
better to exclude them altogether from the quoted errors and to give explicitly 
the value of the analysing power which was used for calculating the beam polari- 
zation from the calibrated runs, so that if more accurate phase shifts became 
available the present results may be adjusted. 


Polarization (%) 


-80 | | \ I 1 | A I \ t ; a 
8 
Average Scattering Energy (Mev) 


Figure 3. The energy variation of the polarization of protons scattered elastically from a 
12-5 mg cm~ graphite target. The energy spread in the beam was +0°5 Mev. 


Table2. The Polarization in Proton Scattering by Copper at an Average Energy 


of 6-8 Mev 
Angle (laboratory) (deg) 35 45 55 
Polarization (°% —2:5+4°8 = 3°35 +50 —5-0+6:1 


Putnam, Brolley and Rosen (1956) give phase shifts up to and including the 
D waves for helium scattering at 9-48 Mev. Those predict an analysing power of 
—33-5% for 40° scattering, the angle used in the calibrations. In view of the 
expected slow change with energy at this scattering angle, Brockman (1958), 
this value was used for both the 9-4 Mev and the 8-7 Mev proton beams. 

The apparent inconsistency of the 40° carbon scattering result as obtained 
in the angular variation and in the energy variation measurements, is probably due 
to the greater target thickness and considerable low energy tail in the proton beam 
which were involved in the angular variation measurements. In comparing 
‘the two results the effective energy of the latter should therefore be reduced 
perhaps to a value below that of the energy variation measurements, so that the 
negative polarization obtained seems reasonable. 

To illustrate the polarization predicted by the optical model part of the 
ttering we have included a polarization calculation by Bjorklund and Fernbach 
rivate communication). The optical model they use has a Saxon type central 
real potential, a surface Gaussian central imaginary potential, and a Thomas 
ype real spin-orbit potential. The magnitudes of the parameters used in this 
2K2 
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calculation, which was made for a proton energy of 10 Mev, were ry = 1:25 x 10-¥ cm, 
g=0-651078cm, b= 12105 cme Vg =45-0Mev. iy or— 11-O0mev, and 
V 5p = 9°36 Mev. 

§ 4. DiscussION 


The smallness of the polarization obtained in the copper measurements 
suggests that there is too much Coulomb scattering at this energy to give much 
information about the other scattering processes. 

In the carbon elastic scattering, there is a general similarity between the 
angular variation of the polarization as measured experimentally, and as calculated 
from the optical model. ‘The diffraction effects, which are a strong feature in the 
differential cross sections, are also reproduced in the polarization. ‘The magnitude 
of the oscillations in the polarization, a consequence of the difference in the diffrac- 
tion patterns of the two spin directions, may be taken as general confirmation of 
the magnitude of the spin-orbit potential which was chosen for the calculation 
The most evident discrepancy is that the theoretical prediction is almost every- 
where too negative. This could be corrected by adding an imaginary part to the 
spin-orbit term (Erickson and Cheston 1958). To obtain agreement the rea| 
and imaginary parts would have to be of opposite sign, implying that, in regions 
of the nucleus where protons with one spin direction are scattered most, protons 
with this same spin direction are absorbed least. In view of the limited validity 
of the optical model in this energy region, such detailed fitting of the optica 
model parameters may be unprofitable. : 

The smooth energy variation in the polarization, shown in figure 3, seems a’ 
first sight, to be a characteristic of the optical model, rather than of a compounc 
nucleus process, which would in general produce a random variation with energy 
However the particular distribution and widths of the 1*N energy levels involvec 
may account for the results. : 

The level structure of 18N at this excitation has not been measured, but th: 

mirror nucleus !8C is known to have a single broad level of width 1-1 Mey at ai 
excitation of 8-4Mev; other neighbouring levels being all much narrowe 
(McGruer, Warburton and Bender 1955). This broad level also shows th’ 
largest cross section for the reaction C(d, p)8C so it is likely to have a large sing] 
particle width. If this level is also present in 1°N, it should be strongly excite 
in proton scattering. All the other neighbouring levels should be narrow enoug! 
to fulfil the assumptions required by the optical model, and they should contribut 
little or nothing to the polarization. The compound elastic contribution to th 
polarization may then be reasonably attributed entirely to this one broad leve 
In 2C(p, p)#C it should correspond to a bombarding energy of about 6-5 Me\ 
Our results may then just represent the consequence of the smooth variatio 
of the phase and magnitude of the compound elastic amplitude on the high energ 
side of this resonance. It is also of course, possible that the optical model pai 
of the polarization makes a significant contribution to the observed energ 
variation. 
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Abstract. 'Two methods are given for obtaining bounds for functions satisfying | 
certain systems of coupled integral equations. Application to the integral’ 
equations for potential scattering (elastic or inelastic, three dimensional or in| 
partial wave expansion) results in bounds for the wave functions, and hence for 
the scattering amplitudes and cross sections. The method gives sufficient! 
conditions for the convergence of the Born iteration series, and estimates for| 
the truncation errors for a wide variety of problems. A simple example illus- 
trates the methods. It is also indicated how they can be employed in more: 
complicated situations than those considered here. 


$1. INTRODUCTION | 


T is well known that the unitarity of the S-matrix gives rise to upper bounds: 
| for the partial cross sections for elastic or inelastic scattering. This has 

proved useful in actual applications, in providing a definite upper limit, 
without any approximation (see e.g. Erskine and Massey 1952, Seaton 1955). 

It seems reasonable to expect that when the scattering potential is small 
(or the energy or angular momentum high), then the cross sections will also be 
small; and it should be possible to obtain a bound which uses the smallness of 
the potential. Kohn (1954) has studied the radial wave equation for elastic 
scattering by a spherically symmetric potential. His expressions for the 
truncation errors of the mth Born approximation provide such bounds for this 
case. 

Both upper and lower bounds for the /th order phase shifts, based on a 
variational method, have been studied by Spruch and Kelly (1958), and by 
Spruch (1958). So far their methods do not seem to have been extended to the 
case of coupled equations. Khuri (1957), following the methods of Jost and 
Pais (1951), has studied the analytic behaviour of the scattering amplitude (as 
a function of k) for three-dimensional scattering by a spherically symmetric 
potential. Although the Fredholm formulae used by Khuri give valuable 
information, they do not appear to be suitable for obtaining explicit bounds. 

It is the purpose of this note to show how exact bounds can be obtained in 
many cases involving only a finite number of ‘internal states’, when a certain 
quantity is sufficiently small. Such bounds should be useful in providing a 
definite upper limit against which to compare approximate calculations of 
unknown accuracy. Kohn (1954) has stressed the fact that several of the usual 
rules of thumb, used for estimating the validity of Born expansions, are quite 
unreliable. The basis of the present method is to obtain an upper bound for 
the wave functions, or suitable associated functions. This bound follows by 
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applying simple inequalities to the scattering integral equations. In fact, the 
use of a suitably generalized modulus, well known in the theory of differential 
equations, makes the treatment of coupled equations little more difficult than 
that of a single equation. ‘The method also gives sufficient conditions for the 
convergence of the Born (iteration) series, and expressions for truncation errors. 


$2. BOUNDS FOR FUNCTIONS SATISFYING INTEGRAL EQUATIONS 


2.1. First Method 


The integral equation for scattering, involving only n ‘internal states’, has 
the form 


F(q)=A(q)+JK(Q dg FV), ww es (1) 


where g denotes the appropriate set of coordinates; F(q) the unknown wave 
function, an mx 1 matrix; A(q) the incident wave, also an n x1 matrix; and 
K(q,q') the scattering kernel, an nxn square matrix. Examples are given in 
$3. For brevity, it will be assumed that A(q), K(q,q’) and the solution of (1) 
are sufficiently well behaved for the following manipulations to be valid. This 
excludes, for instance, the direct use of an energy or momentum representation. 

For any matrix M (square or rectangular) with elements M,,,, let the modulus 


||M|| be defined by 
(l= 12,15 Fe 5) 


A, 


this is a non-negative real number. This special modulus satisfies many of the 
same rules as the ordinary modulus of acomplex number (see e.g. Bellman 1953). 
In particular 


4 +BI]<|IAI+ BIL HCPISICIHM2I WE@e4all< ME@dall-..--- (3) 


as easily verified from the definition (2). 

Any definition of the modulus, which satisfies the above rules, could be used 
instead of the definition (2). We could for example define the modulus of a 
square matrix M and of a column vector dé as the usual norms 


[[M[J=max,[Mp, Mb/s WT, Mlell=(@ 9) ve (4) 


_ where max, denotes the least upper bound for all non-zero ¢, and (yf, ys) etc. are 
scalar products in the n-dimensional vector space. This is not so convenient, 


however, in most applications. 
Taking the modulus of (1), and using the rules (3), 


max, |[F(q)|| <maxq(l|4@II+ ITK@ 747 F@ I 
< max,[||4(q)||+ S[A@ 7 )\léq IF @ I 
< max, ||4(q)|| + [maxqllF(@ Il] imax, JA @)Ildq'), «+++ (5) 


where max, denotes the least upper bound as g varies. ‘This can be rearranged 
to give a bound for ||F(q)||, thus 


max,||/'(q)|| S max,||4(q)|I[1 —max, f||A(q, q )\l¢4q'); | 
provided [1 — max, J||K(q, 9’)||¢q'] > 0. | 
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It is easily verified that the condition given in (6), together with some further 
restrictions requiring A(q) and K(q,q') to be sufficiently well behaved, are 
sufficient to ensure the uniform convergence of the Born iteration series for 
equation (1) to an actual solution of (1). In fact, iteration of equation (1) gives 
the Born series 


@ 


PO (q) ae ee eee (7) 
8s=0 
where 


FOQ)=AQ); FEMG)=JKGT)dg PT), S20. ..-++: (8) 
From this it follows, by reasoning similar to that used in the case of a single 
equation, that 


l(a) | < [max,]|4 (q)|[]max, fI|K(q %1)K (dp 92) --- K(Gs—1 4s) []441 442 - - 49 
< [max,||4(q)|[]max, f]]K(q 91) [l4q1||K (4 92) [442 -- - [A (Ys1 9s) 124s 
<[max,||A(q)|[]lmax,/||K(@ qld) S21 eee (9) 
When the condition given in (6) is satisfied, it follows that the series }'||F(q)|| 
converges uniformly, and therefore so also does the series (7). From this it is 
easily deduced that the sum (7) satisfies equation (1). 


A bound for the truncation error involved in taking the first N terms of (7) : 
is easily obtained by the use of (9). Thus, if N>1, 


oe [max,||4(g)||][max,J []K(g, 9)|] dq’) 
F(q)- F)(q)|| < ———— ee nse 
WO % Pals = max, KGa Me 
A better, but more complex, estimate is given by replacing the factor [ ]¥ 
in (10) by 


max, |||K(q, 91)K (41; 92)--- K(dy—1 Iw) ||€qrdqo---dqy, +++. (11) 


max, {||K(q; 91) ||@qi||K (41 G2) [l¢q0--- [|K(Qy—a Iw )N1dQy- 2-2 (12) 


The expression (12) is fairly easy to evaluate for the special types of kernel 
occuring in scattering theory (see §3.2 and §4). It is also possible to obtain — 


bounds for the individual components of the expression on the left-hand side 
of (10). 


or by 


2.2. Alternative Method 


Instead of considering the whole set of equations to which (1) is equivalent 
together, we may take the ordinary modulus of each component separately. 
Reasoning as in the derivation of (5) results in n inequalities 

BD KS PRO tes ae TA Taras (13) 
where : 
F,=max,|F,(q)|, A,=max,|A,(q)|, 
Kgs tnaxg taal) dn aoe Wikencoger eee box ale (14) 
Let K be the n x n square matrix with elements K yw» and J the mx n unit matrix. 
If [((J—K)-],,>0 for all ,u, then the Ath inequality of the system (13) can 
be multiplied by [([— K)-],, and summed over A, with the result : 


F\<>[U-K)-],,4,, 

provided é 21 Fer eat 4! Sik nase hea (15) @ 
(ZR) 0 forall), as 

This can sometimes give better bounds than given by (6) (see §4). 
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It is also possible to obtain a bound for the difference between F(q) and the 
sum of the first VV terms of the Born iteration series. This is obtained by 
iterating equation (1) N—1 times, and estimating the last term by use of (15)); 
ne the condition given in (15) to be satisfied. This gives, for instance, 
if N>1 


Nt 
WF@)— & P@I< ME —K)Allimax, MK a1 «++ (16) 


where A is the mx 1 matrix with elements 4.,,. 

It appears from simple examples that the conditions [((J— K)~*],,>0 should 
be sufficient for the convergence of the Born series, but we have not yet obtained 
a proof of this. 


§ 3. APPLICATION TO CERTAIN SCATTERING PROBLEMS 


3.1. Three-dimensional Equations 


Neglecting exchange terms, the usual equations for scattering of two atomic 
systems having only 7 internal states take the form (1), with g=r, and (Mott 
-and Massey 1949) 

exp {ik,|r—r'|} 


A,(r)=exp (thaz)5,,, ,,(r,r’)=— = eee a Oe) ale cee (17) 
where U,(r)=2MV,,(r), V,,(r) being the matrix elements of the scattering 
| potential between the internal states, and M the reduced mass. Also 
| (2M) *k,? + Ea = (2M) *k,? + E,, where E, are the internal energies and (2M)-*k,* 
is the initial kinetic energy of relative motion. Atomic units are used, and the 
initial state is labelled a . Considering the case of uncharged systems, the 


. ° 
asymptotic forms of the wave functions are 


F,(r) ~ exp (ikaz)8,, +7 -texp (tk,r)fin(9,6), aS T>O. sees, (18) 


The differential cross section for scattering with the internal state changing from 
a to b is 


tite Uebiha feaG! &) Pa Opied tin a (19) 


‘where dQ is an element of solid angle about the scattering direction (6, 4). 
From (17), (18) and (1) one finds the usual relation 


Soa(9, ?) = — = | exp (—ikp.r) 2 BR CAG hh OR esr Pc (20) 


where kp is taken in the direction (6, ¢). 

Equation (20) gives a bound for fpa(9,¢), when a bound for the wave 
functions F,(r) is given. Such a bound follows, for instance, from (6). Using 
the fact that [F,(r)|< ||F(r)||, this gives the estimate 


1 
[foal BI< go | D1Orarer 
provided ‘ i Sa a ener 
} Siam als )[a2r’ > 0. 
; D=1 ame | po = Yale )|\@2r’ > 


7 
bound for the integral occurring in the expression for D can be obtained, for 


stance, by the methods of Weinmann (1955); 
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The condition D>0 is satisfied if all the potentials U,,(r) are sufficiently 
small. From (19) and (21) it is clear that when the potentials are small, then | 
the cross sections are small too. Unfortunately the potentials occurring in typical 
realistic problems (e.g. (e, H) or (n, p) elastic scattering) are too large to satisfy | 
the condition D> 0, so that the method will not work for the three-dimensional | 
equations in the above form. | 

It follows from the discussion in §2 that sufficient conditions for the con-| 
vergence of the Born iteration series are, for instance, that: (i) there is an| 
x, 0<a<2, for which all the quantities r«U,,(r) are continuous and bounded, | 
(ii) all the integrals [|U,,(r)|d°r converge, (11) D, defined by (21), is positive. 
As far as we are aware, this is the first time that such conditions have been given | 
(see Jost and Pais 1951, footnote 8). 


3.2. Partial Wave Expansion 


The rather stringent requirement that D>0, which limits the usefulness of | 
the preceding bounds, can be overcome by employing a partial wave expansion. 
For simplicity the present discussion is restricted to the case where the U,,(r)| 
are spherically symmetric. It will appear from what follows that bounds can | 
always be obtained if the angular momentum or the energy is sufficiently high, 
and certain integrals involving the potentials converge. 

Let the wave functions be expanded as 


F,(r)=S(214+1)i'P(cos OF, (1), ewes (22) 


where the factor 7® is inserted for later convenience. ‘The spherical harmonic | 
expansions of the incident wave and the kernels are well known to be (Watson | 


1944) 
exp (ikas) = S (21+ 1)P,(cos 6)j,(Kar), 
L=0 


exp {ik,|r—r’]t 
rr] 


= S (27+ 1)P,(cos @)Z,(k,; 1,1’), 
[=O 


where @ is the angle between r and r’, and the factor Z,(k,; r, r’) is given by 


tkh(kr)j(kr'), r>r', 
VAN Sd A algae alte OR nS ag be Sa (24) 
ikh(Rr’)j (Rr), <1", 
and where the spherical Bessel function j,() = [7/(2x)]"J,,4/.(x), and 


th/(«) = (— )}-ayy(¥) + 1j,(x). 
‘These equations result in the following integral equations for the radial functions: 


Par) =r Phar )8 4 — | ‘ D2 [rh PZ(Ry3 1)’, (0dr Fr’). 


Further, let the functions f,,(0, 6), defined by (18), be expanded as 
F,.(8:¢)= 2 is AL )P ACOSO Fee “Eee (26) 
Equation (19) combined with (26) gives for the total ab cross section ? 


Oba => oral!) opa(l) =47(k,/Ra)(2/+ 1) foa(I)P. ....-- (7), 


\ 
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Also, equation (20) gives the usual relation 
foa(l) = — PACA ASS ERA (OY t/a ORT Cy a nine» (28) 
“ ) A 


These equations can be treated in the same way as were the corresponding 
equations in $3.1 in deriving the bound given by (21), and the result is that 


Lyoa(D)]< DMamaxy|rFi(kar)B |S Lior) U, (rar 
O A 


provided 
D,= 1— max, | DA aa, Talhah, lie dre 0. 


O Aa 


The factor |r!~*j,(kar)| is certainly bounded if 0<8<1, and B can be chosen in 
this range to make D, as large as possible. More generally, it may be advan- 
tageous to insert a factor g,(r) into the expansion (22), thus multiplying the 
kernel in (25) by [g,,(r)]~“g_,(7’): the functions g,(r) can then be chosen to 
make the corresponding D, as large possible. 

For comparison, the unitarity of the S-matrix gives the bounds 


|foa(/)/?< (4kakp), b#a; | faa(l)|?<ka; 
> Fal fon) <hecl | eae 
b 
If the U,,(r) are sufficiently well behaved, and D,>0, then it can be shown 


that the Born iteration series for the equations (25) will converge to a solution 
of these equations. 


and 


3.3. Behaviour of D, at High Energies 
In order to prove the statement made at the beginning of §3.2 it must be 
shown that D, > 0, if all the k, are sufficiently large. First choose 8 withO <8 <1, 
so that 


ly |U,,(r)r*|dr converges for all A, pw; eee (31) 
0 


this is a restriction on the type of potentials to which the result applies. From 
_ equation (24) it follows that 
WZ (hs? | kA PM iB) sn cried paces he sesages (33) 


where 


Ts h{? j } ’ xe 5) 
MAB) ee xt? y |b; i) a 33) 
"| xt-*y[bO(y im) #<y 


The fact that a finite bound M,(8) exists when 0 <8 <1 follows from well-known 
properties of Bessel functions (Watson 1944). Using the bound (32) to estimate 
the integrals in (29), it follows that 


; | D,>1—(k,)-“@- M(B) | i [U,(r8|dr, cae (34) 


‘If ka, and therefore also all other k,, is sufficiently large, then the right-hand 
side of (34) will be positive, as 1—B>0. It follows that the condition D,>0 
will certainly be satisfied at sufficiently high energies, so that the bound given 
by (29) will then be applicable. 
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Kohn (1954) has made use of bounds of the form (32). There can be 
considerable advantage, however, in retaining the more complex Zi factors, 
particularly when the potentials are large and D, is only just positive (see § 4). 
Also the above use of the factor r* makes it unnecessary to consider separately 
potentials which behave like r~* near the origin (Kohn 1954, §5). 


3.4. Behaviour of D, for large | 


To show that D,>0 at a given energy, if / is sufficiently large, we proceed 
as follows. First choose 8=1, and suppose that all the integrals 


| * WU, (rv ldr, | SLU, idee Ie eee (35) 
0 0 
converge. It is shown in the Appendix that 

[Z,(k3 7,7’ )|r’ < (20+1)-*? [Rr + (214-1) 77], eee es (36) 


this being a very crude estimate which suffices for the present purpose. Using 
(36) to estimate the expression for D, given in (29) with B=1, it follows that 
D,>0 if 1 is sufficiently large, because of the common factor (21+ 1)? which 
appears outside all the integrals. This demonstrates the desired property of D,. 


§ 4, AN EXAMPLE 


As a concrete example, we have considered the excitation of the 2s state of | 
hydrogen by electron impact, neglecting both exchange and all but the Is 
and 2s states. This problem is not of great physical interest, but is a convenient 
source of potentials. 

Using atomic units, and labelling the 1s, 2s states by suffixes 0, 1 respectively, 
the potentials for this problem are (with U,,=2V,,) 

Uo) = —2r-"{1 +r} exp (—2r), 
Oe = Uy (fate Pot esp (— 37/2), . = ar > er enaere (37) 
Uy, = — (4r)-4{8 + 6r + 27? + 73} exp (—1). 
Also k,2=k,?—3. Calculations were only made with B=1. The potentials, 
particularly U,,, are so large that the partial wave expansion of §3.2 will not 
give bounds for /=0, near the threshold of the reaction. The conditions are 
first satisfied for/=2. The method of §2.2 applied to the partial wave equations 


(25), gives better bounds for the present case. ‘The table gives values of K,, 
evaluated by numerical integration from the formula 


Kym mms, [lbs ney 
0 
= max, | alr | liar’) U(r’)? |ar’ 
0 


+ Ryli(R,r)| | Pair ara" | O07 ni. dena (38) 
r 
The special form of the Z, kernels makes numerical integration an efficient method 
for obtaining the K,,. The conditions [([— K)~],,>0, given in (15), are here 
LR os.) aime {le Kop l= Kaslat Kothnqe xa wand (39) 
These are satisfied for ]=2. Further (see equation (25)) 
Ag=max,| jo(kor)|=0°32, A,=0, 
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Nn 


for all kj. With these values, (15) leads to the following bounds for the wave 
functions, defined as in (14): 


Fy < 0-36 Fy < 9-36 | 
atk, = ly i=2;5 


; ; SUD SAVE IP be hope 41 
F, <0-05 F,<0-03. | : ey 


(The values of Ko , Ao, required at ky = 0-87, k, =0 were estimated from the table, 
by using less favourable values at kj) =0-5 or ky =1.) 


Table. Values of K,,, defined by (38), as functions of k, and /, for the Potentials 
(37) (B=1). Kyp is exactly the same function of k, as Ko, is of ky 


Koo Kou Kur Koo Ko Ku 
[=4 [=1 l= l=2 [=2 [=2 
k,=0 0-21 0-10 0-88 0-09 0-05 0:36 
k,=0°5 — — 1-43 0-09 0-06 0:56 
k,=1-0 - a = 0-10 0-09 = 


Using these bounds in (28), one obtains bounds for fo9(/) and fyo(/) at /=2. 
The contribution from the terms /=2 to the total cross sections follows from 
(27). We find that for values of k, near the threshold, and at ky = 1, 


| fr0(2)| < 0°8A,?, G49(2) < 46k,’, if k,<1; (42) 
(2 26-15 on 2) 0-71) Cat RST] ee 
Also 
Lfoa(2)|< 0-045, opa(215.0-13, .atewko= es s0es (43) 


The accuracy of these bounds is limited only by the errors in the numerical 
calculations, estimated as of order 20%. 

These bounds can be compared with the bounds (given in (30)) derived from 
the unitarity of the S-matrix, which are not exceeded by the above values. ‘They 
can also be compared with more exact calculations of the S wave scattering 
(Erskine and Massey 1952, Massey and Moiseiwitsch 1951), which is expected 
to give the main contribution to the total cross sections at these low energies. The 

contribution of the D wave scattering to the elastic cross section, estimated in 
: (43) at k,=1, is negligible compared with the contribution of order 10 from the 
S wave. However, the bound for the D wave inelastic cross section, estimated 
in (42) at ky=1, just exceeds the value, of order 0-6, for the S wave. ‘To study 
this further, the scattering amplitudes f,)(/) have been calculated in 1st and 2nd 
Born approximation, for the P and D waves at ky =1, with the result 


fro(1)21= — 0-087, fro(1)B2= — 0-18 — 0-07; adtns 
fro(2)21= —0-021, fyo(2)B2= — 0-033 — 0-005%, ? 


For 1=2, D,>0, so that the Born series must converge (see the last paragraph of 
§3.2); equations (44) show that this convergence is actually not very rapid, but 
the estimate given in (42) at ky=1 is apparently a considerable overestimate. 
_ For J=1, (44) shows very poor convergence of the Born series (if it converges 
at all); the usual criterion for convergence, that the value of f,)(/)®1 is much less 
than the maximum allowed by the conditions for the unitarity of the S-matrix 


is clearly a very unreliable guide for this case. 
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§ 5, Discussion 


The methods described for obtaining bounds can be varied in many ways. 
Much depends on the nature of the potentials U,,, which may vary from the 
short range potentials of nuclear theory to the long range potentials occurring in 
the theory of slow collisions between atoms. Each type requires a separate 
discussion of details, and different methods may give better bounds for different 
problems. 

It should be possible to treat Coulomb potentials by forming the integral 
equations with modified kernels consisting of the appropriate Coulomb wave 
functions: the methods of §2 can then be applied. Even if the potentials U,,(r) 
are not spherically symmetric, the total angular momentum operators for the 
complete system usually commute with the total Hamiltonian. An appropriate 
expansion of the total wave function in terms of eigenfunctions of the total angular 
momentum operator then gives sets of coupled equations of the type already 
considered, and there is no coupling between the sets of equations for different 
eigenvalues of the total angular momentum. Hence the methods of § 2 can again 
be applied. 

It is also possible to obtain bounds for some types of integro-differential equa- 
tions which occur when exchange effects are allowed for; this follows because 
the integro-differential equations can be turned into integral equations by using 
the appropriate Green’s function. Thus, for instance, the integro-differential 
equations of Erskine and Massey (1952) for the excitation of the 2s state of hydrogen 
by electron impact give rise to integral equations whose kernels are of the form 


L — 4 an Wy 
Kipp — Lf ePleeD senfe eeeeel 


lr—r’| =p" 
x p(x" ){ (2B — kh? )b(r’)* + 2h(e’)* |r” — a fee CEST ee (45) 


where (rr) are bound state hydrogen atom wave functions. The extra terms do 
not give any difficulties in principle, so that one can proceed to discuss the equations 
similarly to §3. In a partial wave analysis the conclusions of §3.3 (except for 
S wave scattering, where the factor 2E,—k? in (45) causes difficulties) and of 
§ 3.4 can be shown to be valid. 

The methods do not give any information when there is an infinite number 
of coupled equations, such as are necessary to describe the real physical situation 
in which there is an infinite number of internal states. (The methods of §2 
can still be applied, but do not appear to be useful.) Thus the bounds for the 
cross sections do not have the same generality as those obtained from the unitarity 
of the S-matrix. 


It would be very desirable to have bounds (other than those resulting from the 
unitarity of the S-matrix), in the cases where the present methods fail (at fixed 
energy and angular momentum) when the necessary conditions of (6) and (15) 
are not satisfied. t 

In view of the widespread use of the Born approximation, it is of considerable 
interest that the present methods can be used to obtain sufficient conditions for 
the convergence of the Born series for a wide variety of problems. 
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APPENDIX 


To establish the inequality (36), we start from the well-known integral 
representation of the Z, functions 


P+] 
2Z(k; 7, 1')= | P(u)otedu, ot=r2+r!2—Qrr'p, (r#r’) evens (Al) 
=1 

(Watson 1944; this follows also from equation (23)). Writing e*= (e#"—1)+1, 
and taking the modulus of (A1), we obtain 


+1 +1 
WAR } Pi(u)o-Mdn| + | Pin ient (eee anaes (A2) 
Now ach re 
Bos O87 iti: 
(U1)? 3 
i} TTT EE ede aelaine aes (A3) 
= Ys r* : 
(Cray re ee 


and r’ times the right-hand side of (A3) is less than 2/(2/+1). Further, by 
Schwartz’s inequality, and as |(e“’—1)/o|<k, we have 


1 % +1 
Poet 1)dul<k | [Pld 
—1 


; et [cuore [ay 
ake eluate! Sete eat (A4) 


Combining these results we obtain the inequality (36). 
The inequality can be improved, by using the bound (Bateman Manuscript 


Project 1953) 


(sin 0)#2|P,(cos 4)|<(wl/2)1, O<@<7,  —.-e eee (A5) 
which gives 
+1 Q7Zqpll2 fo 
k Pu) de < saws A6 


so that |Z,| has a “1 dependence for large /. 
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Ionization Times of Impurities in Hydrogen Plasmas 


By R. W. P. McWHIRTER 
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Abstract. ‘The problem discussed is the calculation of the time it takes for | 
impurity atoms and ions to become ionized in the hydrogen plasma produced in 
pulsed thermonuclear machines. Classical ionization cross sections are used to 
calculate ionization rates and the effect of radiative recombination is included. 
The importance of taking into account the time dependence of the state of | 
ionization is illustrated by an example where the energy radiated by an impurity 
of carbon is estimated. ‘The time for impurity ions to reach the steady state is 
compared with the duration of the discharge for a number of operating thermo- 
nuclear machines and it is found that the latter times are too short for the steady 
state to be established. ‘The assumption of the steady state is shown to be. 
acceptable for a power producing D—D reactor. 


§ 1. INTRODUCTION 


HE importance of quite small percentages of impurities in calculating the 
radiation emitted by the high temperature hydrogen plasmas generated in 
laboratory thermonuclear devices has already been pointed out by Knorr 
(1958). It has been predicted that a steady state is reached when the rate of. 
ionization by electron collision is balanced by the rate of radiative recombination | 
of ions with electrons as in the solar corona (Elwert 1952). However most 
laboratory thermonuclear devices are pulsed so that it is important in calculating 
the radiation in these cases to consider the time dependence of the ionization 
process. 

In this paper classical ionization cross sections are used to calculate the rates | 
of ionization of impurity ions which, it is supposed, are suddenly introduced into 
a hydrogen plasma having a constant electron density me(cm-*) and constant 
electron temperature Te(ev). Radiative recombination is also taken into account 
in estimating the ionic concentrations. The intensities of the main spectral 
lines and of the recombination continuum emitted by these ions is then estimated. 
As a specific example the radiation emitted by carbon in a plasma such as that 
which may be produced in zera is calculated. 

The time for the impurity ions to reach the steady state is estimated for the 
general case, and this time is compared with the duration of the discharge in a 
number of operating laboratory devices and with the energy containment time 
which will be necessary for a power-producing reactor. 


§ 2. ‘THE IONIZATION EQUATION 


Following Elwert (1952) a quantity S(7¢) is introduced such that neS(Te) is 
the probability per unit time of ionizing an impurity atom or ion by electron 
collision. S(Te) has been calculated by averaging what are essentially classical 
ionization cross sections over Maxwellian velocity distributions. In fact mean 
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values of cross sections for atoms from a review by Bates et al. (1950) were used as 
suggested by Allen (1955). The values of S are plotted as functions of 7. in 
figure | for a range of ionization potentials y. ; 

Radiative recombination coefficients «(Te) have been evaluated for re- 
combination to all states of hydrogen-like ions using a formula due to Seaton 
(1959). ‘These are plotted in figure 1 for ions having a charge Z from unity to 
80. The approximation will be made in this paper that the radiative recombi- 
nation coefficient for any ion is the same as that for the hydrogen-like ion having 
the same charge Z’. ‘ 


OY, 


Vi 


\ 


Figure 1. Ionization and recombination rate coefficients. 


The rate of ionization of any impurity may now be calculated to the accuracy 
of the coefficients S and « by solving a set of equations 
dn; 
dt 
where n; is the density (cm~*) of atoms (i=0) or ions (¢=1 to Z). The initial 
density of impurity atoms is 


‘ Zz 
5 Ny= > n; and at t=0, m=No- 


= — Sine + %44Nj41Ne + S;aM;_Ne — HNNe meh eas Ob) 


i=0 


§ 3. THE RADIATION FROM Impurity Ions 


Three classes of radiation arise from the interaction of electrons with the ions 
a plasma, viz. (@) bremsstrahlung (free-free transitions), (6) recombination 
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continuum (free—bound transitions), (c) line radiation (bound—bound transitions). 
Except where there are no atoms or ions having bound electrons bremsstrahlung, 
is negligible in comparison with the other two. 
Each radiative recombination process results in the emission of a photon 
having average energy 
kT exp (—x,/RT) 
— Ei(— xi/RT) 


where y; is the appropriate ionization potential. 


(—Bi(-»)= | du and is tabulated by Placzek 1954.) 
x 4 


Thus the total power radiated in this way by each type of ion is 
kT exp (-—x,/RT 


Precomb => NeNj 44 %j44 - —Ei(—x/kT) Mec f-s (nc SICKO ee 
i 


The power radiated by the strongest spectral line of each ion may be 
estimated by putting the oscillator strength f equal to unity in the approximate, 
formula for the excitation cross section (Allen1955)and averaging over Maxwellian | 
electron velocity distributions. This procedure leads to excitation rate co-| 
efficients X almost equal to the values of S already calculated where the excitation | 
potential y,, has been substituted for the ionization potential y. Assuming that | 
excitation is always followed by spontaneous decay the power radiated as line, 
radiation is : 

Pex = 1A Xex Org cm Sec 7 aes (3) 
The strongest transition usually accounts for most of the line radiation of a given 
atom or 10n. 


§ 4. A CALCULATION FOR CARBON IMPURITY IN A HYDROGEN PLASMA 


It is instructive to carry out a calculation of the energy radiated in a specific | 
case. The conditions chosen are those which may exist in the plasma produced : 
in ZETA, viz. me=10%cm>, Te=50ev, Njo=10" carbon atoms cm-> (i | 
impurity). 

When radiative recombination balances ionization to establish the steady 
state among the carbon ions their concentrations are related as follows: 

Re ees nN, ,=% 


$417 “G41 S; 
OB Since eS) BN Os aR EG eninaes (4) 
5104) 5096-0040 x 10, : 
The values of «;,, and S; have been taken from figure 1. 
The radiation from these ions may be calculated by the methods of §3. The 


~-results of such a calculation are tabulated below. 
% 


(1) (2) (3) (4) (5) (6) 

Civ 64-5 5°83 x 10° — 2s~2p 8 9 x 104 

Cv 392 2:07x10®  1s’-1s2p 304 1-2x104 
Cv 490 3:13x10 = 1s—2p © 367 5x10 ; 


(6) pee eS) 3) Frecomb: (erg em™ see-");, (4) strongest transition ;- (5) Xex (ev) 
a 


Ionization Times of Impurities in Hydrogen Plasmas 523 


For comparison the power radiated by the hydrogen ions is noted: 
fee Te oie see a Pe e575. 108 erg cms sec. 
Despite its small concentration C Iv accounts for the majority of the power 

radiated. It does so because it has a low-lying first excited state. During the 

transient phase of the ionization process all the carbon ions must pass through 
the C rv state and at that time a relatively large amount of energy will be radiated. 

The time to reach the steady state is approximately the sum of the reciprocals 
of the ionization rates thus 


mie 
max 1 
Ot ee eS Sa in oe ee 25a 5 
Ttransient 2 neS( Le) ( ) 
For the ions in question the times are: 
lon Cor (Com Curt Cy CY 
(i 4 
.—l——— Be 10" 65 x 10-" Ome =. = 
neS(To) x x 3x10 7x10 2 x 10-1sec 


and 7Ttransient = 9-2 sec. 
In particular C Iv reaches its peak concentration at about t=5 psec by the ion- 
ization of C 111 and each C rv ion has a mean lifetime of 7 psec. 

Using the same methods as above the power radiated in the strongest line of 
C rv for the 7 psec of its mean lifetime is 1-8 x 10°ergcm~?sec"t. Averaged over 
: the whole of the transient phase 7trans this is 6-3 x 10% ergcm~* sec“. However, 
_the discharge in ZETA lasts only 3 msec so that averaged over this period it gives 
| 4-2 x 10° erg cm-? sec“. 

Summed over the whole volume of the plasma in zeTA 1-8 x 10® erg cm~* sect 

_ is equivalent to 50 Mw of radiated power. _ This should be compared with a mean 
available power of about 100mw from the electrical circuit. 


§5. Tue TIME TO REACH THE STEADY STATE IN THE GENERAL CASE 


The steady state is characterized by the equality of m,S; and 7;,, %;,;. Because 
the ionization coefficients S vary sharply with temperature 7¢ then, for a given 
plasma in the steady state, there are never more than about two or three different 
ionic species (of a given element) present. These species will be characteristic 
of the plasma in question and they may be predicted by equating S; and «,,, for 

‘that ion. Thus points on figure 1 where S;=«;,, represent the steady state. 
By plotting all such points for all species of all ions a band is obtained as shown on 
figure 1. Over this band, to an order of magnitude S=a=10~-"cm*sec for 
all temperatures J’. between 1 ev and 100kev. atti 
The physical reason for the limited spread of the points is that for a given 
charge an ion has an ionization potential from a restricted range of values. In 
particular for hydrogen-like ions x= Z*xq (X_= 13-6 ev). . 

_ The charge Z’max on the ions which are characteristic of the plasma in the 
steady state may be determined and these are plotted in figure 2,0 0 
The time to reach the steady state is the sum of the reciprocals of the ionization 
rates, equation (5), and, of the sum, the most important term is the ionization. 
ime of the most highly charged ion to be produced (2",,,,) Le. 1/neSz'max (cf. 
he case of the C vions discussed above). In the discussion that follows Ty ansient 


1 1012 
Len 7 ~ ————_ ~ — sec rere: (6) 
trans S Nn 
Ne Z’ max e 
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nN 


and this will be a lower limit. ‘The actual time to reach the steady state will be 
greater than this by a factor less than five or six, 


ee Oe peat 


60 T Tmt T a 


1 11 
Aim A Fata (Sag phere 


Val 
Z max 


Electron Temperature Ze (eV) 


Figure 2. The curves represent the upper and lower limits of the charge that an ion | 
(having at least one bound electron) may have in a plasma in the steady state (as | 
defined in the text). 


§ 6. IonIzATION 'TIMES IN DEVICES AT PRESENT IN OPERATION 


Taking Te=50ev as typical of the electron temperature found in devices | 
working today the corresponding value for Sz-,,,. is from figure 1 between 10% | 
and 10-!2cm? sec-!. In the following table 7,,,,,, a8 calculated using this value | 
is compared with the pulse duration times of various devices. 


Device Pulse duration (sec) , (cm~*) Range of Ttyans (See) 
ZETA (Butt et al. 1958) Spal 0s" 1014 1-60 x 10-* 
Fast pinch devices 
Kurchatov (1957) 
Bodin et al. (1959) 1-10 x 10-8 1016 10-600 x 10-* 
Hagerman and Mather (1958) 


Stellarator (B—1) rio 1 10-600 x 10- 

(Coor et al. 1958) 

If the 100 jzsec energy containment time calculated by Pease (Butt et al. 1958) 
for ZETA also represents the ion containment time then this value should be com- 
pared with 7;,,,,,, instead of the pulse duration. ‘ 

It is therefore not realistic to assume the steady state in calculating the radiation 
from any of these devices. 


§ 7. IONIZATION 'TIMES IN POWER-PRODUCING REACTORS 


Finally the duration of the transient phase will be compared with Lawson’s 
criteria (Lawson 1957) for an economic pulsed power-producing reactor. It is 
assumed that the concentration of impurities is so low that it does not seriously 
modify the criteria. For T,>10 kev, met,,,,,=10% to 5x10%cm- sec 
Lawson’s criteria are: for a D-D reactor nt>10!*cm~*sec, for a D—T reactor 
nt >10*cm-sec, where n=density of hydrogen ions (=e) and t=energy 
containment time. 


z 


. 


 Praczex, G., 1954, U.S. Nat. Bur. Stand., Appl. Maths. Series, 37. 
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Thus in calculating the radiation from a D-D power-producing reactor it is 
a good approximation to neglect the transient phase and assume the steady state. 
For a D—T reactor it may be necessary to take account of the transient phase. 


§ 8. CONCLUSIONS 

The radiation from an impurity of 1% of carbon in a zETA type plasma has 
been calculated. For this case it was found that the power radiated as line 
radiation by C rv ions is about 1000 times greater for a short period during the 
transient phase that the total power radiated assuming the steady state. 

It was shown that the transient phase is longer than the pulse duration for a 
number of thermonuclear devices in operation. For future D—D power- 
producing reactors it is a good approximation to assume the steady state in 
calculating the radiation. 
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Abstract. A scintillation counter technique is described which allows rapid 
measurements of energy spectra and cross sections in (n, p) reactions, integrated 
over essentially 477 geometry. At a neutron energy of 14-1 Mev, measurements 
were made on 2"Al, ®4Fe, 56Fe, ®8Ni, 5°Co, Ni, Cu, Zn and ©Cu, and at | 
13-0 and 15-7 Mev on Fe, ®8Ni and Zn. 

When corrected for barrier transmission the measured energy spectra have a | 
Maxwellian form exp (— E/T) and excluding *’Al and ®°Cu the average value | 
of E.*/AT mn? is constant within the experimental error of 3% in Tm, and equals | 
0-158 + 0-003 Mev-t. (E£,* is the excitation energy and A is the atomic mass | 
number of the compound nucleus.) 

The values of the integrated cross sections o(n, p) are in reasonable agreement. 
with the relation o(n, p)oc exp [— (Ep +P)/Tm] where Ep is the binding energy 
and P is related to the pairing energy in the compound nucleus. : 

Measured values of Ty and o(n,p) are tabulated. Some results of others | 
are used to obtain values of Ty and integrated cross sections, and these are not 
inconsistent with the results of the experiments described here. 


§ 1. INTRODUCTION 


ANY measurements of (n,p) spectra have been made using nuclear 
M emulsion techniques (Allan 1957, Brown et al. 1957, March and Morton 


1958 a,b) but the time required to analyse tracks in plates inhibits 
the use of this technique in a general investigation on many elements. Fairly 
recently Colli et al. (1958) have shown that scintillation counters can be used 
successfully in measurements on fast protons from targets bombarded by 14 Mev 
neutrons. ‘This technique requires rather large areas of separated isotopes, and 
the full use of available intensities of neutron fluxes is apparently prevented by a 
relatively large random rate of coincidences. A technique similar to that of 
Colli has been described by Jack and Ward (1960) which avoids these difficulties, 
but both techniques have really been developed to estimate the contribution 
of ‘direct’ effects in reactions by measuring proton energy spectra at small 
forward angles. The technique which is described here has been developed to 
measure directly the energy spectra and cross sections averaged over almost a 
47 geometry. Small forward angles are avoided, and it is therefore hoped that 
the measured energy spectra correspond closely to the emission of particles from 
compound nuclei formed by capture of the incident neutron. 
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§ 2. EXPERIMENTAL METHOD 

Figure 1 is a diagram of the apparatus used for measurements of cross sections 
and energy spectra of protons in (n,p) reactions at incident neutron energies 
of 13-0 and 15-7mev. Measurements were also made at 14:1 Mev and in this 
case the brass screening plate was 7-5in. long, that is twice as long as that shown 
in figure 1. It will be seen that the purpose of the apparatus is to attenuate the 
neutron flux reaching the CsI(Tl) crystal used to detect protons from (n, p) 
reactions in the completely exposed separated isotope target, without introducing 
too large a gap between the two. ‘To achieve the required sharp separation 
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Figure 1. Apparatus used for measurements of proton energy spectra from (n, p) reactions. 
Inset—crystal target assembly, twice scale. 


between screened and unscreened regions, the tritium—titanium target which 
formed the neutron source, when bombarded by deuterons in a Cockcroft 
Walton accelerator, was carefully soldered flat down to the cooling block and 
the brass plate accurately machined. To avoid slow changes in relative positions, 
the apparatus was made very rigid, but the apparatus can rotate with respect 
to the deuteron beam in order to give a range of neutron energies, and the position 
of the complete crystal-target assembly (shown enlarged in the inset of figure 1) 
can be varied in a direction perpendicular to the parallel planes containing the 
CsI(T1) crystal, separated isotope target, brass plate and tritium target. The 
erystal-target assembly had fine screw threads on the rim which fitted into 
corresponding threads in the brass plate; by rotating the assembly the crystal 
and the separated isotope target were moved at a fixed distance from each other 
an accurately known distance into the brass plate. . ’ 

The CsI(T1) crystals were obtained from the Harshaw Chemical Co. The 
hickness of the crystals used were chosen as a compromise between edge effects 
for the highest proton energies and the achievement of a low background rate. 
At 14:1 Mev the crystal was 0-035 in. thick and at 13-0 and 15-7 Mev the crystal 
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was 0-045in. thick. In the experiments, the crystal was mounted quite nga 
with 0-005in. platinum wire at a distance of 1-6in, from the glass top of the 
Du Mont 6292 photomultiplier, primarily to avoid background due to (n,p)) 
reactions in the glass, but we have also found that this improves the energy 
resolution (probably because of non-uniform response across the photomultipia® 
cathode). Also to reduce background, the brass outer casing around the crystal 
was lined with thin lead. A very thin layer of aluminium was evaporated on to 
the surface of the lead and a very thin aluminium foil was placed immediately 
behind the crystal, to act as light reflectors. Platinum was used as the backing | 
material for the separated isotope target which was clamped between a ring anda 
disc of bismuth to achieve rigidity and maintain a low background. ‘To change: 
targets, the target holder was removed as a unit from the crystal-target assembly 
and replaced accurately in the same position relative to the crystal. In the experi- 
ments the gap between crystal and target was kept fixed at 2mm. 

The neutron monitor shown in figure 1 was designed to correspond to the: 
accurate computations of Bame et al. (1957) which allowed us to obtain absolute 
values for the (n, p) cross sections. A typical pulse height distribution for 14 Mey, 
neutrons is shown in figure 2 and it can be seen that the peak due to knock-on | 
protons from the polythene radiator gives this type of monitor a high stability. 
The air was removed to avoid a small background due to (n, p) and (n, d) reactions 
in nitrogen. As in the (n, p) detector the use of very heavy elements is required | 
in order to give a sufficiently low background. 
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Figure 2, Pulse height distributions in monitor. 


Before measurements of (n, p) spectra were carried out, the apparatus was 
checked and the best position of the crystal-target assembly obtained, relative 
to the brass plate, by observing the number of counts in the CsI(T1) crystal 
for a fixed neutron monitor count as the crystal-target assembly was rotated. A 
typical result is shown in figure 3, the zero of the abscissa scale is not significant. 
Curve B was obtained for no target, and curve A for a 15 mg cm? target of *8Ni. 
The bias on the scaler recording counts was set at approximately 8mey. No 
appreciable change was found in the positions of the edges when these runs w 
repeated, and a position about halfway along the lower plateau in curve ‘ 
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(D~+mm) was chosen for the experiments. Figure 3 was obtained for the 
longer brass plate. If the attenuation is defined as the ratio of the ordinates at 
D=1mm and D=8mm in curve B, the attenuation of the plate 7-5in. long was 
20:1 and of the plate 3-75in. long about 3:1. ‘The flat plateaux observed in 
figure 3 show that there is little evidence of appreciable scattering by the brass 
plate increasing the neutron flux above that measured on the monitor. The 
rounding off of the edges is attributed to residual misalignment of the planes 
containing the crystal, brass plate and tritium target. Much of the width in the 
edge of curve B is due to the finite thickness of the CsI(‘Tl) crystal. 
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Figure 3. N, the number of counts corresponding to protons of energy ~8 Mev, for a 
fixed number of monitor counts, plotted as a function of the position of the crystal 
with respect to the brass plate. The zero of the abscissa scale is not significant. 


| The separated isotope targets were obtained from the Atomic Energy Research 
| Establishment, Harwell, and were all about 15 mg cm? mounted on a 0-0005 
inch platinum backing. Preliminary runs using platinum foils were made to 
ensure that the background remained unchanged when the platinum foil was 
inserted into the target holder. Three runs were made at each neutron energy 
for the targets *4Fe, **Ni, “Zn, and three runs were made at 14-1 Mev for ?’Al, 
54Fe, 56Fe, 58Ni, °Co, Ni, Cu, Zn and ®Cu. Each run required about half 
an hour and between runs the gain of the photomultiplier was checked using a 
137Cs source of gamma rays. The position of the peak in the neutron monitor 
was frequently checked. The results of each run were first plotted separately 
to check for consistency, then averaged. The background was measured six 
times at intervals between measurements for the same neutron flux as in each of 
the target runs, and each background was plotted separately before they were 
all averaged. The pulses from the photomultipliers were clipped to 2 usec and 
amplified and the pulse height distributions measured on a 100-channel pulse- 
height analyser. Pulses from the monitor were fed to a ratemeter so that the 
neutron flux could be maintained constant. The neutron energies 13-0 and 15-7 
“Mev were obtained by making measurements at forward and backward angles 
to the incident deuteron beam at 600kev. The neutron energy of 14-1 Mev 
was obtained by making measurements at 90° to the incident deuteron beam 
at 160kev. The thickness of the tritium targets used was about 70 kev at 
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both energies; the corresponding spread in neutron energy was about 0-1 Mey. 
Beam currents were of the order of 1004 on the tritium target which was 1in, 
in diameter. All the runs at 14-1 Mev were made using the same tritium target 
and the neutron yield remained at about 5 x 10° neutrons per secondinto 47. The 
end points of the (n, p) spectra were not used to calibrate the crystal; instead, 
an independent calibration was made using proton groups from the reactions” 
3He(d, p)*He, B(d, p)"B, and *H(d,p)?H. It was found that the response of 
the crystal was linear over the range of proton energies measured in the (n,p) | 
spectra and the calibration was used to check for consistency by comparing the | 
measured and expected O values for the (n, p) reactions. 


§ 3. EXPERIMENTAL RESULTS 


The results of measurements of energy spectra at 14-1 Mev are shown in 
figure 4, in which for convenience the ordinates of the curves are arbitrarily 
displaced. ‘The points shown have been corrected for small effects due to finite | 
thickness of the separated isotope target and the CsI(T1) crystal. o(£)/Eoe¢ is” 
the cross section per unit energy divided by the barrier transmission factor. 
The values of oc were obtained from the tables of Blatt and Weisskopf (1952), 
using a value for 7) of 1:5=x10-%cm. £ is the energy of the emitted proton. 
The measured energy spectra at 13-0 and 15-7 Mev are shown in figure 5; again 
the ordinates of the curves are displaced arbitrarily. ‘The full lines in figures | 
4 and 5 are the best straight lines which can be drawn through the points above 
about 6Mev. From the apparent empirical relation o(E)/Eoeo exp(—E/Tm) | 
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Figure 4. Curves giving o(E)/Eo, 


Figure 5. Curves giving o(E)/Eo, obtained 
obtained from measurements of 


from measurements of the energy 


the energy spectra of the protons 
from the (n, p) reaction in 27Al, 
*4Fe, 58Ni, 5°Co, 8°Ni, Cu, °4Zn 
and ®Cu plotted as a function of 
the emitted proton energy E. The 
neutron bombarding energy was 
14:1 mev. The curves are dis- 
placed arbitrarily with respect to 
the ordinate scale for convenience. 
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the values of 7 of the compound nuclei shown in table 1 were obtained from 
the slopes of these lines. The values of 7; shown in brackets in table 1 are the 
values at 13-0 and 15-7 Mev, the value at the lower neutron energy being given 
first. The values of the integrated cross sections o(n, p) in table 1 were obtained 
by extrapolating the straight lines in figures 4 and 5 back to zero proton energy, 
and assuming that the angular distribution of the protons in the (n, p) reactions 
is isotropic. ‘The rise in the experimental points above the straight line below 
6 Mev proton energy is attributed at least partly to the reaction (n,np). The 
values of o (n, p) in brackets in table 1 correspond to a neutron energy of 15-7 Mev. 
The relative errors in the values of o (n, p) in table 1 at the same neutron energy 
are about +5% but the absolute value of the cross sections may be in error by 
as much as + 20°% due mainly to uncertainty in the absolute efficiency of counting 
protons from the targets. The errors in the values of Ty are only about +3% 
if the barrier transmission factor is not grossly wrong. 


‘Table 1 
: Target isotope ?7Al 54Fe 56Fe 58Ni 
: Ty, (Mev) 1.75 1:65(1:58; 1-76) 1-45 1:575(1:54; 1-74) 
: o(n, p)(mbn) 90 333(561) 90 534(754) 
: E,* (Mev) 21-80 23-37(22-24; 24-96) 21-71 23-07(21-94; 24-66) 
| Target isotope °%Co 8°Ni FON 647 n CHCre 
| Tm (Mev) 1:59 1-48 1-44 1-45(1-42; 1-54) 1-76 
. a(n, p)(mbn) i 158 149 257(344) 30 
| E,* (Mev) 21-56 22-60 21-98 22:00(20:87; 23-59) 21:07 


The errors in the values of Ty, are all about +3%. The errors in the absolute and relative 
values of a(n, p) are about + 20% and +5% respectively. o(n, p) is essentially the 
cross section for emission of a proton from the compound nucleus (see text, § 3). 
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§ 4. EMPIRICAL RELATIONS 


Table 1 summarizes our experimental results. 

If we exclude 27Al and ®Cu the value of E.*/ATm? is constant within the 
_ experimental errors in Ty over the narrow range of E,* and A (the atomic mass 
number of the compound nucleus) involved in these experiments. The average 
value excluding ?’Al and ®Cu is: 

> Ec*t/ATm?=0-158+ 0-003 Mev es se (1) 
and the results are plotted as solid circles in figure 6. 

It is not so obvious that there is a simple relation between the values of o(n, p), 
but in figure 7(a) we have plotted log [o(n, p)/{or —o(n, p)}] against a quantity A. 
The values of op were obtained from the results of Flerov and Tolyzin (1957). 
VA =By—Bn for odd (proton)-odd (neutron) compound nuclei (open circles) 
and A= B,+P-— Bp for even-odd compound nuclei (full circles). 


P=1By(A+p)+ $Bp(A—p)— Bp(A4) 


“where Bp(A+p), Bp(A—p), Bp(A) are the binding energies of protons in the 
corresponding nuclei and 4 is the atomic mass number of the compound nucleus. 
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It can be seen from figure 7(a) that the empirical relation between the values | 
of o(n, p) in table 1 can be expressed as: 
a(n, p) eat tant — A 2 
log | constant — = pe 
where K is roughly constant. ‘The full line in figure 7(a) corresponds to a value 
for K=1-55 which is the average value of Typ in table 1. 
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to suit our purpose. (Energies and temperatures are in Mev, and A is the atomic 
mass number of the compound nucleus. ) 

In figure 8 we have redrawn Gugelot’s (1954) measurements of proton spectra 
at 150° in (p, p’) experiments at an incident proton energy of 18-2mev. ‘The 
direct effects at the higher proton energies are well known and have been studied 
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Figure 8. o(£)/Ec, obtained from Gugelot’s measurements of the energy spectra of the 
protons inelastically scattered from Al, Fe, Ni, Cu, Ag, Sn and Pt plotted as a function 
. of E the energy of the emitted proton. ‘The curves are arbitrarily displaced with 
respect to the ordinate scale. 


by Cohen (1957). The values of Tm shown in table 2 below are taken from these 
_ spectra by drawing straight lines through the parts least likely to be affected by 
| direct effects and multiple particle emission. For Sn, Pt and Al the errors in 
| Tm are quite large but are probably only about + 5% in the others. 
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| - Table 2 


A 28 57 5D 64 109 120 196 
ine 2:28 1-65 1-64 1-68 1-26 25 0:88 
Tose Dh 29-5 26-6 26-1 26°5 26:3 26°5 


| The errors in T,, for A=28, 120, 196 are quite large but are probably only about +5% 

| in the others. 

a le et eae edt pre bya ttn ee eed 
In figure 9 we have redrawn the results of Gugelot (1954) and Thomson 

| (1957) for Cu(p, p’) and Cu(p,n) at incident proton energies of 18-2 Mev and 

| 18-1 Mev respectively. From Thomson’s measurements we find 

Pe A=64, Tm=1:73+0-05, Ec* = 28-4. 

Zucker (1958) has measured the energy spectra of protons and alpha particles 

from 41Ca at an excitation energy of 39-3 Mev, formed by bombarding ?’Al by 

Nions. We have plotted his results against emitted particle energy in figure 10. 

From the proton spectra we find A=41, Tm= 1-68 + 0-05, Bp* =39°3. 
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Lang and Le Couteur (1954) have analysed the results of some experiments 
involving the decay of compound nuclei using the Weisskopf formulation. From | 
their analysis they propose an expression for the nuclear equation of state, and use 
the parameters U and ¢. ¢ is essentially our Ty and U is approximately E.* —8 | 


Mev. ‘The values of E,.*/AT?2 shown below were obtained by making these 
changes and using the results given by Lang and Le Couteur in their figure 3. | 
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Figure 9. o(£)/Eo, obtained from the measurements of Gugelot and Thomson plotted | 


as a function of the energy of the emitted particle. The curves are displaced arbi-. 


trarily with respect to the ordinate scale. 
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Figure 10. o(£)/Eo, obtained from Zucker’s measurements of the energy spectra of the 
protons and alpha particles emitted following the formation of the compound nucleus 
“Ca by ?’Al+!4N plotted as a function of the energy of the emitted particle. The 
curves are displaced arbitrarily with respect to the ordinate scale. : 


(We have used the values of t obtained by them in their analysis of the experimental 
results.) ‘The values of t obtained by Lang and Le Couteur have quite large 
experimental errors and to try to overcome this we have taken the average of the 
values of E,*/ATm? obtained for the three values of A used by Lang and Le 
Couteur. For each value of A the scatter in the values of E.*/ATp? corresponds 
roughly to the errors assigned by Lang and Le Couteur. The errors we have 
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attached to the values of E,*/ATy? are calculated on the basis that the scatter in 
individual values for the same A is due to random errors. They are: 
A 28 104 201 
Eo*/ATm? 0-20 + 0-05 0-17 + 0-03 0-17 +0-05 
Jack and Ward (1960) have measured the energy spectra of protons emitted 
from separated isotope targets in the forward direction for 14mev neutrons. 
The spectra as expected show direct effects at the higher protonerergies. Adopting 
the same procedure as in our analysis of Gugelot’s experiments, the results of 
Jack and Ward give values of 7, which essentially coincide with the values 
given in table 1. 
In figure 6 we have plotted against A all of the values of E.*/AT m2 which 
can be obtained from the results listed above. 
Brown and Muirhead (1957) have made a very wide survey of the apparent 
level densities in residual nuclei and their empirical results can be expressed by 
- Stating that the average level densities of residual nuclei are in the ratio 1:5:5:12 
for compound nuclei with odd-even: odd—odd: even—even: even—odd, protons 
_and neutrons. ‘The ratios given are the average values and there are quite large 
- fluctuations in the four groups about these average values. 
Figure 7(b) has been obtained from absolute cross sections for (n, «) reactions 
' at an incident neutron energy of 14 Mev by Paul and Clarke (1953), Forbes (1952) 
/ and Conner (1953). In figure 7(b) we have used the cross sections in pairs 
_ choosing elements which are near each other and we have plotted 
| jog | o,(n,«) o,(n, n’) 
o,(n,n’) o2(n, «) 
where A=(B,,—B,,)—(B.2—Byy) and Bij and Buy) are the experimental 
_ binding energies of neutrons and alpha particles in compound nucleus 1 (2). 
We have neglected pairing energy effects and for some of the points in figure 7(5), 
o(n, n’) is equated to oy as we were unable to find a value for o(n, p). The results 
themselves are in such disagreement that it is doubtful whether it is worth being 
- more precise at this time. 


against A 


§ 6. DIscussION 


The usual way of interpreting the results of experiments involving the emission 
_of particles from excited Bohr type compound nuclei is the well-known theory 
| attibuted to Weisskopf (1937). In this, a strictly valid general expression is 
"first obtained for cross sections per unit energy in terms of the level density of the 
corresponding residual nuclei at the corresponding excitation energy. A second 
| stage in the Weisskopf approach is not so strictly valid although it is generally 
thought to involve only rather weak assumptions concerning the capture cross 
} section for the inverse reaction. In the second state, expressions for the level 
density are obtained using particular nuclear models and are inserted into the 
| strictly valid general solution, the resulting expressions are then compared with 
| experimental results. The most natural variable in following the Weisskopf 
procedure, both in the general expressions for level densities and in the analysis 
| of experimental results, is the excitation energy E,* of the residual nucleus. 
Several authors (Colli et al. 1957, Thomson 1957, Gugelot 1954) have however 
pointed out that there appears to be more correspondence between the results 
of different experiments when the energy spectra of emitted particles are plotted 
against emitted particle energy E rather than the excitation energy E,* of the 
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corresponding residual nucleus. It will be noticed that we also have preferred 
to carry out our analysis in terms of # rather than £,*. One reason for this is 
that we have found in practice that this is the most convenient and simple way of 
analysing and correlating the results. ‘This does not mean that our results are 
in conflict with the strictly valid Weisskopf general solution, and our results can 
if wished be used as empirical data for the level density term in the general solution. | 

The interpretation of the results given here involves nuclear thermodynamics 
and will be given in a further theoretical paper. In this paper we shall limit 
ourselves simply to a discussion of the range of empirical validity of the expressions 
used in the analysis. 

The results have been analysed by (i) fitting the spectra, after correction in the 
usual manner for surface barrier effects, with the form exp (— £/Tm) to extract 
values of 7m, (ii) fitting the values of Tm thus found with the relation E,.* oc AT? 
which has the form of the familiar Fermi gas law, (iii) the fitting of cross sections 
for neighbouring isotopes at similar excitation energies using expressions of the 
form exp [—(Ep+P)/Tm] where Ep is the experimental binding energy of the 
emitted particle in the compound nucleus and Pis a pairing energy term added to 
smooth out variations in Ep due to pairing energy effects. 

(The Maxwellian form, Fermi gas expressions and the use of pairing energy 
terms are of course not original, they have been used by previous authors.) We 
shall consider the three parts of our analysis in turn. 

(i) Our own results are relatively independent of small variations in the 
choice of parameters in calculating o¢ and do not appear to be distorted by the 
types of direct effects which result in sharp structure. The proton energy region 
below about 6 Mev was not readily accessible due to target thickness and the onset 
of (n, np) reactions, and it would be interesting if further experiments were carried 
out at lower neutron energies to see whether the same analysis yields the expected 
values of Tm. While our own results and to some extent our analysis of the results 
of others are consistent with a Maxwellian, or near Maxwellian form, we feel that 
further experiments over a much wider range of £,* and A are required to examine 
whether the Maxwellian form is quite general. In such experiments it will be 
very important to avoid direct effects. As stated above, measurements by Jack and 
Ward of protons emitted at small forward angles from the same targets bombarded 
by 14 Mev neutrons show pronounced sharp structure and superficially are much 
more like the results of Gugelot for (p, p’) than our own results for (n, p) reactions. 
There appears to be a much greater contribution from direct effects in (p, p’) as 
compared with (n, p) reactions and it may be that this is generally true of reactions 
in which the incident particle is the same as the emitted particle. For this reason, 
and also because separated isotopes can be used and the barrier for emission is small 
we think that a study of (p,n) reactions will be profitable. The technical 
difficulties in (p, n) reactions are of course greater than in (n, p), but the trouble 
involved in developing suitable techniques may be justified by the scope and 
usefulness of the results. 

The one example of an alpha particle spectrum (Zucker’s) we consider appears 
to show a deviation from the Maxwellian form, and there appears to be a shortage 
of available results for alpha spectra. This may be due to the increased technical 
difficulties and we would like to draw attention to the recent discovery that the 
scintillation decay time of crystals of CsI(T1) varies with density of ionization 
(Storey et al. 1958) and can be used to obtain mass selection in experiments 
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(Robertson and Ward 1958). We think this development may be of use in evolving 
efficient and accurate techniques for measurements of alpha spectra in the 
presence of other types of particles. 

(11) In the narrow region A = 55-70 where the values of Ty are known accu- 
rately the ratio E,*/ATy? is probably constant. The high value of Ty for Cu 
may be in error as the yield for this reaction in our experiments is low and the 
results are more susceptible to error due to background subtraction. ‘The range 
of E,* and A involved is however small and again further experiments over a much 
wider range are required. For 4 >70 the values of 7m may be significantly in 
error as the contribution from the direct effects appears to increase in heavier 
elements. For 4 <55 the value of 7, obtained from our analysis of Zucker’s 
experiment is very much smaller than the general trend of results for the other 
‘reactions which involve the capture of a single nucleon rather than the fusion of 
two nuclei. Perhaps this corresponds to the stimulation in the latter of more 
degrees of freedom, and further experiments of the latter type may show that this is 
generally true. We are not sure why our value of 7‘ for the light element Al is 
small and the apparent agreement between the other two points in figure 6 (for 
_A<55) and the general trend of results may be illusory, as the errors in these 
points are large. 

Our analysis of Zucker’s experiment suggests that if values of Tm for alpha 
| spectra can be obtained they may be close to the expected value for neutrons and 
protons from the same compound nucleus. 

(iii) Our measured values of integrated (n, p) cross sections shown in figure 7(@) 
'are clearly well correlated using the form exp[—(E£,+P)/Tm] and we feel 
confident this will be found quite generally. We think that it may be possible to 
improve the correlation even more by calculating the pairing energy term more 
precisely. Our analysis of integrated (n, «) cross sections in figure 7 (b) is dis- 
appointing. This is partly due to our neglect of the pairing energy terms but is 
also due to the large discrepancies in measured values. A further point is that 
lack of data made it necessary to take theratio between cross sections for nuclei which 
were further apart in the atomic mass scale than we would have preferred] It 
would be very interesting to repeat this analysis with greater care using more 
suitable and more accurate data. The correlation is figure 7 is very rough, but 

bearing in mind the factors stated above, is to some extent encouraging. 
The empirical relation found by Brown and Muirhead can be fitted into the 
| pattern of the present results by inserting average values for the pairing energy 
‘terms P. To illustrate this, if we let Tm=1-55 and P,=0 or 2, Pp=0 or 2 as 
: average values, the ratio of the terms exp [—(Pp—Pn)/Tn] is 1 :3-6:3-6: 13*tor 
| odd-even; odd-odd; even-even; and even-odd compound nuclei. 


§ 7, CONCLUSIONS 


We have considered many experimental results and it appears to be possible 
to correlate them using relatively simple expressions. Within the very narrow 
: range covered by our own experiments the results can be conveniently and fairly 
accurately summed up by stating that, almost without exception, they are consist- 
ent with the expression 

o(E)/orcEoe exp [— (E+ £, + P)/Tw] 

where E,*/AT m2 = 0-158 + 0-003 Mev. There may, however, be other factors in 
a general expression for o(Z) which depend essentially on A and E,*, as we have 
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limited our experiments and analysis largely to a comparison of neighbouring 
isotopes. ‘The results of others are not inconsistent with our own results but many 
further experiments must be carried out over a much wider range of E,*, A, and 
type of emitted particle before this simple expression could be generally adopted on 
empirical grounds. 

There is also an indication in the results of Zucker that the general trend of 
values of Tm may be found to be different for fusion reactions than for reactions 
involving capture of single nucleons. 

The dependence of the cross sections on the pairing energy and the association | 
of the correction with the binding energy may mean that in general the binding 
energies should be corrected to smooth out any sudden variations whatever the | 
cause. 

The purpose of experiments designed to avoid direct effects and study the 
emission of particles from compound nuclei is partly to establish general and | 
accurate expressions which will allow the approach to be reversed and permit a 
more precise examination of direct effects. The operation of this procedure is 
illustrated on a small scale by comparing this present paper with that of Jack | 
and Ward. | 

The results of experiments of the type described here are also, of course, of | 
value in developing the theory of nuclear thermodynamics and this aspect of the 
results as stated above will be discussed in a further paper. 
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Abstract. ‘The difference between the classically calculated and measured value 
for the eddy current loss in magnetic sheet materials has been ascribed to the 
existence of a discrete domain structure in the material. In this investigation 
the theory has been tested by altering the domain structure in an iron specimen 
through raising the temperature up to the Curie point. ‘The results indicate 
that in principle the domain hypothesis is correct. ‘The influence of the applied 
frequency on the eddy current anomaly factor has also been measured and agrees 
with the qualitative deductions based on the domain model. 


: § 1. INTRODUCTION 
To well-known classical expression for the eddy current loss in magnetic 


materials is based on a calculation for a magnetically isotopic material, i.e. 

uniformly magnetizable throughout the specimen (see, for instance, 
: Bozorth 1952). The loss resistance in a coil with a core consisting of laminated 
Tings, is given by 
12823 N?Ad?ue*f? 10-° 
pD(24 + 16m*d*u9°f?/p") 
where N is the number of turns, A the cross-sectional area of the core, fy the 
initial permeability, f the frequency of the applied field, p the resistivity of the 
core material, D the mean diameter of the core and d the lamination thickness. 
The second term in the denominator is usually left out in textbooks. It is 
however of importance if the permeability is high, as is the case near the Curie 
temperature. 
_ The discrepancy between the measured and the classically calculated value is 
known as the eddy current anomaly and the ratio of the two as the eddy current 
anomaly factor. Several authors have presented a calculation based on a domain 
model to account for the anomaly. Pry and Bean (1958) have deduced the 
following formula for the anomaly factor in magnetic sheet material : 


AR x 96 L > = coth (“) 
ARe 7 d n odd n* d 


: where 2L is the observed domain width in a slab of thickness d. ide 
~ Neurath (1959) and Hu and Wiener (1959) reported quantitative discrep- 
ancies between actual measurements and calculations based on the Pry—Bean 
formula. Carr (1959) and Neurath (1959) suggested that the number of domain 
lls moving at a given instant depends on the applied frequency, ake: as the 
requency of the applied magnetic field is raised more walls participate at a given 
nstant. Such an effect would account for the Pry-Bean formula giving values 


‘or the eddy current anomaly factor that are too low. 


ohms, 


AR= 


2M2 
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In this investigation both the effect of domain wall spacing and the effect of 
applied frequency were tested in the following way. By heating the specimen 
under investigation the domain structure was altered and loss measurements’ 
were taken for varying frequencies and temperatures. 


§ 2. EXPERIMENTAL PROCEDURE 


The material employed was in the form of rings cut from very high purity iron) 
sheet prepared by Messrs. Johnson Matthey. Primary and secondary windings| 
of wire, insulated with ceramic material, covered the iron rings, the latter being 
snsulated from one another by thin mica sheets. Prior to the winding of the 
coils the rings were annealed for several days in an atmosphere of first wet and. 
then dry hydrogen. ‘This ensured the absence of surface oxidation layers, carbon! 
impurities, etc. Moreover, as a result of the long period of annealing, no more: 
grain growth took place during measurements at the higher temperatures. The: 
final grain size was of the order of a millimetre. 

For the purpose of measurement the specimen was raised to the required 
temperatures in an accurately temperature-controlled tubular oven through! 
which a stream of purified hydrogen passed all the time. ‘The loss resistance was 
determined by means of a sensitive a.c. bridge apparatus. The magnitude of 
the applied alternating magnetic field was kept well within the reversible region! 
of the magnetization curve so that hysteresis losses could not occur. Values of 
the initial permeability, resistivity and resistance of coil windings were deter- 
mined at each temperature without disturbing the specimen. 


§ 3. 'THEORETICAL CONSIDERATIONS AND RESULTS 


The variation of domain wall spacing with temperature, in a single crystal, 
can be calculated in principle if the corresponding temperature variations of the 
factors involved are known. The relevant assumption made in this investi- 
gation is that the variation of domain size with temperature in the polycrystalline 
specimen employed is the same as the corresponding variation in a single crystal 
specimen. According to the results of Bloor and Martin (1959) the calculations 
of domain size for single crystals apply reasonably well to polycrystalline specimens 
and thus favour the assumptions made. 

The ratio of domain wall spacing to slab thickness in a single cubic crystal is 
given by (Kittel and Galt 1956) 


2L 1 f 4owh \1? 
case a (aoa) 
where (i) ow=2(KA)"? is the Bloch wall energy per unit area; with K the 
anisotropy constant and A=2Js?/a; where J is the exchange energy integral: 
2s the number of unpaired electron spins in the atom and a the lattice constant. 
(ii) A is the length of the crystal along the axis of the easy magnetization, (ili) ¢, 
is an elastic constant, (iv) Ajo) the magnetostriction in the 100 direction, and (v) 
d the sheet thickness. 
In calculating the variation of the ratio 2L/d with temperature the appropriat« 
values for K and Ajo) were taken from publications (Kittel 1949, Takaki 1937) 
‘The expressions for evaluating J (Kittel and Galt 1956) do not include tempera- 
ture dependent factors and hence it is assumed to be temperature independent 
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The sheet thickness does not vary appreciably in the temperature range under 
consideration and the rate of variation of c,, with temperature is taken to be the 
same as that of the ordinary elastic modulus for polycrystalline iron, the latter 
being obtainable from tables. A value of 1mm, roughly that of the grain size, 
was taken for h. Since we are interested here in correlating the temperature 
variation of calculated and measured values rather than comparing the actual 
values themselves, this somewhat arbitrary choice for f is not important. It 
may be accepted that it did remain constant during the experiment since any 
effect that the elevated temperatures may have had on the growth of the crystallites 
was completed in the long period of annealing beforehand. 

Other constants for the toroidal winding were as follows: N=85; 
A=0-2356cm?; D=3-93cm; d=0-1365 mm. 


Table of Eddy Current Loss Resistance as measured and calculated for a 
frequency of 1000 c/s 


(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) 
Be 466250 19:5 2-42 B50F 926. 10-28% = 1291 7-008 | 3eet 
200 = 30000026 20.926 04011 93-765 60-6356 88 5°92 aes 3) 
400 8 8=©128750 31 2:08 43-1 (440m ah2-23ecte0-641 2008345 agal:836 


— 600 17500 29 1:87 69°8 2550 2:58 1-243 2:08 1-432 
| 620 6250 28 1-84 72:5 2740 Daf 1-381 1-96 1297 
700 sale ayraes STs 84-5 3900 3-82 2394 1:60 1-0 
1770 >0 = 1-65 95-1 125380°— 28°15 21-32 1:32 1-0 


(1) temperature (°c); (2) K (erg Gate) OY Agen Oe (A) cat 10-" (erg cm); (5) 
—p(uohm cm); (6) po (gauss oersted—1); (7) AR (experimental) (ohms); (8) AR¢ (classical) 
(ohms); (9) AR/ARe (experimental); (10) AR/AR¢ (theoretical). 


] 


In figure 1 and the last two columns of the table the experimental and theoretical 
values for the eddy current anomaly factor are depicted. The calculated values 
tend to be lower than the experimental ones which is consistent with the findings 
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Figure 2. Variation of the anomaly factor 


Figure 1. Variation of the anomaly factor 
with frequency at room temperature. 


with temperature for 1000 c/s. 
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of previous investigators (Neurath 1959, Hu and Wiener 1959). ‘The variation | 
with temperature exhibits a fair correlation indicating that as the domain size 
decreases with rise in temperature the anomaly factor approaches unity. One) 
would not necessarily expect it to actually reach unity in practice since, even if! 
the domain widths become vanishingly small near the Curie point, there are, 
bound to be slight inhomogeneities in the material that would cause an anomaly | 
factor greater than unity (Sorger 1954). ‘The above curves are typical for other | 
frequencies. In figure 2 the influence of the frequency on the anomaly factor is | 
depicted. According to Carr (1959) the number of domain walls simultaneously | 
in motion depends strongly on applied frequency, being small as the frequency 
approaches zero and as it becomes high all the walls participate simultaneously 
in the magnetization process. ‘Thus at low frequencies, the effective wall spacing 
is larger, and this would give a greater value for the anomaly factor (see the Pry—. 
Bean formula). Carr’s work is at present not in a form where it lends itself to | 
a quantitative test but the curve in figure 2 does add weight to his arguments. 


§ 4. SUMMARY AND CONCLUSIONS 


These investigations indicate that the existence of a discrete domain structure | 
in magnetic materials accounts in principle for the eddy current anomaly or part 
thereof. The influence of temperature on the eddy current anomaly factor, as’ 
calculated for a corresponding temperature variation in domain size, does show 
a fair correlation with the measured values. The frequency of the applied | 
magnetic field has an influence on the loss factor. The domain model also lends | 
itself to an explanation of this phenomenon. ‘The main requirement at this stage | 
is the necessity of bringing the theory into quantitative alignment with the. 
experimentally determined values. 
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Abstract. The (y, p), (y, n), (y, pn) reactions in nitrogen are studied. A cloud 

chamber, operating at a pressure of about 40cm of mercury, was exposed to a 
bremsstrahlung beam from the 340 Mev Glasgow synchrotron, and the energy and 
angular distributions of the recoil nuclei from the reactions N(y, p)?C, 
MN (y, n)3N, and 4N(y, pn)*C were measured. 'The results are compared with 
the distributions to be expected from several nuclear models, and it is concluded 
that Wilkinson’s model describes the (y, p) and (y, n) reactions satisfactorily, 
while the (y, pn) reaction appears to proceed either by a statistical or a knock-on 
' process. No evidence is found to suggest that many of the observed (y, pn) 
- events could be explained by Levinger’s quasi-deuteron model. 


§ 1. INTRODUCTION 


. EVERAL models have been proposed (e.g. Wilkinson 1956, Courant 1951, 
; Levinger 1951, Goldhaber and Teller 1948) to describe the photodis- 
integration process, but none has been completely successful. Since the 

validity of each model depends on the energy of the photon involved, a critical 
test of a model must include a measurement of this quantity. A homogeneous 
source, such as the y-rays from a nuclear reaction (e.g. 7Li(p, y)*Be) would be 
ideal for an investigation of this type, but only a limited number of suitable 
sources is available, and these are normally weak. The bremsstrahlung radiation 
from synchrotrons and betatrons :s much more intense, but is in the form of a 
continuous spectrum. ‘The energy of the photon causing a particular event can, 
_therefore, vary over a wide range, and must be measured by some other means. 
One group of experiments examines the yield of a product of a reaction as a 
function of the peak energy of the photon spectrum. Cross sections for the process 
are then derived by a subtraction method (Katz and Cameron 1951). For example, 
the nucleus produced in certain reactions is radioactive (e.g. the (y, n) reaction in 
heavy elements), and the cross section for these reactions can be derived by 
measuring the activity induced by radiation in a suitable target (e.g. Horsley 
1952). The total cross section for the emission of a particular particle can also be 
studied in this way, but measurements generally provide no information about the 
‘reaction which produced the particle (e.g. neutron counting cannot distinguish 
neutrons from (y, n), (y, pn), (% 2n) reactions, if all are energetically possible). 
The method depends for its energy resolution on a high degree of stability in the 


peak energy of the spectrum used. 


+ Now at A.E.I. Research Laboratories, Aldermaston Court, Aldermaston, Berks. 
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A second group of experiments has been devoted to the study of the energy and 
angular distributions of the particles emitted by a target irradiated by a con- 
tinuous bremsstrahlung spectrum. In some cases it is possible to infer the energy 
of the photons responsible for a group of particles (e.g. Wright et a/. 1956), and to 
identify the reaction, but this is not always so, since all the fragments from a 
disintegration are seldom detected. It is usually necessary to use a detector exter- 
nal to the target, and the energy resolution is therefore degraded by the passage of © 
the emitted fragments through the target, and other matter before the detector is 
reached. Nevertheless, much useful information has been gathered in this way, | 
using nuclear emulsions and counter systems as detectors. 

These drawbacks are largely overcome by the use of a visual detector, such asa 
cloud chamber. Since the track of a charged particle can be recorded from its 
origin, there is no degradation of the energy. All charged particles are detected, 
and can be identified fairly easily, thus dispelling most of the doubt as to which 
reaction is occurring. Unfortunately, because of the low stopping power of the gas 
filling, energetic particles will generally leave the sensitive volume of the chamber, 
making a study of their energy by range measurements impossible. On the other 
hand, many nuclear reactions result in the formation of heavy fragments (e.g. | 
recoil nuclei) which have a short but measurable range, and will remain within the 
confines of the chamber. Much information can be obtained by a study of the | 
energy and angular distribution of these recoils. | 

This paper reports the results of a study of the recoil nuclei from the (y, P), 
(y, n), and (y, pn) reactions in nitrogen, using a cloud chamber. The chamber 
was filled to a pressure of } atmosphere with cylinder nitrogen of commercial 
purity and was irradiated with photons from the 340 Mev Glasgow synchrotron | 
in a bremsstrahlung spectrum with a maximum energy of 200Mey. This peak 
energy was chosen since the short range of the recoil nuclei made it possible to 
study them over a very wide energy range, and the low operating pressure further 
reduced the stopping power of the chamber gas, so that the recoil tracks were 
sufficiently long for accurate measurement. In addition, the yield of reactions 


resulting from a 200 Mev peak bremsstrahlung was sufficient to produce reactions 
at each expansion. 


§ 2. APPARATUS AND MetTHop 


An expansion chamber of conventional design, was used in this experiment. 
The cloud chamber was expanded and the collimated beam from the synchrotron 
was passed through a 0-0005 in. mylar window into the sensitive volume. Some 
80 msec later the resulting events were photographed by firing two Mullard 
LSD16 flash tubes. The collimator, cloud chamber, and electronic equipment 
are all described elsewhere (Atkinson et al. Dey A 

Three cameras were used, mounted so that their image planes all coincided, 
and were parallel to, and 70 cm above, the chamber base. They were fixed at the 
vertices of an equilateral triangle, of side 20cm, and the axis of each lens was dis- 
placed from the centre of the film so that the image it formed filled the whole 
width of the 60 mm film used. 

The conventional method of analysis by reprojection is unrivalled in its speed 
of interpretation and accuracy, provided that the tracks to be measured are longer 
than 2-3cm. Since few of the tracks in this experiment were as long as this, a 
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more accurate method was adopted which made use of a microscope. _ It is possible 
to calculate from microscope measurements alone the range and spatial angles of 
any track, but this process is time consuming and liable to large errors. ‘The micro- 
scope was therefore used only to measure the length and direction of each film 
image of every track, and the orientation in a reprojection system of an ‘artificial 
track ’ was used to relate these quantities to the real dimensions of the track in 
space. ‘The accuracy of the ranges determined in this way, +0-05cm for any 
length, is limited only by the dimensions of the film image of the track. Since 
a reprojection system was used, long tracks could be measured independently by 
that method and excellent agreement was obtained with the results obtained from 
microscope measurements. 
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Figure 1. The range-energy relations for **N, *C and °C recoils used in this experiment. 


The (y,p), (y,n), and (y, pn) reactions in nitrogen result in the formation 
of 13C, 18N and #C recoil nuclei and range-energy relations for these particles 
were therefore required. Few data have been published on this subject (Blackett 
‘and Lees 1933, Lillie 1952 Feather 1935, Wrenshall 1940). Since Lillie’s. 
‘results cover the range of energies observed in this experiment, they were 
employed to synthesize the curves used (figure 1). Lillie quotes relations 
for 2C and ™B, and the following assumptions were made to provide relations 


for 2C and ®N: 
m {Z\2 m 
pe abe) ES DN SI ie 
R,,{E) Mo aa a ie ) 


(i) The formula 

where m, E, Z are the mass, energy, and charge of a particle, m), Z) refer to a 
second particle, and R,,(E£) is the range of a particle of mass m and energy E, 
holds for recoil nuclei of this type. 

_ (ii) The charges on ®C and ?C recoils of the same velocity are equal. 

- (iii) The ratio of the charges on nitrogen and carbon recoils is equal to the 
corresponding ratio for carbon and boron, if all are travelling at the same speed. 
The first two assumptions are easily acceptable, but the third may require 
ome justification. It would perhaps be more correct to include a factor in the 


* 
. 
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form of the ratio of the squares of the atomic numbers concerned, but since this. 
quantity is almost equal for the cases considered (7°: 62= 1-37 and 67: 52=1:4—) | 
it was decided to ignore it. 

The curves obtained in this way (figure 1) agree satisfactorily with the 
published low energy data and with some high energy data (Lalovic and Reid| 
1958, private communication). 


§ 3. CLASSIFICATION OF THE OBSERVED EVENTS 

Each photograph was examined with a low power microscope and all events| 
were recorded. They were then measured, and classified as follows: 

(i) Stars: This class included all events involving the emission of two or! 
more charged particles and a recoil. A discussion of these events is beyond the 
scope of this paper. 

(ii) Single recoil tracks: These result from reactions of type “N(y,n),) 
(y, 2n), etc. 

(iii) Flags: Such events consist of a fragment and a recoil. ‘The group is| 
sub-divided into 

(a) Collinear flags: events in which the fragment and recoil appear to bei 
almost collinear. These were provisionally identified as (y,p) events, and on! 
this assumption a value was estimated for the angle between the fragment and 
the recoil. Only events in which the measured value was consistent with this 
were finally accepted in this group, the remainder being placed in class (6). 
The events in this class are due to reactions of the type *#N(y, p), (y, d). 

(b) Non-collinear flags: in this group the angle between the fragment and. 
the recoil is such that, to conserve momentum, an uncharged fragment must also 
have been emitted. Events of the type “N(y, pn), (y,dn), (y, p2n) etc. will be 
included in this class. 

(c) Events involving the emission of an «-particle. «-particle tracks were 
distinguished from those of protons by their density. The group includes 
events from the (y,«) and (y,an) reactions: some of these could be positively 
identified with the reaction “N(y,«) since both fragments stopped within the 
sensitive volume of the chamber, and it was therefore possible to compute a 
momentum balance. 


§ 4. RESULTS 


In this paper three reactions have been studied particularly, namely 4N(y, p)®C, 
MN(y,n)#8N, and “N(y,pn)#C. It is assumed that group (ii) above consists 
mainly of (y,n) events and very few (y,2n) events. Measurements have shown 
that the cross section for the second reaction is small (Panofsky and Reagan 1952) 
and the assumption therefore appears to be reasonable. 

Group (iii)(a) was assumed to contain a preponderance of (y,p) events 
since it was found quite impossible to distinguish between protons and deuterons 
which did not terminate in the sensitive volume of the chamber. The assumptior 
is justifiable since the number of deuterons is expected to be small from consider- 
ation of isotopic spin (Burcham 1955), and this has been observed (Wright et al 
1956) using a peak photon energy of 23 Mev. 

Any effect due to deuterons in group (iii) (b) was also neglected, and these 
events were all identified with the (y, pn) reaction. 


eo 
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With these assumptions it was possible to assess the relative integrated cross 
sections for these reactions : 


Group Reaction Number Relative number 
(ii) MN (y, n) BN 627 1-18 
(iii) (a) TaN Cy, Dye G 528 1-00 
(iii) (b) SEN ypu) 2C 786 1:49 
(iii) (c) 14N (y, «)°B 28 0-05 
(y, an) 
Ete: 


No account of the shape of the bremsstrahlung spectrum has been taken at 
this stage, and, because of this, the results may be slightly misleading, since a 
number of the events may be due to the absorption of low energy X-rays into 
excited states of 4N. These are given much greater weight because of the 
relatively large number of photons in this part of the spectrum. 


4.1. The Reaction 4N(y, p)®C 


The energy distribution of the recoils attributed to this reaction is shown in 
figure 2. The interval of 0-2 Mev was chosen since, although the error due to 
range measurements is small, that due to straggling will be much larger, and will 


amount to about + 0-1 Mev at the peak of the distribution (Morrison 1958). 
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The energy of the emitted proton was calculated from the energy and direction | 
of the recoil. The kinematics of the system are such that three independent | 
equations can be derived to relate the energy and momentum of all the particles _ 
involved. Since only three parameters are unknown (proton energy, photon 
energy, and the state of excitation of the residual nucleus) it would appear that 
the problem can be solved exactly. Unfortunately, the solution depends critically | 
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Figure 4. The angular distribution of all protons from the (y, p) reaction, with respect to 
the photon beam direction. 
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Figure 5. Angular distributions of protons from the (y, p) reaction: 1, protons of energy 
less than 12 Mev—the distribution is fitted with the line f(?)=22, and the experi- 
mental points are plotted as a cross within a circle; 2, protons of energy between 
12 Mev and 20 Mev—the distribution is fitted with the curve 4+17 sin? 0, and the 
experimental points are plotted with a large spot; 3, protons of energy greater than 
20 mMev—the distribution is fitted with the curve 1-25 + 7-4 sin? 6 and the experimental 
points are plotted with a small point within a circle. : 


on the angle between the proton and the recoil, which, since it varies by less 
than 15° for most (y, p) reactions}, cannot be measured with the required degree 
of precision. It was, therefore, decided to treat this angle as an unknown quantity, 
and assume at this stage that the excitation of the residual nucleus was zero. 


On this basis, the energy of the photon responsible for each reaction was calculated : 
the resultant histogram is shown in figure 3. 


tie. for photon energies between 15 and 200 mev; larger variations are possible if 


absorption energies just above the threshold are included, but in such cases the recoil 
ranges are too short for accurate measurement. 
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? ‘The angular distributions of the protons from the (y, p) reactions are shown 
in figures 4 and 5. Figure 4 shows all the observed protons, figure 5 shows the 
distributions for protons of different energy. All the distributions show the 
number of protons emitted per steradian. _ 


4.2. The Reaction 4N(y, n)8N 


The energy distribution of the recoils from this reaction is shown in figure 6, 
the energy resolution being the same as in the (y, p) case. Further interpretation 
of these results is difficult, since the emitted neutron was not detected, and it was 
therefore seldom obvious which end of the recoil track corresponded to the 
origin of each event. ‘Thus it was impossible to calculate accurately the energy 
of the emitted neutron, or of the photon responsible for the reaction. 
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Figure 6. The energy distribution of the recoil nuclei from the reaction MN(y, n)¥N. 


Number Observed 
per Unit Solid Angle 


Angular distribution 
of all ¥,n recoils 


- L fae 5 fe ls Ses 
> 0 10 20 30 40 50 60 70 80 
: Angle with y-ray beam (deg) 


e 7. The angular distribution of all recoil nuclei from the (y, n) reaction. The 
acute angle between the recoil and the photon beam is plotted. 


For the same reason, the measured angular distributions were ambiguous: 
jt was assumed that, as for the (y, p) reaction, the angular distributions would be 
ymmetric about 90°. The acute angle between the recoil and the x-ray beam 
s plotted, and the resulting distributions are shown in figures 7 and 8. Figure 7 
cludes all events, and figure 8 shows the angular distributions for recoils in 


certain energy ranges. 


Figure 8. Angular distributions of recoils from the (y, n) reaction: 1, recoils of energy less 
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than 1 mMev—the distribution is fitted with the curve 40(1+sin? 6) and the experi 
mental points are plotted with a cross within a circle; 2, recoils of energy betwee 
1 mMev and 2mev—the distribution is fitted with the curve 15+25 sin? 0, and th 
experimental points are plotted with a large spot; 3, recoils of energy greater th 
2 mev—the distribution is fitted with the curve 26 sin? 6, and the experimental poin 
are plotted with a spot within a circle. 
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residual nucleus is left in its ground state, to calculate the energy of the photon 
responsible. Unfortunately, only 30 events fall into this class: the energy and 
angular distributions relating to these events are shown in figure 10. 

The recoil energy distribution for all the (y, pn) events is shown in figure 9. 
The form is similar to those (y,p) and (y,n) reactions, but the peak occurs at a 
much lower energy. 

Various angular distributions were compiled for this reaction; figure 11 
Shows the angle between the proton and the recoil tracks (the observed number 
per 10° interval has been plotted in this case). Figure 12 shows the angular 
distributions of the protons and recoils with respect to the photon beam. 
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Figure 11, The angular distribution of protons from (y, pn) events, with respect to the 
direction of the-recoil nucleus. 
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E igure 12. The angular distributions of recoils and protons from (y, pn) events, with 
respect to the direction of the photon beam. 


§5. DIscussION 


4 The relative number of events attributed to each reaction is in general agree- 
ment with the consideration that the Coulomb barrier in a light nucleus, such as 
nitrogen, is small, and proton emission therefore is not strongly suppressed in 
Favour of neutron emission. The emission of «-particles is expected to be forbidden 
t low energies (<25 Mev) by isotopic spin selection rules (Burcham 1955) and 


his is borne out in the table. 


5.1. The Reactions *N(y, p)°C and uN (y, n)3N 


These reactions are discussed together since both involve the absorption of a 
1oton followed by the emission of a single nucleon by a nucleus consisting of 
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equal numbers of protons and neutrons. The charge independence of nuclear 
forces suggests that the general characteristics of these reactions should be 
similar, and this is observed. 

The variation of the cross sections of these reactions with energy is of some 
importance, and is not easy to measure accurately over a wide range. Its exact: 
calculation from the above results is not possible, but by using certain simplifying | 
assumptions, curves showing this variation were obtained. 

It has already been observed that the total energy involved in a (y, p) reaction | 
cannot be computed with certainty since the energy state of the residual nucleus | 
is unknown. A correction, for the effect of the excited states of 1C can be made | 
from a study of other data, with better resolution, which have been published on | 
this reaction. Livesey (1957) reports three proton groups from the irradiation of | 
nitrogen with photons of energy up to 70 Mev in the form of a bremsstrahlung | 
spectrum. Assuming that most absorption takes place in the giant resonance | 
region, he suggests that the groups at 13-7 Mev and between 9-5 and 11 Mev 
(which are equal in size) can be attributed to the (y, p) reaction, being transitions | 
to the ground, and some excited states of °C respectively. The third group, he 
suggests, is due to the (y, pn) reaction, and to transitions to higher energy states 
of 8C. It is reasonable to assume that the more energetic groups include most 
of the protons from the (y, p) reaction, since the threshold for the emission of a 
neutron from °C is only 5 Mev above the ground state. On this basis, transitions| 
to the ground state of °C and to an excited state (or states) at about 3-5 Mev | 
above the ground state are equally probable (there are levels at 3-09, 3-68 and’ 
3-86 Mev, Ajzenberg-Selove and Lauritsen 1959). Using this fact, the relative; 
number of (y,p) reactions observed per photon energy interval was calculated! 
from the distribution shown in figure 3. : 

It was assumed that the question of excited states did not arise in the analysis! 
of the (y,n) reaction, since the first excited state of 3N (Ajzenberg-Selove and! 
Lauritsen 1959) is above the threshold for the emission of a neutron. ‘The! 
simple shape of the recoil energy distributions seems to bear this out. The precise 
analysis of the results is, however, impossible because of the ambiguity in the 
recoil direction. ‘The recoil energy distribution (figure 6) was examined statis- 
tically, and the number of (y,n) reactions observed per photon energy interval 
was derived on the assumption that the angular distribution in each recoil energy 
interval was identical with the total angular distribution for the (y,n) reaction 
(figure 7). ‘The kinematical methods which were used in the study of the (y, p) 
reaction were again applied here. 

Thus the relative number of events observed per photon energy interval for 
these reactions was obtained. The number of photons N(£) of energy E in 
each energy interval dE was assumed to be given by 

N(E)dE=kdE/E 5 
and the variation with energy of the cross sections of 4N for the MN (y, p)#C 
and N(y,n)#N reactions was calculated. Figure 13 shows this variation. 
normalized to the peak value of the (y, n) cross section quoted by Horsley. 
Haslam and Johns (1952). 

The angular distributions of the nucleons from the (y, p) and (y,n) reactior 
are shown in figures 4, 5, 7 and 8. The distributions are of the general fc 
A+Bsin?@, and it will be seen that the ratio of B: A increases with the en 
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of the particles considered. This trend can be explained by the following 
considerations. 
The photodisintegration process can be thought of as an interaction between 
a photon and one nucleon in a definite state in the nucleus (Wilkinson 1956). 
The nucleon is raised into a higher energy single particle state, and may either 
escape directly from the nucleus, or interact with it so that the single particle 
State degenerates into a compound nucleus state. The compound nucleus then 
de-excites by the statistical evaporation of a nucleon. The relative probability 
of these channels has been estimated by Wilkinson (1956). His formula suggests 
that the two processes should be comparable at about 25 Mev, the direct process 
being more probable at higher energies, while the evaporation process should 
predominate at energies less than 25mev. The angular distributions of the 
nucleons emitted from a compound nucleus state of 14N have been calculated 
(on the assumption that the absorption process was E1) for reactions leading to 
the ground state, and first excited state of ®C. The values of spin and parity 
quoted by Ajzenberg-Selove and Lauritsen (1959), and the Racah coefficients 
quoted by Sharp et al. (1954), were used in the calculation. The most probable 
forms were found to be isotropic for ground state transition, and either 1+ cos? 
for 2+sin? for transitions to the first excited state. The angular distributions 
to be expected from the direct ejection of a nucleon from a shell model state in 


the nucleus for L — L + | transitions, are 2—3 sin? for p-d and sin? for s—p transitions 
(Courant 1951). 


: 
: 
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‘Figure 13. The relative cross sections for the reactions 4N(y, p)!8C and 14N(y, n)13N. 


Thus experimental distributions can be interpreted as followst : 

(a) A+B sin?6. A value of B/A >1/2 indicates the presence of at least some 

direct emission. 

(b) A+Bcos?6. This indicates the presence of at least some compound 

nucleus emission. If 4=B, there can be no direct emission. 

 (c) Isotropic. Either the emission is purely from a compound nucleus state, 

or the coefficient of a cos? term from such emission is equal to that of the sin? 

term from the direct process. oe 

| The magnitude of the ratio B: A can therefore be taken as an indication of the 

relative amounts of direct and evaporation emission. The experimental value 

for low energy protons is 0 + 0-2 and rises to about 6+2 for protons of energy 
+ It is assumed here that the direct and compound nuclear processes are incoherent. 
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greater than 20Mev. For neutrons, the behaviour is similar: the recoils of 
energy less than 1 Mev (i.e. energy of neutron <13 Mev) give B:A=1+402 
the ratio increases to 1:5 + 0-4 for all recoils of energy between 1 and 2 Mev, and 
the value of A is 0 + 0-4 for recoils of energy greater than 2Mev. The distributions 
therefore indicate that the reactions proceed by a mixture of direct and compound 
nucleus channels, the latter only being important at low excitation energies — 
(ie. <30Mev), which is consistent with Wilkinson’s description of the process. 


5.2. The Reaction 4N(y, pn)?C 


The photoemission of a proton and a neutron by a nucleus can usefully be 
envisaged in three ways: (i) A quantum interacts with a neutron, which then 
collides elastically with a proton (or vice versa), both then escaping from the 
nucleus. (ii) A quantum interacts with a single nucleon, which then suffers 
several collisions, forming a compound nucleus state. The nucleus then de- 
excites by the successive emission of a proton and a neutron. (ii) A quantum 
interacts with a ‘quasi-deuteron’ sub-unit of the nucleus, giving sufficient 
energy to both the associated particles for them to escape independently from > 
the nucleus. | 

In the first two cases, since the mode of absorption is the same as that described 
for the (y,p) and (y,n) reactions, the general shape of all three cross-section 
curves should be similar. However, since more energy is required for this — 
reaction, the absorption of a low energy photon will tend to result in the emission - 
of a single nucleon, the emission of two particles becoming more and more 
probable as the energy available increases. ‘This has been observed; the ratio 
of (y,p), (y,pn) events is quoted (Wright et al. 1956) for bremsstrahlung 
spectra of peak energy 19, 21 and 23 Mev, as 0-3, 0-7 and 1-0 respectively. The 
value obtained in this experiment, for a peak energy of 200 Mev, is 1-5. Thus the 
variation of the cross sections of these reactions is consistent with these models. 

The observed distribution of the angle between the emitted proton and the 
recoil (figure 11) also shows the features which might be predicted by these 
models. ‘The expected distribution from the evaporation of one nucleon followed 
by a second can be calculated for any value of the ratio of the momenta of the 
emitted nucleons, by assuming that the neutrons are isotropically distributed 
with respect to the direction of the proton. Some typical distributions are 
shown in figure 14, and it will be seen that a sum of such distributions will give 
a result similar to the measured one. The distribution predicted by the ‘knock-on 
process’ will also be expected to favour strongly angles greater than 90°. An angle 
smaller than 90° from this model would require that the secondary nucleon have 
a momentum greater than that of the primary nucleon, after its interaction 
with the incident photon, which, since the second nucleon is in a bound state, 
is improbable. 

The recoil energy distribution (figure 9) can be explained qualitatively by 
the knock-on, or the evaporation model. The distributions should be similar 
in shape to those from the single nucleon reactions but should peak at a lower 
energy, since the average energy absorbed from the y-ray is the same in all cases, 
but this energy is distributed between three particles in the (y, pn) reaction. It 
should perhaps be pointed out that, for the evaporation process, since the be | 
is purely statistical, the most probable values of the proton, neutron and recoi 
momenta should be equal. The most probable recoil momentum corresponds 
an energy of about 0-4Mev and the corresponding proton or neutron energy is. 
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5Mev. Assuming that the sum of these is the most probable value of the energy 
released in this reaction, the peak in the cross section should lie at about 23 Mev. 
This agrees with the measured values for the (y, p) and (y,n) reactions. Thus 
both these models can explain in general all the experimental results. 
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Figure 14. Forms of the angular distribution for the angle between the proton and recoil 
from the reaction N (y, pn)!C which might be predicted by a statistical model. 
Curve 1 is calculated for the emission of protons and neutrons of equal momentum, 
curve 2, for the emission of a fast neutron and a slow proton Gh of the neutron 
momentum), and curve 3 for the emission of a fast proton and a slow neutron (the 
proton having 10 times the momentum of the neutron). 


_ The ‘ quasi-deuteron’ model (Levinger 1951) assumes that a close proton— 
neutron conjugation can exist inside the nucleus. The (y, pn) reaction is regarded 
as an interaction between a photon and sucha pair of nucleons resulting in the 
direct emission of both. Since the residual nucleus takes no active part in the 
process, the energy and direction of the recoil nucleus will depend only on the 
tate of the ‘ quasi-deuteron’ just before the interaction. The model, therefore, 
predicts that all the angular distributions of the recoil will be isotropic (i.e. the 
observed distribution will be proportional to sin @) and that the momentum distri- 
bution of the recoils will indicate the state of the quasi-deuterons in the nucleus. 
he model has been very successful in describing the simultaneous emission of a 
proton and neutron in reactions induced by energetic (> approximately 100 Mev) 
} -rays. It is believed that most of the “N(y, pn)"C reactions observed here 
are caused by relatively low energy (~ 20 Mev) photons, and it is therefore expected 
hat few of them will be explained by the quasi-deuteron model. This is borne 
out by the observed angular distribution (figure 11). 

About 30 (y, pn) events were recorded from which the proton did not leave 
he sensitive part of the cloud chamber (figure 10). F or these events, the energy 
of the incident photon was calculated, on the assumption that all transitions led 
0 the ground state of #C. Although the statistics are poor, it can be seen that 
the resulting distribution (figure 10(a)) exhibits a peak at about 20 Mev, which 
agrees with the result predicted above, and with the measured value for the 
(- n) reactions. 
ie ee distributions for these events are similar in form to the total 
stributions. The distribution of the angle between the proton and the recoil 
ears to differ in detail; the most probable angle is about 120°, as compared. 
h 150° for the more general case. The distribution resembles curve 2 (figure 14) 
yhich is predicted for the evaporation of a slow proton and a fast neutron. Since 
‘knock-on’ model has difficulty in accounting for any angle smaller than 
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90° in this distribution, this result appears to favour the evaporation model of 


the (y, pn) reaction. 
§ 6. CONCLUSION 


From the experimental results, we conclude that: 

(i) The cross sections for the reactions “N(y, p)*C and 4N(y,n)8N are 
comparable, the relative values at any energy being shown in figure 13: 

(ii) In the giant resonance, the emission of a single nucleon proceeds ally 
by a direct channel, and partly by the statistical evaporation of a nucleon. At 
energies greater than 30 Mev the emission proceeds mainly by a direct channel, 
and at all energies the results are consistent with the ratio of the two processes 
predicted by Wilkinson (1956). 

(iii) The integrated cross section for the reaction “N(y,pn)!*C is about 
50% greater than that for the emission of either a single neutron or a single 
proton, for a spectrum of peak energy 200 Mev. 

(iv) The (y, pn) reaction appears to proceed either by a statistical or a knock-on 
process. The results for protons stopping within the sensitive volume of the 
chamber favour the statistical model and suggest that most of the observed events 
result from the absorption of a low energy (~20 Mev) photon. 

(v) No evidence was found to suggest that many of the observed events coulc 
be satisfactorily explained by the quasi-deuteron model. : 
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Abstract. The theories of the magnetic anisotropy of polycrystalline nickeliron 
films in the permalloy region of composition are briefly reviewed. A simple 
model is then described for the magnetic anisotropy which can be induced in 
such films during evaporation. This model includes the sum of the effects of 
iron-pair directional ordering and a constant linear stress lying along the 
annealing field. After a detailed description of the experimental technique 
used to prepare NiFe films about 15004 thick in the region of composition 
80-85°% nickel, the results of observations of the hysteresis loops measured 
at 400 c/s are used to derive values of the anisotropy field Hy which are then 
compared with the values expected should the simple model apply. ‘The 
experimental observation that increasing the substrate temperature moves the 
minimum in anisotropy energy to lower nickel content in the film is supported 
by the simple model. When the complicating effects of fibre growth are included, 
the major features of the observations are found to agree quite well with the 
model but the behaviour of the induced anisotropy is shown to be complex and 
the possibility of contributions due to imperfection ordering are discussed. 


§ 1. Some THEORETICAL CONSIDERATIONS 


1.1. Introduction 
1.1.1. Historical. 


+ has been known for some time that polycrystalline thin films of nickel-iron 
| alloys in the permalloy region of composition exhibit a preferred direction of 

magnetization along a magnetic field applied during evaporation (Conger 1955, 
Knorr and Hoffman 1959, Blois 1955, Zaveta 1956, Chikazumi and Oomura 1955, 
Smith 1959). The nature and magnitude of this anisotropy vary with the 
temperature of the substrate during evaporation and the composition of the 
alloy. Previous to the extensive study of magnetic thin films many observers 
have investigated the anisotropy of bulk nickel-iron alloys and its changes due 
to magnetic annealing but no satisfactory understanding of this anisotropy due 
to a magnetic field has yet emerged. This effect is often referred to as ‘The 
Permalloy Problem’ and a review article by Bozorth (1956) gives an extensive 
bibliography of the subject. 

Some of the theories which have been proposed as explanations to this problem 
will be outlined as they help towards some understanding of the physical situation. 


1.1.2. Release of magnetostrictive constraint. 
The first theory put forward to account for the induced anisotropy was by 
ae et al. (Bozorth, Dillinger and Kelsall 1934, Bozorth and Dillinger 1935, 
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Bozorth 1934, 1953). ‘The suggestion was that at the high temperature (~ 700°K) 
required for effective magnetic annealing, sufficient plastic flow could occur in: 
the material for magnetostrictive constraints to be released. Both Becker and | 
Doring (1939) and Néel (1954a) have shown that this effect is much smaller! 
than the observed anisotropy and also that magnetic annealing is effective in 
single crystals which would not be expected if constraint release were solely 
responsible for the anisotropy. 


1.1.3. Heterogeneous short-range order. 

In spite of the fact that the materials showing response to magnetic anneal | 
can be random polycrystalline structures, Kaya (1953) has suggested that in. 
the case of the nickel-iron alloys a uniaxial anisotropy might result from the. 
heterogeneous formation of short-range order. The ordered state of the phase | 
Ni;Fe has a higher saturation magnetization and Curie temperature than the | 
disordered state, so that short-range order should occur in the form of prolate 
ellipsoids elongated in the direction of the applied field. Such an arrangement | 
could result in a uniaxial anisotropy of the correct order of magnitude (Rathenau | 
1953) by the shape effect of these ellipsoids as described by Stoner and Wohlfarth | 
(1948). | 

Such short-range order has not yet been observed and further, the binary | 
nickel—cobalt alloys have been found responsive to magnetic anneal by Masumoto, | 
Inoue and Ukaji (1954) and yet show no known phase change such as the 
superlattice formation of Ni,Fe. 


1.1.4. The formation of texture axes. 


Recently published work by Knorr and Hoffman (1959) describes the | 
anisotropy produced during the evaporation of thin films of pure iron. Using | 
the results of Evans and Wilman (1952) and Nelson (1937) they conclude that 
due to the geometry of the experimental arrangement there can be a contribution | 
to the anisotropy through the formation of [111] iron fibre axes inclined towards | 
the incident vapour beam. Smith (1959) has reached a similar conclusion for 
thin films of nickel-iron alloys. If a plane substrate is situated symmetrically 
with respect to a point source of atoms, Smith’s results show that the [111] 
fibre growth causes magnetic easy axes to be distributed with rotational symmetry 
around the centre of the substrate. Sucha geometry cannot account for the nearly 
uniaxial anisotropy observed in this case although the complications due to the 
[1 11] fibre growth may provide the explanation for some of the divergences from 
simple uniaxial behaviour which are observed. F urther, the fibre growth still 
occurs in the absence of a magnetic annealing field and so cannot be the cause 
of that part of the anisotropy which can be observed to have been induced by the 
magnetic field present during the deposition of the film. 


1.1.5. Directional order. 


Both Néel (1954b, c, 1959) and Taniguchi (1955) independently suggested 
a mechanism of inducing a uniaxial anisotropy which depends upon the 
assumption that the coupling coefficients of the spins on different atom pairs are 
different. At the annealing temperature solute atom pairs can diffuse into an 
arrangement of minimum energy, i.e. along the annealing field, and on quenching, 
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diffusion is no longer significant so that the anisotropy is retained. ‘The experi- 
ments reported by Chikazumi (1950, 1956) and Ferguson (1958) give substantial 
support for this theory. 

It is possible that there could also be a contribution to directional order from 
the diffusion of non-magnetic inclusions or lattice vacancies because pairs of such 
imperfections should arrange themselves along the annealing field and then be 
frozen in upon quenching. The anisotropy due directly to such a process would 
be much smaller than that expected from directional ordering of ferromagnetic 
atom pairs because of the small effective diameter of the imperfections. ‘hat 
preferred orientation of imperfections may be responsible for the induced 
anisotropy was first suggested by Bozorth (1956) and some evidence that oxygen 
may play a part in the anisotropy of perminvar has been put forward by Burbank 
and Heidenreich (1959). 


1.2. Directional Order in Nickel-Iron Films 
1.2.1. Taniguchi’s theory. 

The theoretical work by Taniguchi (1955) shows that a B-B atom pair in 
 asubstitutional type of cubic solid solution of B atoms in A atoms has a probability 
p(¢) of lying at an angle ¢ to the direction of the applied field at temperature ds 
given by 


opt te f= CB (0) (1 3.c0s" 4) 

PS aD {- RT \ wee (1) 
in this equation Z is the total. number of nearest atoms, B,(T’) is the reduced 
Brillouin function at temperature 7’ and C is a coupling coefficient given by 


C— CaatCpp—2Cap oeccee (2) 


for coupling coefficients C,4, Cpp and Cyg between A-A, B-B and A-B atom 
pairs respectively. 

Using equation (1) the anisotropy energy fina plane containing the annealing 
field can be derived and is given by 


F=F,—Q,cos?0+Q,cos@sind = waves (3) 


_where F, is a constant and @ is the angle between the magnetization vector and 
the direction of the previously applied annealing field. For a polycrystalline 
randomly orientated face-centred cubic array the anisotropy Q, and ©, can be 
shown to be 

_ 9Nn?C?B?(T) BRT’) 

¥, kT’ ‘ 

_ 2INACB R(T) BY(T) E 

: = SRT’ = dai ci (5) 
In equations (4) and (5): Nis the number of atoms per cm’, is the concentration 

of solute atoms which is assumed to be small, C is the effective coupling constant 


defined in (2), B, is the Brillouin function, T’ is the annealing temperature, 
_ T is the temperature at which observations are made. ‘The values of Q, and Q, 


{ can be seen to be proportional thus: 
Q.= B Q, 


Q, 
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where for random orientations of the crystallites, 8=0-375. If the film should 
be a single crystal in which the annealing field was applied along the [111], [110] 
or [001] directions then the anisotropy in the (110) and (100) planes has B=0. 
If the structure of a film should remain constant then changing processing 
conditions will bring about corresponding changes in both Q, and Q, together. 

With the form of the anisotropy given in (3) it can be seen that the easy 
direction of magnetization does not lie along the annealing field direction but 
is twisted away from it by an angle 6, given by 


tan 20 ee (6) 


For a random polycrystalline material 6)~ 10 degrees. 


1.2.2. The hysteresis loops due to directional ordering. 


Under the appropriate conditions the magnetization reversal process in 
thin nickel-iron films can be a coherent rotation of the whole magnetization 
(Bradley and Prutton 1959). If this is the case, the form of the anisotropy in (3) 
above can be used in Stoner-Wohlfarth type calculations (Stoner and Wohlfarth 
1948) of the hysteresis loops. In fact this is a tedious computation which at 
present is being tackled using a digital computer, but one special case is directly 
calculable and is of interest. A technique used to measure the anisotropy energy 
of uniaxial magnetic thin films (discussed in § 2.2 (iv)) is to examine the hysteresis 
loop at right angles to the preferred direction of magnetization. In the case of 
a simple uniaxial anisotropy this is the familiar straight line hysteresis loop whose 
intercepts with the saturation magnetization give a value for the anisotropy field 
H,. It is of interest to compare the hard direction loop derived from the 
anisotropy of equation (3) with this straight line loop. 

If a field H is applied at right angles to the preferred direction in the film, 
the magnetic energy of the system when the magnetization makes an angle 6 


with the annealing direction is given by 
P= Fy—Q, 4+ Q, sin? 6+ Q, sin 6 cos @— MH sin Ca eee (7) 
The hysteresis loop can be calculated from this equation by finding the value of 


sin(@—6)) for various values of H when the system is in equilibrium and 
dF /d6=0. 


sin (0— 0) = Ma Fee ne ee (8) 


Equation (7) shows that the hysteresis loop in the hard direction is a straight line 
but that it does not intercept the saturation magnetization at a field H, =20,/M 
as in the case of a simple Q, sin?@ anisotropy but at a higher value of field Hy 
given by 

A, = H (1+ p2)12. 


In the case of a random polycrystalline structure 8=0:375 and so Hy =1-07H x. 


1.2.3. The quantitative estimation of Qy. 


The dependence of ©, upon the concentration of iron n and the substrate. 
temperature 7” has been calculated for the permalloy region of composition 
using equation (4). el . 

The values of the constants used were as follows: C=5 x 10-16 erg, Van Vleck | 
(1937) gives C between 10-% and 10-16 erg; R=1:37 x 10-6 erg deg; 
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207) — PE Pas co seek eee 
By 1 )= 1, valid as observations are made well below the Curie temperature; 
N=10"? atoms cm~*. These values give 


nis "( 1. ) 


/ 


Oe 1:8 x 108 erg em~2? 


which is plotted in figure 1 for three values of m. For substrate temperatures in 
the region of 700 degrees absolute the value of , is between 2 and 7 x 10% erg cm~* 
which is in fairly good agreement with observation. 


()i ergs cm-* 


5000 7 


+ 


200 400 600 800 1000 


substrate temperature degrees K 


Figure 1. The anisotropy due to the directional ordering of iron pairs. 


1.3. The Contribution from Stresses 


1.3.1. The effects of stresses. 

_ The work of MacDonald (1951, 1957) on thin films of nickel prepared by 
evaporation in the presence of a magnetic field shows that a complex system of 
stresses can be operative. By means of ferromagnetic resonance and oscillation 
magnetometer measurements, he established the existence of a large isotropic 
planar tension and a smaller uniaxial compression along the direction of the 
annealing field. The physical origin of this stress system is by no means clear 
but some sources of the planar stress may be: 

(i) Differential contraction stress caused by the difference in coefficients of 
thermal expansion of the substrate and the metal film. In fact, this effect can 
e made negligibly small by matching the alloy and substrate as for instance 
be done with 80/20 nickel-iron and soda-glass which both have coefficients 
f linear expansion of about 1-2 x 10-°deg™. 

(ii) A stress depending upon the history of the imperfections in the film. 
This mechanism has been proposed by Hoffman, Anders, Crittenden and 
Janiels (Hoffman, Anders and Crittenden 1953, Hoffman, Daniels and 
‘rittenden 1954) who suggest that the film in the deposited state contains 
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a large number of lattice vacancies which migrate through the metal at a rate 
determined by the temperature of the sample. The coalescing of such vacancies 
into larger aggregates results finally in the formation of dislocation rings (Seitz, 
1952). This causes a contraction of the crystallites and so a condition of isotropic 
stress. hat part of the uniaxial stress arising because of the annealing field may 
be associated with the directional ordering of metal atoms or imperfections, with! 
the magnetostriction effects in the alloy or possibly with anisotropic collapse of 
vacancies to form dislocation rings. 

Using the expressions for a stressed monocrystal derived by Baltzer (1957), 
Blades (1959) has obtained a term for the magnetic energy of a randomly arranged 
polycrystalline system which has a planar isotropic plus a uniaxial stress 
configuration. In the case of a coherent magnetization rotation staying in the 
plane of the film, Blade’s equation can be written in the form 


yay sae {5 ? ali = shy aha on (9) 
In this equation the energy term U, contains terms in the intrinsic magneto- 
crystalline anisotropy and the isotropic planar stress which are not functions 
of the angle 6 between the magnetization vector and the annealing field. 4; are 
the magnetostriction constants, A is 2A,9)+3A,,,;, and o is the uniaxial stress 
induced by annealing. In the 80/20 nickel-irons h, and h,; are small so that: 
to first order, (9) can be written | 


ete 7 XE Fh \GI OS Ihe ee (10) 


The coefficient Ks of sin?@ will thus contribute to the uniaxial anisotropy fielc 
measured in the hard direction hysteresis loop experiment. Together with the 
effect of directional ordering of iron pairs described by equation (7) the term 
in sin?@ has a coefficient K given by 


Kee tho Key 8 ie Oe ae (11) 
and the ‘observed’ anisotropy field Hy becomes 
ee ADE: Ks) (1+ 62)22 


for saturation magnetization M. 


1.3.2. The quantitative evaluation of Ks. 


Values of Ayo) and A,,, have been measured by Bozorth and Walker (1953 
for monocrystals of different compositions of nickel and iron and Hegg (1910) 
has measured the magnetic moment of NiFe alloys of different compositions. 

In view of the presently unknown origin of the uniaxial stress o, the value usec 
here will be that quoted by MacDonald (1957) of —4 x 108 dyncm-? for nickel. 
Further, for convenience only, it will be assumed that o is independent of the 
substrate temperature, and the composition of the alloy. ; 

Figures 2 and 3 show plots of the uniaxial anisotropy energy density K fo: 
different alloy compositions and different substrate temperatures for this system 
of directional ordering plus constant linear stress. ¥ 
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§ 2. EXPERIMENTAL OBSERVATIONS 
2.1. Preparation of the Films 
Many authors (Blois 1955, Conger 1955, Smith 1956, Behrndt and Maddocks 
1959) have given descriptions of their experimental arrangements used to produce 
nearly uniaxial films of nickel-iron alloys. In spite of this there seems to be 


poor agreement between observers, so it is considered worthwhile to make a 
fairly detailed statement of the technique used by the present writers. 


24,000+ 80:20 


16,000+ 


K ergs/cc. 
8,000+ 


+t — 
200 000 


substrate temperature 


2 degrees K 
B,000+ 

Figure 2. Thefanisotropy due to both directional ordering and a constant linear stress. 
Film composition as a parameter. 


K ergs/cc 


70 75 80 ee) we 
per cent nickel 


Figure 3. The anisotropy due to both directional ordering and a constant linear stress. 
‘ Substrate temperature as a parameter. 


Figure 4 is a diagrammatic representation of the experimental layout. ‘The 
tloy is prepared by weighing out the appropriate quantities of powdered nickel 
and iron to make up a 10 gramme charge into a silica crucible. ‘The powders are 

oduced by Messrs Mond Nickel Co. Ltd., and are known as carbonyl iron 
ade MCA and nickel grade A. It was considered important to know how 
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much cobalt was present in these two materials as small quantities may contribute 
considerably to the anisotropy. Analysis revealed no detectable cobalt in the 
iron and less than 0:1% cobalt in the nickel. The powders are then alloyed by 
melting in vacuum with radio-frequency induction heating until they are 
thoroughly outgassed. Once such an ingot has been prepared it is never used 
for more than ten evaporations to produce 2000 A thick films because the greater 
evaporation rate of iron would then result in a significant change in the composition 
of the ingot. 


Figure 4. The evaporation equipment. 


‘The substrates used for the films described below were Chance Resistance Glass 
microscope slides with a coefficient of linear expansion of about 7 x 10-8 deg 4 
This compares with coefficients of linear expansion of soda-glass, Pyrex and 
80/20 NiFe of about 12x 10-* deg, 3-6x10-®deg-! and 12x 10-8 deg} 
respectively. ‘The microscope slides are coated at the ends with silver paste and 
baked in air to dry the paste. This provides electrical contact to the evaporated 
film which is used for resistance measurements. The slides are then degreased 
in iso-propyl alcohol at room temperature and clipped into the jig in the Mee 


system where they are cleaned by ionic bombardment in air at a pressure of 
0-1 to 1:0 mm Hg. a 


During the evaporation the glass substrate can be maintained at a temperature 
between 200° and 450°c by the array of radiant heaters arranged around it as 
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shown in figure 4. Ata mean temperature of 320°c the temperature drop through 
the thickness of the slide is 5°c and the variation over the surface of the slide 
is less than 2°c. The windings on these heaters are arranged so that the magnetic 
field at the substrate surface due to the heating current is negligibly small. ‘The 
heater itself is constructed of Brightray wire wound on mica with non-magnetic 
steel supports. The temperature of the substrate is measured with a 
chromel-alumel thermocouple with wires about 0-005 inch diameter which are 
welded together and placed in contact with the substrate surface which is to be 
coated. This junction has a very low thermal capacity and it is assumed that 
the heat lost into the wires has a negligible effect upon the temperature in the 
immediate locality of the thermocouple. 
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Figure 5. The variation of Hg, 2H and ‘ r’ with substrate temperature during deposition 
with an ingot alloy composition of 80/20 NiFe. 


While the ingot is being melted it is shielded from the substrate by a movable 
‘mask which can be swung away when the deposition is to start. The film is then 
deposited "at a rate of about 40 A per second in a magnetic field of 80 oersteds 

provided by the current through a pair of coils mounted outside the bell jar. 

The thickness of the film is monitored continuously during the evaporation by 

measuring the electrical resistance of the film. The deposition is stopped at 

the required film thickness by masking the source, the heaters are then turned oft 

and the film allowed to cool at a rate of about 25°cmin~ until it reaches a 

temperature of less than 100°c, when air is let into the system. ; The pressure 

uring the evaporation is generally about 3 x 10 mm Hg but it appears that 
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the magnetic properties of the films are independent of pressure between 
Spe 10S >rande10— mim ty: 

The films discussed below are about 15004 thick and in any comparison with 
the theory it must be borne in mind that because of the greater evaporation rate 
of iron the films are depleted in nickel with respect to the ingot. The work 
reported by Smith (1959) suggests that the films are about 2% lower in nickel 
than the ingot in this region of composition. 


2.2. The Observations 


The hysteresis loops of the films prepared as described above could be 
measured on the face of an oscilloscope using apparatus described in an earlier 
publication (Bradley and Prutton 1959). The loops in the easy and hard directions 
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Figure 6. The variation of Hx, 2H, and ‘ r’ with substrate temperature during deposition 
with an ingot alloy composition of 81/19 NiFe. 


were photographed and the following parameters were measured: (i) The 
coercivity in the easy direction, H,. (ii) The coercivity in the hard direction, Hen. 
For a simple rotational reversal mechanism and an induced anisotropy of the 
form K sin? 6 this parameter would be zero. (iii) The angle « between the observed 
anisotropy axis and the direction of the annealing field. (iv) The anisotropy 
field H,. This parameter is the most significant in comparisons between theory 
and observation and so particular care was taken to ensure that, in fact, the whole 
magnetization of the film being measured was moving by coherent rotation. The 
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ybservations using crossed pick-up loops reported by Bradley and Prutton (1959) 
showed that no net flux rotates when a film is reversed in the hard direction in 
he 400 c/s loop plotter. However, if a film is saturated along its easy direction 
ind then fields of less than about 0-2H, are applied in the hard direction, then 
with the range of films reported here, the Kerr magneto-optic experiment 
‘Prutton 1959) has shown that whatever the value of Hen, coherent magnetization 
rotation does occur. ‘hus, in the loop experiment to measure H, the film was. 
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Figure 7. The variation of Hg, 2H,;, and‘ r’ with substrate temperature during deposition 
with an ingot alloy composition of 82/18 NiFe. 


saturated in the easy direction and then a small 400 c/s field was applied in the 
hard direction so as to produce a reversible straight line (B, H) plot. Extra- 
polation of this straight line to saturation magnetization yielded an intercept 
which is interpreted as a measure of the anisotropy field H,. (v) The percentage 
of flux rotating, r. Previous work (Bradley and Prutton 1959) has shown that 
the arrangement in which the hysteresis plotter pick-up loop is orientated So as 
ro detect flux changes at right angles to the reversing field is useful in detecting 
the amount of flux which is rotating. To measure r the film is arranged so that 
the easy direction makes an angle of 85 degrees with the reversing field and the 
flux changes are detected with the crossed pick-up coil. The maximum flux 
‘observed is then expressed as a fraction of the total amount of flux reversing in 


the film. 


2.3. Results 

hi Ingots with six compositions in the range 80/20 to 85/15 NiFe were used 
to produce films 15004 thick at substrate temperatures at intervals of 50°C 
etween 200° and 450°c. 


568 M. Prutton and E. M. Bradley 


2.3.1. The variation of He. 


No trend could be discovered in the variation of He with processing conditions 
but it was usually in the range 2-4 oersteds for most of the specimens. ‘This is to 
be expected as, in the absence of any torque from the reversing field, a rotational 
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igure 11 shows the variation of H, with ingot composition for various substrate | 
emperatures. 
It appears that Hon is of the same form as H, lying somewhere in the region 


01H; SH = <0: 6fi-. 
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For the 80/20 and 81/19 ingots « was generally between 0 and 5 degrees, for 
82/18 ingots a few films had values of « between 5 and 25 degrees but the majority 
had values of zero. For the 83, 84 and 85%, nickel ingots the average values of a 
were 38, 24 and 40 degrees respectively. . 
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; (iv) The minimum in anisotropy energy should move to lower percentages 
of nickel as the substrate temperature is increased. , 

(v) For constant film composition the anisotropy energy should decrease 
with increasing temperature. : 

‘Phe observations reported in §2 agree substantially with points (1), (ii) and 
(iv) but not with (i) and (v). 
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Figure 11. The variation of Hx with percentage of nickel in the starting alloy with substrate 


temperature as a parameter. 


In figure 12 the experimental data for a substrate temperature of 600°K 
‘are compared with the theoretical behaviour derived from §1 assuming that the 
film composition is 2° lower in nickel than the ingot composition and that the 
measured field H,, can be identified with the uniaxial part of the anisotropy 
as argued in §2.2 (iv). Although the minimum anisotropy is of the correct 
magnitude and occurs in the correct region of film composition the observed 
values of H,, change much more rapidly than do the calculated values as the ingot 
‘composition is changed. In spite of this, the agreement is good when it is realized 
that both (a) the effects of any stresses associated with the directional ordering of 
ron-iron pairs and (h) the effects of any directional ordering and related stresses 
sssociated with the diffusion of imperfections have been neglected through the 


sumption of a constant linear stress, 
202 
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he observations show that the hard direction coercivity is definitely related 
to the induced anisotropy energy and seems to be similar in form but it does 
vary between about 0:1H, and about 0-6H,, tending to increase relative to Hy 
as the substrate temperature is increased. For a rotational reversal process the 
theory above predicts a value of zero for Hen. Furthermore experiments on a 
set of films made from the 81/19 ingots showed that Hen is a function of film | 
thickness, increasing with decreasing film thickness below about 25004. ‘This 
is unlike H,, which over the same thickness range appears to be independent 
of film thickness. Experiments using the Kerr magneto-optic effect have revealed | 
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Figure 12. A comparison of the observations and the simple model of directional ordering | 
plus a constant linear stress made at a substrate temperture of 600°K. 


that without special precautions the reversal process in the hard direction is 
definitely associated with both domain formation and coherent magnetization 
rotation within the domains at the same time. ‘Therefore it is suggested that 
the energy requirements for the reversal of the magnetization must be thought 
of in two parts: 

(a) 'The energy needed to create the domain walls resulting as the applied 
field in the hard direction reduces. If these walls are of the Bloch type, then 
their energy is determined primarily by the exchange energy and the anisotropy 
arising because of the demagnetizing field acting through the thickness of the 
film. Thus the contribution of Hey due to the formation of these walls will be 
dependent upon the film thickness as well as any structure sensitivity of the 
domain formation but not upon the value of H,. 

(b) 'The existence of a fibre structure in these films means that the orientation 
of the easy axis with respect to the direction of annealing varies over the surface 
of a film. Thus some part of the hard direction magnetization reversal will be a 
non-coherent magnetization rotation. ‘The energy requirements for this process 
are determined primarily by H, and not by the film thickness. The total result 
of the fibre structure and the directional ordering is to give different parts of th 
film different directions of the anisotropy axis so that there is a distribution 
easy axes about the direction of the annealing field. When a reversing field is 
applied at right angles to the ‘ average ; easy direction some parts of the film are 
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not orientated so as to have a straight line hysteresis loop and so a finite Hen 
results which must be correlated with H,. 

Figures 5 to 10 show that at constant ingot composition the uniaxial anisotropy 
does not increase with increasing substrate temperature but passes through a 
minimum between 600° and 700°k. Such behaviour might be expected if lattice 
vacancies or imperfections are playing an important part in the process of 
directional ordering. As the substrate temperature is raised the mobility of 
imperfections rises and consequently they can more easily move into arrangements 
of minimum energy and should play an increasing part in the anisotropy of the 
film. Alternatively the formation of crystalline order such as fibre growth may 
become more favourable at these high substrate temperatures so that magneto- 
crystalline anisotropy begins to contribute to the anisotropy of the whole film. 


§ 4. CONCLUSIONS 


There seems to be little doubt that a detailed theoretical explanation of the 
behaviour of evaporated thin films of alloys in the 80/20 NiFe region must be 
very complicated. Apart from the balance between the direct effects of iron pair 
| directional ordering, and the stresses in the film, it is possible that the effects of 
imperfection ordering and its consequent anisotropic stress distributions must 
also be included. Furthermore the formation of fibre orientation must result 
in more complicating features to the problem. 

However, the simple model of iron pair directional ordering and constant 
linear stress does provide some agreement with the properties of the films as 
they are observed. Apart from predicting an induced anisotropy minimum in 
the region of 78% nickel of the same order of magnitude as that observed it does 
begin to explain the shift of the minimum in anisotropy to lower nickel content 
as the substrate temperature is increased and the twist of the easy axis away 
from the annealing field. 

In view of the complicated structural behaviour occurring in these films 
which is influenced by so many parameters in their processing, it is not surprising 
that divergences of observations have arisen between different workers. Further 
elucidation of the origin of the induced anisotropy would be greatly assisted by 
investigations of these structural details of which there are few published data. 
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Abstract. ‘The accuracy of an atomic wave function is often increased by an 
adjustment of the overall scale of the wave function. This method of improving 
a wave function is here generalized by considering a variable scale factor which 
can be an arbitrary function of the radius. This type of variation has the valuable 
property of leaving all the coefficients in the density matrices invariant so that 
it is much easier to minimize the energy than it is for most parameters. The 
new integrals which arise are relatively easy to evaluate. 

To illustrate the power of the method an application is made to the simplest 
iwave functions for the He isoelectronic sequence. A simple type of variation is 
found and the results show that a close approximation to the self-consistent- 


field energies can be obtained from a two-parameter wave function. 


§ 1. INTRODUCTION 


YLLERAAS (1930) has shown that it is always possible to improve an 

approximate atomic wave function by introducing an arbitrary scale factor. 

The optimum scale factor is very readily found once the total kinetic 
and potential energies are known in any one scale. This variation of scale has 
even some physical importance since it ensures that the approximate energies 
satisfy the virial theorem in the same way as the accurate ones do (for further 
details see Lowdin 1959). 

The generalization of this idea of a scale factor which is proposed here is 
equivalent to the use of a scale which varies with the distance from the nucleus 
but is independent both of angle and of the particular electron. In practice this 
yariable scale is more difficult to employ than the constant scale factor but is 
easier than most variations. On the other hand this variation leaves the quali- 
tative form of the wave function unchanged so that there is a limit to the extent 


of improvement which can be obtained. 


§ 2. A FUNCTIONAL ‘TRANSFORMATION 


Atomic wave functions, with very few exceptions, are calculated in terms of 
some set of orbitals 7,(r, 0, ¢). These functions, in general, have non-vanishing 


overlap integrals 
: Sy= | [ [ Wtperarsin oad ds. Ca 


is often easier to use, instead of #,, the functions 
Xs=rPs 
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In the usual method of scaling these orbitals are replaced by the scaled functions | 


(kh) 2 (hr; Ohab) sg ae ee Lanes (2-49 
where k is the scale factor. ‘To make the orbitals more flexible still they can be 
replaced by the transformed functions 


MCA (Z) FAR CNE iee ee (2.5) 


where f(r) is a real function of r which is differentiable and monotonic increasing | 
as r increases.t The overlap integral beween these functions is | 


[ | futacdrsinedaad— | | | xi*(f 9,6)x(f4, 6, 6) F drsin dd de 


= | | fats 4, 8)x.(f.0,4) dfsin 0 dd de 
Si sible railed dente cpl ge pn (2.6) 


Thus the overlap integrals are left invariant for any f(r). ‘This simple result 1s | 
of very considerable importance since the matrix elements of the density matrices | 
of any order depend entirely on these overlap integrals (L6wdin 1955). This} 
means, in particular, that the coefficients of the various integrals over the orbitals | 
x, in the energy expression are exactly equal to the corresponding coefficients 
for the u,. The calculation of these coefficients is a major operation in finding 
an accurate atomic wave function and a variable parameter which leaves them | 
invariant gives a comparatively easy way of improving a wave function. 

Although the overlap integrals are left unchanged the other integrals are’ 
considerably altered by this transformation. ‘The nuclear attraction integrals 
are the easiest to calculate. They have the form 


Uy*u, : = XI Xs : 

[| | asinearas={ {| CA afsin 8d dp... (2.7) 
where r(f) is the inverse function to f(r). The conditions imposed on f(r) ensure’ 
that this inverse exists. In general it is more important to know r(f) and then’ 
invert it to find f(r) if needed. The interelectronic repulsion integrals can be 
expanded as the usual series in r_ and r_ and calculated by changing the variables 
to f, and f, in the same way as in equation (2.6). The angular terms in the kinetic 
energy can be treated in the same way but the radial terms are more complicated. 
‘These have the form 


Peel, 0 dat 
= | | [ur Same drsin odo ag | [ ae MEE BEER 


dr dr 
Rae en” TLR GUY A) Over ae (2.8) 
The derivatives can be expressed as 
du, du, , du, df : 
dr or af dr 
TNs uv , d s 
= 4 fF "x64 (f yon er (2.9) 


+ After this investigation was concluded it was pointed out to the author that a similar 
idea had been proposed by Léwdin (1 954) and that f(r) had been evaluated numeri 


in Uppsala for all SCF functions then available although without any attempt to desc : 
them analytically. 4 


or as du ae 
ots — (y!)-1 = f(r’) 
= a [rexel 
TON: ' . : 
oe eee ey (py ete ONT 8) eS Zann) 
( ae. x.) (r’) | (2.10) 
depending on whether f(r) or r(f) is given. hus the kinetic energy terms become 


> 


| | (r’x) — ar" x,)*(r'x4 — Hr’ xs)(1') * df sind db dd. ...... (2.k1) 


The evaluation of these integrals may be more difficult but for the simpler forms 
of f(r) it is usually still possible to integrate in terms of tabulated functions. 

In principle it would be possible to find the best f(r), or equivalently rp), 
by minimizing the energy. This could be done either by using the calculus of 
variations to derive the differential equation which the function satisfies or by 
substituting a sufficiently general expansion for the function and finding the 

coefficients by minimizing numerically. In practice, however, because of the 
limitation on the improvement of the energy which can be obtained it is probably 
not worth while to carry the process of minimization very far. 


§ 3. A SIMPLE FUNCTIONAL ‘TRANSFORMATION 


There is one example of a function r(f) which is easy enough to handle and 
yet gives considerable improvements in energy. This is the function 


Miy=f roy ie tien (3.1) 
where « is a parameter. The inverse function is 
f= Se Fa 2 a (3x2) 
To satisfy the condition on the function, « has to be positive. The limit «=0 
corresponds to the identity transformation and often is useful in providing a 
check on the formulae. A constant scale factor could also be introduced into the 
transformations (equation (3.1)) but it is more convenient to allow for this 
afterwards in the usual way. This factor is necessary if the virial theorem is to 


be satisfied. 
The advantage of this particular transformation is that it leads to fairl y simple 


_ integrals. The nuclear attraction integrals, (equation (2.7)), involve the function 
- Line Lif atl bof) ithet oreo “aaa (3.3) 


} 
and so split up into 


(ieee HOUEE awa | | 2% dfsin0dodd. ...... (3.4) 


“The first of these integrals is exactly the same as the usual one. The second is 
ore complicated but can usually be evaluated by the change of variable 


eR TR a iu ee a Aer (3.5) 
The two-electron integrals split up similarly. The kinetic energy terms are 
more complicated but can be written, using equation (2.10), 


= 2, 
~ | f fur Gatdrsin ead dp 


Z i | { (1 + 2of)yi — aed (C1 + 2af)x.’ — ax] 
(1 Daf) Adfein@dddd. ew (3.6) 
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These integrals can be evaluated by changing the variable to 
h=1+2of. ooee ee (ee 
[f x is very small there is a second method of evaluating the integrals, namely _ 
by expanding as power series in « ‘lhe nuclear attraction integrals employ the 
expansion 
pls fol (1 bhof) els oo Se ae (3.8) 
‘The first term is again the original one. ‘he second term can be integrated 
immediately and even the higher terms are not usually difficult. ‘The two- | 
electron integrals can be similarly expanded and the kinetic energy integrals are 
only a little different. ‘This expansion is only useful when « is very small since 
it is an asymptotic expansion and breaks down for larger values of «. 


§ 4. AN APPLICATION TO THE HELIUM SEQUENCE 


The power of this functional transformation method of improving a wave 
function is most easily shown by taking a simple wave function for the helium 
isoelectronic sequence as an example. The simplest wave function is 


= Y(yb2)v/ Be(1)B(2)—a(2)B)) eee. (4.1) 
where 
Y= rt=Zrexp( ry © SUS eae ee (4:23 
so that ; 
|, xtar=1. 


When the scale factor alone is varied this wave function does give the major 
variations along the isoelectronic sequence but it is nevertheless not very accurate, 

The calculation of the various integrals that occur when the transformation 
(equation (3.1)) is applied to this wave function is discussed in the Appendix. 
‘The energies can be expressed in closed form in terms of the exponential integral 
function i.e. equations (A6), (A7), (A8). The values of this integral tabulated 
by Kotani et al. (1955) were used for the larger values of «, but for smaller values 
of « these tables do not extend sufficiently far and the asymptotic expansions, 
equations (Al), (A2), (A4) were used instead. The energies were calculated 
first for some convenient values of « and then minimized for each value of « by 
interpolation. For the higher ions the interpolation was quadratic in « but for 
the lower ions « varies more rapidly and the interpolation was taken quadratic 
in 1/a. 

The results of the calculation are shown in table 1. Because of the form of 
the wave function the energies can never be better than the Hartree-Fock ones. 
en at es ah geet: eet stelle 


Table 1. Energies of T'wo-Electron Ions (Hartrees) 


iz a This paper SCF Saturno Exptl 
and Parr , 
1 0:1559 0-4877 0-4879 0-4788 0:5276 ; 
2, 0:0452 2°8615 2:8617 2°8542 2:9038 
3 0-0277 7:2358 7:2364 72293 7:2804 
4 0-0214 13-6105 13-6113 13-6043 13-6572 
5 0-0154 21-9851 21-9862 21-9794 22-0356 
6 0-0122 32-3603 32-3612 32-3544 32:4171 
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The significant feature of the results is their very close approximation to the 
Hartree-Fock energies (Green, Mulder, Lewis and Woll 1954) despite the use 
of only two parameters. In comparison the energies obtained by Saturno and 
Parr (1958) using an orbital of the form 


Vi? EXT) (OF) gee ee en see (4.3) 
where both m and f are varied continuously, are seen to be much poorer. ‘The 
experimental energies are quoted from Green et al. (1954). 

If the scaling function f(r) were varied freely in this example the lowest 
energy would occur when the orbital was the Hartree-Fock function. Since 
the form of these Hartree-Fock functions has been calculated it is then possible to 
transform them so as to determine the optimum scaling function f(r) for each 
member of the sequence. The results of this comparison are shown in table 2.) 
It is convenient, since the functions are almost linear, to use the f/r as the variable. 


Table 2. Scaling Functions 


| H- 
r O-1 0:5 1:0 2:0 3-0 4-0 5:0 _ 
: fir 0-776 0:734 0-693 0:630 0:585 0-549 0-540 — 
Fete 0-773 0°745 0-711 0-651 0-606 0:576 0-551 a 
He 
r O-1 0:2 0:5 1-0 1°5 y0) 2°55 — 
fir 1-755 1-747 1-724 1-689 1:657 1-627 1-598 — 
Saori? 1-761 1-743 1:694 1-632 1-589 1-559 1-539 — 
it 
r 0-05 0-10 0-25 0:50 0-75 1-00 1:25 1:50 
fir 2°757 2°755 2°742 2-724 2-706 2-688 2°671 2°655 
Tear 2-764 2:750 2-709 2-654 2-613 2°583 2-560 2:542 
Be?" 
7 0-025 0-100 0-2 0-3 0-4 0-6 0:8 1-0 
flr 3-763 3-757 3-749 3-741 3:734 3-718 3 703 3-688 
tents 3-768 3-739 3-703 3-672 3:646 3-604 3°573 3-550 
Bet 
r 0-025 0-1 0:2 0-3 0-4 0:5 0-6 0:8 
fir 4-757 4-752 4-745 4-737 4-730 4-723 4:716 4-702 
Yeowt 4-768 4-728 4-685 4-650 4-621 4-597 4-578 4-549 
tt 
"4 i 0-025 0-1 0-2 0-3 0:4 0:5 0-6 — 
fir 5:755 5-750 5-743 5-736 5:729 5:722 ay Ails) — 


ie egtre 1 Pek S590 + 51635 )859-007 98987 PROS ee 
NG eer 
It is clear from table 2 that the simple scaling function used here is a good approxi- 
mation to the optimum one for small and that it has the correct trend as r increases. 
Nevertheless there is a growing difference between them as r increases. From 
table 2 it is seen that for H~ f/r varies more rapidly with y than feos? butiter 
mele, Lit, Bet, B+ and C+ it varies more slowly. This is due to the much 
larger value of « for H~ than for the other ions. ; 
The effect of the energy criterion for a wave function Is to weight very heavily 
the space close to the nucleus. It is not surprising, therefore, that the fitting 
of these functions should be best close to the nucleus. Asa different test of the 
functions it is useful to calculate the diamagnetic susceptibility since this is 


+The author is greatly indebted to Dr. Pew). Léwdin for making available his 
calculations of fggp(7), and to F. K. Klauss Appel for preparing the table. 
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sensitive to the behaviour of the function at large r. The results are shown in 
table 3 and compared with the values calculated from the Hartree functons (Stoner 
1929) and by a perturbation method (Stewart 1957). ‘The overall scale factor 
k is also given in table 3. 


‘Yable 3. Diamagnetic Susceptibility, — y[10-°cm* (gion)~*] ’ 
Zz au k a — Xscr — Xstewart 5 
1 OS) 0:7874 15-94 — 8°55 ' 
2 0:0452 1:7621 1-900 1:87 1:66 ry 
3 0:0277 2:7609 0-714 0-69 0-67 4 
4 0:0214 3°7652 0-372 — 0-36 7 
5 0-0154 47591 0-226 a 0-22 s 
6 0-0122 5-7566 0-152 => 0-15 


‘This table shows that the behaviour at large distances is quite satisfactory 
except for H~ whose wave function seems to extend rather too far and so gives 
an estimate of <r) which is too large. 
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~ APPENDIX i 


The integrals involved in the asymptotic expansion of the energy are me 
easily evaluated using generating functions. The nuclear attraction for t 
helium sequence is" cM a cD Boi) poh {APO-Oes, wah 

— i, big call ras 2 de shat Fie 4 4 -" fe OR i « Nipis e i — - 
poets pects Alisa. the aes rhe a 


Lee pl q 
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The closed form of the energies is found using the substitutions suggested. 
If a function E(x) is defined by 
E(x) =exp (x) | ee en. (AS) 


then the nuclear attraction is 


ai Ould FEE ACN fe ee as eee (A6) 

The kinetic energy similarly is 
1 us 
lot aet ga Bue + 5 + ga} | thas (A7) 
The electronic repulsion gives 
My 5 StS eee)— 5 (1 = + 5) Btn), 
Bre 

TE A ee a a rare o tae (A8) 


s a check these expressions can be used to find the asymptotic expansions above 
from the expansion 


ej lew eta ba =8 ae) cigar ae (A9) 
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An Experimental Study of the Nuclear Relaxation Mechanism in 
Several Crystals 


By E. R. ANDREW anp K. M. SWANSONT 


Physics Department, University College of North Wales, Bangor, Caernarvonshire 
MS. received 19th October 1959 


Abstract. The effective nuclear spin-lattice relaxation mechanism has been| 
determined in a number of crystals by observing the relative saturation behaviour 
of the lines of their quadrupole-split nuclear magnetic resonance spectra. It is| 
shown that all lines and combinations of lines should have the same saturation 
behaviour if the mechanism is magnetic, and differing behaviour if the mechanism | 
is quadrupolar. The Na relaxation in pure synthetic crystals of sodium nitrate, 
sodium chlorate and sodium thiosulphate was found in each case to be quadru-. 
polar. ‘The *Li and ‘Al relaxation in natural mineral crystals of spodumene and | 
the *’Al relaxation in a mineral crystal of euclase were found to be magnetic, 
The 'B relaxation in a pure synthetic crystal of borax was also found to be 
magnetic. Chemical analysis showed a sufficient concentration of paramagnetic’ 
impurity in the mineral specimens to account for the dominance of the magnetic. 
relaxation mechanism, and a sufficiently small concentration of paramagnetic 
impurity in the three sodium salts to account for the dominance of the quadru- 
polar mechanism. Despite the purity of the borax crystal, the quadrupole 
moment of the ''B nuclei is too small to enable the quadrupolar mechanism to 
compete with the magnetic mechanism. 


§ 1. INTRODUCTION 


UCLEAR spin-lattice relaxation in solids is effected through the coupling 
N of the lattice to the magnetic dipole and electric quadrupole moments 

of the nuclei. For nuclei having spin number J=} the quadrupolar 
interaction is absent, but for J> 4 both interactions contribute to relaxation. 
The magnetic and electric mechanisms may contribute very unequally to the 
relaxation process and Pound (1950) devised an experimental method for deter- 
mining the operative mechanism for single crystals. He applied his method to 
sodium nitrate and showed that the 2%Na nuclei are relaxed by a quadrupolar 
mechanism. Andrew and Swanson (1957) described another method of making 
the same distinction which gave the same result for sodium nitrate. This paper 
reports an extension of the work to the nuclei 7Li, “B, 23Na and 27Al in crystals 


of spodumene, borax, sodium chlorate, sodium thiosulphate and euclase. 


§ 2. THEORY OF THE EXPERIMENTS ‘ 


The magnetic resonance spectrum of nuclei situated in a non-cubic environ- 
ment consists of 27 lines (Pound 1950). The relative saturation behaviour of 
these lines depends upon the relaxation mechanism and thus provides a means 
of determining which mechanism is effective. The saturation behaviour for 
each of the two mechanisms is now considered in turn. 


t Now at the Dounreay Experimental Reactor Establishment, Thurso, Scotland, 
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2.1. Magnetic Relaxation 


First we consider the case where the 2/ lines are resolved. The population 
N,, of the magnetic energy level m is governed by the equation 


N Nise om N ret WW ms>m-+-1 = i) m>m—1 a Roncom cat * Lema) 
a N m +a WV m+1sm i Pa +a) ts Nee ( W m—l>m. + ey Pia): 


The W terms are the probabilities per unit time of transitions brought about 
by the magnetic relaxation process and the P terms are the probabilities of trans1- 
tions brought about by the radio-frequency field. For magnetic relaxation we 
may write 

We ee em maT ee ot eee (2) 


for a typical upward transition, while the corresponding downward transition 
probability is related to it by the Boltzmann factor. If the crystal is so oriented 
that the 27 lines are only just resolved, this factor is in all cases given in good 
approximation by exp A, where A= hy,/RT <1, in which vy is the mean frequency 
of the 2/ lines. Thus 

Wear a Se: (1 ae A). ERITREA (3) 


If all the P terms are zero, equation (1) describes the spin-lattice relaxation 
‘of the system in the absence of radio-frequency power. If at any instant the 
populations can be described by a spin temperature T,, with equal differences 
n, between the populations of adjacent levels, then equation (1) with equations 
(2) and (3) reduces to 
Nin=2W (ny —1,)m 


where n,=NA/(2I+1) is the difference between the populations when spin- 
lattice equilibrium has been achieved, and where n)T=n,7T,. ‘Thus 
N,,— N= 2W(ngeny en ee ee (4) 

which is independent of m. It therefore follows that if at one instant the popula- 
tion differences can be described by a spin temperature, they can be so described 
at all later times. Integration of equation (4) shows that the spin-lattice relaxation 
time 7, is given by 1/2W. 
— The P terms in equation (1) can be written (Bloembergen, Purcell and Pound 
1948) as 

Sa 


ms>m—1 — 


PRIS pre Wm) Dam 1), ON =e (5) 


where for each line p= 4)?H,2T,g(v); y is the nuclear gyromagnetic ratio, 2H, 


is the amplitude of the linearly polarized radio-frequency magnetic field and 
g(v) is a normalized line-shape function. At the centre of each line g(v)=27, 
hand p=y"H,?7T,T,. 

Taking the general case in which radio-frequency power is applied to all 2/ 
lines, we find from equations (1) to (5) that a steady state is reached when 


n 

Nw—Nm-a=—oo ttt (6) 

Pak feel Peeks 

The measured absorption intensity of any spectral line is proportional to the 
population difference between the two relevant levels, and from equation (6) 
his is seen to depend only upon the power applied at the frequency of that line, 
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and is not affected by the simultaneous saturation of other lines. ‘This conclusion 
is a generalization of the result given for /= 3 by Pound (1950). 

So far we have assumed that the 2/ lines are all resolved and the energy level 
differences therefore all unequal. Suppose now that some or all of the lines are 
superposed. Some or all of the energy level differences are now equal and spin—— 
exchange of quanta may occur. Such exchanges take place in times of order T, 
which is much shorter in solids than the time 7 which governs the spin-lattice 
relaxation processes. Extra terms must now be added to equation (1) to describe 
these rapid exchanges. It turns out however that for magnetic relaxation the | 
solution given by equation (6) is unaltered. ; 

Suppose the energy difference between levels m and m—1 is identical with | 
that between levels m’+1 and m’. Nuclei in levels m and m’ can undergo mutual | 
transitions to the levels m—1 and m’+1 respectively. The probability of this 
event will be proportional to N,,N,,,; the reverse process will be proportional to 
Ny» —1Nymi1- We must therefore add to equation (1) a term which is proportional 
to 


m—1 


(N, 


m 


Nin’ — Nin N41): pieie eter (7) 


However if we substitute from equation (6) and neglect second-order terms 
we readily find that equation (7) is zero. ‘Thus equation (6) still provides the | 
steady-state solution even when spin-exchange terms are included. The 
saturation factor for superposed lines is therefore still (1+p)~. | 


| 

2.2. Quadrupole Relaxation : 

Here the lattice can induce transitions such that Am= +1 or +2. The 

equation governing the population of level m is now: ; 
Ne, 3 Nin+e Wn-+2-2m F N. ark Win +1>m Li Ne stucqasne) 


oe INERT W cand zs Wiest Fis el 1 W hes os fetter +1 + Pe 


a AS 0) ae zr ree aac) m5 Neo S18) 2 Spee (8) 
We have the relations 
Wotton = msm (1 a A), Ge 2m = Weise (1 ia 2A) trees (9) 
and from Pound (1950) 
Wig p Ay Ql) E— Im + 1) Le myow Pow iy a caw (10) 
Wnsm—-2=Ao(I+m)(I+m—1)I—m+1)I-m+2). 9 ...... (11) 


The constants A, and A, are proportional to the appropriate spectral density 
functions at frequencies vy and 2, respectively. These two constants would be 
equal if the fluctuations in the electrostatic environment were isotropic and had 
equal intensity at the two frequencies. In the crystals we are considering these 
conditions are not fulfilled. The two constants will therefore generally differ, 
though they can be expected to be of the same order, as is illustrated by the 
calculations of Van Kranendonk (1954). At the expense of complication, the 
analysis which follows could be carried through for a general ratio A, Ay- 
However, investigation of some simpler cases shows that the relative saturatio: 
behaviour of the spectral lines is not very sensitive to the relative values of 
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and A, provided they are of the same order. In distinguishing between the 
different saturation behaviour for magnetic and quadrupolar processes we 
therefore make the approximation 4,= A,=A; the agreement between theory 
and experiment for those crystals whose relaxation mechanism is quadrupolar 
is good enough to support the approximation. Pound (1950), who made the 
same simplification implicitly when calculating the modification of intensity of 
one spectral line caused by saturation of another, also found reasonable agreement 
for sodium nitrate at room temperature, while more recently Goldburg (1959), 
working at 77°K, has found that A, and A, differ by only 10%. The approxi- 
mation not only avoids the inclusion in our equations of a parameter whose 
precise value is generally not known but, as we now show, also enables the spin— 
lattice relaxation process to be described by a single time 7,, which would 
otherwise not be the case. 

If all the P terms are zero, equation (8) describes the spin-lattice relaxation 
of the system in the absence of radio-frequency power. If at any instant the 
populations can be described by a spin temperature 7., with equal differences 
n, between the populations of adjacent levels, then equation (8) with equations 
(9), (10) and (11) reduces to 
: Nm=A(8l2+81—6)(mo—n,)m ae (12) 
‘Thus 

Nea WN, = ASB +3l—6)(y—n,),  ) “2. (13) 
which is independent of m. It therefore follows, as in the case of magnetic 
relaxation, that if at one instant the population differences can be described by a 
spin temperature, they can be so described at all later times. Integration of 
equation (13) shows that the spin-lattice relaxation time Tj is given by 
[A (8/2 + 87 —6)]-. 

When later we write 1/2W for 7,, the value of W for quadrupolar relaxation is 
given by 


Wie AAP 241 23) ee ee isle sts (14) 

We now proceed to obtain the saturation behaviour of the 2/ lines. The level 
populations are now more inter-related and the population difference between 
wo adjacent levels is changed not only by the application of power to the line 
appropriate to the levels, but also by applying power to other lines. The satura- 
ion factors differ from line to line and the general solution is complicated. We 
herefore treat here only the cases of J=1, which is simple, and of J=3 and 8 
which we need later. 


We find from equation (8) with equations (5), (9), (10), (11) and (14) that 

a steady state is reached when 
| 

f aah = 
ec (1+ 3py2+ 3P_1)2 + 5Pr2P-r2) 

vith a similar equation for Ny)— N_;. If power is applied to one line only, so that 

p- 12= 9, Pij2=p, we have 


mo(1 + 5p_1i2) (15) 


Vi Nae and N,—N_y= eee ees 


The saturation factor is thus (1 +3p)~! for either line. When p> 1 the population 
difference of the line to which power is not applied is enhanced by a factor 5/3. 


2P 
PROC. PHYS. SOC. LXXV, 4 


586 E. R. Andrew and K. M. Swanson 


If the crystal is oriented so that the two lines are superposed, we have; 
| 


Pie=P-ile=p, and we find 


N,=Ng=Me—-N a= ere re. (17) 
The saturation factor is thus (1+p)~! for the combined lines. ‘Three times as 
much power is therefore required to produce the same degree of saturation 
compared with each line separately. On the other hand if the relaxation process 
were magnetic no difference in power would be required. 
In deriving equation (17) the spin—-exchange process has been neglected. 
A term proportional to N,N_,—N,? should be added to equation (8) when th 
two lines are superposed to take account of this process. However substitutio: 
of equation (17) in this term leads to zero, showing that this symmetrical spin— 
exchange does not alter the steady-state level population. 


| 
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T= 


The saturation of the three resolved lines has been treated previously (Andrew 
and Swanson 1957), and the results are summarized in table 1, together with 
all others derived here. The saturation factor of a satellite line is (1+ 9p/4)— 
so that its saturation requires 16/9 times the power required to produce the same 
degree of saturation in the centre line, for which the saturation factor is (1+4p)-. 
Qualitatively this difference in behaviour arises because, from equation (10), 
W,2, 1 18 zero and there is no direct relaxation between the levels m= + 4. 
Relaxation of the centre line is therefore indirect by sequences of transitions such 
as m= 3 to m= — 3 followed by m= —3 to m= —}. On the other hand W3)2,1/2 
and W_3., 4. are not zero; relaxation is possible by both direct and indirect 
transitions, and is therefore more rapid. 


Table 1. Values of x in the Saturation Factor (1+«p)—4 


Magnetic dipole Electric quadrupole 
relaxation relaxation 

I=1, either line 1 3 

: I=1, both lines superposed 1 1 

: I=3/2, centre line 1 4 

I= 3/2, either satellite 1 9/4 
I=3/2, satellites superposed 1 3 
I=3/2, centre line and one satellite superposed 1 14/11 
I=3/2, all lines superposed 1 fl 
I=5/2, either outer satellite 1 837/539 
I=5/2, either inner satellite 1 1704/539 
I=5/2, centre line 1 49/11 
I=5/2, outer satellites superposed 1 18/11 
I=5/2, inner satellites superposed il 48/11 
I=5/2, all lines superposed 1 1 


In our earlier paper cases of superposed lines were also considered, but the 
spin—exchange process, which can occur in these cases, was neglected. Fortunately 
it turns out that in many cases the inclusion of the spin-exchange process does 
not affect the solution, while in the others the effect is small.t Three cases 
must be considered : 

(i) When the crystal is so oriented that all three lines are superposed. Putting 
>_,=P)=p =P in equation (8) we find on reduction that the saturation factor 
for the combined lines is (1+ /)~1, exactly as for magnetic relaxation. ‘The spin— 
exchange terms, when included, do not therefore affect the solution. ‘This case 
is not commonly encountered in practice since second-order perturbations 
usually prevent all three lines coalescing at any crystal orientation. 

_ (ii) When the two satellites only are superposed. Putting p)=p_4=p and 
Py=0 we obtain a symmetrical set of equations (8), and find a saturation factor 
of (1+3p)-. Here again the spin—exchange process does not affect the solution, 
land we can show that this is true generally when a superposed pair of symmetrical 


+ Our attention was drawn to the need to include this process by the work of Abragam 
and Proctor (1958) on the related problem of ultrasonic relaxation. We are grateful to. 
Dr. Proctor for giving us details of this work before publication. 


por, 
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satellites is saturated. ‘The population factor, equation (7), which governs! 
this process is 


N . 
CY a fi / Ee - Nin'+1) = (sr=1) [Nin rr? Nt) ee (Nive43 =a mu 
sone (18) 


If we have symmetrical satellites, m' = —m, and the symmetry of the equations (8) 
ensures the equality of the two terms in the square bracket, and makes the 
population factor zero. | 

(iii) When the centre line and one satellite are superposed. The spin— 
exchange terms do affect the solution in this case. Suppose p; = po =p and p_,=0. 
Using equation (18) we must subtract a term aW(N_12—2N4)2+ Nai) from! 
equation (8) for N_y/2 and Nays and add twice this term to the corresponding 
equation for N,, where the constant a is of order 7,/T,. Solving the four 
equations we find that the saturation factor for the combined lines is 


lol 


11 33 11 fie 7 A 1 
(1+ Far 5) if (1+ Gat Pet 5ap+6p ). eee (19) 


Omission of the spin-exchange process is equivalent to putting a=0 in equation 
(19), yielding the expression given earlier (Andrew and Swanson 1957). In the 
crystals examined T,~10-4sec and T,~ 1 sec so that a~ 104> 1, giving in good 
approximation a saturation factor (1+14p/11)™. Actually equation (19) is 
insensitive to the value of a; as table 2 shows, the saturation factor varies by 
only 2% as a goes from 0) to o. : 

The calculated saturation curves for the separate and superposed lines are 
illustrated in figure 1. : 


ee ee  ———————E——— ee 


Table 2. Values of Expression (13) for: 


0-01 0-03 O-1 0:3 1 3 10 30 
=1() 0-984 0-956 0-873 0-707 0-431 0-206 0-073 0-025 
= 0:987 0:962 0-882 0-716 0-434 0-206 0-073 0-026 
= 00") 0-987 °. » 0-963 0-886 0-724 0-440 0-208 0-073 0-026 


So far it has been assumed that when resolved, the three resonance lines ar¢ 
sufficiently close to allow all three Boltzmann factors to be given by hy/k7 
with sufficient accuracy. The calculation has therefore been extended to th 
case of wide-splitting using three different Boltzmann factors, and is found t 
give the same saturation factors as before. The saturation behaviour of a lin 
may nevertheless change with change of orientation of the crystal in the magneti 
field since both T, and T, are in general anisotropic; a different level of radio 
frequency power may therefore be needed to maintain the same saturation factor 


I=. ‘ 
The procedure outlined for J=3 has been repeated for =. The saturatior 
factors are expressible in the form (1+.p)-1, and values of x which range fron 
1 to 4-45 are given in table 1 for the resolved lines and for various combination 
of superposed lines. When all five lines are superposed with all p,, 1). eq ial 
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the saturation factor of the combined lines is (1+p)~! as for magnetic relaxation. 
This is in fact a general result for all J, which may readily be obtained by finding 
the steady-state solution of the set of equations (8) with all p at equal. 
Inclusion of the spin—exchange terms does not affect the solution. ates 

The calculated saturation curves for the separate and superposed lines are 
illustrated in figure 1. 


§ 3. EXPERIMENTAL PROCEDURE 

For each crystal the nuclear magnetic resonance spectrum was recorded 
and the lines were identified by observing their dependence on crystal orientation. 
The separate lines and certain combinations of lines were then progressively 
‘saturated by increasing the applied radio-frequency power. Because of the 
wide range of power needed to saturate the nuclei in different crystals a bridge 
method of detection was used followed by phase-sensitive detection. Radio- 
frequency power was supplied by a signal generator which was equipped with a 
‘calibrated attenuator. All experiments were carried out in the field of 6040 
oersteds of a permanent magnet. Saturation curves were then obtained in the 
usual manner and when plotted semi-logarithmically generally gave a family of 
| curves fitting a (1+xp)™ law reasonably well, although in a few cases the family 
| of curves was less steep. Typical curves obtained for 23Na nuclei in sodium 
_ nitrate have been shown previously (Andrew and Swanson 1957). After making 
any necessary correction for differing line width of the resonance lines, relative 
values of x were obtained and these were compared with ratios of x taken from 
table 1. If the relaxation mechanism is magnetic, all saturation curves should 

be identical after adjusting for line-width differences. 

Experiments were carried out on the 28Na nuclei in synthetic crystals of 
sodium nitrate, sodium thiosulphate and sodium chlorate, on the *Li nuclei 
in natural crystals of spodumene, on the 27Al nuclei in natural crystals of 
spodumene and euclase, and on the 1B nuclei in a synthetic crystal of borax. 


§ 4. RESULTS 
4.1. Sodium Nitrate, NaNO, 


— Acrystal rhomb, about 1cm? in volume, was cleaved from a larger synthetic 
crystal provided by Hilger & Watts Ltd., through the kindness of Mr. J. Skinner. 
All sodium nuclei are situated on equivalent sites on the trigonal axis of the 
rhombohedral unit cell. The spectrum consisted of three sharp lines of approxi- 
mately equal breadth (Eades, Hughes and Andrew 1958). Saturation curves. 
were obtained for the three resonance lines separately and for a satellite superposed 
on the centre line. Second-order shifts exceeded the line widths and prevented. 
superposition of all three lines. ‘The saturation curves obtained have been 
published earlier (Andrew and Swanson 1957)+ and provide a good illustration. 
‘of the behaviour expected with quadrupole relaxation. The curves fitted a 
((1+xp)! law quite well, and when plotted semi-logarithmically gave three 
similar curves displaced laterally by an amount which is a measure of the ratio 
of values of x. The ratio of values of x for the centre line and the satellite was 


+ Regrettably the figure in this earlier paper was incorrectly labelled. Curve a and 
e half-filled circles refer to the centre line, while curve b and the open circles refer to 


a satellite line. 
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found to be 2:4 ds, for the centre line and the superposed lines it was 5-4 dp, 
and for the satellite and the superposed lines it was 3-0 dB; the theoretical ratios 
for quadrupolar relaxation, using table 1, are 2-5, 5-0 and 2-5 dB respectively, 
The accuracy of the measured ratio is not much better than 1 dB, and the 
agreement is therefore very satisfactory. 


4.2. Sodium Thiosulphate, Na,S,O;.5H,O 

Analar material, twice re-crystallized, was used to grow a single crystal, | 
about 2cm* in volume, by slow evaporation from a seeded saturated solution. | 
There are two different molecular orientations in the monoclinic unit cell, each : 
of which has two non-equivalent sodium nuclei. Itoh, Kusaka and Yamagata 
(1954) therefore found a *Na resonance spectrum consisting of twelve lines: 
four centre lines each with two satellites. They found quadrupole coupling 
constants of 0-83 Mc/s and 2-26 Mc/s for the two %Na nuclei in each molecule; 
these nuclei will be referred to as type a and type b respectively. 

Saturation curves were obtained for a centre line and its satellites for both 
types of nuclei at a crystal setting where they were just resolved and for a super- 
posed centre line and satellite of type b. The corrected relative power levels _ 
required to produce a saturation factor of 0-5 were: 


Line Relative power for half saturation 
Centre, type a O ds 
Satellite, type a 3-0 dB 
Centre, type b 3-8 dB 
Satellite, type b 6-5 dB 
Superposed centre and satellite, type b 9-2 dB 


The relaxation mechanism is therefore quadrupolar for both nuclei. Since the 
nuclei of type a require a power level approximately 3-7 dp higher to produce 
the same degree of saturation as nuclei of type b and, since the lines have the 
same width, it is concluded that the value of 7, for nuclei of type a is about 
2-4 times larger than for nuclei of type b. Since type b nuclei have the larger 
quadrupole coupling constant, and therefore have a stronger electrostatic inter- 
action with their environment, this result is consistent with a quadrupolar 
relaxation mechanism. 


4.3. Sodium Chlorate, NaClO, 


Material of commercial grade was purified by nine re-crystallizations and 
then used to grow a single crystal by slow evaporation from a saturated solution. 
Each cubic unit cell contains four sodium nuclei disposed tetrahedrally on the 

~body diagonals, with equivalent but differently oriented environments. The 
crystal was mounted so that the applied magnetic field was normal to a crystal 
face. In this setting all the body diagonals make an angle cos—! (1/4/3) with th 


te ‘ 
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Saturation curves were obtained for the centre lines when superposed and 
when resolved, and as might be expected they did not differ significantly. Nor 
was any significant difference found among the saturation curves of the various 
satellites. Saturation curves were also obtained for superposed satellites and 
for a superposed satellite and centre line. 

The satellite lines required 2-9 dB more power to produce the same degree 
of saturation as the centre lines as illustrated in figure 2. A quadrupolar mechanism 
is therefore indicated, since as table 1 shows, the ratio predicted is 2-5ds. ‘The 
behaviour of the superposed satellites was at first sight anomalous since they 
required 3-7 dB more power than the centre lines, whereas table 1 predicts only 
1-2ds. However the satellites from nuclei on all four types of site were not all 
superposed at any orientation of the crystal, and the lines studied originated from 
nuclei on two of the four sites only; we call these latter nuclei type a and the 
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Figure 2. Saturation curves for ?*Na in sodium chlorate. The full lines are the theoretical 
curves (1+4p)-1 and (1+15p/8)~* for the centre line and a satellite respectively 
and are in good agreement with the experimental points. 


others, whose lines are not being saturated, we call type b. Although the satellite 
lines of the two types of nucleus were thus resolved in this crystal orientation, 
the centre lines from all nuclei were still superimposed. Rapid spin-exchange 
can therefore take place between states +} of type a and states + 4 of type b, 
and by this means the relaxation processes of type b nuclei can aid the disposal 
to the lattice of excess energy possessed by type a nuclei. More power is therefore 
needed to saturate the superposed satellites of type a than that calculated in 
$2.2. We omit the details of the calculation of this special case. Four equations 
of type (8) govern the level populations of type a nuclei and another set of four 
equations govern the populations for type b nuclei. The two sets of equations 
are linked through the spin-exchange terms. In the limit of rapid spin-exchange 

T,>T>) the saturation factor for the combined satellites was found to have 
the form (1+ xp)’, where x has the value 9/4. The power required for saturation 
is now 2:5 dB, which is much closer to the value observed. The anomalous 
behaviour thus turns out to have the nature of an exception which proves the 
rule, and also provides a good illustration of the role played by spin-exchange 


processes. 
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The saturation behaviour of a single satellite of type a is also modified by, 
spin-exchange when the centre lines of types a and b are superposed. The value 
of x decreases from 9/4 to 15/8, requiring 0-8 dB more power for saturation. 

The superposed satellite and centre line investigated consisted of a satellite: 
from nuclei of type a superposed ona centre line from nuclei of both types. In 
this case spin—exchange can take place among the three equally spaced levels of | 
type a, and between these levels and the levels +} of type b. Analysis of this | 
more complicated situation shows that for 7, > 7, the saturation factor is again. 
of the form (1+.xp)-1, where x has the value 22/13. 


The results are summarized below: 


Relative power for half saturation 


Line Observed ‘Theory (Quad) Theory (Mag), 
Centre QO dB O dB 0 dp 
Satellite 3-1 dB 3-3 dB 0 dB 
Satellites superposed 3-7 dB 2:5 dB 0 dB 
Satellite and centre superposed 3-3 dB 3-7 dB O ds 


The first and second columns agree within the range of experimental error, and | 
it is therefore clear that the relaxation mechanism is quadrupolar. 

The dependence of the spectrum on orientation in the vicinity of the setting 
used was carefully determined for the purpose of identifying the lines and super- | 
position angles. When the magnetic field is parallel to a cubic axis all satellite | 
lines are superposed and are separated from the combined centre line by the 


second-order term (Pound 1950) 
7 ~fe*Oq\* 
i Ee ae 20 
roma h ); 


where the quantity in the bracket is the quadrupole coupling constant. Equating | 
equation (20) to the accurately observed separation, 13-12kc/s, the quadrupole 
coupling constant was found to be 785+8kce/s. This value should be compared 
with the values of 779 +4kc/s obtained by Gutowsky and Williams (1957) and 
801 +8kc/s obtained by Itoh and Kusaka (1954), both of which were obtained 
from a study of the first-order splitting. | Our result shows that the coupling 
constant can be accurately determined from the smaller second-order splitting 
with the relatively small sweep available with a bridge apparatus. 


4.4. Spodumene, LiAl(SiO3), 


The “Li and *”Al resonances were investigated in five natural crystals chosen 
from a number of mineralogical specimens for their clarity and lack of colouration. 
One crystal was lent by the Museum d’Histoire Naturelle in Paris, through the 
kind agency of Dr. N. F. M. Henry. 4 
~~~ The four lithium nuclei in the monoclinic unit cell have equivalent environ- 
ments. Volkoff, Petch and Smellie (1952) investigated the 7Li spectrum and 
found a quadrupole coupling constant of 75-7 ke/s with an asymmetry paramet 
of 0-79. The four aluminium nuclei also have equivalent environments. Petch, 
Cranna and Volkoff (1953) have investigated the 27Al spectrum and found tk 


much larger quadrupole coupling constant of 2-95 Mc/s, with an asymmetr 
parameter of 0-94. 
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Saturation curves have been obtained for the 7Li resonance for the centre 
line, for satellites and for all three lines superposed, and for the 2’Al resonance 
for the centre line and inner satellites. The ?’ Al lines are broadened more by 
crystalline imperfections, and no outer satellites were observed. Each family of 
saturation curves were the same within +0-6dB, indicating that the relaxation 
mechanism is magnetic for both nuclei. 

The spin-lattice relaxation times for the 7Liand ?’Al nuclei were both shorter 
in some crystals than in others, as evidenced by the relative power levels necessary 
for a given degree of saturation after correction for differing line widths. ‘The 
wide range of values of 7), covering a ratio of 200, provides further support for 
a magnetic relaxation process, since the density of magnetic relaxation centres 
depends upon the purity of the crystal; on the other hand the efficiency of a 

quadrupolar relaxation process is not expected to differ widely from one crystal 
to the next. 


4.5. Euclase, HBeAlSiO; 


The monoclinic unit cell contains four aluminium nuclei. An investigation 
of the 2“Al resonance spectrum by Eades (1955) has shown that there are two 
types of lattice site which have the same electrostatic environment but with a 
different orientation of the principal axes of the electric-field gradient tensor. 
He found a quadrupole coupling constant of 5-17 Mc/s with an asymmetry para- 
meter of 0-70. The crystal used in the present experiments was the larger specimen 
used by Dr. Eades and kindly sent to us by Professor G. M. Volkoff. 

Saturation curves were obtained for the 2’Al centre lines and inner satellites 
- from the nuclei on both sites, and these indicated that the relaxation was magnetic. 


4.6. Borax, Na,B,O,.10H,O 


Analar material, twice re-crystallized, was used to grow a single crystal about 
1cm? in volume by slow evaporation from a seeded saturated solution. he 
monoclinic unit cell contains four molecules, but the structure has not been fully 
determined. The crystal was mounted with the axis of rotation in its (010) 

plane. Quadrupole-split spectra for this crystal have not previously been obtained 
and were not fully explored in the present work. *'B resonance lines were readily 
found, and saturation curves were obtained for three lines which, from their 
angular dependence, were identified as a centre line and its two satellites. The 
corrected saturation curves for the centre line, for a satellite and for a centre line 
and satellite superposed were the same within +0:3 ds, indicating that the 
relaxation mechanism was magnetic. A brief investigation failed to show ?23Na 
lines, and as the bridge spectrometer was not suited to a search this spectrum. 


was not pursued. 


“ 


§ 5. Discussion 


It is not perhaps surprising that the relaxation mechanism was found to be 
magnetic for all the natural mineral crystals examined since these might be 
expected to contain considerable paramagnetic impurity. Differing concentra- 
ions of impurity would account for the range of 200 in values of 7, for the speci- 


ens of spodumene. The longest values of T,, for spodumene were approximately 
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0-1 sec for both *Liand2"Al. If spin-lattice relaxation is effected by spin-exchange 
diffusion, as proposed by Bloembergen (1949), the relaxation time should be 
given, as Khutsishvili (1956) and de Gennes (1958) have shown, by 


Tee aren ee ee ee (21) 


where D is the spin-diffusion coefficient, c is a temperature-dependent relaxation 
length which is a measure of the range of direct nuclear relaxation around each 
impurity centre, and N is the number of impurities per unit volume. While 
neither c nor D can be calculated with accuracy, the value of c is probably not 
far from 2x 10-*cm for our crystals at room temperature, while D~5 x 10-2 
cm? sec, thus leading to the order of magnitude relation 


Tem ON 9» ee oe tee ees (22) 


Using this relation it is seen that an impurity concentration N of order 10'*cm 
is required to account for the relaxation time observed for the crystal of spodumene 
with the largest relaxation times. A spectroscopic analysis of part of this crystal, 
carried out in the Department of Agricultural Chemistry of the College, revealed 
90 parts per million by weight of paramagnetic elements, predominantly 
manganese; this corresponds to N~2x10!*cm~*. This concentration was 
confirmed in order of magnitude by the integrated intensity of the X-band 
paramagnetic resonance spectrum, kindly recorded by Professor D. J. E. Ingram. 
The concentration of impurity is therefore of the right order to account for the 
relaxation time. 

For the pure synthetic crystals of sodium nitrate, sodium thiosulphate and 
sodium chlorate the relaxation process for the 8Na nuclei was in each case found 
to be quadrupolar. A spectrophotometric analysis, carried out in the Chemistry 
Department of the College, showed concentrations of 8, 4 and 3 parts in 10? 
respectively of iron, the principal paramagnetic impurity. If the relaxation 
process had been magnetic, concentrations of paramagnetic impurity at least ten 
times greater would have been needed, using equation (21), to account for the 
observed relaxation times. 

Tabulated below are the quadrupole moments and ionic polarization factors 
yx given by Bersohn (1958) for the nuclei investigated in this work: 


Nucleus O (barns) Yoo OA mays) 
Li 0-1 0-256 0-005 
aR 0-0355 0-146 0-0009 

Na 0-100 — 4-53 0-31 
27] 0-149 —2:-59 0-29 


‘The quadrupole moment of the nucleus, together with the surrounding electrons, 
“is O(1—y..), and the relative strength of the quadrupolar relaxation mechanism 
in ionic crystals is given in order of magnitude by the square of this quantity, 
which is shown in the last column. For 2Na and 27Al the values of this quantity 
are roughly equal and the quadrupolar mechanism should therefore be of com- 
parable strength for each in ionic crystals. In the pure synthetic sodium crystals 
the magnetic mechanism is some ten times weaker than the quadrupolar mecha 
nism. On the other hand even the purest spodumene crystal contains over 
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meer times more paramagnetic impurity than the synthetic crystals ; for the 
nuclei in the spodumene crystals the magnetic relaxation mechanism therefore 
dominates. This conclusion applies a fortiori to the 7Li nuclei in spodumene 
since the value of O?(1—y.,)? is two orders of magnitude smaller than for ?’Al. 
Further evidence that the relaxation of ‘Li nuclei is magnetic in the spodumene 
crystals is provided by the fact that its relaxation time is of the same order as 
for the *’Al nuclei; if the effective mechanism were quadrupolar the ’Li relaxation 
time should be much longer than that for ?’Al. 

The relaxation of "B nuclei in borax provided the only example of a pure 
synthetic crystal for which the relaxation mechanism was found to be magnetic. 
The magnetic relaxation mechanism is not expected to be appreciably stronger 
in borax than in the other three synthetic crystals since the amount of iron found 
was of the same order of magntiude. On the other hand the value of 0?(1—y.,)? 
is some three hundred times smaller than for ?*Na. Whereas the quadrupolar 
mechanism is some ten times stronger than the magnetic mechanism for “Na 
i the nitrate, chlorate and thiosulphate crystals, it is some ten times weaker 
than the magnetic mechanism in borax. Using equation (22) we calculate that 
T, for the magnetic relaxation mechanism should be about 5 seconds. The 
observed value, 1-3sec, is rather lower, but in view of the very approximate 
nature of the calculation the discrepancy cannot be regarded as serious. 
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Abstract. 'The mean energies of protons observed at 45° and 135° to the direction — 
of positive gas current flow in the toroidal pinched discharge apparatus SCEPTRE III 
and the energy spread of these protons indicate that they originate from fusing 
deuterons having a range of centre-of-mass velocities in the ¢ direction. ‘The 
experimental results can be explained in terms of a fast tail of deuterons with 
velocities between 4x 10?cmsec-! and 16x 10’cmsec— fusing with a much 
larger number of deuterons travelling at lower velocities. The proton yield 
indicates that the deuteron population falls off roughly exponentially with in- 
creasing velocity, about 1 in 10% of the total deuterons present having velocities - 
of between 4 and 16x 10’cmsec~!. Such a distribution is consistent with a very 
high proportion of the deuterons present having velocities of less than 107 cm sec? 
in the ¢ direction, as is indicated by spectroscopic measurements. The proton 
energy measurements also indicate that the deuterons are moving in the @ sense and | 
the effect of this motion is also considered. 


§ 1. INTRODUCTION 


HE mean energy of protons emitted at 45° to the direction of positive gas 
| current flow in SCEPTRE II (Allen et a/. 1958) has been found to be signifi-- 
cantly higher than that of the protons emitted at 135° (Jones et al. 1958, 1960). 
This energy difference indicates that the centre of mass of the fusing deuterons | 
has a velocity component in the direction of positive gas current flow, i.e. the 
¢ direction. Initially a mean value of 4+ 1 x 10? cmsec~ was estimated for this 
velocity which could be produced either by an accelerated group of deuterons of 
energy about 8 kev striking deuterons effectively at rest, or by a general motion of 
the deuteron system in which fusion was produced by a random thermal motion 
of the deuterons, superimposed on the general mass motion. ‘The second 
possibility appears to have been eliminated by spectroscopic observations in which 
the Doppler shifts of impurity lines indicated a general drift velocity of about 
one order of magnitude less than those required to produce the observed proton 
energy shifts (Hughes and Kaufman 1959). 

Further detailed measurements of the energy spread of the proton groups 
emitted at 45°, 90° and 135° to the discharge show that this is greater than that 
which would be produced by an approximately mono-energetic group of incident 
deuterons. 

The purpose of the present paper is to show that the observed proton yield, the 
difference in the mean energies of protons emitted at 45° and 135° to the direction 
of positive gas current flow, and the energy spread of these protons can be produced 
by a continuous distribution of deuteron energies between 2 kev and 30 kev such 
that the population of deuterons in each energy interval falls rapidly as the energy 
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isincreased. Such an energy distribution may well form the high energy tail of a 
general mass motion of velocity about 5 x 10°cm sec~! for which a mechanism has 
been proposed by Ware (1959). 

Protons are produced by deuterons in the high energy tail fusing with the much 
larger number of deuterons which have low energy corresponding to the peak in the 
population of the deutron energy spectrum. ‘The velocity of these deuterons is 
negligible compared with that of those in the high energy tail so that they add 
little to the centre-of-mass velocity of the fusing system and, as far as the emitted 
proton energies are concerned, can be regarded as forming a stationary target. 
There is also evidence from the nuclear plate measurements of the proton energy 
that the deuterons have a motion in the @ sense and possibly radially towards and 
away from the main axis of the discharge. ‘The effect of these motions is also 

considered. 

The statistical accuracy of the observed proton histograms precludes detailed 
analysis of their shape. They could all be fitted reasonably well to smooth 
Gaussian curves. The mathematical treatment is approximate since the statistical 
accuracy of the experimental results did not warrant a very refined treatment, but 
an effort has been made to estimate the possible limits of error which should be 
associated with the final estimate of the deuteron energy and velocity spectra. 


§ 2, EXPERIMENTAL RESULTS 


Details of the experimental methods of measuring the energies of protons 
emitted from SCEPTRE III are reported elsewhere, as are the experimental proton 
histograms and the measurements of the instrumental resolution of the proton 


cameras (Jones et al. 1958, 1959, 1960). 


Figure 1. Variation in proton energy observed at 45° and 135° with energy of 
incident deuteron. 

‘ ‘It is only necessary to state briefly here that the experimentally observed half 

width of four typical proton histograms taken at 45° and 135° to the direction of 

positive gas current flow were 190 kev, 200 kev, 200 kev and 215 kev, whilst those 


for monoenergetic protons of energy 3-0 Mev scattered into the proton camera 
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were 165 kev and 170kev. ‘The uncertainty in half width introduced in fitting a 
Gaussian curve to the observed histograms was about + 10 kev in the case of the 
SCEPTRE III histograms because of the limited statistical accuracy, and +5key 
in the case of mono-energetic protons. ‘The mean values for the half widths 
201+5kev and 167-5+3kev, are significantly different. Since the scanning 
procedure and processing of the nuclear emulsion plates were identical the | 
increased energy spread in the proton groups observed from SCEPTRE III can be due 
to three factors : (i) A spread in the velocity spectrum in the ¢ direction of the | 
fusing deuterons. ‘The energy of the protons emitted at 45° to the direction of | 
velocity of the centre of mass as a function of the incident deuteron energy is shown 
in figure 1. (ii) Motion of the deuterons in the 6 sense or radially towards or away 
from the central axis of the discharge at the time of fusion. (iii) The finite spread in 
the angle of acceptance about the nominal angles of the 45° and 135° cameras. 
The proton camera accepts protons of angles between 30° and 60° and 120° and 


150° approximately, which leads to an energy spread which can be obtained from 
figure 2. 


Proton Energy (MeV) 


0 45 90 135 180 
Angle of Emission (degrees) 


Figure 2, Variation of proton energy with angle of observation for various incident 
deuteron energies. 


The object of the present paper is to determine the spread in deuteron velocities 
in the ¢ direction by estimating the consequent spread in proton energies observed 
at 45°. It is therefore necessary to estimate the broadening due to factors (ii) 
and (iii), and correct the observed proton spectrum for these effects. ’ 


% 
. 


§ 3. MorIon IN THE @ SENSE, AND RapiaL Motion 


The geometry of the proton camera was such that if a clockwise 0 motion is 
postulated about an axis in the direction of positive gas current flow the right-hand 
side of the nuclear emulsion plates records mainly protons produced by deuterons 
travelling towards the camera in the @ sense and the left-hand side those due to 
deutrons travelling away from the camera in the @ sense. 
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The nuclear emulsion plates analysed showed a systematic difference in the 
mean energies of protons recorded on the left-hand and right-hand sides, the 
measured values of this difference being 0-08 + 0-025 Mev (By= 500 gauss), 
0-:06+0-025mev (B,=1000 gauss), 0-076 + 0-03 Mev and 0-065 +0-03 Mev 
(B,=1400 gauss). The mean difference is 0-07 + 0-015 Mev, which corresponds 
to a mean velocity of the fusing deuterons of 4 x 10’ cmsec~! in the 6 direction, or 
a mean incident energy of about 2 kev due to this motion. ‘The effect of this 
increased kinetic energy on the proton yield will be discussed later. 

Graphical analysis shows that the addition of two distributions of half width 
190 kev with a mean energy separation of 70 kev produces a distribution of half 
width 200kev. A value of 190key for the half width of the proton spectrum 
corrected for broadening due to @ motions is therefore reasonable. 

The histograms observed at 90° to the discharge have a half width in excess of 
the instrumental width of the 90° camera, and Jones, Young and Barnard (1960) 
have interpreted this broadening to be due to radial and 4 motions of the fusing 
deuterons and have established an upper limit of 4 x 107 cm sec“ for the radial plus 
@ velocity. This is essentially in agreement with the above result. 


§ 4. BROADENING DUE TO FINITE ANGLE OF ACCEPTANCE 


It will be seen from figure 2 that the variation in energy of the emitted proton 
_ with angle in the range 30°-60° and 120°-150° is relatively small for any of the 
values of deuteron energy of interest. 

It is estimated that the finite acceptance angle itself produces a distribution in 
proton energies of half width I, = 30 kev. The corrected half width I for the proton 
spectrum can be obtained approximately by vector subtraction of [', from the 
combined half width l,, P =(1.2—1°,2)!2, if the distributions are assumed to be of 
approximately Gaussian shape. 

Taking the value of [,=190kev previously deduced after correction for 
broadening due to @ and radial motions one obtains a value for ['=188 kev. 
Because of the empirical nature of the mathematical treatment and uncertainty in 
the measurements, an error of + 10 kevis reasonable. The difference between the 
half width and the instrumental half width (T'y,.um = 167:5 + 5 kev) is interpreted 
as being due to the spread in the directed deuteron energies in the ¢ direction. 

A value for the intrinsic proton spectrum half width is given by 


Tp = (P2=T%incérum)U? = 85 kev. 


The limits of error in this estimate are —40 to +30 kev. 


§ 5. MrEAN ENERGY OF THE ProTON DISTRIBUTION 


Measurements of the proton energies were made using nuclear emulsion plates 
protected by thin copper foils, and are consequently subject to some systematic 

error due to uncertainty in the range-energy relation (Jones et al. 1958), but since 

the energy of protons emitted at 90° to the motion of centre of mass is known 

(3-03 Mev) and the variation in proton energy as a function of angle (igure 2) is 

‘symmetrical about 90°, a good estimate of the true proton energy at E can be 

‘obtained by adding one half the energy difference between the 135° and 45 
bservations to the known energy of the protons emitted at 90°. 


Easrei —E 135rel 
Ese true = 3°03 Mev + S521 ee 
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The values for F,;. true obtained for B, fields of 500, 1000 and 1400 gauss were 
3-12, 3-145 and 3-12 Mev respectively. A mean energy of 3-13 Mev will therefore 
be taken to correspond to the peak of the intrinsic proton energy spectrum, which 
is shown in figure 3, where curves of half width 85kev, 45 kev and 115 key, 
corresponding to the calculated value and limits for I’,, are drawn. 


Lge) 2 34567891012 15 20 25 30 
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Proton Population (arbitrary units) 


: 306 308 310 3133-15 3:17 3:20 
Proton Energy (Mev) 


Figure 3, The intrinsic proton spectrum. 


§ 6. EsTIMATION OF THE DirECTED DEUTERON ENERGY SPECTRUM 
IN THE ¢ DIRECTION 


The spread in the proton energies shown in figure 3 is produced by variation 
in the velocity of the centre of mass of the fusing deuterons in the ¢ direction. 
Initially the interaction will be considered between energetic deuterons in the 
fast tail of the energy distribution and slowly moving deuterons. 

Since a very high proportion of the total deuterons present will be shown to be 
moving with low velocity they can be considered as a stationary target of thickness 
given by vq x t x d where vq is the velocity of the fast incident particle, t the duration 
of the discharge (500 jsec) and d the density of target nuclei per cubic centimetre 
estimated from the known gas pressure and concentration due to the pinch effect 
(d=3 x 10 atoms cm~* (Ware 1959)). 


The yield of protons Np in any given energy interval is thus given by 
N,=Naxoaxvaxtxd 


where o is the (d—d) cross section for the fusion reacti 
of the incident deuteron and Ng is the number of incid 


The yield of protons corresponding to a given deuteron energy interval can be 
estimated from figure 3. By measuring the total number of protons recorded and 
the solid angle of detection of the cameras the yield of protons has been estimated 
as 3 x 10° protons per discharge, which is in agreement with the estimate of the 
neutron yield obtained using neutron counters. The total area under each of the 


on appropriate to the energy 
ent deuterons. 
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curves in figure 3 can therefore be taken to correspond to 3 x 10° protons and the 
yield in any energy interval estimated graphically. 

The cross section for the fusion reaction has been measured for deuteron 
energies above 13 kev, (Arnold et al. 1954, Moffat, Roaf and Sanders 1952) but 
can be extrapolated to energies as low asa few kev (Brennan 1958). Measured and 
calculated values for the cross sections are given in table 1. 


Table 1. D(d, p)#H Reaction Cross Section 
Observed Values 


Eq(kev) a(d, p) (bn) Worker 
40 256 ~ 105° Arnold 
38 260 x 10-5 Moffat 
36 198 x 10-5 Arnold 
34 180 x 10-5 Moffat 
33 1545c1052 Arnold 
30 41 OR? Arnold 
25 63ec10= Arnold 
24 60 x 10-5 Moffat 
22 Wri sl Arnold 
20 25°2x10— Moffat 
19 Diesoal On Arnold 
17 14-7 10s Moffat 
14-5 Tal Ome Moffat 
| 13 3°5 x 10-5 Arnold 
| Calculated Values 
| Ea(kev) o(d, p) (bn) Ea(kev) o(d, p) (bn) 
10-0 ae WO 3°5 1:50 10-8 
9-0 4-44x 10-6 3-0 2°63 x 10-1° 
8-0 2:03 x 10-8 2°5 2-71 x 10-4 
7-0 7°89 x 1077 2-0 1:23 x 10-2 
6-0 2:38 x 107° 1-75 3°50 « 10-8 
5-5 1:66 x 1077 1°50 1°29 x 10-4 
5-0 5-09 x 10-8 1-25 4-82 x 10-18 
4-5 1-92 10-8 1-00 5-58 x 10-18 
4-0 7:46 x 10-° 


Calculated values using c= 107/E exp —44-4E-1? 


2 in estimating the yield from the fusion reaction, account must be taken of the 
nergy of the fusing system due to 6 and possibly radial motions of the incident 
deuterons. 

There must obviously be an energy spread associated with these motions, but 
in view of the lack of detailed knowledge of this, it is assumed that all incident 
Jeuterons have the calculated mean energy of 2kev as a result of 0 and radial 

notion and the cross section appropriate to the total energy of the fusing system 
ie aa pars energy observed at 45° to the ¢ direction is a function of the centre- 
f-mass velocity in that direction only, which can be obtained by considering 
directed energy of the incident deuterons in the¢ direction. In figure 3 the directed 
deuteron energies corresponding to the observed proton energies are shown for 
che three possible intrinsic proton spectra. Only the peak energy and the limits to 
; possible half widths of these curves have been calculated. The detailed shape is 
incertain, particularly near the tails. Any calculation in which portions of the 
curve outside the limits set by the half width have been used is therefore subject 
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to large unknown errors and is given in brackets in table 2, where the population 
of deuterons in the various energy intervals required to produce the three intrinsic 
proton spectra are calculated. 

It will be observed that the number of deuterons required in each energy interval 
is not very sensitive to the choice of half width for the intrinsic proton energy 
spectrum. ‘The maximum discrepancy occurs in the extreme energy groups 
(Ea = 2-3 kev and 25-30kev). In the final column of table 2 the fraction of the 
total deuterons present in each of the energy groups is calculated, by dividing by 
the total number of deuterons present in the system. This has been estimated as 
1-2 x 102° from pressure and volume measurements on SCEPTRE III. It is seen 
that the observed proton spectrum could be produced if the fraction of deuterons 


having energies in the range 2-30 kev is of the order of one per thousand of the 
total deuterons present. 


10° 


Fraction of Deuterons in Energy Range AE 
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Figure 4. Histogram of deuteron population plotted against energy. 


The deuteron energy spectrum is plotted in figure 4, the limits being deter- 
mined by the values obtained from the three intrinsic proton energy spectra, for 
which smooth symmetrical curves are assumed. 


§ 7. THE DEUTERON VELOCITY SPECTRUM 


The histogram of deuteron velocities in the range 4 to 16 x 10’ cmsec~ has 
been plotted in figure 5. The diminution in deuteron population with increasing 
velocity in this range is very approximately exponential, and extrapolation of the 
@ towards lower velocities indicates that a high proportion of the deuterons 


q 
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present have velocities between 0 and 107 cm sec~. This is consistent with the 


if ‘ ically. 
mean drift velocity measured spectroscop! 
From the above theory the velocity distribution is unsymmetrical about zero 


velocity. watt t ' 
A much smaller high velocity tail of deuterons travelling in the opposite direc- 
tion is not, however, excluded by the experimental evidence, as will be shown later. 


= to73 


Limits of 
uncertainty 


Fraction of Deuterons in Velocity Range Avq 


Vq* 10” (cm sec”) 


Figure 5. Histogram of deuteron population plotted against velocity. 


§ 8. PROTON PRODUCTION BY OTHER COLLISIONS 


In the present discussion only collisions between ‘ fast tail’ deuterons travelling 
in the direction of positive gas current flow with those in the lower velocity part of 
the distribution are considered. The rather artificial division between ‘fast tail’ 
deuterons and slow target deuterons having been arbitrarily set at an energy of about 
2 kev corresponding to a velocity of 4 x 10? cmsec—. 

Other possible types of collisions are : (i) inter-collision with deuterons having 
energies less than 2 kev; (ii) collision of ‘fast tail’ deuterons with a smaller number 
of ‘fast tail’ deuterons travelling in the opposite direction ; (ii1) collision of ‘fast 
tail’ deuterons travelling in the opposite direction with the slow deuterons; 
(iv) collision of ‘fast tail’ deuterons travelling in the same direction between 
themselves. : 

Inter-collision of deuterons of energy less than 2 kev has a very low yield since 
the (d-d) cross section is falling rapidly in this region. ‘This is confirmed by the 
experimental evidence, since for these collisions the centre-of-mass velocity is 
low and the protons produced, observed either at 45° or 135 °, would have energies 
near 3-03 Mev, so that peaks of this energy would be superimposed on the observed 
histograms. By graphical subtraction of the 45° and 135° histograms it can be 
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shown that any protons in this energy range make up less than 10° of the total 
proton yield. | 

The number of deuterons available for collisions between fast tails is low, but 
the cross section is high. Consider two groups of energy, £, and E,, and mean 
velocities v, and v,. The energy in the centre-of-mass system is es By +4/E.) 
and the velocity of centre-of-mass is }(v,-- v2). : ; 

Collisions between a fast group in the energy range 20-25 kev with the 
deuterons in the energy range 4—10 kev travelling in the opposite direction produce 
a system of centre-of-mass velocities between 10’ cmsec™! and 4 x 1Ocmsecr 
(corresponding to protons of energy 3-05 to 3-10 Mev observed at 45°). 

The cross section of this reaction appropriate to a centre-of-mass energy of 
40 kev is 260 x 10~° barns. 

If the number of deuterons in the energy tail in the reverse direction is assumed 
to be a fraction K of those in the forward direction, the proton yield for this 
reaction is given by 


| Np= K2 x 10"? x 260 x 10-* x 10-* x 22 x 107-5 x 10+ x 4-5 x 104 x3 x 10™ 


SSS ee, We eee (ee 


Na o (v, + v,) xt d for 4-10 kev 
(20-25 kev) deuterons 
(= 85 kev) 


=8 x K protons. 


: The yield of protons in this energy range due to collision of fast tail deuterons 
with the slow deuterons was of the order of 10°. Even if K were to approach 
unity, the proton production due to fast tail collisions could be neglected. 

The same argument can be applied to collisions between fast tail deuterons 
travellinginthesame direction. ‘This caseis less favourable for proton production, 
since the centre-of-mass energy is (\/E,—~/£,)? and the cross section 1s 
consequently smaller. ‘The protons produced have energies appropriate to the 
centre-of-mass velocity $(v, +72). 

If the numbers of deuterons travelling in the reverse direction were equal to 
those travelling in the direction of positive gas current flow (K=1) the mean 
proton energies observed at 45 ° and 135° would be equal and the spectra would be 
appreciably broader, and centred about a mean energy of about 3-03 Mev. Since 
there was no evidence for a strong group near this energy K must be small and any 
interaction between the reverse tail and the slow deuterons correspondingly small. 

The initial assumption that the main interaction is between the high energy 
forward tail and the low energy part of the distribution therefore appears to be 
justified, and the proposed deuteron spectrum appears to account for all the 
features observed in the proton energy measurements, and not to conflict with the 
spectroscopicevidence. Itcannot claim to be exclusive since some of these features 
can be explained using other models (Herdan and Hughes, to be published) for 
the deuteron interactions, but can claim the merit of simplicity. 


§ 9, Limits OF ERROR 


The limits of uncertainty shown in figures 4 and 5 refer to the range of values of 
‘deuteron population obtained using symmetrical intrinsic proton spectra of half 
‘widths between the limits of 45 and 115kev. Deuteron population histograms 
“have also been calculated for intrinsic proton spectra of half widths 85 kev and the 


§ 
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same mean energy, but heavily skewed towards higher and lower energies. ‘The 
estimated deuteron populations from these limiting cases varied by a factor of 
five in the low energy range and two in the high energy range. ; 

Evidence of the existence of 6 and radial motion is strong, but the arbitrary 
assignment of 2 kev energy to all the incident deuterons due to this motion is an 
obvious over simplification. If this is reduced to 1 kev the population of deuterons | 
in the 2—3 kev region is increased by an order of magnitude, whilst the population 
of the higher energy deuterons is only slightly increased. It can be argued that 
since acceleration in the ¢ and @ directions is time dependent, the assumption | 
that the @ velocity in proportion to the ¢ velocity is reasonable. If this is done 
the deuteron population in the lower energy and velocity groups is increased by 
rather more than an order of magnitude and that in the higher groups reduced 
slightly. 

The effect of slight errors in the determination of the mean energy of the 
intrinsic proton spectrum on the shape of the deuteron energy and velocity 
spectrum is negligible. 

The absolute values calculated for the deuteron populations are all inversely 
proportional to the assumed density of the target nuclei. The value d=3 x 10" | 
atoms/sec has been estimated from magnetic probe measurements. 

The final calculated spectra can therefore only be claimed to be accurate to | 
about an order of magnitude, although relative values in the mid-energy and 
velocity region are probably correct to a higher accuracy. 
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Abstract. ‘Vhe twin composition plane in graphite is a 20° tilt boundary between 
lattices which are rotated, relatively, about an axis in the basal plane. Previous 
work has led to the proposition that some special type of structure must necessarily 
exist in the neighbourhood of the boundary which violates the normal hexagon 
arrangement of the carbon atoms. It is demonstrated that a tilt boundary of 
the required form can be explained as an array of partial dislocations, such a 
boundary being possible in either the hexagonal or the rhombohedral form. 
A boundary of this type is mobile, and can, by its movement, introduce or eliminate 
stacking faults and thus change the volume of rhombohedral graphite present 
in the normal hexagonal lattice. Such effects have been reported previously. 
The true twinning plane in this model is not the composition plane, which is the 
plane {1101} referred to the structural (not the morphological) axes, but the 


plane {1121}. 


the C-C spacing in the rings being 1-424, the hexagon width a 2-456A 
and the layer spacing c 3-348 A. 

The standard work on the twinning features in graphite is that of Palache 
(1941), which identifies the twin composition plane as {1121} with respect to 
the morphological axes. We shall throughout this note use the hexagonal 
structural axes (see figure 1) in which system the indices of the composition 
plane become {1101}. The angle of tilt between the twins was determined by 
Palache as 20°36’, which is very close to tan~ta/2c, (20°9’ using the above 
values) and equivalent to the insertion of one hexagon width in every other 
basal plane. We shall use the value 20° 9’ throughout in the following discussion. 
The true twinning plane (as distinct from this twin composition plane) is not 
established: this may, or may not, be {1101}. The theory advanced by Platt 
(1957) for the structure of the twin boundary results in the twinning plane and 
the composition plane being the same. To produce this result, quite special 
structures must be created in every other atomic plane of the type illustrated in 
figure 2, which Platt refers to as 8-4-8 structures. It<istinifacts unnecessary to 
adopt such a special arrangement to explain the observed structure as this may be 
interpreted more satisfactorily in dislocation terms. ' 

Graphite may exist in either the hexagonal, ABABAB... stacking sequence, 
or in the rhombohedral ABCABC... stacking sequence. Consider first the 
hexagons drawn in figure 3(a) which shows the relative positions of the A, B 
and C planes. The C position may be achieved from the B position by a trans- 
lation along, say, XY. A partial dislocation with a Burgers vector XY, that is 
4/3a/2 [1000], can therefore constitute a boundary between hexagon sheets 1n 


| HE graphite structure consists of parallel layers of aromatic carbon rings, 
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the B and C positions. Such a dislocation can, of course, be either positive or 
negative: the hexagons in the region of the partial dislocation may be either 
compressed or extended, the overall lateral strain being a/2, which is the shift 
involved in the translation illustrated in figure 3. In figure 3() a line of hexagon 
nets is shown in the transition region between the B and C stacking positions, 
from which it will be evident that, in this case, an extension of a/2 has been 
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A atomic 

hexagon 
Crystal 

habit 
hexagon 
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Xa, Twin alae 

Figure 1. The relation between the 
structural and the morphological 
hexagons. ‘The twin composition 
plane is {1101} with respect to 
the a,a,a, and ¢ axes. 


Figure 2. The boundary structure 
proposed by Platt. 
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Figure 3. (a) The relative positions of hexagons in the A, B and C planes. (6) The 
distortion introduced into a row of hexagons in the neighbourhood of a partial 
dislocation, taking the A layer as a rigid reference network. (In fact, both layers 
are sheared similarly, of course.) (c) The B— 


: C row of hexagons showing the gap, 
of width a/2, closed by the lattice rotation of 20° 9’, 


. 


introduced (as well as a shear, of course). For simplicity the distortion is show 
relative to an undistorted A layer ; 


; in fact the strain is distributed symmetrically 
over both layers, but the relative strain is the same as that shown. Let us suppose 
the B-C line of hexagons to be cut at OO’, and the strain released. This resultal 
in the arrangement of figure 3(c). Suppose now that the hexagons of both 
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layers are rotated about OO’, so that the gap PQ, of width a/2, is closed by the 
rotation. ‘The angle of tilt required to achieve this is tan! a/2c, or 20° 9’. Thus 
a boundary is formed which is equivalent to the insertion (or removal) of an 
extra half-hexagon on each successive plane (or a full hexagon width a on every 
alternate plane). ‘The operation of the dislocations, 3a/2 [1000] and 4 3a/2 
[0010], in sequence on successive planes is obviously equivalent to the perfect 
dislocation a [1010] on alternate planes in the hexagonal stacking. 

The structure which will satisfy the observed tilt angle is drawn in detail 
in figure 4, for the case of both hexagonal graphite (above the dotted line) and 
rhombohedral graphite (below the dotted line), and again the A plane has been 
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Figure 4. Successive layer planes in graphite showing the twin boundary dislocation 
structure for (a) hexagonal and (d) thombohedral graphite. The lower diagram 
demonstrates (for the hexagonal case) how a rotation of about 20° closes up the lattice 
in the required way. For the arrangement shown this angle has a value 202.97 


taken, for convenience, as an undistorted reference plane. In each case a 
partial dislocation of the type discussed is introduced into the intermediate 
layer of hexagons (wavy lines), as evidenced by the difference in position between 
extreme left and right, but with the strain removed by an operation of the type 
illustrated in figure 3(b) and (c), the gap created being shown in black. For 
both the hexagonal and rhombohedral cases, the tilt required to close such 
gaps in the planes is the same, namely 20°9’. In each case the original type 
of structure can be preserved: hexagonal ABABAB... twins to hexagonal 
ACACAC... and rhombohedral ABCABC.... can twin to rhombohedral 
BACBAC... In figure 4 the rhombohedral transformation illustrated shows 
ABC.... twinning to ACB.... and the exact sequence obviously depends on 
the direction of the Burgers vector, as any plane (say A) may be transformed. 
to either of the other two possibilities (B or C) by a similar vector of different 
direction. Stacking faults can therefore exist. If, then, the lattice is rotated 
‘as described above, the structure will now fit along the cut planes when the angle 
of rotation is 20°9’. This is illustrated diagrammatically by the diagram at 
the foot of figure 4. Thus a sequence of partial dislocations can give a tilt bound- 
ary of the observed angle. The twin boundary in such a structure is thus an array 
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of partial dislocations, forming a tilt boundary, and is evidently mobile, which 
is consistent with experimental observations (Laves and Baskin 1956). 

Once this possibility is recognized, a number of characteristics of the graphite 
structure become resolvable. It follows that twinning in the hexagonal structure 
does not necessarily involve any transformation to the rhombohedral form (as 
was deduced by Laves and Baskin from x-ray measurements), although rhombo- 
hedral stacking faults could be perpetuated through the twinned structure, or 
even created. Apart from the twinning question, such partial dislocations can 
obviously constitute the boundaries of stacking faults, and thus the gliding of 
these dislocations under stress can increase (or diminish) the amount of rhombo- 
hedral graphite. This necessary association of gliding with rhombohedral 
development has already been noted by Laves and Baskin. 

The dislocation structure of the twin composition plane imposes certain 
restrictions on the possible junctions of such boundaries. For example, as in 
figure 5 (a), two boundaries may conform if their common vector lies along the 
third possible boundary line. One such boundary may terminate either on 
another or at a straight-forward dislocation boundary which is not of the 
twinning type; see figure 5 (b). Three boundaries may also conform, but the 
sign of the tilt is important. In some cases, instead of three twin lamellae 
meeting, one of these may be split into two of opposite tilt (figure 5 (c)). In 
any case, because of the tilting condition, there will always be very special 
restraints in the neighbourhood of nodes and at the ends of lamellae and the 
adaptation of graphite in this respect presumably depends on the readiness 
with which partial dislocations may be formed. This derives from the relatively 
weak interplanar (van der Waals) bonding in graphite. 


(a) (b) (oc) 


Figure 5. Possible twinning forms : (a) two lamellae with common boundary vectors, (6) 


a single lamella terminating at a dislocation boundary, and (c) the possible split into 
two lamellae_of opposite tilt. 


It is not at once evident why the composition plane observed is {1121} 
rather than {1101}, as the creation of the latter requires the same type of trans- 
formation: in this case the insertion of a hexagon length into every other plane 
(see figure 4) leading to a tilt angle across the {1101} plane of tan-!2a/3c, or 
22°57’. One of the differences between these two possible planes is that, for 
a tilt of a given sign, there is only one possible partial for each layer plane in 
the {1101} case, whereas in the case of {1121} there may be two possibilities. 
Thus Suppose the positions of a given plane in the original structure and the 
twinned structure to be symbolized by B-C: this is the case, for example, in 
the second plane drawn in figure 4. Rhombohedral stacking sequences of 
the following type are possible across {1121}: B-C, C-A, A-B,.... or B-C, 
C-B, A-C ... Using similar notation for the (theoretical) case of the {1101} 
composition plane, these alternatives do not arise. The sequence must be 
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B-C, C-A, A-B. In the simple hexagonal twinned lattice, A-A, B—C, A-A,... 
there is no distinction, as one possibility only exists for both cases. For A-B, 
B-C, A-B, however, which is also pure hexagonal stacking in each twin, another 
possibility arises in the {1121} case, namely A-B, B-A, A-B. This is again a 
‘Structure which could not conform with a {1101} tilt boundary. Particularly 
where stacking faults exist, then, the {1121} boundary is much less restrictive 
in the necessary conditions it imposes, and would appear to be much more 
likely to form in lattices containing a distribution of stacking faults. No cases 
of the observation of a {1101} composition plane appear to have been reported, 
although it may be possible to produce such twins in thin flakes of very perfect 
graphite. 
_ The point of this discussion is, then, that the principal twinning character- 
istics of graphite can be explained in dislocation terms, and that, on this basis, 
‘the true twinning plane (as distinct from the twin composition plane) is {1121} 
in the structural (not the morphological) system of axes. An experimental 
confirmation of this proposition would be valuable. 


| 
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Hypersonic Velocity in Viscous Liquids as revealed 
from Brillouin Spectra 


By S. N. SEN 


Department of Physics, Jadavpur University, Calcutta—32, India 
MS. received 28th September 1959 


Abstract. "Taking into consideration Lamb’s theory for the propagation of high 
frequency acoustical waves in viscous liquids, and the idea of Maxwell regarding — 
complex viscosity, a theoretical expression has been deduced for the velocity of 
high frequency acoustical waves through viscous liquids. It is observed that if 
Frenkel’s expression for the rigidity modulus of a liquid be introduced into the 
formula for wave propagation then the theoretical formula explains the dispersion 
of sound velocity in viscous liquids as was observed by Venketeswaran from 
Brillouin spectra and the theoretical value is in good agreement with the experi- 
mental result. Further, the introduction of complex viscosity partly explains the _ 
propagation of these high frequency waves through viscous liquids. 


§ 1. INTRODUCTION 


HE Brillouin scattering of light in liquids provides a method of determining 
| the velocity of hypersonic vibrations which are supposed to be the cause of 
the appearance of hyperfine structure in the case of Rayleigh scattering. © 
The shift in frequency is given by the expression 


deve deseo |e eee 1 
Cit 3 (1) 


where v is the original frequency of light, v is the velocity of sound waves in liquid, 
p the refractive index of the liquid for light of frequency v, ¢ the velocity of light 
and 6 the angle between the incident light and the direction of observation. Thus 
it is clear that the velocity of sound waves causing the Brillouin spectra can be 
obtained if the frequency shift dv can be measured. ‘The wavelength, and 
consequently the. frequency, of these acoustical waves can be obtained from the 
relation 
A a a a (2) 

where A) is the wavelength of incident light and A, the wavelength of the sound 
wave. 

From equation (2) it can be shown that for almost all the liquids studied, the 
frequency of these acoustical waves lies within the range 10° to 10" c/s, whereas the 
maximum frequency of ultrasonic waves at which the experimental observations 
have been carried out is of the order of 10%c/s. Thus Brillouin scattering of light 
provides us with a method of ascertaining whether any dispersion of sound velocity 
actually occurs as we pass from the ultrasonic (10° c/s) to the hypersonic range 
(10°c/s or higher). The first systematic observations in this range were made by 
Venketeswaran 1942 a, b) and Sunanda Bai (1942) and later by Rank et al. (1948, 
1949). ‘They have confirmed that in the case of liquids which are mobile at ordinary 
temperatures no dispersion occurs as we pass from the ultrasonic to the hypersonic 
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range; but in the case of viscous liquids, such as glycerine and castor oil, 
Venketeswaran (1942 a) found that there actually occurs a dispersion and the same 
was noted by Rank et al. (1949) in the case of acetone at a temperature of — 78°C. 
The results obtained by Venketeswaran for glycerine and castor oil, which are 
highly viscous at ordinary temperatures, are shown in table 1. 


Table 1. Hypersonic Velocity as measured from Brillouin Spectra 


Liquid Glycerine Castor oil 
‘Temperature of observation (°C) 26 28 
Velocity from Brillouin spectra (m/sec) 2500 1626 
Ultrasonic velocity (m/sec) 1957 1508 


Venketeswaran has tried to explain this dispersion on the assumption that for 
these high frequency waves the viscous liquids possess the properties of solids and 
‘the velocity of wave propagation is given by v={(K+4n/3)/p}'? instead of 
‘ultrasonic velocity v=(K/p)!”, where K is the adiabatic bulk modulus, 7 is the 
‘supposed modulus of rigidity of the liquid and p is the density of the liquid. He 
further maintains that whereas in the case of crystals the central component is 
weak and the modified components are strong, in the case of these viscous liquids 
the reverse is true and the intensity falls with the increase of viscosity, so these 
liquids are more akin to amorphous solids like glass than to crystals ; but in the 
‘same paper he has noted that no trace of displaced component can be observed in 
‘the case of glass and glucose solution. 

Another point which has been raised is that according to classical thermo- 
dynamics, plane sound waves propagated through a liquid of high viscosity 
suffer a diminution in its amplitude in the ratio e~! in traversing a number of 
wavelengths of sound given by 3vAs/87?7, where v is the velocity of the sound wave, 
Xs the wavelength of the sound wave and 7 the coefficient of viscosity of the liquid. 
If \=4722A then for glycerine and castor oil these waves would not have any 
significance at all and so the corresponding components would not have been 
observed because for these two liquids this factor comes out to be a small fraction of 
unity. Venketeswaran thus maintains that the appearance of these components 
signifies that thermal sound waves are propagated as if the kinematic viscosity has 
little or no influence on them at all. Bearing these facts in mind, the theory of 
propagation of sound of high frequency through a viscous liquid has been re- 
examined and the present paper deals with the case of propagation of sound waves 
through glycerine and castor oil which have been studied by Venketeswaran. 


§ 2. "THEORETICAL CALCULATION 


The object of this paper is to show that the observed dispersion can be explained 
if the theory of Lamb regarding the propagation of sound through viscous liquids 
is extended further with the idea of Maxwell regarding the occurrence of complex 
viscosity in the case of viscous liquids. Lamb (Hydrodynamics 1953) has given the 
expression for the amplitude of a plane sound wave ina viscous liquid 


U=UpeXpiw (t+ mxfiw) = tte (3) 
sel feo 
f Br i a ie ee 4 
where . a or ae mi Za (4) 
° =( 3K 
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where x is the direction of propagation, w the angular frequency of the sound wave, 
7 the coefficient of viscosity, K the adiabatic bulk modulus and p the density of the 
liquid. ty mw 

From equation (3) the velocity of wave propagation is given by 


tw Ae 4ian\'? 
Ae Yt EEE | Df, Sen 5 
m al “ 5K) a 


In the case of an ordinary sound wave the quantity wy/3K is very small compared — 
with unity and so for all practical purposes the velocity of the sound wave can be | 
taken as v=(K/p)!*, but when we are dealing with hypersonic vibrations of 
frequency 10!°c/s and a liquid of high viscosity we cannot neglect this term. 
Further, according to Maxwell (1868) the behaviour of a liquid under a shearing 
strain is given by 


ds_ 1 dF. F 
dt An dt Is; 
where s is the shearing strain, F the corresponding stress, f the time, m the modulus _ 
of rigidity and 7 the coefficient of viscosity. If the deformation is constant, | 
ds/dt = 0, so the solution of the above equation is 


F= Fyexp (—?/r) 
where 


T=yine 7 Ok al tee SO ee (6) 


7 has been defined by Maxwell as the time of relaxation. Mason et al. (1948) have 
measured the mechanical properties of long chain molecular liquids of polyiso- 
butylene type by means of shear and longitudinal waves in the ultrasonic frequency 
range. ‘The shear waves show that these liquids behave as Maxwell relaxing 
liquids at high frequencies. They consider that the effect of a shear can be | 
represented as the action of a compliance in parallel with a viscous resistance. 
At low frequencies the liquids behave in flow as viscous liquids, but at sufficiently 
high frequencies a movement of one part of it is transmitted as a shear wave. 
Hence, if it is assumed that the fluid possesses an acoustical reactance in the 


Maxwellian sense and a complex viscosity as has been assumed by Schallamach 
(1949) such that 


_ Noll —iwr] 


bec, cone es a OP UP (7) 


then we get from equation (5) 


- 4iw no(1—iwr) 2 
enw | 1+ ae er 


4w?7 : 16w?n,? ua 
a 1 "o No 
U% l{ “ig Teens ss are na Gia ba (8) : 
where Up = (K/p)#?. 
It is clear that in order to calculate 7 the time of relaxation of the liquid it is 


necessary to know u the rigidity modulus of the liquid. Frenkel (1946) from his 
kinetic theory of liquids has given an expression for n which is 


tenes | 
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where d is the distance between the two molecules, k is Boltzmann’s constant and 
T the absolute temperature ; if it is assumed that d=a, the radius of the molecule, 
pn 6x4nRTNp — 24nkTNp 
UM Aja wb wlvaek & 

where M is the molecular weight of the liquid, N is Avogadro’s number and 
p is the density of the liquid. 

If calculations are carried out for glycerine and castor oil then table 2 gives the 
values of n for these liquids. The third row gives the values of 7 and the 
fourth row gives the value of + obtained by Venketeswaran (1942). 


then 


Table 2. Calculation of Rigidity Modulus and Time of Relaxation of Liquids 


Liquid Glycerine Castor oil 
Value of n dynes cm? 2:°545 x 101° 0-168 x 101 
Time of relaxation 7 (sec) 3°748 x 10-1" 5 Ol Ones 
7 obtained by Venketeswaran (sec) 4-2 x 10-}° Bes6 IO 


As castor oil is a mixed glyceride, an approximate estimate of its molecular 
weight has been made assuming it contains 87-5 °% of receonilic acid, and the mole- 
cular weight has been taken as 927-3. Inserting the values of the time of relaxation 
of these liquids in equation (8) the velocity of hypersonic vibrations in these 
liquids has been calculated and entered in table 3. 


Table 3. Hypersonic Velocity as calculated from Equation (8) 


Liquid (1) (2) (3) (4) (5) (6) (7) 
Glyceri 9:79 «10% = 9-54 3-748 x10-2° 4-83 10! =. 2548-3. 2500 +1957 at 28°ca 
Bestor oil 6:28 10° 6-04 36 x 10-2° 2:18x10! 1601-2 1626 1508 at 18°cb 


Acetone 4-784 x 10° B51 0-21-1801 0p 205364108 1153:3 1139 1153-3) at28, ce 


1 as calculated from eqn (2) (radians); (2) 7 (poise); (3) relaxation time + (sec); (4) bulk 
Be sue (dyn cm~2); (5) calculated velocity (m/sec); (6) measured velocity (Venketswaran 1942 b); 
(7) ultrasonic velocity (m/sec); 2 Bhagavantam and Rao 1939, b Zachoval 1939 a, ¢ Zachoval 1939 b. 


§ 3. Discussion 


From the above calculation we see that if the theory of Lamb regarding the 
propagation of high frequency sound waves through viscous liquids is extended 
further with the idea of Maxwell that these viscous liquids possess a complex 
viscosity, then the theoretical value of the velocity of sound waves agrees well with 
the experimental observation of Venketeswaran (1942 b). As ordinary mobile 
liquids have a very low value of viscosity it is clear from equation (8) that their 
velocities will not be much affected; that this is the case has been shown by the 
experimental results of Rank et al. (1949) and Venketeswaran (1942b) for all 
mobile liquids. The theoretical value of velocity for acetone has been calculated 
and entered in table 3. This equation is thus seen to be a general one and holds 
for all liquids whether mobile or viscous. Though Frenkel in his kinetic theory of 
liquids has observed that his expression for n the rigidity modulus is only 
approximate, the value obtained by his expression and those obtained by 
Venketeswaran by assuming the liquid as a solid for these high frequency 
vibrations show agreement not only in order of magnitude but also in actual value. 


$ 
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This formula shows that the region of dispersion of sound for almost all the 
common liquids will lie beyond the range of 101° c/s and so, up to the present time, 
no direct experimental proof has been furnished regarding the positive dispersigyy 
of sound velocity in these liquids. : 

With the introduction of the idea of complex viscosity the propagation of high 
frequency waves in viscous liquids can be accounted for. In that case the number 
of wavelengths after which the amplitude will fall to 1/e of its original value will be 
given by 

30A~ 1 Fatrts sun 


ALE 1+ w?7?)"2 expi 
Bane Taree Battie ke oes 


which becomes a number many times greater thanunity. Itis therefore concluded 
that if the assumption regarding the complex viscosity is accepted then the 
dispersion of sound velocity as well as its propagation in viscous liquids can be 
accounted for. 
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RESEARCH NOTES 


Molecular Motion in Liquid n-Octyl Bromide by Proton 
Magnetic Resonance 


By J. G. POWLES anp A. HARTLAND 


Physics Department, Queen Mary College, University of London 


MS. received 4th November 1959 


E have measured the proton spin-lattice relaxation time 7, in liquid 

n-octyl bromide at 21-5 Mc/s in the temperature range — 77°c to 127°c. 

The melting point is —55°c and it was possible to supercool only 
to —77°c. Theboiling pointis202°c. 7, was measured by a transient technique 
using a 180°, 90° pulse sequence (Hahn 1950, Carr and Purcell 1954) and the 
apparatus has been described elsewhere (Luszcezynski and Powles 1959a). The 
decay of longitudinal magnetization was found to be exponential in all cases and 
SO we give only the decay constant 7; in the figure as a function of temperature 
on an Arrhenius plot. Care was taken to remove dissolved oxygen which, being 
paramagnetic, could reduce 7, and usually would have an important effect if 7 is 
longer than about one second. 
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Measured values of the proton spin-lattice relaxation time 7, in seconds as a function of 
temperature (left-hand scale). The right-hand scale gives the values of v,/3 deduced 
from T,. Also shown are values of vp (Hennelly et al. 1948) (right-hand scale) ; 
b.p. and m.p. indicate the boiling and melting points respectively. 


i From the measured values of 7, one can deduce a correlation frequency ve 
yr nuclear motion (or a correlation time te=1/27v¢) which from the theories of 
nuclear resonance relaxation are related as in equation (1) if ve > vr where vr is the 
ssonance frequency. We expect this to be so in the present instance since we are 


svidently well removed from the minimum of 7}. 


y,[T, = A(y4#?/2n)[d-8 + Br(N/V)a~*]. witeas (1) 
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Ff 
if 


PROC. PHYS. SOC. LXXV, 4 


618 Research Notes 


Where y is the proton gyromagnetic ratio, dis the fixed separation of a proton pair, 
N/V is the number of protons per cm? and ais the effective radius of the diffusing 
‘molecule’ containing the proton pair. 

In the theory of Bloembergen, Purcell and Pound (1948) 4=9/10 and 
B=3/2; inthe theory of Kubo and Tomita (1954) A =3/2 and B is not obtained ; 
in the theory of Skrotskii and Kokin (1959) A= 3/2 and B=6/5. These results | 
require modification for other than a pair of nuclei. For three nuclei arranged in an 
equilateral triangle of side 4, Hubbard (1958) finds A =9(19 + 1/61)/80=3-01.... 
and B is not obtained. Actually the theoretical decay is slightly non-exponential | 
but this would be difficult to detect experimentally. (A value A =3, as compared | 
with A=3/2 for a pair of nuclei, would be expected from a calculation of the 
nuclear interaction using second moments (Van Vleck 1948).) 

None of these results is directly applicable to n-octyl bromide but possibly _ 
that of Skrotskii and Kokin is a suitable approximation for the methylene protons. : 
For the methyl protons we shall use Hubbard’s result together with B=6/5. | 
Since we observe exponential decay we do not distinguish the signals from the 
methyl and methylene protons although it must be admitted that their 7, values 
would have to differ by a factor two or greater for us to distinguish them clearly. | 
We shall therefore use an appropriately weighted value of A namely, : 


A=3x 3/174 3/2 x 14/17 =30/17. 

We also use in equation (1), B=6/5, y=2-68 x 104, d=1-78A (the H-H distance | 

in — CH, or —CHg), a=2-1A (an approximation for the radius of a methyl or 

methylene group), and N/V =5-9 x 10 (the small effect of thermal expansion is 

neglected), hence : 
Yeo Se 10'T: 

The second term in equation (1) contributes 45% of this total. If we took fora 
the radius of the whole n-octyl bromide molecule, even coiled up, this term would 
be negligible and the number in equation (2) would fall to about one half of the: 
value given. However if the molecule is taken to be the unit in this way, although 
the intermolecular interaction contribution is reduced, the intra-molecular 
contribution must be increased and so the number in equation (2) would be raised 
and is still a reasonable one. 

The scale of ordinates in the figure is marked on the right to give v¢/3 directly 
from 7, (the choice of v¢/3 rather than v¢ is explained below). 

It is of interest to compare our values of ve with the dielectric correlation 
frequency vp. vp is the frequency at which a maximum of dielectric loss occurs 
as a function of frequency at constant temperature. We note that vp refers to the 
motion of the C-Br bond. Also, for the same motion, v¢/3 =vp because of the 
different angle functions involved (Bloembergen e¢ al. 1948). . 

Values of vp are available at the temperatures 1°, 25° and 55°c from microwave 
measurements (Hennelly et al. 1948) and are plotted in the figure on the same 
scale of ordinates as v-/3. We see that the numerical values of vp are almost 
identical with those of v;/3. We are therefore encouraged to predict that the 
values of vp(7’) in the temperature range — 77° to 127°c will be as given by the curve 
of the figure using the right-hand scale of ordinates. Since the values of v¢/3 and 
vp agree both in their variation with temperature and in actual magnitude it seems 


probable that the motion of the dipolar part of the molecule is rather similar to that 
of the rest of the molecule. q 
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However the dielectric measurements indicate a slight distribution of correla- 
tion frequencies characterized by a Cole—Cole (1941), «~0-23. The effect on 
T, well above its minimum of a distribution of correlation frequencies, if it exists, is 
to reduce 7, below the value it would otherwise have. If for simplicity we assume 
a ‘rectangular ’ distribution on a logarithmic scale such as 


I(In ve)=1/(21nb) velb<ve<brvg 
=> 0 Ve> bye and Ve< Ve/b sires \Ketore (3) 


then vg is the geometric mean value of ve. Use of a more realistic distribution 
function will not affect the conclusions significantly. Well above its minimum, 
T, is reduced by the factor 2 In b/(6— 1/b) (Luszezynski and Powles 1959b). From 
the dielectric results (Hennelly et al. 1948) if we assumed here also a rectangular 
distribution we would have b=6. Hence if the nuclear motion is subject to the 
same distribution, the correction factor to equation (2) might be 1-65 and we would 
have 
Ye =e LOE ee Ee eee (2 a) 

The difference between vg/3 and vp is now greater than the combined experi- 
mental error but still within the limits of uncertainty expected for the theory. If 
the theory for v, is assumed to be accurate the present results suggest that the 
distribution of correlation frequencies for the interproton vectors is smaller than 
for the dipolar vector. 


Temperature (°c) 1 20 25 40 55 
n (cP) 2:3 4>6 UE gs iQ? O29; 
nT,/T x 10* 1:0, tC) a deOs 1-0; 1-08 
nvp/T x 10-° 3°65 = 3°65 = 3-4, 


We note that, as expected (Luszczynski and Powles 1959 b) the distribution of 
correlation frequencies in nuclear resonance, if any, does not lead to non-expon- 
ential decay of the longitudinal magnetization. 

The plot of Inve against the reciprocal of the absolute temperature is clearly 
not a straight line and so we do not obtain activation energies. 

The equality of v¢/3 and vp for n-octyl bromide contrasts with the result for 
n-octyl alcohol which has 7,=0-8; sec (Powles and Cutler 1959) and 
Yp=9 x 10 c/s (Dalbert et al. 1949) at 25°c. A similar calculation to the one 
given here yields the result ve/3vp = 28 so that in this case the motion of the 
dipole (— OH) is markedly slower than that of the remainder of the molecule and 
is no doubt due to the restrictive effect of intermolecular hydrogen bonding. 
However there is a higher frequency weak dielectric absorption process in n-octyl 
alcohol having vp =3 x 10°%c/s at 25°c (Dalbert et al. 1949) and for this ve/3vp = 0-8 
so that the motion of the protons may be connected with this. In other words. 
the motion of the chain of the molecule is faster than that of the dipole but 
nevertheless an attenuated part of this motion is transmitted to the dipole. In 
n-octyl alcohol the distribution of dielectric correlation frequencies is small and 
no correction need be considered. Ep, 

A comparison of 7, with macroscopic viscosity Be also be made although 
viscosity values are only available over the range 1° to 55 c (Hennelly et al. 1948). 
If we assume that the viscosity is related toa molecular jump frequency vy, of trans- 
lation and/or rotation, then we may consider the constancy of 77,/7 as in the table. 
2R2 
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Within the accuracy of the measurement 7T,/T is constant in the temperature 
range 1° to 55°C suggesting a close relation between vy and vc just as there 1s between 
vy and vp. The temperature range is too small to allow any very significant 
conclusions but it is worth mentioning that for water 77,/T falls in the same 
temperature range by 7% (Simpson and Carr 1958). 
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PEERS LO VRB EDITOR 
Electron Spin Resonance Intensity in Anisotropic Substances 


When magnetic resonance is observed ina polycrystalline sample of a substance 
vith an anisotropic g-factor, the line shape (neglecting broadening due to spin— 
attice and spin-spin interactions) depends on the probability of a crystallite 
ying at a given orientation to the external magnetic field. On this basis, Bleaney 
(1950) and Sands (1955) have given expressions for the line shape in a substance 
whose g-factor is axially symmetric; Searl, Smith and Wyard (1959) have 
=xtended these by including the effect of a finite line width with Lorentzian shape. 
When there is considerable anisotropy, however, allowance must also be made 
for the change in transition probability with orientation of the oscillatory magnetic 
Geld which induces the transitions. This is evaluated below for a powder where 
the g-factor has axial symmetry, and fine or hyperfine structure splittings are 
absent. 

If the static magnetic field H is applied in the plane y=0 at an angle @ to the 
axis of symmetry (z axis) the static spin Hamiltonain is 


: H=BH(g,S,sin9+g,5,c080) ets (1) 


and this is diagonalized by changing to a new set of axes (x’, y’, 2’) derived from 
the original axes by a rotation about the y axis through an angle ¢ such that 
tand=(g,/g.)tan@ (cf. Bleaney 1951). The static spin Hamiltonian then 


reduces to 


Sapp oeey FeV oe). apeteiees (2) 
here 
pS pe iTD Fae COS Uy Pe evar (3) 
If the oscillatory field H, cos wt is linearly polarized along a direction making an 
angle 7 with the y axis, and whose projection on the xz plane makes an angle 0’ 
ith the x axis, the oscillatory Hamiltonian is 
H , = BH, cos wt{g,,S, siny sin +25, cosy +g,5,8in 7 COS 6". 


= 


Pa (4) 
| transferring this to the (x’, y’, 2’) system, and writing S.,’ for Sha Spe, 
we obtain 
F H = BH, cos wt{hg,S,' + $a: S—’ +g /S/} ae ae. (5) 
vhere 
£1 = (£28-[¢) sin 7 sin (4 — 6”) —7g,, cos \ 6) 
g/g={g,2sin sind’ + gicosdcos#}sing f 


and g,* is the complex conjugate of g,. The intensity of transitions in which 
he magnetic quantum number changes by one unit is proportional to the square 
of the coefficients of S_,’; that is, to 


22=(gr8.[g)2sin?y sin? (9-8) + gy Cosy. vee (7) 


‘is clear from (7) that, whatever the value of y, the greatest intensity is obtained. 


when 9—6’=7/2; i.e. when the oscillatory field is normal to the static field. This 
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result is not surprising, but is not obvious when anisotropy is present. It can 
readily be seen in another way: if there is a component of H, parallel to H, then 
when the static Hamiltonian is diagonalized by an appropriate change of axes, 
this component of H, will give rise only to a corresponding term in S.’ in the 
transformed oscillatory Hamiltonian, which will be inoperative as far as 
transitions of the normal kind are concerned. | 

If the oscillatory field is normal to H,, then for a single crystal a value of 9 
can be chosen to make g,2.a maximum. It is obvious that this value is 0 or 7/2, 
according to whether g,, is greater or smaller than (z,g./g); since we have assumed | 
axial symmetry, g,=2, =g , » $0 that this criterion reduces to whether g , is greater 
or smaller than g,=g,. For a powder, all values of 7 are equally probable, so | 
that on averaging we get 


P= H(gegsle) tes t= te euley ty eens (8) 


This analysis can readily be extended to the case of a circularly polarized | 
oscillatory field of amplitude H,, which we shall assume to be in the plane normal 
to H. The oscillatory Hamiltonian is then : 


H , = BH,{(g,S,,cos9—g_,S_sin 8) cosat+g,S,sinwt}  ...--. (9)= | 


for a field rotating in the right-handed sense about H,; a field in the opposite | 
sense is obtained by reversing the sign of w. On transforming to the (x’, y’, 2')| 
system this becomes | 


¢,=¥pH,| (£28 —gy) (Sa etet4 Set) 
i a +8y) (Sece gt toon’ see) 


2_92 
4 (=) S,’ sin 20(e+*t+e “|. home (10) 


We now assume that the sign of g is always positive, thereby removing the sign. 
ambiguity in (3) (if g,, g, are not both positive, the angle ¢ lies in a different 
quadrant from @). ‘Then the level S,’=M lies higher in energy than M—1, and 
the transition between these two levels has intensity proportional to {(g,g./g) +g,}" 
for the right-handed sense, and {(g,g./¢)—g,}* for the left-handed sense. Hence 
experimental observation of which sense gives the higher intensity yields the 
relative signs of g,g, and g,,; i.e. it determines the sign of (g,g,g,), or of g, if 
£2=8, (axial symmetry), as pointed out by Pryce (1959) (see also Bleaney and 
O’Brien 1956). It will be noted that the intensity is not zero for a powder for 
radiation polarized in the wrong sense unless g is isotropic; for a single crystal 
it would be zero for 0=0, if there is axial symmetry, since then g=g,and g,=,- 

It will be seen from equations (5), (6) and (10) that even if H, is normal to H 
there is in general a component of H, parallel to the 2’ axis in the coordinate 
system which diagonalizes the static Hamiltonian. This means that transitions 
of the type AS,’=0, which may occur when a crystal field splitting or hyperfine 
structure is present (cf. Bleaney 1951), will still be visible if H, is normal to H 
provided that #is not 0 or 7/2. Similarly the effect of a low frequency modulatins 


7 
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field will not fall to zero under these circumstances even if its direction happens 
to be perpendicular to H. 


Clarendon Laboratory, B. BLEANEY. 
Oxford. 
20th February 1960. 
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The Dependence of Solvent-Solute Energy Transfer in Liquid Organic 
Solutions on Excitation Wavelengtht 


Ina recent publication Birks and Cameron (1958) claim to have demonstrated 
a marked dependence of the efficiency of solvent-solute energy transfer on the 
wavelength of the exciting radiation in liquid or organic solutions, and from this 
: draw the conclusion that the second excited electronic singlet state of toluene 
transfers energy efficiently to the solute (p-terphenyl) despite the expected 
short-lived nature of this state. Their paper includes a discussion and some 
criticism of an article published by the present authors (Cohen and Weinreb 
1956) in which we concluded that the transfer efficiency shows no marked 
dependence on the excitation wavelength for solutions of para-terphenyl in 
toluene. 
Since our article did not present the results of this particular experiment in 
detail, and since Birks and Cameron reached contradictory conclusions, it seems 
worth while to display here the experimental results (figure). It is true that the 
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TRANSFER EFFICIENCY 


~ results would not be inconsistent with the transfer efficiency becoming slightly 
_ dependent on wavelength at the higher concentrations, although the variation 
from the mean value for a given concentration 1s not more than about 5%. 
: + Work performed under the auspices of the United States Atomic Energy Commission. 
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However, the trend differs from that observed by Birks and Cameron in that the 
transfer efficiency shows a decrease followed by an increase as the wavelength 
is increased. The values at 2700A+ (within the excitation region of the first 
excited state) and 22504 (second excited state) are moreover in good agreement. 
However, it is rather difficult to make a precise estimate of the errors involved, 
in view of the various corrections which have to be applied. Hence, we think 
it is probable that the apparent small departures from uniformity are within the 
experimental error and therefore conclude that the transfer efhciency is 
independent of excitation wavelength for the investigated region. 

A major difference also seems to exist between the absolute values of transfer 
efficiencies given in the paper of Birks and Cameron and those obtained by us. 
In their paper they suggest that one of the reasons for this discrepancy might be 
the correction for excitation depth used in their work. This correction seems to 
us to be applied in the wrong direction. If all the exciting light is absorbed, and 
since the fluorescence was measured by transmission, a more penetrating exciting 
radiation should give rise to a higher measured intensity, rather than to a lower 
one, contrary to their article. Since the fluorescence is created in a region which 
is nearer to the detector, a better geometry is obtained and self-absorption is 
reduced. The assumption that practically all the incident exciting radiation is 
absorbed by the solution holds up to at least 31304 for the two higher concen- 
trations presented in the figure, and up to at least 3050A for the lowest 
concentration. Thus, no reason is seen for applying the proposed correction 
to the computed transfer efficiencies. This is true also for all the solutions 
presented in figure 3t¢ of the paper of Birks and Cameron. The proposed 
correction was apparently suggested by the fact, shown in this figure, that a 
slow decrease in fluorescent intensity with increasing wavelength was observed 
even at the highest concentrations, although up to at least 31304 all the exciting 
light was completely absorbed by the solute. However, this decrease cannot be 
explained by a mere decrease in the absorbance of the solution, and the application 
of the derived correction by extrapolation of the values given in figure 5 of their 
paper has thus to be justified. 

From the fact that the transfer efficiency is quite independent of dilution of 
the transferring solvent (Cohen and Weinreb 1956), Birks and Cameron conclude 
that any short-range non-radiative solvent-solute transfer process is excluded, 
since dilution would reduce its efficiency by increasing the diffusion time. This 
conclusion is incorrect, since the distance between an excited solvent molecule 
and an accepting solute molecule is not altered by dilution of the solvent as long 

+ Birks and Cameron do not evaluate transfer efficiencies at wavelengths greater than 
about 2650 A because of uncertainties in the absorption edge of the solvent, toluene. We 
measured the absorption spectrum of toluene dissolved in benzene in the vicinity of the 
absorption edge. ‘This is possible since the absorption range of toluene extends to longer 
wavelengths than that of benzene. On the other hand, the two are spectroscopically so 
similar that one is likely to assume that the energy levels of the toluene molecules in benzene 
will be the same as for pure toluene. The results show that the molar absorption coefficient 


of toluene at 2700 A is still about 260 cm? mmol-!. The evaluation of transfer efficiencies 
for excitation wavelengths up to 2700 A is thus justified. 

{ In a private communication Dr. Birks kindly pointed out that the scale of fluorescence 
intensity is different for each of the individual curves in figures 3 and 4, and that the actually 


ee intensities for all the solutions in the region of complete Batets absorption wer 
similar 
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as the solute concentration relative to the bulk solution is kept constant, as was 
done in our experiments. 

In conclusion it may be mentioned that Brown, Furst and Kallmann (1959) 
have recently rechecked the question of dependence of transfer efficiency on 
excitation wavelength and their results show that it remains constant. ‘The 
numerical values of the transfer efficiencies they obtain approach unity as do 
the transfer efficiencies we obtain for p-terphenyl in toluene, in apparent 
contradiction with the theory developed in the article of Birks and Cameron. 


Radiation Laboratory, S. G. COHEN.T 
University of California, 
Berkeley. 


Argonne National Laboratory, A. WEINREB. T 
Lemont, 
Illinois. 
4th December 1959. 


+ On leave of absence from the Hebrew University, Jerusalem, Israel. 
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on Energy Transfer with Special Reference to Biological Systems ”’, Nottingham, 
April 1959. 

 Conen, S.G. and Wernrep, A., 1956, Proc. Phys. Soc., 69, 593. 


Correction to a Single Domain Calculation 


Dr. F. D. Stacey (1959b) has recently calculated the relaxation time for a 
single domain particle of iron, and suggested it was so short that the remanence 
of an array of such particles, of maximum volume consistent with retaining a 
single domain form, should decay spontaneously, due to thermal agitation, in a 
time of order 5x 10-8sec. A prolate spheroid of axial ratio 1-1 was considered 
and equation (6.12) of Stoner and Wohlfarth (1948) was used to find the maximum 
_value of 5, the shortest semi-axis of the spheroid. Unfortunately, however, the 


formula 
Bt Seite va PSE 
okG 


6 


was used to calculate the volume v of the spheroid. ‘This formula is only 
applicable if 6 is the full length of the axis. The correct volume is given by 


yest ae $8 2-4 x 10-18 cm’. 


Thus at room temperature E,/kT for a single domain particle of maximum 
volume is 100. Using this value in equation (1) of Stacey (1959 b), and assuming 
the value of C calculated by Stacey (1959 a), the probability of a single domain. 
‘inclusion undergoing a spontaneous reversal of magnetization in time df is given. 


by , 
a 8) i ms 2 LOE, 
ap =Cexp( z) dt~2:2x 
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s 
Thus the remanence of an array of such particles would decay in a time of order 
5 x 10% sec rather than the 5 x 10-8sec derived previously. The single domain 
hypothesis to account for the magnetic properties of heterogeneous alloys cannot, 
therefore, be criticized on the grounds that the remanence of an array of such 
particles would decay spontaneously, due to thermal agitation, in a very short 


time. 


The author thanks Dr. Stacey for helpful correspondence in which he 
expressed his agreement with this revised estimate of the relaxation time. 


Department of Physics, P. GAUNT, 
University of Sheffield. 

9th February 1960. 
STGP i1D.41989.45PracabyeuSode 73s Agen 


1959 b, Ibid., 73, 517. 
STONER, E. C., and WouHLFaRTH, E. P., 1948, Phil. Trans. Roy. Soc., 240, 599. 
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REVIEWS OF BOOKS 


Handbuch der Physik, Vol. XLI1/1, Nuclear Reactions LT: Theory, edited by 
S. FLicce. Pp. vii+580. (Berlin: Springer, 1959.) 145 DM. 


This volume of the Handbuch consists of one major article by Professor G. 
Breit on the resonance theory of nuclear reactions followed by three shorter, 
but still substantial, articles written in collaboration with Professor Breit and 
concerned with Coulomb wave functions, Coulomb excitation, and the polariza- 
tion of nucleons scattered by nuclei. As one would expect, the result is a work 
of great and lasting value, although not entirely suitable (in the writer’s opinion) 
as a first introduction to the subject. One does wonder, however, whether the 
addition of an introductory article, written in a more homely manner, might not 
have increased the appeal of the whole. The essentials of reaction theory are 
simple enough: it is the ‘ifs and buts’ which make it appear so difficult, and 
they have not been spared here. It is a pity, too, that the first article treats 
rather briefly the theoretical foundations of the optical model and of direct 
interactions. Perhaps it was written a little too early to include the very recent 
work on this subject which has contributed so much to our understanding of 
reaction theory. Many will welcome the article on Coulomb wave functions 
which summarizes so many years of work by the Yale group gathered together 
here for the first time. The publishers and printers have maintained their 
usual standards of excellence in the face of a very difficult task. B. H. FLOWERS. 


Properties of Matter, by F. C. CHAMPION and N. Davy. Third edition. 
Pp. xvi+ 334. (London, Glasgow: Blackie and Son, 1959.) 40s. 


‘Champion and Davy’ is now so firmly established as a standard text on 
Properties of Matter that any detailed account of its contents is quite unnecessary. 
In the third edition a very few items which appeared in its predecessors have 
been omitted (e.g. Sentis’s method for the measurement of surface tension), 
there is a new section on paper chromatography, an account of recent (1955) 
recalculations of the atomic constants and several additional paragraphs mostly 
relating to physical interpretations of phenomena dealt with in the book. Among 
~ them are paragraphs dealing with ‘ pictorial’ models of gravitational phenomena, 
the elastic behaviour of single cubic crystals, the structure of the earth, diffusion 
in solids, and the viscosity of liquids. D.O. W. 


Electron Physics and Technology, by J. THompson and E. B. CaLiick. Pp. xiv+ 
527. (London: English Universities Press, 1959.) 50s. 


This book will be of interest to the student and professional worker requiring 
a general introduction to Electron Physics. It deals with conduction im vacua, 
in gases and in solids. Like many other books in this field the emphasis on the 
various branches of the subject is far from uniform and reflects to a marked extent 
the special interests of the authors. ; 

The first seven chapters deal with basic principles, covering such topics as 
atomic and molecular structure, electron emission, gaseous conduction and 
semiconductors. The following 18 chapters of the book are largely concerned 
with application to various electronic devices and the final six chapters are devoted 
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to the technology of materials and fabrication. The only slight weakness in this 
book is in the section dealing with basic principles, particularly in the discussion, 
of atomic energy states in chapter 1 and in the account of gaseous conduction 
in chapter 5. In the first chapter the discussion of the various quantum numbers 
of atomic theory would have been much improved by an explanation of the physical 
significance of these numbers which are very often mysterious to the engineering 
student. In chapter 5 it is said that in a gas-filled diode the effect of a small 
electric field is to increase the temperature of the gas; whereas a much more 
significant effect, which is not mentioned, is the very much larger increase in 
the temperature of the drifting electrons. 

Passing from the first hundred pages to the main sections of the book which 
deal with electronic devices and the principles of their operation, no reader 
can fail to be impressed by the thorough and comprehensive survey to be found 
in these pages. Conventional valves are dealt with in detail, starting with the 
diode and triode and including multi-electrode valves. Similarly, the principles 
of operation and use of transistors are fully discussed. Separate chapters are 
devoted to magnetrons and klystrons followed by an account of associated radar 
devices such as crystal mixers, duplexer tubes and pulse modulator switches. 
Special mention must be made of an excellent chapter on travelling wave tubes 
which includes a description of backward-wave amplifiers and oscillators. Further 
chapters deal with various forms of cathode-ray tubes, camera tubes, image 
intensifiers and storage tubes. 

A fairly comprehensive final section dealing with the technology of materials 
and fabrication is a somewhat unusual but very welcome addition to a book of 
this kind. 

Having reached the end pages most readers will be impressed by the wealth 
of material which the authors have been able to include in a volume of moderate 
size and price. It will have a special appeal to advanced students of engineering 
and physics and at the same time constitute a helpful reference work for the 
professional research workers. J. SAYERS. 


Applications of Finite Groups, by J. S. Lomont. Pp. ix +346. (New York, 
London: Academic Press, 1959.) $11.00. 


Many physicists, while admitting that group theory is of value to those who 
have mastered it,-seem to have a mental barrier when it comes to learning it. 
It is therefore with considerable interest that one turns to a book which deals 
with the application of group theory to quantum-mechanical problems. 
Unfortunately, the author seems to have done nothing towards removing the 
difficulties and, in fact, his treatment will probably confirm many readers in their 
erroneous belief that group theory is difficult. 

At the same time one cannot help but have an admiration for the book, for the 
text is mathematically very compact and carefully prepared. Practically all the 
topics in theoretical physics to which group theory is applied are considered, 
except that the value of the Wigner—Eckart theorem is not emphasized. But 
perhaps this is because it is usually used to prove that two operators have the 
same matrix elements, so that further group theory can then be avoided. 

My objection is simply that the treatment is far too difficult to be readily 
assimilated by the average physicist, but to one, such as myself, who has learnt 


group theory from more elementary texts it is extremely interesting to see what 


a mathematician can do when he really tries ! K. W. H. STEVENS 


s 
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Matrix Calculus, by E. Bopewic, 2nd Edition. Pp. xi +464. (Amsterdam : 
North Holland Publishing Co., 1959.) 65s. 

The first edition of Dr. Bodewig’s book appeared in 1956 and was deservedly 
praised for the freshness of its approach and for its comprehensive coverage of 
the field of matrix calculation—linear equations, inversion of matrices and the 
determination of eigenvalues and vectors. ‘The present edition has been 
completely revised and is over 100 pages longer than the first. New material 
has been included in all chapters, the most notable additions being sections on 
orthogonal matrices and their geometrical properties, on Rutishauser’s LR- 
algorithm and on Lanczos’ pq-algorithm for the computation of eigenvalues. 
The author rightly preserves his frank critiques of the many different computing 
schemes found in the literature, which were a valuable and stimulating feature 
of the first edition. Only occasionally as, for example, in his comments on the 
solution of Schrédinger’s equation with the aid of the theory of ‘geodetic 
matrices’, does he seem to let his enthusiasm get the better of him. 

A major criticism of the first edition was the ‘Dutchness of the English’ 
and it is to be greatly regretted that for this new edition the author or his publisher 
did not obtain the services of an English speaking mathematician in order to 
revise the language throughout the book. As it is, the book is rather difficult to 
read (and at times definitely confusing) and misprints are quite frequent. ‘This 
is a pity since it restricts the scope of the book to that of a work of reference, 
albeit an encyclopaedic and authoritative work. MICHAEL E. FISHER. 


Statistical Theory of Irreversible Processes, by R. E1senscuitz. Pp. viii + 84. 
Oxford Library of the Physical Sciences. (Oxford: University Press, 
1958.) 8s. 6d. 


The author, who is a recognized authority in the field of the theory of transport 
phenomena, endeavours in this little book to give a concise account of the 
fundamentals of the statistical mechanics of non-equilibrium systems with 
applications to some important irreversible processes. Whereas on the one hand 
the statistical mechanics of systems in equilibrium, or of reversible processes 
in the strict thermodynamic sense and, on the other hand, the kinetic theory of 
gases in non-equilibrium are well established and presented in many excellent 

- textbooks, the general statistical mechanics of irreversible processes is still in 
its development stages, and the subject is only known to a relatively small number 
of experts. The present book is therefore a very welcome addition to the 
literature in this field. 

Owing to the restrictions imposed on the size of the book the author was only 
able to give the explicit derivations of the basic formulae and could in most cases 
only quote the results of their applications to specific problems. This makes it 
difficult to appreciate what kind of special assumptions and simplifications were 
used in the derivation of these results. The notation is occasionally ambiguous, 
and many readers who are not familiar with the tensor notation would have greatly 
benefited by the addition of one page of definitions and explanations of the 
symbols; at present there is only one two-line footnote which is quite insufficient. 

There is also a considerable number of more or less obvious errors in the 

formulae which ought to be thoroughly checked for a further edition. 
The book is very well written and contains many critical and illuminating 


remarks as well as indications where further research is needed. The mathematical 
presentation is clear and elegant. R. FURTH. 
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Electronic Apparatus for Biological Research, by P. E. K. DoNaLpson. Pp. xii 
+718. (London: Butterworths Scientific Publications, 1958.) 120s. 


Workers of several different disciplines are engaged in the many fields of 
biological research today and, as he states in the preface, the author of this volume 
was presented with the problem of where to start and what to include. He has 
chosen to assume no prior knowledge of electricity. Starting with Ohm’s law 
the text progresses through circuit theory and practice to a section on transducers 
and related devices, and concludes with a selection of complete electronic circuits. 

Much of the material of Part 1 (Theory) and Part 2 (Practice), which together 
cover the first 330 pages, is common to several existing textbooks of electronics. 
The present text however is written with the non-specialist in mind, and with 
emphasis on careful explanation of electrical terminology which may be unfamiliar 
to the reader. ‘The subject receives adequate mathematical treatment, however, 
including a small amount of elementary calculus. 

It is in Part 3 (Transducers, Electrodes and Indicators) and in Part 4 
(Complete Apparatus) that most of the material suggested by the title of this 
volume is to be found. The biological material itself is introduced in Part 3, 
in which a number of specialists describe some types of physical measurement 
commonly employed. ‘This section comprises chapters by Mr. F. W. Campbell 
(Light Sources and Detectors), Dr. J. W. L. Beament (Temperature and 
Humidity), Dr. R. D. Keynes (Assay of Radioactivity), Mr. P. E. K. Donaldson 
(Visual Indicators), Dr. K. E. Machin (Transducers and Relays), Dr. D. W. 
Kennard (Glass Electrodes) and Dr. I. A. Silver (Other Electrodes). 

The examples of complete apparatus described in Part 4 are mainly of physio- 
logical application, but the section contains valuable chapters on layout and fault 
tracing, wherein the principles described can be extended to other branches of 
research. 

Combining as it does the functions of textbook and work of reference, this 
volume is well produced and well proportioned, and will doubtless find a place 
in the more progressive biological laboratories. E. M. D. 


Grundlagen und Anwendung der Réntgen-Feinstruktur-Analyse, by Hans NEFF. 
Pp. 447. (Miinchen: Oldenbourg, 1959.) 73 DM. 


Although this book is written in a language in which the reviewer is not 
greatly proficient, he nevertheless feels no compunction in reviewing it. It is 
clearly written, and so well illustrated with photographs and diagrams that its 
scope is quite readily assessable. It deals with the practice and theory of x-ray 
diffraction and covers the ground it sets itself fairly thoroughly, although it 
omits single-crystal work almost completely. It deals, at a fairly elementary 
level, with x-ray apparatus and the methods used to examine powders and 
polycrystalline materials, and it concludes with a chapter on simple crystal — 
structures and the light they throw on crystal chemistry. 4 

Although it is obviously competently written and well produced, the book 
would appear to have no particular value to the English student; there are now 
several works in English that cover almost exactly the same ground, and would 


: 
; 
obviously serve the student much better. H. LIPSON. ; 
N 
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The Transuranium Elements, by G. T. SEABoRG. Pp. xx+328. (Reading, Mass.: 
Addison-Wesley Publishing Co., 1958.) 53s. 


This volume has been developed from the Silliman lectures given by the 
author at Yale University in 1957. The development has evidently been 
extensive; although addressed to the non-specialist the work is a mine of 
authoritative information about these elements, and especially plutonium. At 
the same time Professor Seaborg has retained the informality and simplicity 
of style not so much of the lecture theatre as of the seminar room. 

The first chapter begins with the discovery of plutonium and ends by 
listing the books which have been already published on the element. In between 
the reader will find a fascinating blend of personal and scientific history. The 
magnitude of the technical achievements which are described is impressive; 
almost equally remarkable is the flexibility of organization of manpower and 
facilities which made them possible in so short a time. 

The chemical properties of the actinide elements are summarized in the 

second chapter, largely in terms of the regularities exhibited in the existence 
of different oxidation states, the values of oxidation-reduction potentials and 
ionic radii, optical properties, and ion-exchange behaviour. ‘This is followed 
| by a chapter on their nuclear properties, such as the excitation functions govern- 
ing their production, the systematics of their energy levels and decay schemes, 
and their induced and spontaneous fission. In both these chapters there is a 
nice balance between over-simplification and crowded detail. 

Finally Professor Seaborg allows himself a few minutes gazing into what is 
evidently a rather cloudy crystal ball, as he predicts the preparation and pro- 
perties of elements beyond mendelevium (element 101, the last element to be 
recognized without question at the time of writing). The book concludes with 
a table of nuclear properties of the heavy elements, a short bibliography and 
indices. In keeping with the general style there are no references to the original 
literature, although the names of some 800 investigators are mentioned in the 
text. The printing and production are very good. 

In a work of such uniform excellence one would not care to single out any 
section for special praise. Its merit is rather that readers with very different 
scientific backgrounds are sure to find in it much material of immediate appeal, 
while those already familiar with the field will enjoy its balance and breadth 
of outlook. K. F. CHACKETT. 


Groupes Finis de Symétrie et Recherche de Solutions de L’ Equation de Schrodinger, 
by L. Marriot. Pp. viii+106. (Paris: Dunod, 1959.) 960 nie 

This little book on the use of group theory in crystal physics is an excellent 

one for those who like to learn a subject rapidly. The first two chapters are 

concerned with the essentials of the formal theory of groups and their matrix 

representation, expressed in such a way that the results are in just the form 

required for later use and a short outline of space groups makes the third chapter. 

The Ritz variation principle and origin and properties of the secular equation 

completes the formal theory, but it is a pity that it is not made clear that most of 

this applies equally to many-electron wave functions and to one-electron functions, 
and to every kind of eigenvalue problem in a crystal. 


The method of orthogonalized plane waves 1s selected for a detailed study of 
one-electron functions, and the crystal group chosen ts that of diamond O,". 
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The factorization of the secular determinant by selection of symmetrical com- 
binations of plane waves is clearly demonstrated. ‘Though the subject matter 
is limited, the treatment is clear and concise, and will be adequate for most 
interested physicists to follow. A most welcome little book. ‘The short 
bibliography unfortunately covers only the same limited ground as the book 
itself. W. M. LOMER. 


The Classical Theory of Fields, by L. D. Lanpau and E. M. Lirsuitz. ‘Trans- 
lated by M. Hamermesu from the Russian 2nd Edition. (Course of | 
Theoretical Physics, Vol. 2.) Pp. 1x+354. (London: Pergamon Press, 
1959.) eo US. 


This book is not a revised edition, but simply a reprint of that published by 
Addison—Wesley in 1951, now being published uniformly with the other parts 
of the nine-volume Course of Theoretical Physics by Landau and Lifshitz. ‘The 
title does not reveal the wide range of topics covered. The first two chapters cover 
the special theory of relativity and relativistic mechanics. ‘The main section of 
the book deals with the electromagnetic field im vacuo, including geometrical 
optics, diffraction and radiation. Finally there are two chapters on the gravita- 
tional field and general relativity, with the necessary tensor analysis. ‘The 
clarity of style, the conciseness of treatment, and the originality and variety of 
illustrative problems make this a book which can be highly recommended. Its 
appeal will be mainly to the advanced student and research worker; for while the 
deductive development, based on the variational principle, which the authors use, 
produces a delightful elegance and simplicity of presentation, it is foreign to 
most undergraduate courses in this country. A, NISBET. 


Methods of Experimental Physics, Vol. 6, Solid State Physics, Part B, Electrical, 
Magnetic and Optical Properties, by K. Larx-Horovitz and Vivian A. 
JOHNSON. Pp. xiv+416. (New York, London : Academic Press, 1959.) 
$ 11.00. 


‘This volume deals with a wide range of electrical properties of solids, including 
dielectric properties, superconductivity, thermoelectric effects, thermionic 
emission and surface states; with galvanomagnetic and thermomagnetic effects, 
susceptibility, ferro- and ferri-magnetism and neutron and _ electron spin 
resonance; with optical properties, including double refraction and rotation, 
thin films and x-ray spectroscopy; with luminescence, including electro- 
luminescence and colour centres; and with photoelectric phenomena, including 
photoconductivity, photovoltaic effects and photoelectric emission. 

The approach in each case is to present briefly the theory underlying the 
experiment and the basic principles of the method, and to outline the equipment 
and procedure, and some of the sources of error and special problems arising. 
Clearly, with such a large number of topics, the equipment and procedure cannot 
be described in any great detail. The reader concerned for the first time with 
one of these experiments will often need further details. The bibliography is 
good however, and such readers will be able to look up the relevant original 
papers. D. A. WRIGHT. — 


‘ 
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The Theory of Critical Opalescence in Binary Mixtures 


By F. J. PEARSON+ 
Department of Physics, College of Advanced Technology, Birmingham 


MS. received 14th August 1959, in final form 17th December 1959 


Abstract. ‘The present theory of x-ray scattering by simple fluids and binary 
mixtures is applied to the phenomenon of critical opalescence in binary mixtures. 
Firstly, the condition for phase separation is expressed in terms of the three radial 
distribution functions for a binary mixture, and then it is shown that, at phase 
separation, these functions are all of the same form, although they differ in scale. 
The form of these functions can then, in principle, be determined from experi- 
mental observations of visible opalescence, although the normalization requires 
further discussion. 

The theory is then applied to the work of Fiirth and Williams, and of Quantie, 
who suggested analytic representations of two types of radial distribution function. 
Only one of these is found to be acceptable. 


§ 1. INTRODUCTION 

T is well known (see, for example, de Boer 1949) that at distance R from the 
| scatterer, the intensity I(s) of electromagnetic radiation of wavelength 2 

scattered through angle @ from the direction of a primary beam of intensity J, 
by a simple fluid of N systems, each of scattering power f(s), occupying volume V, 
is given by 

1(s)=IpNf%(s) (5) 1+ cos? 6 {1 Bee | aan uae ar} werk (1) 

iste mc? ID Se 0 rs 

where s=47A—sin 30, p=N/V, e?/mc? is the classical radius r of the electron 
and g(r) is the radial distribution function. Pearson and Rushbrooke (1957) 


~ have shown that the corresponding formula for a binary mixture, of N, A-systems 


and N,, B-systems of scattering powers f,(s) and f(s), can be written 


2 (ce) 
I(s)=I)Nro” a { (ea fa+nfo} E +ef. ia" (2aagt) 


sin 7s 
+ xp?( pp — 1)+2x4%R(San—1)} ar | 


TS 


+ 2(fs—fe)(*a fat *B fe) Ear {%4(gaa—1)—*p(2pn- 1) 


sin rs 
dr 
sin rs 
dr | , 
rs 


rs 
+ (fs —fe)?*a%p | 1+ pxyxp | {gaat+&pp—28ap} 
0 
+Now at: Department of Applied Physics, Lanchester College of Technology, Coventry. 
2s 


+ (xp—%,)(Zan—1)} 
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where x,,%,=N,/V, Np/V and Carat): Papi) sano San(7) are the appropriate 
radial distribution functions. In (2), the three terms 1n square brackets differ 
from the following equations for certain mean square fluctuations 


CONN) meet? car! 2752 ie ae 
On =i +0] {1¢,2(gaa(r) —1)-+#5*(énn(r)— 1) 

4228 teal E pel) — 1) ite ee (3) 
(ANAx) = px arp iP {x (gaa(7) —1) —xp( £pp(7) —1) 

+ (#3 —%,4)(Zan(r)—1)}dr, ai cee (4) 
(Ax) = A E rere IE fexa(r)—2gan() + esol) | gare 8 65 5) 


only by the presence in the integrands of the Fourier factor (sinrs)/rs. — The 
bracket () denotes a mean value, and x=. 

Now, it is also well known that, from (1), g(r) can be determined by a suitable 
Fourier inversion of experimental observations. Unfortunately, this cannot be 
done directly from (2) in the case of a binary mixture, because there are now 
two scattering powers dependent upon s, and three radial distribution functions. 

As they stand, (1) and (2) apply to the scattering of all wavelengths. The 
integrations involved represent the limits of summations over elementary volume 
cells. In the case of x-ray scattering, these cells must accommodate only one 
molecule, because the wavelength is comparable with the intermolecular sepa- 
ration. x-ray observations are therefore capable of elucidating the form of the 
radial distribution function for small 7. Indeed, away from the critical point, 
it becomes unity when r is of the order of a few molecular diameters. In the case 
of critical opalescence under visible irradiation, however, the wavelength is so 
long that the volume cells can be large enough to possess thermodynamic functions. 
At the same time, the range of intermolecular correlation becomes of the same 
order as the linear dimensions of the container (for example, when a binary 
mixture undergoes phase separation). Consequently, the radial distribution 
functions now display this long range correlation in that they do not become 
unity until r is comparatively large (from the molecular point of view). Obser- 
vations of critical opalescence are therefore capable of elucidating these long range 
effects inherent in what we shall call the critical distribution functions. However, 
visible radiation is incapable of determining these functions for small r—only 
X-ray scattering can achieve this. Therefore, their limiting behaviour as 7 tends 
to zero will not come out of the experimental observations, i.e. appropriate 
normalization is required. 


§ 2. THE THEORY OF CRITICAL OPALESCENCE 
In considering a binary mixture near phase separation, we shall distinguish 


the critical distribution functions by means of a prime. At the same time, our 


volume cells are now large enough to possess thermodynamic functions. We 
then have, explicitly, for the mean values of the products of the fluctuations 
Ap, and Ax,, in number density and concentration, in the cells j and k a distance 
r;,, apart, the following equations, analogous to (3), (4) and (5), 


(Ap;Ap,) = p?[¥42( gaa" (14x) — 1) + %p"(gpp (73x) — 1) + 2% 4%R (Ban (74x) — 1) 


a 
6) 


’ 


o— 
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(Ap; Ax;,) =X aX pp [va (gaa’ (15x) hare Xp (pn (75x) —1)+(«3- Xa )(Lap (Tix) al) i, 
7 


eeeeee 


Furthermore, Pearson and Rushbrooke (1957) have shown that for fluctuations 
in a cell of volume V containing N systems 


V2{(Ap)?) = NRT(32) 4 aca (An) ae oe (9) 
tipAn) = (ze). AGS. Oke (10) 


However, at phase separation, {(Ax)*) is so large that it overwhelms the con- 
tribution to <(Ap)?) of the term NRT(0p/ep),.7 in (9). We therefore obtain, 
strictly, | 


op\? 0 
((Ap;)®)= (==) <(Ax,)?) and (ApjAxj;y=(Z2)  ¢(Ax,)2). 
Ox) yp Ox) op / 
These results suggest that, when dealing with mean values, the relation 


doi=( 32) Ax, Bee (11) 


can be used. But if the volume cells are large enough to possess thermodynamic 
functions, then equation (11) can be written down straight away, since the 
fluctuations are occurring at constant pressure and temperature in the present 
context. Indeed, it is clearly possible to adopt the reverse procedure and begin 
by writing down (11) first and showing that this assumption that the volume cells 
in which these fluctuations are taking place are large enough to possess thermo- 
dynamic functions can only hold if (dp/dp),,, in (9) is negligibly small. This 
in turn implies that ((Aw)?) is large, ie. that phase separation is occurring. 
However, this latter approach leads naturally to the question as to why phase 
separation is involved, rather than condensation or boiling. The answer requires 
a discussion of the behaviour of (dp/0p),,, and (dp/0x),,, during the boiling of a 
binary mixture (see, for example, Prigogine and Defay 1954) and is hardly 
relevant to our main theme. 
It then follows from (6), (7), (8) and (11) that 
(24 (13x) —1)(SpB' (75x) —1) = Bap’ (772)—1)?. «+ (12) 

‘This is, in effect, the condition for phase separation expressed in terms of the 
critical distribution functions, and it holds for all values of 7,;, which are large 
enough to satisfy the initial assumption that the volume cells j and k are them- 
selves large enough to possess thermodynamic functions (see also equations 
(19) et seq.). Furthermore, if we express (12) in terms of the theory of Born and 
‘Green (1946-1948) as extended to binary mixtures by Fournet (1951), or in 
terms of the appropriate extension to binary mixtures of the asymptotic solution 
for the simple fluid radial distribution function developed by Rosenfeld (1951), 
then this condition is essentially the same as the corresponding Born—Green 
condition discussed by Rushbrooke (1952). , 

_ Again, using (6), (7), (8) and (11), it is possible to express (2) in terms of 
integrals resembling (3), (4) and (5). In this context J(s) becomes the intensity, 
282 
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T,4(8) say, of critical opalescence under visible irradiation. Explicitly, there- : 
cri : 


fore, one possibility is the equation 


becuse CREE) | eae (1 + pXaXp | {gaa (7) + gpp (7) 
0 


Toie(S) = Lo To iar) 70 aaa oe 
29 .n/(r)} a ar) ] atone (13) 
where F(s)=(wafa(s)+*nfo(s)) (2) Pptfals)afs@))4_ (14) 


Now James (1948) has shown that, for visible radiation of wavelength A, 


WOE es ae ain. a5 


where «=A or B and e is the corresponding polarizability. This is related to the | 
macroscopic refractive index n of the fluid by the appropriate extension of the| 
Clausius—Mosotti equation thus 


2_ 
= - af (ge, 2 pey)- Baaeey LE ee (16) | 
So from (14), (15) and (16) we find that 
181 on 
er Pe eee 17 
F(s) ro(n® +2)? (=). (17) 


In other words, F(s) is a function, F(A) say, only of A (and not of @) in the present} 
context, i.e. it is a constant for monochromatic light. And so, of course, from (15),, 


are f, and fp. 
The Fourier inversion of (13) is therefore 
if t 1 
(gaa —1)+(gpp’—1)—2(gan'—1)= eRe 


o 2R*p*Terit (S) sin rs 
avin se fea Slane ak 3 re . 
‘ ih ; jad cot ReaD rs s=fxn(r) say 


Clearly, two further similar equations can be obtained, involving essentially the 
right-hand sides of (6) and (7). _ However, using (11) as well we find that | 


gas’ ()—t=ant | (32) 41] fant 


mato-tonn (2), EAs] 
gos! ()-1= 94" | (2) =1) frat) (19) 


satisfying (12). In other words, the critical distribution functions are all of th 
same form f,,(r), although they differ in scale. 

Also, equations (19) hold only in that region of large r (from the molecula: 
point of view) which is being studied experimentally by means of visible opales 
cence. They break down for small 7, when their left-hand sides all tend to th 
same limit — 1, i.e. the normalization requires further discussion. Furthermor 
it is not possible experimentally to extend s to infinity in (18), and large s, implyin 
mainly small A, corresponds physically to small r again. Consequently, some los 
of generality is inevitable in the experimental determination of these distributio 


- 
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functions purely from observations of visible opalescence, although, in principle 
they are determinable from a knowledge of I,,,,(s), F(A) and (dp/dx),, 

But (2) applies to all wavelengths, and therefore, inter alia, to monochromatic 
visible radiation, when the scattering powers are functions only of A. In this 
context, (2) yields the correct normalization 


ORLA) hore z 
ToVr,2(1 + cos? 6) (1 + cos? 8) (Xanga xp fp? | ds = —2777(x4 fa + Xpfp)?. 
eee ee er (20) 
So if we define the reduced intensity 
dS oa ROL (S 11S Cost) a1. Tap) La es aie (2) 
and 
DUNT Xp kee AT Dp) el. ae Meee (22) 
then we can write 
4| ie a, eee (23) 
0 


as a suitable normalization equation, where A isa positive constant. In (22) and 
(23), J’ is the reduced scattered intensity due to internal scattering alone, when 
correlation effects can be ignored. Also, it is conventional practice in discussing 
simple fluids to investigate the function J(0) or J(0) by replacing (sinrs)/rs in (1) 
by the limit unity as s tends to zero, obtaining 


2 
1(0)=1,N. Ao iS {14+4np i‘. (g(r) — ‘Dart, 


24 
apt EO 6 dp 
a) BING Ri ae ae 
lings 2R aT(sP) 


This equation is usually interpreted in two ways. Firstly, it is applied to the 
scattering of long wave radiation (i.e. Rayleigh scattering) and secondly, Fournet 
and Guiner (1949) suggest that it is empirically useful in plotting results, since the 
limit 9=0 is incapable of precise experimental determination, although it can be 
approached. In the case of a binary mixture, J(0) is clearly related to (5), but 
neither J’ nor J (0) seem to have been considered experimentally. 
However using (23), equations (19) can now be summarized in the form 


fen(t) or (£55/(r)—1)~ const. IE “8()- ay jene EE ISD (24) 


where «, B=A, B, for brevity. Equation (24) has, in fact, the correct normal- 
ization, and with (23) gives finally 


fan(r) oF (Bag'(1)-1)~ — | = *(I(s)—J') 
ire: 7 as | (b eee ape fas, AN (25) 


Here, we notice a loss of generality in that (25) gives only the form of the radial 
distribution functions, their scale being determined by the pase fuse Se 


functions in (18) and (19) (which fail in the limit r—> 0). 
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§ 3, "TREATMENT OF EXPERIMENTAL OBSERVATIONS : 
Fiirth and Williams (1954), in considering the experimental observations of | 
Quantie (1954), defined a correlation function 2-(r) thus 
Lan (8) 0 | BP (yim ie wasn arom se (26) 
0 


rs 


from which it follows that + 
AO { ea FU Sue / il Alaa ee (27) 
0 rs 0 


Equation (27) differs from (25) mainly in its neglect of J’. This implies that, if | 
the integrals in (27) could in practice be extended over their full range, then they 
well might be divergent. However, if the upper limit of the observations is s= 5, 
say, then Fiirth and Williams extrapolated J(s) by drawing a tangent at 51 which | 
cut the s axis at s,. This process ensured the convergence of the integrals in (27), 
although their integrands in the range from 0 to s, were, of course, J (s) rather than 
the J(s)—.J’ of (25). Nevertheless, bearing in mind the limitations of the method, | 
their computation of the integrals in (27) can be taken as a first approximation to | 
those in (25). Indeed, it is perhaps also worth noting that they found that their 
g.(r) was slightly dependent upon A. While they attributed this to the effect of 
multiple scattering, it may also be due to just this difference between the integrands 
of (25) and (27). However, if we accept that 
Sat Leg ee ee eee (28) 

then clearly their results for g,(7) can immediately be reinterpreted in terms of the 
more familiar (critical) radial distribution functions of the conventional theory of | 
fluids. | 

Now, their most important conclusion was that critical mixtures could be 
divided into two classes. ‘The first class exhibited a peak in the experimental 
curve of J(s) against s while the computed g,(r) exhibited a region of ‘negative 
correlation’. These effects were alleged to be absent in the case of class II mixtures, 
although peaks did in fact appear in the class II J(s) curves at shorter wavelengths. _ 

Furthermore, they calculated a given g,(r) from a/J(s) curve for only one partic- 
ular wavelength, thus restricting the range of values of the parameter s. It is 
therefore perhaps worth noting that from equations (13), (14) and (15) we have 


1+ cos?é BS / ; ' i 

Terit(S) OC ercysre E +pxxp| {gaa (r)+8pp (7)— 22,8 (7)} —— dr |. 
Hence, scattering curves for different wavelengths can be plotted together as 
functions of s by appropriate weighting with the factor A*/(1+ cos? @) above, in 
order to extend the range of values of s. 

However, they suggested analytic representations of the g,(r) from which, 
using (19) and (28), it follows that > 

classI mixtures: fap(r)=—(1—5'r?)exp(—a’r?) ins (29) 

class LU mixturesiu) Jaglr)=—expt=<a7rt), -") oe pw eet (30) 
where a and 6 are adjustable constants. Consequently, using (3), (4), (5), (19) 
and (29) or (30), it is possible to calculate various fluctuations. For example, 
using (5), : 


clasts (Any) = Tare] 14 Steer (55-1) |, Gl 


2a? 


class I: ((Ax)*) = are | a — Sahar]. BES tone PE (32) 
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However, in developing the theory, we assumed that {(Ax)*) was ‘large’ at phase 
Separation, i.e. more precisely, we must have ((Ax)?) positive and very much 
greater than the perfect gas mixture value x,.,/N. 

Clearly, (32) does not satisfy these conditions, while from (31) we must have 


3b > 2a. ree (5) 


So the proposed distribution functions for class II mixtures do not appear to be 
correct. ‘l’his would seem to be largely due to the fact that they were calculated 
from comparatively long wave J(s) curves which did not exhibit any peaks. On 
the other hand, (29) is admissible, provided (33) is also satisfied. 

Firth and Williams provide graphs of class I g,(r) for aniline cyclohexane 
mixtures at various temperatures differing by AT from that of critical mixing. 
For AT=0-04° the choice of a?~1/0-12)? and b?~1/0-13)2 in (29) produces a 
theoretical curve which is practically coincident with their computed one, hence 
(33) is, in fact, satisfied. Furthermore, as AT increases, then ultimately (33) is 
not satisfied, i.e. far enough away from phase separation, fluctuations cease to be 
‘large’, which is physically reasonable. This suggests that (33) is a useful 
criterion, that (29) might be a suitable asymptotic form for all mixtures at phase 
separation, and that (30) arose from a neglect of the shorter wavelength J(s) 
curves. 
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Abstract. Calculations are given of certain collision-free hydromagnetic 
disturbances produced by the rapid compression of a plasma containing a 
magnetic field. 


§ 1. INTRODUCTION 


which are launched into a plasma, when the latter is rapidly compressed. 

The calculations refer to the case where collisions between particles are 
unimportant and where the interactions are effected only by macroscopic electric 
and magnetic fields. It is assumed that the plasma is compressed by a magnetic 
field which is parallel to the internal magnetic field ; figure 1 is a schematic diagram 
illustrating a laboratory experiment with this configuration. The calculations 
refer to plane disturbances, an approximation that suffices for the early stages of 
the compression. 

In an earlier paper (Adlam and Allen 1958 a) an analysis was made of the 
structure of strong hydromagnetic waves which were propagated through a 
plasma, across a magnetic field, under conditions where collisions could be neg- 
lected. The treatment referred to a plane wave which propagated into an 
undisturbed plasma and the thermal motion of the particles was ignored. One 
interesting result of the previous work was the emergence of a characteristic 
distance (mc?/47ne?)? which was independent of the magnetic field strength. 
It was assumed, however, that the wave profile remained constant; the present 
paper describes more realistic situations where this assumption is no longer 
made. Some of the results have already been reported at the Second Geneva 
Conference (Adlam and Allen 1958b). 

Another generalization of the situation described in the first paper can be 
made by considering waves (of constant profile) which travel into a plasma which. 
is not initially undisturbed. This case has been discussed recently by Davis, 
Liist and Schliiter (1958). 


N this paper calculations are given referring to the hydromagnetic disturbances 


§ 2. FUNDAMENTAL EQUATIONS 


The equations are the same as those used in the previous work on collision- 
free hydromagnetic waves (Adlam and Allen 1958a). The coordinate system 
is chosen so that the magnetic field is in the z direction and the plasma initially 
occupies the space represented by positive values of x. There are no variations 


in the y or z directions. The equations of motion for the electrons and ions _ 


t+ Now at the C.N.R.N. Laboratorio Gas Ionizzati, Istituto Fisico dell Universita, Roma. 
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can be written as follows, where u and v are the velocity components in the x and 
y directions and suffixes 1 and 2 refer to the electron and ion respectively, 


SM = AUB, + Be Ao (1) 
ca ee al Rin (2) 
ee ae ‘ ot & v2B j a eee (3) 
ae eae “3 st] By = “| re (4) 


The original thermal velocities are ignored ; in practice they can be small compared 
with the directed velocities which the particles acquire. 
The equations of continuity are 


on 0 

= > ae (1,1) 

Bis te) eh a meee (5) 
Ferrey | Bae (72913) 


where n is the particle density, and the field equations, neglecting the displace- 
ment current, are 


oH. 4 
aes = —_— = [7146101 + NglqVp | Svelene: (ee (6) 
Se ED (7) 
re = rk tearh aes 
and 
oE 4 
ao = ae [72461 + Mo€.]. sisson (8) 


Gaussian units are used in this paper so that the numerical values of u and k 
(the permeability and dielectric constant of a vacuum) are both unity. These 
quantities, however, will not be dropped from the equations. The latter will 
be simplified, as in the previous work, (Adlam and Allen 1958a) by using the 
~ fundamental property of a plasma, namely |n,—m,|<n. The difference between 
n, and ny is ignored, except in Poisson’s equation (equation (8)); this small 
difference produces the electrostatic field F,, which dominates the motion of 
the massive positive ions. It has been assumed that the latter are singly 
charged, so that e,+e,=0. Ae 
The current must flow in the y direction, since the magnetic field is in the 
z direction and varies only with x. Thus u,=u,=u (say), since nN, =MN>, and the 
relative velocity between the electrons and ions may be written v=v,—%. 
Dropping the subscript from B, and eliminating FE, from equations (1) and (3) 
gives 
ou ou e,vB (9) 


er ae eeeeee 


and equations (2) and (4) yield 


28 4 Ot = — Salm tma)) p28 Me EA = (10) 
ot. Ox MMs c 
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Equations (5) degenerate to form one un 
oe 


ae Fn 7) ee ir cee (11) 
and the field equations become 
On Vit ee (12) 
“Ox tage 
and Ch a igicc, B 
San ve Ta a (13) 


Equations (9)-(13) form a set of five simultaneous differential equations relating 
the five unknowns, u, v, B, E,, and n. 


§ 3. CHANGE TO A LAGRANGIAN COORDINATE SYSTEM | 
A Lagrangian coordinate h will now be introduced. This coordinate is a 
constant for any particular particle and is equal to the x coordinate of that particle 


at?=0.” Lhen 
G).- G).+ ().() 
ot) n Ot) x Ot) n \Ox/t 
and d\. 'fah\ (a 
(5), (es) (a), 
but (dx/dt), is equal to u, the velocity of the particle in the x direction, and 
CAD (n/n,) so that 
8.-@-@ 
ot/n ot)» Ox); 
and C) n\ [a 
GG) a), 


The differential equations (9)-(13), when ae in terms of the independ a 
variables, h and t, become 


Ou e,vB | 
Gtont (m+ m)c yes 2 : scala 
seopaepa lio hue I ene bey ; 

— MyM, xt heal 6 eas see 


d(/m\ Ou | 
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and E)=v,B,/c. Equations (9 a)-(13 a) can now be written as follows 


OUn 


ae SSeS oes fa i nee eae (9 b) 
OUn _ 

Shaina eee © MMe Ue TER ye (10 b) 
Otn 
On’ Oun 
TE spd op Cutulpe Iaphaagryy 5 apehato (11d) 
OBn =F os 
aie iy Or ot ern? Got See e te SL let Borer (12 b) 

and OFn _. OBn , OBn 

The, nay —n Co ne ee (13 b) 


On eliminating wp, vn and Ey from these equations, the following pair of simul- 
taneous equations is obtained for By and n’: 


02n’ ) OBn 
nt 3g ed ESLER mip Mas co nr < 14 
Oth? ohn (2 , 7) 4) 
3 
aay Earn ty Cer ey (15) 


Ohn2dtn tn 
§ 5. BouNDARY CONDITIONS 


Initially the plasma is assumed to be in a uniform and steady state so that 


13% = 1 when tn = 0 ce ecee (a) 
(i=) when ig =0rapeno ty bhalt itas (bd) 
=“ a mas. Wiehigmi nr metres (a lls eine (c) 


The last condition can be obtained from equation (116) by putting uw; =0 when 
th = 0. 
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Figure 1. Schematic diagram of an experiment for the compression of a plasma by a 
magnetic field which is parallel to the internal magnetic field. 


At sufficiently large distances within the plasma the magnetic field remains 


undisturbed, i.e. 
Bee or as: gee cord OP Set! Cece: (d) 


The magnetic field strength at the plasma boundary increases with time; 
in the experiment shown in figure 1, for example, it depends on the waveform 
of the current which is passed through the conducting shell. ‘Two different cases 


are considered here, namely 
Busitetn at y=O0 °}§©=©— 

and Bowie Olt —exp(— aia) ats n=O \ 

where « and C are constants. hi 
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Using conditions (a) and (6), equation (15) can be directly integrated to yield 


OBn 


ohn? =n'B,—1. eosece (16) 


§ 6. NUMERICAL RESULTS 


In obtaining a numerical solution of equations (14) and (16) the equations 
are solved alternately in the following manner. 

(1) Equation (16) is solved for time ¢, to give By as a function of /n, n’ being 
known. 

(2) Equation (14) is solved to give n’ and dn'/dtn at time t, + At for a range 
of values of h when n’, dn'/dtn and By are known at time 44. 

In the solution of type (1) the boundary conditions (d) and (e) are used, and 
in the solution of type (2) the boundary conditions (6) and (c) are used when 
ty=0. The boundary condition (d) was replaced by the condition By =1 when 
hy»=H and H was made as large as was practicable. 


Case I. Linear variation of the magnetic field strength at the plasma boundary. 


Calculations have been made referring to the linear variation of magnetic 
field strength at the plasma boundary given by By=1+ tp, for the particular 
case where «=1. Figure 2 shows the computed distributions of By and n’ (as 
functions of hn) for different values of tp. Figure 3 shows the spatial variations 
of magnetic field strength and ion density at different times; these curves have 
been obtained from those of figure 2, using the relation (dxn/din)=n'. Figure 4 
shows the position of the plasma boundary as a function of time. 

Shortly after tn=1-6, n’>0 at hn=0, ie. n>0o at the plasma boundary. 
Physically this means that the outermost ions are overtaking their neighbours. 
The equations are no longer valid after this point. 
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Figure 2. Magnetic field strength and ion density as functions of hy, computed for various 
times after the start of the compression (Case I. 
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Case II, Exponential variation of the magnetic field strength at the plasma boundary. 


Numerical results have been obtained for the case of exponential variation 
of the magnetic field strength at the plasma boundary. The calculations refer 
to the particular case where x= 1 and C=1. Figure 5 shows the results, plotted 
against the independent variable Ap. Plots against the spatial Peer iat Xn, 
however, would roughly resemble the curves shown, and it is clear that a train 

of hydromagnetic waves is launched into the plasma. As the waves propagate 
into the plasma they also grow in amplitude. 
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which can be integrated to give 
ATTN es 
Bee (he hey: 
k 

This equation can be normalized and written as 

nE,=Ny,— Nyy Re: (17) 
where the unit of electrostatic field strength is 

(=: — my \ v,Bo 


My+m,/ Cc 


and 
= RB*(m,—m,) 
4anymymyc2 ~ 
In practice 7 ~ kB,?/47nym,c?, a quantity which is small compared with unity if 


Bee mc? 
< 


Fagen ee OY chet (18) 


The normalized electrostatic field strength is of the order of magnitude of unity, 
so that (i, —h,,,) must be of the same order of magnitude as y (using equation 
(17)). Thus when condition (18) is satisfied 7<1 and h,,~h,, except for 
very small values of h,,, ie. for h,,~7. Physically this means that the charge 
separation is very small, except for a narrow region at the boundary where a 
“surface charge’ exists (Adlam and Allen 1958b). 


§ 8. DiscussIoN 


The conditions which must be satisfied; if the calculations are to be valid, are 
the same as in the previous work (Adlam and Allen 1958 a). 

(a) By?/420nyu4<m,c?/uk. It has been shown in §7 that this criterion must hold 
if quasi-neutrality is to exist; it is also the condition for non-relativistic equations 
to be valid. 

(b) RT, <B,?/47n uv. The initial random energy is negligible if this condition 
holds, since the electrons are given an energy of the order of By?/47)u. Combi- 
nation of (a) and (db) gives RT, < By?/47n ue <m,c?/pk. 

(c) t<mean free time between collisions. 

Examples of two different kinds of behaviour are given in §6. In Case I the 
outermost ions are accelerated inwards until an infinite ion density is built up 
at the plasma boundary. The present theory cannot predict the subsequent 
behaviour. 

In Case II a train of hydromagnetic waves is launched into the plasma. 
These waves have the same linear dimensions as those discussed in the previous 
work, ie. d~5x105n—V2cm. The electron motion is non-adiabatic, ie. B/n, 
is not constant, and the term on the left-hand side of equation (16) is a direct 
measure of the non-adiabaticity. When this term is small compared with unity 
n'Bn=1, i.e. n/ny=B/By and the electrons can be visualized as being ‘ tied’ 
to the magnetic lines of force. In the rapid compressions considered here, 
however, the electrons are not ‘tied’ to the magnetic lines of force but ‘slip’ 
relative to them by a distance of the order of d. 

: When a strong hydromagnetic wave propagates into the plasma the massive 
positive ions are accelerated inwards by the electrostatic field while the electrons 


‘ 
‘ 
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attain high velocities in a transverse direction (the direction of current flow). 
The high electron velocities result from the ‘ slipping’ of the electrons relative 
to the magnetic lines of force. Both the electrons and the positive ions receive 
an energy comparable with the original magnetic energy per particle. 


‘* 
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Abstract. The effects of optical illumination and impurities on colloid formation 
are studied in additively coloured KCI and in NaBr coloured by ultra-violet 
light. It is shown that at elevated temperatures additively coloured KCl behaves 
as an auto-sensitized photographic system. A theory of the colloid band is 
presented which takes account of ion core polarization and harmonic mean 
effective mass for arbitrary ellipsoidal particles. The colloid band is identified 
as a bounded plasma resonance, shifted into the visible region by the boundary 
conditions. Plasma frequencies computed from the positions of the colloid bands 
are in good agreement with other estimates. The spectral dependence of photo- 
conductivity associated with the colloid band is related to the band structure of 
the host medium. 


§ 1. INTRODUCTION 
ale HE F-band in alkali halides may, under suitable conditions, be transformed 


into a narrow band at longer wavelengths which by its position, shape, 

and temperature independence is attributed to colloidal particles of reduced 
metal (Scott, Smith and Thompson 1953). Confirmation of this assignment has 
been obtained from measurements of photoconductivity (Gyulai 1925), electron 
diffraction (McLennan 1951), x-ray scattering (Smallman and Willis 1957) 
nuclear magnetic resonance (Ring, O’Keefe and Bray 1958), and electron spin 
resonance (Doyle, Ingram and Smith 1959). The presence of colloidal metal is 
thus well established. There are, however, several aspects of the coagulation 
process, optical absorption, and photoconductivity of the colloidal particles 
which deserve further study. In the present paper observations bearing on these 
topics will be presented. ‘The discussion will stress in turn the role of optical 
illumination and impurities in the coagulation process, the colloid band as a 
collective oscillation of the alkali metal valence electrons, and differences between 
the selective photoelectric effect and spectral dependence of photoconductivity 
accompanying the colloid band. 


§ 2. OpTicAL COAGULATION IN ADDITIVELY COLOURED KCl 


The F-band in additively coloured alkali halides is known to be unstable with 
respect to optical and thermal treatment. Early experiments (Glaser 1937) 
showed that coagulation can be achieved by illumination with strong arc light. 


More recently, Scott and Bupp (1950) showed that the amount and kinds of 
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coagulation products obtained by arc illumination depend upon whether or not 
the crvstal is allowed to warm up. When the crystal is held at room temperature 
only limited R-, M-, and N-bands are formed; if the crystal is allowed to warm 
up, coagulation goes to completion with the formation of a broad band, R’. This 
experiment established the need for elevated temperatures for complete coagula- 
tion, but left open the question of the effect of light. Later, Scott, Smith and 
Thompson (1953) found that the colloid band can be developed by annealing in 
the dark and that an heterogeneous equilibrium exists between the F-centres 
and the colloid particles. The equilibrium concentration of F-centres does not 
depend upon the amount of excess alkali metal, provided there is sufficient metal 
present to saturate the sample with F-centres at the annealing temperature. 
Thus illumination is not essential for the coagulation process. However, 
Theissen and Scott (1952) found that thermal coagulation is greatly accelerated by 
illumination. They offered two possible explanations: either the photo-electrons 
ejected from the F-centres are captured by the colloidal particles already thermally 
forming to hasten the particle growth, or, the ejected electrons are trapped to 
form R-centres which then assist the coagulation, possibly by serving as nuclei. 

It is difficult to assess the relative importance of the two proposed mechanisms 
in Theissen and Scott’s experiment since both optically induced and thermal 
coagulation occur simultaneously. One can, however, separate the two effects 
by illuminating samples containing less than the equilibrium concentration of 
F-centres at temperatures high enough to permit ionic motion. ‘Thermal 
coagulation is then absent. In this section the results of such experiments on 
KCl will be reported. Since these measurements were carried out it has been 
found that similar results had been obtained earlier by Shatalov (1956, 1957), 
and interpreted differently. For this reason our results will be presented in 
abbreviated form accentuating differences in emphasis and interpretation. 

Additively coloured samples of Harshaw KCl were prepared by electrolysis 
as previously described (Doyle 1958a). ‘The optical absorption spectra were 
measured at room temperature with a Beckman DU spectrophotometer. The 
samples were subjected to a variety of optical and thermal treatments, after each 
of which the optical absorption was measured. 

In figure 1 the results obtained on a typical KCl are plotted. The broken 
line shows the initial F-band at 560 mz. Since this absorption spectrum was. 
unchanged by prolonged heating in the dark at 250°c the sample contained less. 
than the equilibrium concentration of F-centres at that temperature. The 
specimen was then placed in a furnace, brought to thermal equilibrium, exposed 
in situ to a three second burst of light (Spindler and Hoyer 5 ampere arc, con- 
centrated to a spot one inch in diameter with the standard iris-lens attachment), 
and quickly brought to room temperature. The optical absorption spectrum — 
shown by the solid line in figure 1 was then observed. The F-band has been 


replaced by a new symmetrical band at 730my. This photolytic process was. 


subjected to further experiments which established the following points: 

(a) Strong illumination at an elevated temperature can cause considerable 
coagulation of F-centres, even under conditions where the F-band is thermally : 
stable. 

(b) The new band, identified here with R’, is thermally unstable in lightly 


coloured crystals. It reverts to the F-band if kept in the dark at the sam 
temperature at which it was produced. 


Colloid Centres in Alkali Halides 651 


(c) The band may be retained indefinitely at elevated temperatures by 
continuous illumination. 

(d) The rate of thermal re-conversion at a given temperature depends strongly 
upon the temperature at which the photolysis was originally carried out. The 
band decays rapidly at 250°c if it was produced at 200°c, while it is much more 
stable at 250°c if it was produced at that, or a higher temperature. 

: (e) The integrated absorption is unchanged during the transformation to 
within an uncertainty of about 5%. This was checked by re-cycling the same 
sample a number of times. 

(f) The position of the new band does not depend upon the temperature at 
which the photolysis is carried out, but formation at lower temperatures leads 
to a broader band. 

(g) The band position is not dependent upon the temperature of measurement. 


Optical Density 
= 
 — 


Z SS 


400 500 600 800 1000 
Wavelength my 


Figure 1. Optical coagulation in additively coloured KCl. The broken line shows the 
initial F-band at 560 my. The solid line shows the colloid band at 730 my formed 
by momentary exposure to intense arc light at an elevated temperature. 


These observations tend, in the main, to confirm Shatalov’s results, but not, 
it is thought, his conclusions regarding the exact nature of the centres involved. 
Shatalov concluded that the R’-band (X in his notation) is due to the F,-centre. 
It is difficult to see how the properties listed under (d), (f) and (g) can be associated 
with this type of centre, since a specific type of centre, such as F,, should always 

_ give rise to a unique absorption band, independent of the temperature of formation. 
On the other hand, all of the properties of the R’-band are consistent with a 
colloidal origin, as originally proposed by Glaser (1937). 
Since the term ‘colloidal’, as used here, does not imply a definite particle 
size, the name metallic centres might be more appropriate. The essential 
assumption is that the optical properties of the centres may be adequately described 
_ by starting from an expression for the optical constants of the metal, and this 
_ degree of similarity could exist even in quite primitive centres. What is required 
is a similarity in electronic structure. The optical properties of the colloid band 
will be considered in greater detail in §4. In the present section we shall merely 
indicate how the observed properties may be reconciled with the colloid 
model. It will be seen that the model is very flexible, and so, not surprisingly, 
is able to account for the observed features of the R’-band. It is felt that the 
agreement is sufficiently good to warrant the assignment. Moreover, the 

flexibility of the model finds a counterpart in the somewhat irregular behaviour 


of the band itself which has led to its being labelled ‘composite’ (Seitz 1954). 
202 
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The free electron theory of the colloid band (Doyle 1958b) predicts that the 
integrated absorption should be constant in the transformation from F-centres 
to colloid (e), and that the maximum absorption should occur at 720my in 
KCl(g). The half width depends upon the particle size, being larger for smaller 
particles, due to mean free path limitations. Any reduction in the mean free path 
of the dispersion electrons (or the mean lifetime of the excitation) leads to a 
broadening of the band without change in peak position (f). This is in accord 
with the observation that formation at lower temperature leads to a broader 
room temperature spectrum, since it is to be expected that at lower temperatures 
smaller particles will be stable. Shatalov’s high temperature absorption spectra 
(Shatalov 1956) show increased broadening with increasing temperature of 
measurement, possibly indicating an increase in electron lattice interaction due 
to increasing disorder in the molten metal particles. An increase in either the 
probability or frequency dependence of band-to-band transitions could also 
arise from lattice disorder and so. could also produce a broadening. It may be 
noted that thermal scattering is relatively insignificant in the room temperature 
spectra (Doyle 1958 b) and in the optical properties of the bulk metal (Butcher 
1951), compared with surface scattering and interband transitions. 

It will be shown (§3) that the substitution of a random distribution of 
ellipsodial particles in place of the spherical particles will not affect these con- 
clusions, provided that the ellipsoids are randomly oriented. The principle 
differences are: a very slight increase in integrated absorption and a spurious 


broadening due to the distribution in frequencies of maximum absorption. — 
Provided that the sphere is still the most probable shape there will be no shift 


in the observed maximum. 

The initial photochemical act in these samples is undoubtedly the ionization 
of the F-centre. No colloid particles are present initially so that the first products 
of photolysis must be other colour centres which then serve as nuclei for colloid 
formation. The experiments of Petroff (1950) at room temperature show that 
the nuclei are probably R-centres. Whatever the nature of the colloid nuclei 
may be, they are probably followed very rapidly by the formation of larger particles 
of reduced metal which will be much less susceptible to photo-ionization and 
thermal dissociation than the simpler centres (see §5 for a quantitative estimate). 
Thus, even though the negative ion vacancies may have a much larger electron 
capture cross section (Neilson and Scott 1954), the colloid particles will become 
negatively charged under strong illumination. ‘The charge will assist the further 
growth of the particles by attracting negative ion vacancies and by promoting an 
electrode reaction at the surface of the particle. Both mechanisms proposed by 
Theissen and Scott (1952) seem to be involved in the optical coagulation of lightly 
coloured crystals. ; 

It is concluded that additively coloured KC] behaves at elevated temperatures 
as an extremely simple form of autosensitized photographic system that conforms 
rather closely to the theory of the photographic process (Mitchell 1951). The 
system lends itself well to demonstration experiments and rather striking ‘ contact 
prints’ may be prepared. ‘The grain size is limited only by the dislocation pattern 
(Hedges and Mitchell 1953, Amelinckx 1956), and the pictures may be erased 
without destroying the photographic sensitivity of the crystal. As a model 
photographic system it deserves further study. : 
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§ 3. ‘THERMAL COAGULATION IN PHOTOCHEMICALLY CoLourED NaBr 


Earlier reports that photochemically coloured alkali halides can exhibit a 
colloid band (Przibram 1956) have recently been confirmed in crystals that have 
been irradiated with electrons (McLennan 1951), y-rays (Compton 1957), and 
neutrons (Ring, O’ Keefe and Bray 1958). The common feature of these observa- 
tions is the high doses required to develop the colloid band. Intense irradiation, 
however, is not sufficient to produce colloidal aggregates. The presence of small 
amounts of impurities seems to play a very important part in the coagulation 
process. Compton (1957) has shown that the colloid band appears in irradiated 
samples only in the presence of hydroxyl ions. In contrast, divalent cation 
impurities greatly inhibit coagulation in additively coloured crystals (Watson 
and Scott 1959). In the experiment to be described the colloid band has been 
observed in photochemically coloured NaBr. The experiment differs from the 
others just cited in that only lightly coloured crystals were used and ultra-violet 
light was employed instead of ionizing radiation. Nevertheless, F-centre con- 
centrations effectively much greater than the equilibrium value were attained. 
The results will be interpreted in terms of the action of impurities. 

Because it is rather hygroscopic, sodium bromide is not a convenient crystal 
to study, and no previous observations using additively coloured NaBr have been 
made. With the original intention of establishing the position of the aggregate 
bands in this material, single crystals, obtained from Taylor, Taylor and Hobson, 
Ltd., were coloured electrolytically in air. During the heating of the crystals 
hydrolysis at the surface was observed. After colouration all attempts to obtain 
a pure F-band failed; no matter how quickly the crystals were quenched coagula- 
tion was virtually complete before the sample reached room temperature. In 
view of Compton’s observations on photochemically coloured crystals this extreme 
behaviour was attributed to the presence of hydrolysis products, OH~ and Ht, 
diffusing in from the surface. 

In further experiments it was found that the colour could be bleached by 
holding the crystals at high temperature after coloration. After this treatment 
the crystals were completely transparent to visible light. ‘The rapid bleaching 
was thought to be due to the conversion of F-centres into U- and OH-centres 
and this interpretation received support from the subsequent observation that 

those portions of the crystals which had been electrolytically coloured and bleached 
were much more sensitive to X-irradiation. Such portions of x-irradiated crystals 
resisted bleaching by visible light, just as do crystals that have been photo- 
chemically sensitized by hydride (Martienssen and Pick 1953). 

When crystals which had been prepared in the manner described were exposed 
to a strong mercury vapour lamp (25374) the previously coloured portions 
developed a strong F-band at 540 mp, while the other part of the crystal remained 
clear. In this way pure F-bands, as shown by the broken line in figure 2, were 
obtained. The position and half width agree with the values reported by Ottmer 
(1928). After the F-band had been fully developed by ultra-violet irradiation 
the crystals were heated for a few seconds to a temperature of about 300°c, 
whereupon the F-band was immediately converted into the strong narrow band 
at 590 my shown as a solid line in figure 2. From the position, shape, half width 

and apparent insensitivity to temperature the long wavelength band is attributed 


to colloidal particles. 


; 
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The great reduction in integrated absorption apparent in the transformation 
depicted in figure 2 was puzzling at first, since experience with optically coagulated 
KCl (§2), as well as with thermally coagulated NaCl (Doyle 1958b), shows that 
such transformations take place with constant integrated absorption. However, 
further experiments showed that continued heating at the same temperature led 
to the slow disappearance of all visible bands. Renewed exposure to ultra-violet 
light resulted in the reappearance of the F-band and the whole process could be 
repeated. Thus, heating after exposure to ultra-violet light causes two reactions : 
a very rapid coagulation of the F'-centres, accompanied by a slow reconstitution of 
centres (probably U-centres) which possess no visible bands. For this reason 
no significance can be attached to the loss of integrated absorption in figure 24 
Preliminary observations indicate absorption in the ultra-violet region, but 
further work will be needed to establish the positions of the U- and OH- bands 
in NaBr. 


i~ oS 24> = ae 


Optical Density 
2S 


i 
400 500 600 800 1000 
Wavelength mz 


Figure 2, Thermal coagulation in sensitized NaBr (see § 3) coloured by ultra-violet light. 
The broken line shows the intitial F-band at 540 my. The solid line shows the 
colloid band at 590 my produced by heating. 


Considering the manner of preparation of the sample there is some ambiguity 
in whether the sample should be considered as an additively or a photochemically 
coloured crystal, although it is usual to speak of such crystals as photochemically 
sensitized. On the other hand, there is certainly an excess of alkali metal present, 
and in a form which does not give rise to a visible coloration. There seems little 
doubt that this is the explanation of the colour centre ‘precursors’ observed by 
Hacskaylo and his co-workers (Hacskaylo and Groetzinger 1952, Hacskaylo and 
Otterson 1953, and Hacskaylo, Otterson and Schwed 1953). Whether onal 
chooses to emphasize the non-stoichiometric ratio of alkali to halogen, or the’ 


photochemical nature of the coloration, the effect of the hydroxyl ions is Svea : 


more pronounced than in the experiments of Compton (1957). The mechanism 
by which this effect is produced is not known. It seems quite possible that at 
least part of the action of the hydroxyl ions is due to reactions with residual divalent 
cation impurities, which by themselves would tend to inhibit coagulation... There 
is optical evidence that such an interaction occurs, for the addition of divalent 
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cations removes the characteristic hydroxide absorption band (Etzel and Patterson 


1958). 
§ 4. OpTICAL ABSORPTION 


The position of the colloid band may be computed using Mie’s theory (Mie 
1908) for the absorption of light by metal spheres (Savostianova 1930, Scott, 
Smith and Thompson 1953), which relates the colloid band directly to the 
macroscopic optical constants of the alkali metal and the index of refraction of 
the host medium. Further insight into the nature of the colloid band is obtained 
by combining the free electron theory of metals and the Mie theory (Doyle 
1958b). It may then be shown that the wavelength for maximum absorption in 
the colloid band, Ay = 27¢/w, occurs when Ay = (1 + 2m2)"2Ac, where Ng 1s the index 
of refraction of the host medium and A¢ is the Wood—Zener wavelength for the 
onset of ultra-violet transparency of the metal (Wood 1933, Zener 1933). This 
relation holds for spherical particles which are small compared with the 
wavelength A). 

There are two ways of viewing the pronounced resonance in absorption which 
gives rise to the colloid band. The position of the resonance is largely determined 
by the wavelength dependence of the real part of the complex dielectric constant 
of the metal, so the frequency for maximum absorption coincides with that for 
which the internal field isa maximum. Thus the colloid band may be regarded 
as a frequency dependent local field phenomenon. Alternatively, the colloid 
band may be considered as a localized elementary excitation of the system con- 
sisting of the particle plus surrounding medium, i.e. a collective dipole oscillation 
of the conduction electrons in the particles. ‘Thus the colloid band is a bounded 
“plasma resonance’ (Pines 1956) which has been shifted into the visible region 
by the special boundary conditions obtaining at the surface of the spherical 
particles.+| The intimate connection with plasma theory is apparent in the 
expression for maximum absorption, when it is recalled that the Wood—Zener 
wavelength occurs at-a zero of the complex dielectric constant of the metal. 
(Hubbard 1955, Frohlich and Pelzer 1955). 

In this section we shall first consider the modifications introduced into the 
free electron theory of the colloid band by including the effect of core polarization 
and allowing for departures from spherical shape. New experimental values 

_ of the position of the colloid band will then be presented and used to compute the 
plasma frequencies of the alkali metals. 

The theory of the colloid band has been given for spherical particles neglecting 
core polarization. Both restrictions are easily removed. Indeed, because the 
various refinements may be made independently, the colloid band affords an 
unusual opportunity for the introduction of more realistic and detailed treatments 

_ of the internal electronic structure of the centre, while taking account of the inter- 
action with the surrounding medium in a correct and unambiguous way. ‘The 
results obtained are not without an heuristic value in the treatment of the more 
_ complex ‘simpler’ centres. oh. Ae ie a ie 
In the present treatment the effect of core polarization is included in the 
starting expression for the complex index of refraction of the metal n. Thus 
(Mott and Jones 1936) 

n?=1+407Na + 47(iw/og — w?m| Noe?) eicas (1) 
+ Bounded plasma resonances were considered by Tonks (1931), who called them 
imply ‘ plasma resonances’ while reserving the name ‘ plasma-electron resonance’ for 
the infinite plasma. We conform to current usage here. 
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where « is the ion core polarizability, N is the number of ion cores per unit volume 
of the metal, w is the angular frequency of the light, m and e are the mass and 
charge of the conduction electrons, oy is the conductivity, and Np is the effective 
number of dispersion electrons per unit volume of the metal. For convenience 
one may put N,=N and retain generality by replacing m with an harmonic mean 
optical effective mass m*. While equation (1) is not the most general expression 
for the optical constants of a metal, it will suffice for the present discussion. 
Moreover, it is known to give an accurate description of the optical properties 
of the alkali metals (Cohen 1958). 

To take account of departures from spherical shape we use the expressions 
for the absorption of light by ellipsoidal particles. For the general ellipsoid there 
will be three bands of absorption corresponding to the oscillations induced by 
components of the electric vector of the light wave along the three major axes. 
For light polarized along a single axis there will be a single peak and the absorption 
constant k for this band is given by (Gans 1912) 


k= —2nN'VINS (ae (2) 
fet (n2= ne") PiAm te heals 

where N’ is the number of metal particles per unit volume of the crystal, n is the 
complex index of refraction of the metal, m, is the real index of refraction of the 
host material, V is the volume of the individual ellipsoids, and P/47 is the 
depolarization factor for the axis of polarization. 

Inserting the index of refraction n given by equation (1) into equation (2) 
one finds 


es N’'Vn,309* w? 3 
Pinkie | Gisahr Gene) Tn ©) 
where 
Wo? =we"/[1+4rNatm2(47/P—1)],  — ..eee (4) 
welstaN en? bas dvidurd 2eeh hase (5) 
and 


Aw e° hoy indi dita in ape eee (6) 


Thus the band is Lorentzian regardless of the particle shape, but the maximum 
may occur at any frequency between zero and the plasma frequency, depending 
upon the depolarization factor P/4m (and thus on the shape) of the ellipsoid. The 
integrated absorption $7k,,,,Awy/2 is given by 


[eoo= N me” Ng . 
mirc (ate (da Nara ee (7) 


where N is the total number of excess electrons per unit volume of the crystal. 
These expressions all reduce to those obtained for spherical particles by putting - 


Pian =4 and 47Na=0. Comparing the general results with the spherical case 
it may be noted that the three major features: band position, width, and integrated 
absorption are all shape dependent. Thus the peak occurs at shorter wavelengths 
the shorter the particle along the electric vector of the light wave. The integrated 
absorption is greater for shorter particles if the index of refraction of the host 
medium my differs from unity. This departure from the sum rule appears in the 
guise of a local electric field. On an atomic scale, however, the effect arises 
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directly from the interaction between the dispersion electrons and the surrounding 
high-frequency oscillators of the medium, and is actually compensated by an 
accompanying change in the integrated absorption of the medium at higher 
frequencies. ‘This is not apparent here because the host medium is represented 
only through the constant m). When )=0 the sum rule is obeyed independently 
of shape, as it must be, since there are then no high-frequency oscillators present. 
The width of the absorption lines may also differ for particles of different shape if 
surface scattering is not negligible, as the mean free path for surface scattering is 
also shape dependent. ‘These remarks apply only to the special case where the 
light is polarized with the electric vector parallel to a single axis of a uniformly 
oriented distribution of identical ellipsoids. This is an unusual situation, but 
it may be realized experimentally (Rohloff 1952). 

For the more usual case of a random distribution of shapes and orientations 
the departures from the behaviour of spherical particles is not so marked. For 
such a distribution it is necessary to average the expressions for the absorption 
constant, equation (3), over all the axes of all of the ellipsoids of each shape and 
orientation, weighting each term by the square of the cosine of the angle between 
the electric vector of the wave and the axis in question (Gans 1912). Consider 
first a randomly orientated distribution of identically shaped ellipsoids. Such a 
distribution can give rise to three peaks, if the separation of the resonant frequencies 
is greater than the half widths of the three bands. Otherwise there will be merely 
a distortion of the band shape from the simple Lorentzian shape. In any case, 
the integrated absorption over all the bands will depart only very slightly from the 
spherical value. In fact, of all randomly oriented distributions of ellipsoids, a 
collection of spheres gives rise to the minimum integrated absorption. However, 
the departures from the minimum value are very small for a wide range of 
depolarization values and particle shapes, as may be seen in figure 3, where the 
integrated absorption of a randomly oriented distribution of identical spheroids 
is plotted against P/47 (solid lines). The corresponding axial ratio of the ellip- 
soids is also indicated. ‘The typical cases shown are for free electron metal 
particles of arbitrary orientation in free space (curve A), and randomly oriented 
particles of sodium metal in sodium chloride (curve B). Wide departures from 
spherical shape cause only small changes in the integrated absorption. The 
corresponding behaviour for particles aligned along the electric vector is more 
drastic as curve C shows. It should be quite possible to observe the shape 
dependence of integrated absorption in experiments similar to Rohloff’s. ‘The 
integrated absorption could then be used as well as the peak position to determine 
the shape of the particles. 

For a random distribution of shapes departing more or less from spheres the 
effect on the integrated absorption is, of course, still smaller, since only the mean 
value averaged over the distribution of the quantity shown in figure 3 (curve B) 
will be measured. This fact probably explains why the integrated absorption is 
conserved even for colloids prepared at low temperature where a variety of shapes 
may be expected to be stable. Fora random distribution of shapes only a single 
peak will be observed. It will appear spuriously broadened if the distribution of 
resonant frequencies is greater than the width of the individual plasma resonance 
‘packets’. In such cases a wide variety of band shapes can occur. However, 
the distribution is not completely arbitrary since the depolarization factors of an 
ellipsoid must satisfy the requirement LP/47 = 1, and this leads to a corresponding 
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restriction on the resonant frequencies of the three absorption bands for the 
ellipsoid. If the sphere is the most probable shape the position of the band will 
still correspond to that of the sphere. A narrow symmetrical band may be 
taken as an indication that the distribution approximates quite closely to the 
behaviour of spherical particles, both with regard to peak position and integrated 
absorption. Equations (3) to (6) may be apples immediately to spherical, or 
nearly spherical, particles by pulse P/47=1, since the summation over the three 
axes is just cancelled by the factor 4 introduced by the averaging over the square 
of the direction cosines. 


La) 


Integrated Absorption 


Prolate 


0 i 


P/4t 

Figure 3. Integrated absorption cross section for spheroidal particles in units of 722/mc : 
plotted against the depolarization factor of the symmetry axis, P/47, and the axial 
ratio c/a. The solid lines are for randomly oriented distributions of. identically 
shaped ellipsoids. ‘The broken line is for particles aligned with the symmetry — 
axis parallel to the electric vector of polarized light. Curve A applies to particles 
containing free electrons in a vacuum (7=1). Curves B and C apply tos ul 
metal particles in sodium chloride (m= 1°55). a 


The colloid band has been ‘observed i in additively coloured Tae: N; 
KCl, and KBr, usi ae thermal and optical coagulation. — The peak posi 
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(1958) from a re-analysis of Ives and Briggs optical constants of sodium and 
potassium metal. ‘lhe agreement is quite good though the observed wavelengths 
are somewhat longer than those calculated using the empirical optical constants. 
This is consistent with Scott’s suggestion that coagulation does not involve a 
compression of the metal (Scott 1954), since compression would tend to increase 
N, and make the observed bands fall at shorter wavelengths. 

The plasma frequencies of the alkali metals, wy?= wee/(1 +47Na), computed 
from the observed positions of the colloid band in their respective salts are shown 
in table 2. For sodium and potassium the values shown are averages for the two 
salts listed in table 1, while for lithium the colloid band in LiF at 270 mp 
(Pringsheim 1954) has been used. No measurements are available for the 
rubidium and caesium salts. However, the selective photoelectric effect may be 
treated as a frequency dependent local field phenomenon taking place in a surface 
distribution of colloidal particles of metal, and the maximum emission for disc- 
shaped particles on a reflecting backing occurs at the plasma frequency (Doyle 
1959). Ives and Briggs (1938) have measured the spectral distribution of 
photoemission under these conditions finding maxima at 345, 380, and 400 my 
for potassium, rubidium, and caesium respectively. The corresponding 
frequencies are displayed in the second column of table 2. 


Table 2. Plasma Frequencies 


Metal (1) (2) (3) (4) (5) (6) 
i 10-2 — — 8-0 9-5 7-90 
Na 5-08 ~- 5-62 5-9 5-4 5-60 
K 3-60 3-6 3-67 3-9 3:8 3-87 
Rb — 3-3 3-01 3-6 — 3-40 
Cs — So 2:91 3:3 — 2-94 


Plasma frequencies computed from: (1) positions of the colloid band listed in table 1; 
(2) selective photoelectric effect (Ives and Briggs 1938, Doyle 1959); (3) optical constants 
(Ives and Briggs 1936, 1937, Cohen 1958); (4) ultra-violet transparency (Wood and Lukens 
1938); (5) characteristic energy loss spectra (Marton and Leder 1954); (6) lattice constants 
(Pearson 1958) and ion core polarizabilities (Tessman, Kahn and Shockley 1953). 


Independent experimental estimates of the plasma frequency based upon 


- optical constants (Ives and Briggs 1936, 1937), ultra-violet transparency (Wood 


and Lukens 1938), characteristic electron energy losses (Marton and Leder 1954), 


as well as the values calculated from the density of the metal (Pearson 1958) and ion 


core polarizabilities, are also tabulated for comparison. The last three columns 
of the table are similar to the table given by Pines (1956), except that the iron core 
polarizabilities of Tessman, Kahn and Shockley (1953) have been used in obtaining 
columns (1) and (6); the remaining columns are taken directly from experiment. 
The colloidal values of the plasma frequency are in satisfactory agreement with 
the other estimates. Considering the extreme simplicity and ease of the absorption 


~ measurements the colloid values may well be the most trustworthy. 


Band-to-band transitions have not been taken into account. These will have 


two principal effects: broadening of the colloid band due to limitation of the 


lifetime of the collective oscillations, and a shift in the maxima due to their 
influence on the harmonic mean effective mass. Electron lattice collisions, on 
the other hand, will lead to a broadening of the band without shift in peak position, 
in contrast with the behaviour of the Wood-Zener wavelength in bulk metal 
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(Cohen 1958). In principle it would be possible to separate and study these 
effects in colloids but this has not yet been done. 
Bounded plasmas can sustain oscillations at the plasma frequency itself if the 
displacement of the charge is normal to the surface (Tonks 1931). This is the 
case for the disc shaped spheroids, mentioned above, and for radial oscillations in 
the cylinder and the sphere as well. Radial oscillations cannot be induced by a 
plane electromagnetic wave so they are of no importance in the study of the 
colloid band. However, it is possible to observe both radial and transverse 
‘Coulomb excitation.’ of small particles by the methods employed in the study of 
characteristic energy losses in thin films. Indeed, such films often consist of a 
surface distribution of colloids (Sennett and Scott 1950). For thicker films a 
colloidal dispersion could easily develop if surface oxidation occurred. ‘This 
may be an explanation for some of the low-frequency loss peaks occasionally 
observed in energy loss spectra (Marton, Leder and Mendlowitz 1955). 


§ 5, PHOTOCONDUCTIVITY 


The optical properties of the colloid band seem tolerably well understood. In 
contrast with this the spectral dependence of photoconductivity, although often 
studied (Gyulai 1925, Glaser 1937, Neilson and Scott 1954), still presents 
difficulties. Indeed, even the threshold frequency and the wavelength for 
maximum photoconductivity require clarification. 

Additively coloured specimens were prepared and coagulated by optical and 
thermal methods as described above. The samples were cleaved to a size of 
about 1 mm x 3mm x 3mm and were mounted on edge on insulated supports in 
a dry, closed, and opaque box. Photocurrents were measured with a General 
Radio electrometer. ‘The monochromator of the Beckman DU was used as the 
light source. The intensity of the light was measured with a calibrated thermo- 
pile, light chopper and 10 c/s amplifier. All photocurrents were reduced to 
unit incident intensity. 

A large number of samples of additively coloured coagulated Harshaw NaCl 
crystals were examined for colloidal photoconductivity. In figure 4 the spectral 
response of a typical sample is shown as a solid line. Although this sample had 
a particularly well-developed colloid band, the photoconductivity appears to arise 
entirely from residual F-centres. The latter are in evidence, if at all, only asa 
slight asymmetry in the colloid band. Assuming that the asymmetry is entirely 
due to a residual F-band (ignoring band-to-band transitions) and that not 
more than 10% of the photoconductivity is due to colloidal particles, the relative 
probability for ionization of a colloidal particle is less than 1/100 that of the 
F-centre. ‘This difference alone could account for the coagulative properties of 
light at high temperature (§ 1). ; 

Because the behaviour of the Harshaw NaCl was at variance with that observed 
by Gyulai, samples of natural blue rocksalt (Stassfurt halite), obtained from 
Wards Scientific Establishment, were also examined. Figure 5 shows the optical 
absorption (broken line) and photoconductivity (solid line) of this material. The 
similarity to the curves obtained by Gyulai on samples ‘of unknown origin’ is 
very close and may indicate a common sample origin. The difference between 
natural blue rocksalt and the additively coloured NaCl is quite marked, probably — 
because the natural samples have F-centre concentrations corresponding to 
much lower temperatures than can be used in the laboratory. 
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The complexity of the absorption spectrum of the natural material is often 
ascribed to a distribution of particle sizes. ‘This explanation cannot account for 
the appearance of a short wavelength peak since the limiting wavelength for 
particles of zero diameter is 555myu. Moreover, differences in amounts of 
scattered light observed for the natural and synthetic is not consistent with a size 
effect. It is possible, however, to account for both the strange absorption spec- 
trum and the lack of scattered light by assuming a distribution of particle shapes. 
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Figure 4. Spectral dependence of photo- 
conductivity (solid line) and optical 
absorption (broken line) of additively 
coloured NaCl. 
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Figure 5. Spectral dependence of photo- 
conductivity (solid line) and optical 
absorption (broken line) of natural blue 
Stassfurt halite. 


The threshold for photoconductivity obtained by Gyulai is corroborated here 
for Stassfurt halite. It occurs at 650 my, or 0-5 ev less than the corresponding 
threshold for the photoelectric effect on the alkali metal. The difference in the 
apparent work function in the two cases is due, according to Mott (1938), to the 
electron affinity x of the host crystal NaCl. On this interpretation the bottom of 
the conduction band in NaCl lies 0-5 ev below the vacuum potential outside the 
crystal surface. Recent attempts to observe photoemission directly from a metal 
snto the conduction band of NaCl using surface electrodes have yielded conflicting 
results. Gilleo (1953) observed electron emission from silver into NaCl and 
found y=0-4ev in good agreement with Mott’s estimate, and with the results 
reported here. However, Turner (1956) has repeated the experiment and has 
been unable to find any emission at all. ‘The discrepancy remains unexplained. 

It has often been noted that the spectral response for photoconductivity bears 
a strong resemblance to the spectral selective photoelectric effect in sodium metal. 
There is, however, an important difference between the two phenomena, since 
the maximum photoconductivity does not coincide with a maximum optical 
absorption. Of the various frequency dependent factors entering the expression 
for the probability of ionization of a colloidal particle, and thus determining the 
wavelength dependence of photoconductivity, for example, local field, transition 
probability, barrier penetration, available initial states, and accessible final states, 
only the first and last named will be significantly different for particles imbedded 
in a crystalline lattice instead of free space. It is the strong maximum 1n the 
frequency dependent local field which gives rise to the colloid absorption band 
(§4) and to the strong spectral selective photoelectric effect in the alkali metals 
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(Doyle 1959). The peak in colloidal photoconductivity, however, does not 
coincide with the colloid band and so, if it is due to the same group of particles, it 
must arise from the other factor. For particles in a vacuum the density of 
accessible final states is a monotonic increasing function of frequency and no 
maximum corresponding to this factor is observed in the selective photoelectric 
effect. For particles imbedded in a crystalline field, however, the density of 
final states is zero for transitions leading to the forbidden bands. ‘Thus, the 
observed maxima in photoconductivity may be a reflection of the band structure 
of the host medium just as the threshold is. The absence of an observed corre- 
lation between the photoconductivity and the optical colloid band is puzzling since 
all transitions depend in common upon the local field factor. It may be that local 
field peak has been shifted too far in the long wavelength direction for the effect 
to be observable, possibly even beyond the threshold for photoconductivity. 


§ 6.. CONCLUSION 


Additively coloured alkali halides behave as an autosensitized photographic 
system: Under the influence of light, F-centres may be coagulated to form 
particles of reduced metal. In the presence of impurities (OH~ and H*) even 
photochemically produced F-centres may be converted to colloidal particles. 
The optical absorption band so produced is adequately described in a modified 
free electron approximation which includes the effects of core polarization and 
optical effective mass. Departures from spherical shape lead to negligible changes 
in integrated absorption for random distributions of particles. Provided that 
spherical shape is most probable, the band position is unchanged, though spurious 
broadening may occur. The colloid band is closely related to plasma oscillations 
in the infinite metal: plasma frequencies deduced from the position of the colloid 
band are in good agreement with independent estimates. In spite of the apparent 
similarity, the photoconductivity associated with the colloid band differs from the 
spectral selective photoelectric effect of alkali metals in an important respect : the 
optical absorption and photoconductivity maxima do not coincide. The occur- 
rence of a maximum in the photoconductivity and the displacement of the threshold 
wavelength are both due to the band structure of the host crystal. 
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Abstract. The optical constants of aluminium from the near ultra-violet (2500 A) 
to the near infra-red (51) can be described, at least qualitatively, in terms of the 
Drude formula by the two parameters N and 7, the density of free electrons and 
the relaxation time, respectively. The value for N is taken to correspond to 
2-4 free electrons per atom and the value for 7 is taken to be 1-2 x 10-} second. 


§ 1. INTRODUCTION 


N the course of our investigations on the characteristic electron energy losses in 
] solids (Marton, Leder and Mendlowitz 1955, Marton 1956), it became clear 
that a knowledge of the optical constants of the solids would be very desirable, 
because the loss spectrum is determined by the behaviour of the complex dielectric 
constant e(w) as a function of the frequency w. The optical absorption process, 
which is the interaction of the transverse components of the electromagnetic field 
with matter, can be characterized by 


Tem(w)~ Fe(w), 

o= 2nc/A, secon (1 b) 
where c is the velocity of light, the wavelength, Jem(w) is the probability of 
the elementary electromagnetic absorption process at the frequency w, and 
/£«(w) is the imaginary part of the dielectric constant. On the other hand, the 
characteristic electron energy absorption process within a solid, which is the 
interaction of the longitudinal components of the electromagnetic field with the 


matter, is characterized by (Marton, Leder and Mendlowitz 1955, Frohlich and 
Pelzer 1955, Hubbard 1955) 


1 %e(w 
lea(w)~F = = oar Pi sched, DEOL A “ts cons (2) 
where Iei(w) is the probability of the elementary electron energy absorption 
process in the solid at the frequency w. ‘Thus, to study the electron loss spectrum 
one must know the behaviour of the real part of the dielectric constant as a function 
of frequency in addition to the behaviour of the imaginary part. In principle, 
if we knew the frequency dependence of either the real or the imaginary part 
of the dielectric constant for all frequencies, it would be possible to obtain the 
other through the Kramers~Kronig dispersion relations (Kronig 1926, Kramers 
1927). ‘This was not a very feasible method, before the advent of the high-speed 
computers, except when the frequency dependence could be expressed in terms 
of simple analytic functions. Also, more often than not, the complete frequency 
dependence of the real or imaginary part of « was not known. This was not a 
major problem because both m and k, the index of refraction and extinction 
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coefhicient, respectively, were usually measured in the frequency range of interest. 
These are directly related to the complex dielectric constant e(w) by 


€(w) = (n+1k)?, Raia cee (3 a) 
J «(w) a. ee Oo. (3 b) 
Re(w) =n? — k2, 


(One may find in the literature that e(w) = (n—ik)? instead of as in equation (3 a). 
The difference between the two forms depends upon whether the time dependence 
of the electromagnetic field is written as e! or e-!,) 

Although the frequency range of major interest for the electron energy loss 
spectra is in the far ultra-violet, it is necessary to know the frequency dependence 
of « in the other frequency regions in order to check the information on the 
oscillator strengths. Since the electron energy absorption spectrum in aluminium 
is the most thoroughly studied (Marton, Leder and Mendlowitz 1955, Marton 
1956) it was decided to compare the information on the distribution of oscillator 
strengths gained from electron absorption in that metal with that obtained from 
electromagnetic spectra. In what follows, we shall assume that the total oscillator 
strength for the possible electromagnetic absorptions from zero frequency to the 
far ultra-violet (tw ~20ev) is accounted for by the three valence electrons in 
aluminium. In this paper our attention will be directed mainly to the region 
between 25004 and 5. 


§ 2. MEASUREMENTS OF OPTICAL CONSTANTS IN ALUMINIUM 


The optical constants in aluminium inthe visible and ultra-violet have been 
studied for a long time because of the practical application of utilizing aluminium 
as a mirror far into the ultra-violet. It has been shown (Hass, Hunter and Tousey 
1956) that the optical properties of aluminium films depend on the processing 
methods as well as on the age of the film. Therefore, in this discussion, we will 
limit ourselves to some of the more recent measurements of the optical constants 
(Hass 1960, Schulz 1954, Schulz and Tangherlini 1954, Beattie 1955, Beattie and 
Conn 1955, 1956, Hodgson 1955) where it is assumed that adequate care has 

been taken in the preparation to ensure uniform, reproducible results. 


§ 3. DrupE THEORY 


On the basis of the Drude free electron gas theory we can express the real 
and imaginary parts of the dielectric constant as 


w 272 
Be(@)=1— eo 5 ee ee tensvelians (4a) 
epider cet 4b 
Ie(w)= ol +aFA)’ (46) 


where 7 is the relaxation time which corresponds to the interaction of the electrons 

_-with their surroundings and among themselves, and 

Dy Amie jit eae SS (5) 

where N is the density of the free electrons, e the electronic charge, and m the 

electronic mass. In the limit of extremely large w7 (but w is still small enough 

0 that we do not excite interband transitions), we have the condition of a free 
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electron gas without any interaction and the real and imaginary parts of the 
dielectric constant are then 


2 
Rew) =1—SP =1—ap®(2re) A? ese (6a) 
Ww 


§ 4, PARAMETERS FOR DRuDE FORMULAE 


If we plot 1—#e(w) =k? —n* + 1 in the limit of large wz as a function of the 
inverse frequency squared (or as a function of A?) we should obtain a straight 
line whose slope is wp2(27e)~ (eqn (62)). Figure 1 is a plot of the data — 
obtained from Hass (1960). ee slope of this curve gives wp”. After substitution 
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Figure 1. Plot oa 1—@e(w)=k?—n? +1 as a function of A® of the data of Hass al I 
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Figure 3. (1— Ge(w)/(wg <€(w)) is plotted for all wavelengths for which there are data. 
_.___ Throughout the paper the triangles refer to data of Beattie and Conn and the 
ia rectangles to those of Hodgson. For the Drude model the ordinate gives 7, the 
relaxation time. Observe the consistent value of the ordinate in the small wavelength 
region and the increase in the long wavelength region. 
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which are given in equations (4a) and (4b). Incidentally, this density is 
considerably larger than that obtained from measurements by Hodgson and 
Beattie and Conn. ‘Their measurements were taken in the infra-red region for 
wavelengths greater than about 1p. Note the low temperature measurements 
by Chambers (1952) in the microwave region give 2:2 free electrons per atom in 
aluminium. 

We can obtain 7, the other required parameter for the Drude formulae, from 
equations (4a) and (46) by forming the ratio 
_1-Ae(w) 


Ge (Oe. 


In figure 3, we plot the ratio [1 — Re(w)]/w%e(w) as a function of A. This ratio | 


gives 7 in the Drude theory. The data obtained from Hass give a value of 
approximately 1:2x10-% sec. ‘There are also given the values of the above 


ratio obtained for larger values of A. In figure 4 are plotted the experimental — 
values of 1—-#e=—k2—n2+1 as a function of wavelength; the solid curve is | 


calculated from equation (4a) (N=2:4/atom and 7=1-:2 x 10~™ sec). Note that 
the solid curve gives the qualitative behaviour of #e over this region. In figure 5 
is displayed .%¢ = 2nk as a function of wavelength. ‘The solid curve is calculated 
from equation (46). This gives a rather good fit to the experimental information. 


Note the deviation from the calculated values in the region near 0-9. It is 


seen (in figure 3) that at higher frequencies (smaller A) the value of 7 stabilizes | 
to the above quoted figure. However, at the lower frequencies (larger A) the — 


value of + continuously increases, whereas on the basis of the Drude theory 7 is 
a constant independent of \. The values quoted by both Hodgson and Beattie _ 
and Conn are those which correspond to the lowest frequencies measured. — 


They had assumed that at these frequencies it is most likely that the Drude theory : 
is valid, and that in the visible and ultra-violet regions various optical transitions _ 


would cause deviations from the Drude theory. This is not necessarily so as is | 


evidenced in figures 1 and 3 by the consistency of the data with the Drude 
formulation for the parameters chosen. Beattie considered the influence of the 


anomalous skin effect upon the infra-red properties of silver and aluminium — 
(Beattie 1957). He found that there was satisfactory agreement between theory 


and experiment for silver but not for aluminium. The disagreements in 


aluminium may~be due to the fact that the parameters that were used were | 


considerably different from those that are presented in this paper. Furthermore, 
if we take our value of N, then the Fermi velocity v,~2 x 108 cmsec71. This 
value is in good agreement with that obtained from the study of the K and 
L, emission spectra in aluminium (Wilson 1954). If we take the mean free 
path / to be 


then /~ 2:5 x 10~* cm, about five lattice spacings. The skin depth 8 is given by 


Sm of (2mdogy | annie os abode a (9)% 

where oy is the d.c. conductivity and is given by 
= lim — 

a9 nie = SL €(w), 


and yw’ is the magnetic permeability which can be taken as unity in this frequen | 
range (Dingle 1953). Therefore 7 


§=1-3 x 10-622 cm, vssineia 


I Og tii. epee a ae ees frecetee (8) 
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where the wavelength \ is expressed in microns. Thus in the region from Iu 
to 10, the skin depth is an order of magnitude larger than the mean free path 
and so one might not expect that it is necessary to consider the anomalous skin 
effect in treating the optical properties of aluminium in this region. We must 
not, however, completely rule out the fact that there may be a weak absorption, 
due to the band structure, which has a peak in the region of 0-9 u (cf. figures 4 
and 5). ‘There is good reason to believe (Mendlowitz, to be published)} that the 
maximum oscillator strength associated with this absorption corresponds to about 
0-3 electrons per atom. Also, we may note from the data presented in figures 3, 
4 and 5 that even in the same wavelength region there is a marked discrepancy 
for the quoted optical constants among the various authors. Thus, one may at 
best hope to give a qualitative, rather than a quantitative description of the 
optical constants. Now that the techniques for preparing films and their 
behaviour is better understood, it is very desirable to have additional measurements 
made over the complete wavelength region (from far infra-red to ultra-violet) 
in order to check the previous measurements and the model proposed in this 
paper. 

The measurements of the d.c. conductivity in bulk material give a value of 
3-2 x 10! e.s.u. in aluminium. The electrical measurements on evaporated films 
give a value of about 1-5 x10!" e.s.u. (Beattie and Conn 1955, 1956). From 
their optical measurements, the values of o, are between 1-1 and 1-2 x 101’ e.s.u.,. 
Hodgson’s measurements give 0-73 x 10! e.s.u. and the parameters quoted in 
this paper give a value of about 0-45 x 10! e.s.u. Thus the values of o) obtained 
from the optical measurements are of the same order of magnitude. ‘Therefore 
the fitting of parameters must be such that the product of wy? is approximately 
the same order of magnitude for all optical measurements, and if one obtains a 
density of electrons which is low, it has to be compensated by a relaxation time 
which is long and vice versa. The value of 7 proposed in this paper is smaller 
than that proposed by either Beattie and Conn or Hodgson by a factor of two to. 
five and so the density of free electrons that we propose for aluminium must be: 
greater than that suggested by the other two authors. Also, the larger free electron 
density proposed in this paper is more compatible with the results of the electron 
characteristic loss experiments (Marton, Leder and Mendlowitz 1955). The 


‘major elementary loss in aluminium occurs at about 15 ev and it is very strong 


compared with the other elementary loss at about 7ev. This value for the energy 
loss and its prominence suggest that the free conduction electrons exhaust most. 
of the oscillator strength available for optical transitions. 


§5. SUMMARY AND CONCLUSION 


Although the density of free electrons in aluminium (N= 2-4/atom) suggested 
in this paper is considerably higher than those for many of the good conductors, 


the comparatively poorer conducting qualities of aluminium are due to the small 
‘relaxation time (7=1-2 x 10-! sec) which is at least an order of magnitude 


smaller than, for example, that of copper. Note that we have not endeavoured 
to discuss the frequency dependent conductivity in terms of the band structure 
of aluminium because we have found that the simple Drude approach seems to 


+ This information is obtained from an estimate of the oscillator strength of the transition 
in the 1000 A region. 
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give an adequate qualitative description. One may try to study the temperature _ 
dependence of r in aluminium ina relatively straightforward manner by measuring 
the optical constants in the visible and near ultra-violet as a function of 
temperature and applying the analysis that gave the data for figure 3. ‘This may 
be a rather direct method to obtain information on the electron-phonon inter- 
action, although at low temperatures one may have to consider the anomalous 
skin effect in interpreting the data. 
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Abstract. A procedure is proposed, involving a coupling parameter, for the 
determination of the partition function and free energy of a classical condensed 
system of particles in terms of the structure of the system (that is, short range 
order) represented by the pair distribution. The present paper forms a sequence 
with two previous papers by the author, published in 1959 and 1960, concerned 
with the accurate calculation of the pair distribution. The present paper, when 
taken together with these previous papers, gives a theory for the determination 
of the thermodynamic properties of a classical fluid in terms of the partition 
function, and using the principles of particle dynamics. Errors due to the use 
of the superposition approximation in the calculation of the structure can be 
controlled. ‘The theory may be applied equally to spherical or non-spherical 
constituent particles. 


§ 1. INTRODUCTION 


: CCORDING to the well-established principles of classical statistical 
} A mechanics (see for example Tolman 1938) the equilibrium macro- and 
micro-physics -of all matter are linked according to the expression 


fh et af Bs (vy Ae ee es ee eee (1) 


_ Here, F is the macroscopic Helmholtz free energy, k is the Boltzmann constant, 
_ Tis the absolute temperature, and Z is the partition function defined by Z=)Z,, 
_-where 

3 JEXNSE (20M PR GRE 20 TOME CAE ae (2a) 
and 


N1Z,= | wt fexp{-X(» Fen lencc Typ Ot Ais Ale nelle oes Sse (2b) 


In (2), r; is the configuration vector for the particle 1 (representative of all the 
N identical particles of mass m contained in a fixed volume V, which forms the 
model to replace the actual system in the theory); X(rj,r2, r3,.+. Py) is the 
reduced total particle interaction potential related to the total actual interparticle 
potential W(r1, Yo) "3, ---fy) through the formula kTX=‘". To very good 
approximation, f’ is independent of the temperature, 

_ For simple systems composed of mutually interacting particles with no 
internal degrees of freedom (such as will concern us throughout this paper), 
W is the sum of the mutual pair interactions between constituent doublets. 
If #b(r,,r;) is the actual pair interaction potential between particles 7 and j, then 
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a reduced pair potential, x(r;, rj) 1s introduced such that RTy=y, and we may 
write: 
N ON 
X(rpre rae ty)= DDG ae ee ee (3) 
4=1j>1 } 
The macroscopic thermodynamic functions are obtained theoretically by the 


appropriate differentiation or F, or log Z, with respect, for example, to the 


temperature or the volume. For example, the entropy S and the pressure p 
are given by 


oF oF 


S=- = d ee a ee 4a 
5-537 |e ay |e Cm 
The internal energy U then follows from the relation 

Bs Um TS ne ee acne (45) 
Sua U=kT? log lie erng a (40) 


The calculation of the thermodynamic functions of a classical condensed | 
system of particles using the formulae (1) to (4) without any modification is 


totally impracticable because of the impossibility of evaluating the expression (2) | 


for the partition function directly in this case. Two methods for circumventing 


this situation, that have proved valuable in the past, are relevant here. ‘The | 
first attributes a cell structure to the fluid (Lennard-Jones and Devonshire 1937, | 
de Boer 1952, Kirkwood 1950, Green 1956), each particle moving in a mean | 


potential force field due to neighbours. Z, is then inferred by a process of | 
essentially empirical correction against known experimental data, possibly 


involving the structure of the corresponding crystalline solid. 


The second method (Kirkwood and Boggs 1942, Born and Green 1949, 
Cole 1958, for a full discussion see Cole 1959b) accounts explicitly for particle | 


movement under definite laws of motion. It avoids any direct appeal to 


equations (2) and (1) for Z, and F respectively, but instead accounts explicitly : 


for the liquid short range order through the pair distribution. Simple expressions 


are obtained for the fluid internal energy and pressure in terms of the pair 
distribution; these can be expected also to include the interphase condensation — 
region. Unfortunately numerical tests (Kirkwood; Lewinson and Alder 1952) 


show them to be very sensitive to the exact details of the pair distribution; in 


addition the inclusion of non-spherical particles into the theory presents rather 


more than just formal difficulty. 

In the present paper we are concerned with the formal problem of deriving 
the liquid thermodynamic functions using all the equations (1) to (4), with the 
partition function determined using the arguments of particle dynamics. For 
this purpose Z, is derived from (2) by invoking explicitly the details of the short 


range spatial order of the condensed system calculated independently, using a 


procedure of variable interparticle coupling for all particles simultaneously. 
Non-spherical particles can also be included into the theory. The present paper 


forms a natural sequence with two earlier papers (Cole 1959 a, 1960, hereafter 
referred to as I and II respectively). 


§ 2. Basic EQuaTIONS i 


It will be assumed that the short range spatial ordering of the condensed 
system is adequately represented by a pair distribution function describing the 


” 
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probability for the occurrence of any specified relative pair configuration of 
particles. For two particles, labelled 1 and 2, the dimensionless pair distribution 
n(r,,r,) is defined by 


(N—2)!Z,n?n®(r,, ry) = | ee (eeXD {NO Og i serene (5) 


where nV =N. Higher order distributions, such as the triplet can be defined 
(cf. for example paper 1) by analogous expressions which need not be written 
down here. 

A hypothetical variation of the actual coupling between all the particles 
simultaneously can be achieved theoretically by introducing a coupling parameter y 
continuous in the range 0 to 1. Thus, y=0 refers to completely uncoupled 
particles, whereas y= 1 refers to the coupling of the actual system. Hypothetical 
changes in the interparticle coupling can be simulated alternatively by actual 
changes of temperature, a correspondence existing between y and 1/7. For this 
reason the range of the coupling parameter 0<y<1 has an associated actual 
temperature range 00> 7'> T),, where T, is the actual temperature of the system. 
In particular we can link y and T through the equivalence y(d/dy) ~ — T(0/eT) 
for conditions of constant volume. 

Variable coupling will be introduced into the theory through the potential 
expressions 

X=yX, and = YX Rt 2 BO. © (6) 
where X, and xy, are respectively the total and pair potentials appropriate to the 
coupling of the actual system (i.e. for which y=1). ‘The pair distribution and 
partition function corresponding to any coupling will be written NOES, aay) 
and Z,(y) respectively. 

The dependence of Z, on the parameter y is obtained immediately from (2), 
using (3) and (6), by differentiation with respect to y: 

NI eZ, (y) _ WO |] Xp ("a ho) exp{—yXp} dry dr. dr... dry. 


dy 
By virtue of (5) and using (3) this expression can be reduced to the form 
2 
= ins mee | Xp(hahe)M(ry roi y) dry dry ..---- (7) 


which takes explicit account of the liquid structure. 


§ 3. DETERMINATION OF PARTITION FUNCTION 


If the pair distribution is known for any particular value of y (= say)» 
then 0Z,/dy can be derived from (7) if Z,(71) 1s also already known. This being 
so, Z,(y;+Ay) is also readily derivable if Ay is some small increment of y. 
A full knowledge of n® as function of y allows this simple procedure to be 
repeated continuously to give ultimately the value of Z, for the case y= 1, Le. 
for coupling appropriate to that of the actual system. We now consider this. 


procedure in more detail. 


3.1. Pair Distribution and the Superposition Approximation 


The function n®(y) can be determined in the range 0<y<1 according 
to the arguments previously developed in I and II. In these arguments the 
partition function does not explicitly appear, i.e. the equation (5) is used. 
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independently of equation (2), in conformity with the approach of other authors. 
As usual the equations are closed by invoking the superposition approximation 
according to which the correlation between the many particles of a group is 
expressed in terms of lower order correlations between the particles of composing 
sub-groups. Because the total interaction potential is assumed in (3) to be 
expressible as the sum of pair interactions, the superposition approximation 
allows the triplet and higher order distributions to be expressed ultimately 
in terms of the pair distributions. As explained in I, however, the triplet 
distribution can be freed from this approximation, and in principle higher order 
distributions can be similarly freed. Alternatively, the form of the approximation 
as conventionally employed (which is characterized by the neglect of interparticle 
forces) can be improved to account, at least in part, for the action of these forces 


(Cole, to be published). 
3.2. Weak Coupling 


If y is sufficiently small (alternatively if the temperature is sufficiently high) 
the equation (2) for the partition function can be evaluated to form a starting 
point for the application of equation (7). ‘The procedure must account for the 
exact details of the pair potential and in particular for its indefinitely large value 
at small separation distances (particle impenetrability). 

For simple non-polar molecules, of which argon is typical, the reduced potential 
is well represented over the full physical range of r by the expression 


x(r)=A | (¢)’ (3)"] agin (8) 


where o is the classical particle radius, A is a dimensionless constant, and s has 
a value between 9 and 15, often taken to be 12. The insertion of (8) and (3) 
into (2) does not lead to an infinite value of the integrand of this last equation 
at the origin, however, because the exponential function vanishes in the limit 
of vanishing separation distance for any particle pair. Consequently Z, has 
a finite value for any y of physical interest, and this must be reflected in Z,(y) 
for all y. ‘To ensure this behaviour for weak coupling (y< 1), and at the same 
time to obtain a form which is simple, it is convenient to divide the full range 
of relative particle pair separation into two regions, viz. the region r>7rq for 
which yx, > (yx,)?, and the region r<r, for which this is not so. In this way 
the strong repulsion of the interparticle force in the region of the origin is 
distinguished from the remaining region which is part repulsive, but which 
contains the attractive features. This separation into regions is controlled by 
the value of y; the smaller y, the smaller r) may be set. 

For the region of configuration for which r>r, for each particle, the 


exponential factor appearing in (2) can be expanded as far as the linear term 
to give for large N 


N 
pe Ay) ts av(Qa) 
where 
yn® 
x(y)=1- ry a Malte, Meyer par wee) bly. (9d) 


In (9) it is understood that the lower limit of each integration is 7). In (9) no 
distinction is made between V and (V —4-r,?/3). 


ei ants 
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The purely repulsive region (r<ry) is to be treated by modifying an artifice 
previously employed by Kirkwood, Lewinson and Alder (1952) in another 
connection. According to this method, y is assumed to have the form of a hard 
spherical core, i.e. y(r)= 0 for r<7rp. Consequently, the expression (8) is to 
apply for r>1r only, although the value of ry itself depends upon the value chosen 
for y. For r<7o, exp{—yX,}=0, and the contribution to Z,(y) due to the 
core region is zero. Although the repulsion of the core is artificially strengthened 
in this way, the effect can be reduced by decreasing the value of y which allows 
for a corresponding reduction in the value of 7) and so also a reduction in the 
error due to the use of the hard core assumption. As ry is reduced (with more 
of the repulsive region included in the expressions (9)), a value will be reached 
below which the difference between the ‘hard core’ expression for y and that 
given by (8) will be negligibly small for a classical system of finite energy in which 
particles are ultimately impenetrable and with a non-zero radius. For this value 
of r, the core makes no contribution to z and Z,(y) is given by (9) for small y. 
Judging from the numerical calculations reported by Kirkwood, Lewinson and 
Alder (1952) it is reasonable to expect that a value of 7) not smaller than o/10, 
and possibly somewhat larger, will be sufficient, though this can only be properly 
ascertained in the light of detailed calculation. 

If the largest value of y consistent with the above arguments is ye (say), 
then Z, (y=yc) is determined from (9) by putting y=ye. 


3.3. Strong Coupling 


For values of y> yc appeal is made to the data relating n® to y, derived from 
the arguments of I and II and here assumed known. The procedure, starting 
from the value Z,(y=yc) derived from equation (9), is the continual use of 
equation (7) for successive small increments of particle coupling Ay which is 
terminated when the value of Z, is reached for which y is unity. This last value 
is the partition function appropriate to the coupling conditions of the actual 
system. Although requiring much repetitive work in its application, the 
procedure is within the range of electronic computational techniques. 


§ 4, FREE ENERGY AND THERMODYNAMIC DaTA 


— With Z, determined according to the arguments of the last section, F follows 
immediately from (1). If, further, F is known as a function of the volume and 
the temperature for a given N in the immediate neighbourhood of the points 
y=1and T=T,, then the corresponding thermodynamic functions follow from 
‘equations such as (4). 

The temperature dependence of Z,, and so also of F, at constant volume can 
be inferred in the region y~1 from the steps involved in the theory, due to the 
equivalence between y and 1/7, and between 0/dy and (—1/T?)a/dT. Using 

“equations (7) and (1), and the notation kTF*(T)=F(T), the free energy at 
temperature T—AT is related to that at temperature T according to: 


2 
; re(T—at)=Fe(1)+7| 57 +o | | a (tay Fe)MO(hy, Fy: Dyas | 
where AT is the small temperature increment corresponding to Ay. Because 
the temperature dependence of the pair distribution has not yet been derived in 
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adequate analytic form (see Green 1952 in this connection), the temperature 
dependence of F cannot itself be given in analytic form. 

The dependence of Z,, and F, on the total volume at constant temperature 
must also be presented numerically for similar reasons. For a macroscopic 
system the magnitude of V1" is indefinitely large in comparison with the effective 
range of x so that the effect of volume change on the expressions of I and II, as 
in the present paper, appears essentially through the number density n (=N/V: 
Nconstant) only. By repeating the calculations for small variations of n about the 
value appropriate to the actual system (or by more elegant methods that 
will not be discussed here) the dependence of Z,, and so also of F, on V can be 
numerically inferred. 


§ 5. CONCLUSIONS 


By a procedure of (hypothetical) variation of the interparticle potential using 
a coupling parameter, a method of determining directly the partition function 
for a system of particles at liquid densities has been proposed. ‘The treatment 
is made possible by invoking a knowledge of the pair distribution, derived 
according to arguments set down in two previous papers (Cole 1959a, 1960). 
In as far as the equivalence between the coupling parameter and the inverse of 
temperature noted in ¢2 has an exact physical counterpart throughout the full 
range of these parameters, the equations of the present paper can be expected 
also to give at least qualitative information concerning the interphase region 
between the gas and the condensed fluid. 

The theory should fall within the range of modern electronic computational 
techniques in its application to specific systems, and can be expected to lead to 
numerical equation of state data for the fluid in the complete range from gas to. 
condensed system, using the unmodified equations of statistical mechanics. In 
addition the theory can be applied, with roughly equal difficulty, to cases of 
spherical or non-spherical particles. It is intended to consider these matters 
further later, in the light of the results of detailed numerical calculations. 
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The Influence of Coma on the Response Function of an Optical System+ 


By A. M. GOODBODYf 


Department of Physics, Imperial College, London 


Communicated by H,. H. Hopkins; MS. received 26th October 1959, in final form 
11th December 1959 


Abstract. ‘The treatment used in a previous paper dealing with the effect of 
spherical aberration on optical response functions has been extended to cases of 
coma, an aberration which is not an even function in the pupil coordinates x and y, 
and consequently gives rise to lateral shifting in the image. 

Different positions of the focal plane, the state of correction for higher order 
aberration, and different azimuths of the line structure in the object are considered. 
Detailed results are given first for primary circular coma, when the wave-front 
aberration coefficient has the values ws, = + 0-63, + 1:26 and + 1-89 wavelengths: 
three focal planes and the azimuths 4=0 (radial lines) and ;=7/2 (tangential 
lines) are treated. Results are also given for secondary coma for the values 
Ws;= —2°6, —3-9, —5-85 and —7-8 wavelengths, with three different states of 
correction and again in three focal planes and two azimuths. 

It is found with negative values of w,;, that the relative phase shifting of 
frequency components within the image has no appreciable effect on the image 
quality in the cases considered when this negative secondary coma is compensated 
with a suitable numerically larger positive primary coma (w,,+5,> 0), if focal 
planes situated a long way from the paraxial focal plane are excepted. 


§ 1. INTRODUCTION 


of the integral expressing the frequency response of an optical system for a 

large number of cases of primary and secondary spherical aberration in various 
states of correction and in different focal planes. The numerical calculations were 
carried out on a DEUCE computer programmed for the numerical integration of the 
double integrals involved by a method described by Hopkins (1957a). The 
present communication describes a similar investigation for optical systems 
suffering from coma. 

The frequency response of an optical system is in general a complex number ; 
- the modulus is the ratio of the contrast in the image of a cosinusoidal intensity 
distribution to the contrast in the object itself, while the argument represents a 
phase shift which is associated with a lateral shift in the image. The analytical 


I a previous paper (Goodbody 1958) an account was given of the evaluation 


+ The contents of this paper form part of the subject matter of a thesis which has been 
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expression for the complex frequency response in monochromatic light may be 
written in the form 


A ‘a Le 
D(s, ib) = - I] : exp{e SV (REVS | Ona ae aie ©) 
where sV (x, y3s)= W(xe+ $s, y)— W(e—$5,y). ww eee (2) 


A is the area of the pupil, W(x, y) is the aberration function of the system referred 
to coordinate axes (x,y) in the pupil, the y axis being parallel to the ‘lines’ of the 
sinusoidal grating of reduced spatial frequency s, and S is the area common to two 
pupil areas centred on the points (+ 4s, 0); # is the angle of the line structure to 
the meridian plane of the optical system. If R’ is the number of ‘lines’ per unit 
length in the image, the variable 


a ce ae (3) 

n’ sin & 
is used to define the reduced spatial frequency, A is the wavelength of light and 
n' sin «’ the numerical aperture of the image forming cone. 

The method of computation has been described in detail in the above mentioned 
paper (Goodbody 1958) and the numerical method is described in a paper by 
Hopkins (1957 a). Unlike the spherical aberration case, however, the aberration 
function is not an even function in both xand y. Consequently the integration has, 
in general, to be extended over all four quadrants of the pupil area although in 
special cases either one or two quadrants may be sufficient. Furthermore, the 
asymmetrical nature of the aberration function gives rise to an imaginary part in 
the response function. If the response function is written in terms of its real and 
imaginary parts, 


D Ssh (55: ot. F (S,3b) stool ol aubataans (4) 
and the method of integration employed leads to the formulae 
Rs, b)= gle Sane sin X sin Y 
N Ap @ xX Me 
Sun AC Sin Vo ps he aoe (5) 


1 
AS H)= 2 2 sinZ 5 an an 
The quantities Z, X and Y used here are defined by the relations 
i Z=V(Xp,¥q35) 
On a (eae 8) ee ee (6) 
Y=eV,' (Xp, Vq35)- 


N, is the number of rectangles whose centres lie in the pupil area A and (xp; ya) 


are the coordinates of the centre of a typical rectangle which lies within the region 
of integration S, each rectangle leaving sides of length 2e,, 2€,- 
_ The response may also be written in terms of its modulus and argument, namely 


D(s, x)= T(s,b) exp f10(s,xs)}. eee (7) 
The modulus 7'(s,%) is known as the contrast transfer function and 6(s, w) is the 
phase shift. It is often convenient to consider the relative response defined by 


M(s, ) exp {19(s, $)}= D(s,f)/Do(s,), sae (8) 
MAW 206d) (Tsp po lies ah ae (9) 


so that 


ee 
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~ Dols, s) and T)(s, %) represent D(s, ys) and T(s, 


) respectively in the absence of 
aberrations. 


M(s,s) is thus the ratio of contrast reduction in the presence of 
aberration to that obtained with the same system in the absence of aberration. The 
quantities 


Ps 4)= BAU, WP HAD yEP 


: M(s,) = wey +aceppe [| (10) 
and O(s, f) =arg {A(s, £) -—14(s, p)} 
—T7< A(s) <a 


are computed bythe machine and punched out at the completion of the calculation. 


§2. CHOICE OF ABERRATION VALUES 


The wave-front aberration for primary and secondary circular coma together 
_ with a defocusing term has the form 


W(x, y) = Wao (x* + y*) + 54 (x? + y?)(y cos ys +x sin ip) 
+(x? +y*)2(ycosp+xsind) = ...... (11) 


Cea 


~ Response 7's) 


ba _ Se sean 
eS 
A PSE SL fe | é | 
i on {aa 
Bete BAR deere, SN te 
Bete | ied 
eee ee ee a 
ar: eT aN “06 8 +0 


Response 7(s) 
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where Wy, #3, and w;, measure defect of focus from the paraxial image plane, 
primary and secondary coma respectively. It will frequently be convenient to 
express the aberration coefficients in equations (11) by means of the ratios 


Bog = Wo9/Ws1, Bos = W29/Ms1) By5=W3i/W51- ve vets (12) 
"The value of Bs, corresponding to the best form of correction for low frequencies 
according to the tolerance criterion of Hopkins (1957b) will be denoted by 


04- 5) 
VU, .=+0. 
JE 6. oe Ss 
6.4 i Nag=0.10 
0.5 
Q2 ts $=0.05 
fis e 1-0;— ; i 7 ra 
BO 
Si | fle jd 2 S (4) 
82) Q2 04 R 0.6 0.8 1.0 £08 = 
S06 
= 
H 0-4-— 
: 
a 
ux Ded 
a fe 


1) 0-1 0-2 0:3 0-4 05 06 
Spatial Frequency S) 


Figure 2(a). Frequency response in the presence of primary coma plotted on the Argand 
diagram. ‘The numbers round the curves indicate the value of the spatial frequency 
s at that point. 


Figure 2(b). Lateral phase shift for primary coma #3,:+ 0-63A in various focal planes 
plotted as a function of the spatial frequency. 


When the higher order term w;, is absent, the amount of primary coma 
W, =0-63A produces a Strehl intensity ratio of 0-8 in the best plane of focus, which 
for small values of s is always coincident with the paraxial focal plane. Displace-_ 
ment of the focal plane either side of the paraxial focus produces the same effect on 
the response. Figures 1(a), (b) and (c) show curves obtained for w 3, = 0-63, 1:26 
and 1-89 wavelengths respectively. In each case two values of the azimuth are 
taken, i.e. #=0 (radial lines) and ys=7/2 (tangential lines) and for each of these, 
three focal planes corresponding to By; =0-00, 0-79, 1:59. In these figures and in 
figures 3-6 the full lines represent the curves for =0 and the broken lin 
correspond to %=7/2. The numerical values of the aberration coefficien 
employed in the calculations are shown in table 1. 2 * oe 


é 
i 


; 


ation of the response, 1.e. th 
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Figures 3—6 show the results obtained for secondary coma. ‘Those labelled 
(0) in each case represent the optimum low frequency correction for higher order 
coma, in the sense of Hopkins (1957b). The initial value of w,, was chosen 
according to the Strehl intensity criterion, giving w;,= —2-6A; the other values 
— 3-9, —5-85 and —7-8 wavelengths being the same multiples of the initial values 
as those used in the case of spherical aberration (Goodbody 1958). It will be 


Table 1 
Figure Ws} Woo 
1(a) 0-63A 0-0 +0°5A +1:0A 
1(d) 1-26A 0-0 +1:0A +2:0A 
1(c) 1-89A 0:0 +1:-5A +3:-0A 


clear that the calculated optimum values of f,, will depend on the azimuth 4. 
The difference between the optimum values of £3, calculated for s=0 and f=7/2 
is, however, only slight. Accordingly, the formula corresponding to 4 =7/2 was 
always used so that a direct comparison could be made between the cases p=0 
and f=7/2. 

The defocusing was chosen so that the change in wy) was always of the same 
amount as in the corresponding spherical aberration cases. "The numerical values 
of the aberration coefficients employed in these calculations are shown in table 2. 


a ee eS ee 


Table 2 
Figure 51 W31 Woo 
3(a) —2-6A 4-6A 0 +1:0A +2-0A 
3(b) —2-6A 3°3A O +1:0A +2:0A 
3(c) —2:6A 2-0A 0 +1:0A +2:-0A 
4(a) —3-9A 725A 0 +1:5A +3-0A 
4(6) —3-9A 5-30A QO +1:5A +3-0A 
4(c) —3-9A 3-35A QO +1:5A +3:0A 
5(a) —5-85A 11-:125A QO +2:25A +4:5A 
5(d) —5-85A 8-200A QO +2:25A +4:5A 
5(c) —5-85A 5-275A QO +2:25A +45. 
6 —7-8Xr 15-0A 0 +3-0A +6:0A 
A —7:8A 11:1A 0 +3-0A +6-0A 
6(c) —7:8X 7:22 0 +3-0A +6-0A 


epee oS SS ee 
§ 3. DISCUSSION OF RESULTS 

For small values of s any departure from the paraxial focus results in a deterior- 
e paraxial focus is the best focus. Furthermore, the 
response curves obtained in different focal planes are symmetrical about the best 
focus, that is to say changing the sign of Wp will have no effect on the response. 4 

The response is not independent of ys, and for small values of s the azimut 
= 0 (radial lines) always has a better response than for other values of yp. oe 
for coma the frequency response is in general complex, it is instructive to p a 
the complex numbers representing the response for different frequencies on the 
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Argand diagram and to join the resulting points with a smooth curve. Examples 
of such curves for primarycoma are shown in figure 2 and curves for cases of secon- 
dary coma are given in figure 7. A comparison of these polar curves (i.e. Nyquist 
plots) in the complex plane with the corresponding curves of the modulus T(s) 
shows that an oscillation in the value of 7(s) is associated with a loop in the curve of 


the complex representation. Furthermore, a stationary value of T(s) considered — 


as a function of s corresponds to a point where the curve in the complex plane is 


Ws, *-2.6) 


Wg, *- 2.6 
Wy, * 33d 


ga 20" 9 


%'y= 460 
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perpendicular to the radius vector from the origin. If the argument of the 
frequency response is proportional to the spatial frequency, the image suffers 
merely a bodily displacement without relative shifting of the different frequency 
components. When the polar curve in the complex plane has a loop, there will be 
not only an oscillation in the value of T(s), but also an oscillation in the phase, which 
will result in relative phase shift between the different components in the image. 
Qualitatively, therefore, one would not expect good image quality to be associated 
with oscillatory regions of the curve of 7(s) against s. 

For the lower frequencies, namely those for which 7(s) decreases monotoni- 
callywith s,the curve of the complex representation has a different form depending 
on the sign of the quantity ws,+w;,. If w3,+w;,>0, w5, being negative, the 
curve spirals inwards in an anticlockwise direction. When w,,+w;,<0, the 
curve commences in a clockwise direction but reverses almost at once and continues. 
thereafter as in the previous case. The behaviour of the polar curve in this region 
is determined by the sign of the derivative 04(s, y)/dsats=0. This derivative may 
be formed as follows: from the expressions for frequency response, (1) and (7), 
it follows that 


a(s,y)=2ns | (ps) dS Ol!) a eh alee ce (13) 
S 
where dS=dxdy/s and V(x, ;s) is given by 
/, 1 wre 
V(x,958) = Wy! (9) + 35 (As) We" (09) + = AW (9). 


It is convenient to determine the required derivative by finding the value of 
lim {6(s, w)/st. From (13) and (14) it is clear that 


pet =2n{[ He aSALO (sh akemukael Soerrcioet (15) 


For the case in question, differentiation of the expression in (11) leads to the result 
W,,' (x, V) = Wo 2x + Wy, (3x? sins + y? sin + 2xy cos) 
+ W5,{(5x4 + y4 + 6x*y?) sin + 4xy (x? + y?) cos p}. 
oie (16) 


~ Of the two azimuths considered here, namely 4 =0 and =7/2, we have only to 
consider the latter since the phase is zero or 7 when #=0. If f=7/2, the 
expression (16) reduces to 


W,,' (x, Y) = Wop 2x + Way (3x? + y?) + W5y (Sct + ary? + y*). oer ee (17) 
6(s,7/2)/s may now be written in terms of the function H;,,(s) defined and 
tabulated by Hopkins (1957 b) to be 


Hi, (s) = He xk yd S. 
Thus 
tim 2712) = feo [3 Hay (0) + Hoa(0)] + 0515 Hao(0) + 6Fao(0) + Hos( OVD 


s>0 


: The quantities in square brackets in (18) both reduce to unity when s+0 so that 
O(s, 77/2) = 2c18( 03, + 51) + O(S*) EAtiee (19) 
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and 
[oe] oo he ton (20) 
s s=0 
The derivative of 6(s, 7/2) at the origin is thus the same for all focal planes, and 
depends only on the sum of the primary and secondary coma coefficients. 
The lateral shift of the component of spatial frequency s 1s given by the 
formula 


,  —O(s,7/2) 

Sears a 

so that in the presence of coma, components of limitingly small frequency are 
shifted by an amount 


[Sue] 0 = — (#31 + @51)- 


If this lateral shift remains constant for finite values of s up to the value for which the 
response has fallen to say 0-2, all significant frequency components 1n the image 
will suffer the same lateral displacement. No deterioration of image quality will 
then result from phase shift since the image will merely be displaced as a whole, 
apart from those components having only very low contrast. Results of investi- 
gations carried out indicate that the above condition is fulfilled within very small 
limits with the low-frequency optimum correction and best focal plane. 


Lateral Phase Shift Os) (right angles) 


a i 
0 Of o2 O38 04 05 oO 20 4 0S 
Spatial Frequency s 
91 =4-6A | 21 = 3°3) Ws, =2-0A 
Figure 8. Lateral phase shift for primary and secondary coma w;,= —2°6A in 
various focal planes plotted as a function of the spatial frequency. 


By plotting 0(s, 7/2) against s on a suitably large scale, useful information may 
be obtained regarding the extent to which the curve departs from a straight line 
through the origin, and therefore on the influence of relative phase shifting on the 


image quality. This was done for all the results obtained and the best fitting — 


straight line drawn through the origin (see figures 2b and 8). Hopkins (private 
communication) has proposed a way of specifying a tolerance on phase shift and 
has shown that a departure of 0-2 radians from linear variation of 6(s, %) with s 
represents a maximum change in intensity at any point of about 20%. By noting 
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EB : are : ‘ eee eae A(s, t [2) first differed froma straight line through 
@ ; so the value of D(s, 7/2) when this occurred it was 
possible to draw the following conclusions: 

(i) In the best plane of focus for low frequencies, i.e. the paraxial focal plane 
and when, for negative values of w;, the marginal part of the wave front in the 
azimuth ¢=0 (meridian plane) is behind the reference sphere (w3,+w;5,>0) 
the curve of 6(s, 7/2) lies within the above tolerance for all pea tencies for ee 
D(s,7/2) exceeds 0-2. Frequency components for which the response is less 
than 0-2 would not be expected to make a significant contribution to the image. 
The phase shift may thus usually be ignored in these cases. Examples illustrating 
this rule will be found in the curves for the best plane of focus in the diagrams 
labelled (a) and (0) of figures (3)-(6). 

(i) Again in the paraxial plane of focus, but when the marginal wave front is in 
front of the reference sphere (w 3, +w;, <0), relative phase shifting begins to be 
significant at the point where the response has dropped to about 0-4. This would 
frequently be expected to affect the image quality, since frequency components 
having a response of 0-4 can easily be significant in the image. Examples of such 
cases will be found in the diagrams labelled (c) in figures 3-6. 

(iii) The relative phase shifting becomes significant when the gradient of the 
graph of 7(s) plotted as a function of s suffers a sharp change. This is so in the 
examples referred to in (ii) above and also when the marginal wave front is con- 
siderably behind the reference sphere as may be seen in the diagrams labelled (a) 
for the cases when the focal plane is at a considerable distance from the best 
focus. In such cases a flattening of the response curve takes place. For this 
reason one might reasonably expect good resolution from a Cobb chart for rela- 
tively high frequencies, whereas the phase shifting could seriously affect the 
general performance of the lens. Caution should therefore be exercised when 
using Cobb charts to test lenses suffering from asymmetrical aberrations. The 
results on which these conclusions are based are shown in table 3; s’ is the greatest 
value of s for which the relative phase shift lies within the tolerance. 


Table 3 
Woo =0 2nd focal 3rd_ focal 
plane plane 

W51 W31 5” D(s’) s—~—sr zD(s’) s  DG} 
— 2:6 4:6 0:40 0-10 0:20 0-32 0:10 0-41 
—2°6 3:3 2:00 0-00 0-25 0:28 0:15 0-13 
—2°-6 2:0 0:50 0:39 0-45 0-10 0:20 0-13 
—3-9 7:25 0:20 0-13 0:10 0-42 0:10 0-38 
—3-9 5-30 OJ 500-22 0-15 0-31 0:10 0-15 
—3-9 3°35 0:30 0:45 0:25 0-16 0-15 0:04 
—5-85 11-125 0:14 0-11 0:08 0-32 0:04 0-44 
— 5-85 8-200 0:80 0-19 0:10 0-31 0:06 0-19 
—5-85 5-275 0:25 0-40 0:15 0-20 0:10 0-02 
-—7:8 15-0 0:08 0:22 0:06 0-31 0:03 0-43 
—78 11:1 0:95 0-14 0:08 0-28 0:04 0-27 


—78 cde 0:35 0-21 0:16 0-15 0-14 0-01 


688 A. M. Goodbody 


ACKNOWLEDGMENT 


My thanks are due to Dr. H. H. Hopkins for suggesting this problem and for 


many useful discussions relating to it. 


REFERENCES 


De, M., and Natu, B. K., 1958, Optik, 15, 739. 

Goopzopy, A. M., 1958, Proc. Phys. Soc., 72, 441. 

Hopkins, H. H., 1957 a, Proc. Phys. Soc. B, 70, 1002. 
1957 b, Ibid., 70, 449. 


Note.—Since the preparation of this paper, De and Nath (1958) have published an 
account of the calculation of response functions for systems suffering from primary com 


These authors have employed an analytical method which leads to a double series of | 
functions. 
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Neutron -Proton Pairing Interaction in Transuranic Elements 
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Abstract. An attempt has been made to analyse the data on the last nucleon 
binding energies of transuranic elements. Some interesting results are obtained 
regarding the behaviour of the A term introduced by Ghoshal. Some con- 
firmatory evidence is also obtained regarding the sub-shell at N= 152. 


§ 1. INTRODUCTION 


protons in the unfilled shells (Feather 1953, Green 1953, Edmonds 1953, 

Ghoshal and Saxena 1956). Discontinuities have been found to occur 
in the binding energy of the last nucleon in the ‘magic number’ zones. These 
and other discontinuities have been more or less explained on the basis of the 
jj-coupling shell model of Mayer. Here an attempt has been made to analyse, 
from this point of view, the data on last nucleon binding energies of ‘ transuranic 
elements ’ compiled by Hyde and Seaborg (1957). We have followed the method 
of analysis of Ghoshal and Saxena (1956) and have used it for transuranic elements. 
The results obtained, however, differ in certain aspects from Ghoshal’s findings. 
He introduced a new term A to account for the interaction between the last odd 
proton and the last odd neutron. This ) is seen to have an interesting behaviour. 


S TUDIES have been made on the pairing interaction between neutrons and 


§ 2. ESTIMATION OF A 


According to Ghoshal, the mass formula for a nucleus having 7+ 1 protons 
and N+1 neutrons, may be written as 


Z/2 N/2 
M(Z+1,N+1)=f(Z+1,N+1)— 23%, — 23% -MZ+1,N4+1) 
j k 


where f(Z,N), Z and N being even, expresses the functional dependence of 
nuclear mass on Z and N; 7; and v; are the pairing energies per nucleon of protons 
and neutrons respectively. The A term is introduced to account for the pairing 
interaction between the last odd neutron and the last odd proton. Here we have 
assumed that the pairing energy of neutron pairs or proton pairs has no effect 
on the last nucleon binding energy, i.e. we have assumed that the addition of an 
_ extra nucleon does not disturb the original shell-configuration. We hope to find 
- out later on if there is any such perturbation effect, with the help of a method 


followed by Pryce (1952). 
+ Now at the Physics Department, Jadavpur University. 
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Following the above mass formula, we have, for a series of isotones containing 
an even number of neutrons, 


Bne*(Z, NYSALAZ,N)+2yn = eee (1a) 
B,°?(Z +1, N)=Afn(Z +1, N)+2vy.—-AZ+1,N—1) — ....-. (16) 
Bn®*(Z+2, N)=Af,(Z+2,.N) +20 9 9 ee (1c) 


For the case of odd neutron isotones, 


By®(Z, Nie 1)= Af, (Z, N-— 1) = clanevene (2a) 
B,oo(Z +1, N—1)=AfA(Z41,N-1)4+AZ+1LN—1) ....-. (26) 
Bne?(Z +2, N—1)=Afn(Z+2, IN ==.) les a Ipeci Seeeees a9 Eon (2c) 


Afn here gives the variation in bulk binding energy in the mass equation 
between the nuclei (Z, N) and (Z, N— 1) together with the neutron mass. Further, 
there is enough evidence to take Afp as varying linearly with A. 

For the binding energy of the last proton, we have, for a series of isotopes 
containing an even number of protons, 


Bye?(Z+2, N—2)=Afp(Z+2,N—2)+2aging = sve es (3a) 

Bp®(Z +2, N—1)=Af,(Z +2, N—1)4 2mz4 9 -—A(Z4+1,N-1) 
kere (35) 

By*(Z +2, N)=Afp(Z+2,N)+ 2m gic ww wee (3c) 

For the case of odd proton isotopes, 

By'(Z+1jN 2) =Afo(ZHAN=2)> Bac oe eet earm (4a) 

By (ZA N= 1A (ZAIN 1) AAV ail nk serene - (4b) 

Bice Zee leN a Afo(Z rds )2). (000) qaeeelt bee ledesstes (4c) 


Behaviour of Afp is analogous to that of Afp. A study of the above equations 
shows that the introduction of \ causes a zigzag curve for plots (Bp, NV) or (By, Z), 
which would have otherwise been approximately linear. : 

Values of A have been estimated by taking the average of the independent 
evaluations of A given by the four following equations (Ghoshal and Saxena 
4956): 


MZ+1,N—1)=4[Bn°(Z, N)+Byee(Z+2, N)—2B,°(Z +1, N)] 


\(Z+1, N—1)=— $[Bne(Z, N—1)+ Bne°(Z +2, N—-1) 
2B Z4el N=1)| > Se © ieee (55) 
\(Z+1, N—1)=$[Bpee(7+ 2, N—2)+ Bpee(Z +2, N) 
—2By°U(Z +2, N—1)] 
M(Z+1, N—1)= — 4[Bp°e(Z+ 1, N—2)+ Bp°e(Z +1, N) 
=2By, (2+ lel =i) ee ot! are eouritused ee (5d) 
To check whether it is possible to take an average value for A, curves for inde- 


pendent A values are plotted against N for constant Z value and it is found that 
they do not depart much from each other. 


§ 3. BEHAVIOUR OF THE CURVES 
3.1. (Bn, Z) Plot 


Figures 1 and 2 give By plotted against Z (at constant N) for Z> 92 and Bp 
plotted against N (at constant Z) for N> 134 (transuranic zone). The binding 
energy values have been taken from the compilations of Hyde and Seaborg 
(1957). 

Following Ghoshal we also grouped the Bn curve for an odd N with the Ba 
curve for the next higher even N, and likewise for the Bp curves. 
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From figure 1 it is seen that there is more or less regularity in neutron binding 
energy. ‘The e—-o points (for odd N) and e-e points (for even N) increase linearly 
with Z up to N=146, though there are some irregularities in between. This 
linearity is still maintained up to N= 150 with more irregularities. This may be 
due to errors in binding energies that have been considered. 


97 GE) 10! 103 
Z 


Figure 1. Last neutron binding energies B, plotted against the proton number Z for 
_ constant neutron numbers N. 


ti A peculiarity is observed for the curves with N= 151 and N= 2, uae 
curves begin with prominent alterations from Z=92, which die off at Z=94 an 
en they show the same characteristics as have been found in the former curves. 
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Bp (Mev) 


| lteweN) 
135 139 143 147 Is] 155 (144 148 152 156 160 164 


Figure 2, Last proton binding energies B, plotted against the neutron number N for 
constant proton numbers Z. 


Curves with N=153 and N=154 also start with a zigzag behaviour which is 
retained up to Z=96. This pattern continues for higher isotonic curves and 
each higher group (odd N and its next higher even N) of curves prolong their 
alterations up to two higher proton numbers than the preceding group. This 
suggests, that for higher isotonic numbers the A effect becomes prominent for a 
particular zone of proton numbers, i.e. N—Z plays an important role in this 
region. For lack of data it is not possible to investigate this phenomenon for 
Z values higher than 104. The arrow marks show the end of the zigzag portion 


of the curves for each group. ‘The linearity of e-e and e-o points in the zigzag 
portion of these curves is well maintained. 


3.2. (By, N) Plot 
Figure 2 gives the plot of Bp against N for different isotopic numbers. These 
are also grouped as in the case of By against Z. These also show regularity in 
proton binding energies as expected from the equations. As in the case of 
(Bn; Z) plots, remarkable ) effect is observed for isotopic series Z=93 and Z=94 
from N=150. This is observed in all the isotopic series considered here and these 
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pronounced alterations start for the next group just after an excess of two neutrons 
from the preceding group. This has been studied for isotopic series starting 
from Z=93 to Z=104. The portions of the curves showing violent zigzag nature 
give the maximum linearity; o-e (for odd Z) and e-e (for even Z) points when 
joined show linear increase with N. 

Thus a clear departure in behaviour is obtained at a certain excess in neutron 
numbers for all the binding energy curves. The behaviour pattern of the portions 
of the curves preceding this point being altogether different from the portions 
succeeding this point. 
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Figure 3. Last proton binding energies B plotted against excess neutron number 
t A—2Z for constant proton numbers Z. 


3.3. (Bp, A—2Z) Plot 


Prompted by the above suggestion, we have plotted Bp against A—2Z in 
figure 3. A study of these gives an interesting result in that they show the above- 
mentioned departure point to be placed at an excess neutron number 57 for all 


curves. 
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§ 4. BEHAVIOUR OF A 
4.1. (A, A—2Z) Plot 
Figure 4 gives a plot of A (average) against A —2Z which gives a minimum 

near A-2Z=51. The A value for Z=93, A—2Z2=44 has been checked with 
Ghoshal’s data and was found to agree well with his observation. This curve 
starts with A—0-455 Mev at A—2Z=44, with a decrease in A value with increase | 
in A—2Z, until it becomes negative at A—2Z=50. After this the A value 
sncreases with increase in. A — 2Z with asteep inclination starting from A —2Z=56, | 
This has been investigated up to A—2Z=62, where A is still on increasing trend. 
This could not be studied further for lack of data. 


44 48 52 56 60 


Figure 4. Plot of against excess neutron number A—2Z, 


In this case we differ from Ghoshal’s method in the sense that he has taken’ 
\ against n—z, where n is the excess neutron number over shell closure N= 126 
and z is the excess proton number over Z= 82, whereas we have taken A against 
total excess neutron, i.e. A—2Z. Of course, following Ghoshal we have found 
that the earlier-mentioned departure point is placed at n—z=13. 


4.2. (A, N) and (A, Z) Plots 
Figure 5 gives a plot of A against N and figure 6 a plot of A against Z. For 
isotopic curve Z = 93, the (A, N) curve starts at N= 137 with A= 0-455 Mev, which 
agrees well with Ghoshal’s value. ‘Then A decreases with increasing N. From 
N=147, A increases linearly with increasing N. Between N=143 to 147 the 
curve reaches a minimum, this zone of the curve being more or less horizontal. 
Other isotopic curves Z = 95, 97, etc. start from minimum zones and then increase 
linearly with increasing N from N=149, 151, etc. respectively. This 
characteristic is maintained for all the isotopic curves. 
The isotonic curves given in figure 6 show A to decrease with increasing Z. 
Our plots of (A, NV) and (A, Z) show exactly opposite trends in their ie | 
that obtained by Ghoshal. This, however, seems to be explicable. 


| 
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39143 4715] ISS 159s«*163.—Ss«GT 
N : 93 95 97 99 101 103 
Z 
Figure 5. Plot of ) against neutron number Figure 6. Plot of \ against proton number 
N for constant proton numbers Z. Z for constant neutron numbets N. 


§ 5. Discussion 


From considerations in transuranic elements Ghiorso and others (1954) 
suggested that a sub-shell exists at N=152. Hence, we can expect a discon- 
| tinuity in the last neutron binding energy at N=152. The previous neutron shell 
| closure being at N=126 (=, say), the number of neutrons required over this 
| number to reach N= 152 is 26 (=msay). A large increase in A is also expected at 
| this neutron sub-shell crossing. Intermediate between the two large X values 
: (at N= 126 and at N= 152) a minimum, therefore, lies at N= N, +n/2 = 126+ 13, 
considering a smooth curve to join these two points. As an unperturbed core is 
considered with N=126(=N,) and Z=82 (=Z, say), the excess neutron 
required over this core to reach the above minimum is 
No—Z )+n/2= 126 —82+4 13 =57. 

This number is exactly the number where a change in behaviour starts, as 

obtained by plotting \ against A —2Z for transuranic elements. 

This observation suggests that the influence of shell closures on n-p pairing 
energy goes on decreasing with increasing neutron numbers, as it goes away from 
the previous shell-closure (7 =82, N=126) until it falls under the influence of 
the next shell-closure (Z = 82, N = 152), when this A again increases with increasing 
neutron numbers, reaching maximum again at the next shell-closure (7 = 82, 
N=152). That is, a sort of neutron hole and neutron excess are formed 
symmetrically on the two sides of the shell-closure as the (A, 4-—2Z) curve 
approaches and crosses this point respectively. 

_ This also explains why the trends in the curves obtained by Ghoshal are 
exactly opposite to those given here. They worked in the region of decline of the 
(A, A—2Z) curve preceding the point A—2Z=57 whereas our work is confined 
mainly to the region of the curve under the influence of the next higher neutron 
sub-shell assignment at N= 152, after crossing A—2Z=57. As our plotting has 
been started just from the point where Ghoshal ended we have also worked in the 
‘trough region of the (A, A—2Z) curve which yielded the minimum region of the 
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curve from A —2Z=50to A—22=56. | This shift in value from 57 may be due to 
spheroidal distortions in the configurations in the heavy nuclide zone. We think 
it is useful to carry out a similar study over the large (Z, N) region below Z=82, 
N= 126 to see whether similar effects are obtained. This is required to find out if A 
decreases on the lower (Z, N) side from (82, 126) as it occurs for higher (Z, N) 
from (82, 126). The above plots against A —2Z also substantiate the assertion — 


that the (n—p) pair is more important than (n-n) and (p-p) pairs. 4 
7 
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Cone Cracks in Fused Silica 


By J. J. BENBOWt+ 


Imperial Chemical Industries Limited, Akers Research Laboratories, 
The Frythe, Welwyn, Herts. 


MS. received 4th November 1959 


Abstract. Cone fractures have been produced in fused silica, by indenters 
ranging from 4 inch to } inch diameter. In some respects these differ from 
cone cracks in silicate glass. Those in silica have a significantly smaller semi- 
angle, 65-5° as opposed to 68:5°in glass. Whereas cracks in glass grow indefinitely 
under a constant load, and remain visibly open when the load is removed, those in 
quartz cease to grow about ten minutes after each increment of the load, and 


cannot be seen when the specimen is unloaded. 


§ 1. INTRODUCTION 


cracks in blocks of glass have been described by Roesler (1956, to be 

referred toas 1). Stable fractures can also be produced in sheets of plastic 
and measurements on these can be used to determine the specific fracture energy 
of high polymers (Benbow and Roesler 1957, to be referred to as II, see also 
Svensson 1958). 

Several questions arise out of the work described in I. For example, the 
fracture energy found for glass is surprisingly large in comparison with that 
found by Griffith (1924), although small compared with values found in II for 
high polymers. Cone cracks in glass continue to grow under a constant indenter 
force; their growth has been measured over a period of many hours (see figure 2 
of 1). When the force is removed the cracks in glass do not quite close up, which 
suggests that plastic deformation has occurred. 

It is of interest to study these effects in other typically brittle substances. 
Fused silica is ideal for this purpose since many of its properties are appreciably 
different from those of composite glasses; it has a much higher softening point, 
very small internal friction and an exceptionally low Poisson’s ratio. 


E PERIMENTS on stable fractures which involved the production of cone 


§ 2. EXPERIMENTAL METHOD 


The apparatus used with indenters having diameters greater than + inch 
was that described in I. Essentially, this is a hydraulic press capable of pro- 
ducing forces up to about 5 x 10* dynes. To produce a cone crack the indenter 
was put on one face of the specimen (in the form of a block Dinssez in. x 17 in.) and 
both were placed into the press. The load was slowly increased until the initial ring 
crack appeared, and then held constant for ten minutes. A preliminary experi- 
ment had shown that in silica the crack did not increase appreciably in diameter 
+ Present address: I.C.1I. Ltd., Plastics Division, Welwyn Garden City, Herts. 
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after the load, or increments to the load, had been applied for ten minutes. Thus 
after ten minutes had elaspsed the diameter of the base of the cone was measured 
with a cathetometer with an accuracy to +0-02mm. The load was then in- 
creased by at least 10% and the diameter again measured after a lapse of ten 
minutes. At each increment of the load the force on the piston was measured. 
Since the forces to be measured varied over a wide range two gauges were used 
to obtain the maximum accuracy, one for the small indenters the other for the 
large. 

For indenters of less than 7; inch diameter a spring loaded press was used. 
Six tension springs in parallel could be extended by a screw, and the resulting 
force was used to press the indenter against the silica block. A proving ring 
mounted in series with the springs and the indenter holder was used to measure 
the force. As a check on the apparatus a few measurements were made on this 
press with an indenter of 7 inch diameter. ‘These agree with those obtained 
with the hydraulic press. 

The small indenters were easily damaged. At first they were produced by 
turning down silver—steel rods and then hardening the tips (the process was 
also used for the large indenters). A better method was developed in which the 
small indenters were made from ball bearings. To do this 4 inch and J inch 
diameter ball bearings were carefully ground by hand until they were hemi- 
spherical. The grinding was done sufficiently slowly to prevent excessive heating. 
The flat surface was then used as the indenter. These indenters could be easily 
replaced when necessary. 

Using both forms of apparatus the indenters diameters could be varied from 
3, inch to finch. An eye-piece mounted in a vernier protractor and fitted with 
a cross-wire was used to measure the angle of the cones. ‘The accuracy to which 
the angle could be measured (+5 min) was ample in view of the variation of the 
angle between experiments. ‘The average value of the semi-angle was 65-5 + 1°. 
Figure 1 (Plate) shows a typical crack. 


§ 3. Discussion OF RESULTS 


A convenient way of summarizing the results is by plotting the logarithm of 
the cone diameter as a function of the logarithm of the force, as in figure 2. By 
introducing the small indenters already referred to it has been possible to produce 
cracks under forces from 10’ to 240 x 10’ dynes. The scatter of the results for 
silica is greater than for the glass experiments in I because only a limited number of 
silica blocks was available. ‘This necessitated every crack being measured. 
Glass blocks were plentiful so that Roesler discarded poorly formed cones. The 
increased scatter of the present experiments at low forces may further be due to 
pee ibe in the hand-ground indenters which may not have been absolutely 

at. 

‘The theory of the dependence of the cone diameter on the indenter force is. 
discussed in I. Equation (5) of I states that if the Griffith hypothesis is valid 
(i.e. if the balance of fracture energy and mechanical energy controls the fracture 
process) then for an idealized cone fracture the relation 


Spies ee ee Lee (1) 


should be true, where is a constant of the material, S is the diameter at the bas 
of the cone and P the force on the indenter. 
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Thus a logarithmic plot of S against P should be linear and have a slope of 2/3. 
Such a line has been drawn in figure 2 of the present paper and the experimental 
points for fused silica fit it well over the entire range. ‘The average value of P 
for S=2cm was 1-26 x 10° dynes. 
It is clear then that the Griffith hypothesis is true for fused silica, just as it 
was found to be true for glass in I, and for plastics in II. The determination of 
the numerical value of the fracture energy would require knowledge of the 
“constant «, as defined in I, for the empirical crack angle and the Poisson’s ratio 


+ 


Crack Diameter S' (cm) 


Ix107 10x10” 100x107 
Force P (dynes) 


Figure 2. Variation of the crack diameter with indenter force. 


characteristic of silica. Work on this question and on the improvement of the 
ccuracy of the computations for glass is being carried out by Dr. F. C. Roesler at 

Ltd., Billingham Division, but it may be some time before his results will 
> available. — 
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Electrons in Weak Interaction with a Chain of Atoms 


By PRIYAMVADA SAHf anp R. EISENSCHITZ 


Department of Physics, Queen Mary College, University of London 
MS. received 7th December 1959 


Abstract. 'The weak binding approximation to the electronic energy spectrum 
is applied to a one-dimensional model of a liquid. The energy is expanded ina 
perturbation series, every term depending upon the positions of all atoms. The 
absence of long distance order is taken into account by assigning to the coordinates 
of the atoms a probability distribution by means of which the statistical expectation 
of the energy levels is obtained. Hereby the separations between neighbouring 
atoms are assumed to be statistically independent. At those energies which 
would be forbidden in a periodic chain the density of states is reduced but would 
vanish, presumably, only in the limit of a very large number of terms in the series | 
being taken into account. 


§ 1. INTRODUCTION 


HE electronic energy spectrum of a one-dimensional array of atoms was 
investigated by Eisenschitz and Dean (1957) using the tight binding 

approximation. A band structure was found but it is not known whether 
this result is perhaps due to the method of approximation which tends to overrate 
discontinuities. As a check the same problem is considered in the present paper 
by a weak binding theory which is somewhat biased against discontinuities. This 
approach has the additional merit that it could provide wave functions and be 
applicable to liquids in three dimensions. 

From the outset is may be taken for granted that a weak binding theory 
cannot give any account of a band structure in the conventional low approxi- 
mations. ‘This follows from the corresondence of the theory with the theory of 
x-ray diffraction (cf. Krishnan and Bhatia 1945) and the fact that the diffraction 
pattern of liquids shows haloes but no sharp rings. It remains to investigate 
the contributions to the energy of virtual multiple transitions. In this paper 
expressions are obtained for these contributions and their significance is discussed. 


§ 2. ASSUMPTIONS AND NOTATION 


Single conduction electrons are assumed to be subject to forces of interaction 
with all atoms in a linear chain. The forces are independent of the time and are 
to take account of the mean mutual interaction of the conduction electrons and of 
their interaction with the ions. It is assumed that the interaction of the electron 
with any atom is independent of the presence of other atoms. This is taken into 
account by letting the potential energy U have the form 

N 


U(x)= ¥ ux—m) vs ynwn i al 


t Now at New G2 Quarters, B.H.U., Varanasi, India. 
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where x and x; are the coordinates of the electron and the atoms and u is the 
contribution of any single atom. 


In weak binding theories the unperturbed wave functions are 
welt) = (Na) exp (kx) eo. ees, (2:2) 
k=2nv/Na yes yaa ee 2 aioe Ly sibatiet ; (2.3) 
and where a is the mean distance between neighbouring atoms. The unper-- 
turbed energy levels are the eigenvalues of the kinetic energy and equal to h?k?/2m 


where m is the electronic mass: every level is twofold degenerate. Elements of 
the perturbation matrix are equal to 


Oy = (Na) pe U(@) exp [t(R=p)xldv.. | 0.55.0 (2.4) 


The diagonal elements of U are independent of k and may be set equal to zero. 
If N is large k may be regarded as a continuous variable. Summation of a 
function x(k) is then replaced by integration 


lim > x(k) = aa | MUAVIS Muy oh hed. oie (2.5) 
: N>0 & a 
meet 7,;=x,— x,_1, Tr; =, So that 
l 
3 SS Aeegh atat rulite dictate (2.6) 
j=l 


| Denote the Fourier transform of u by 


v(q)= [ exp (iqy)u( y)dy 


v(0)=0 


and the “sum over phases’ by 


p(q)= “ exp (2qx;) = s exp (ia > r) SRE: (2.8) 


l=1 1=1 
Then the perturbation matrix is written in the form 


Uge= (Na) 0(k=p)pl(k= fp) Ses aes at (2.9) 

The energy levels of an electron are determined by products of these matrix 

elements. ‘They are, by the way of p, explicitly dependent upon the coordinates. 
of the atoms. 

In order to obtain the energy spectrum of a chain with short range order the 
atomic coordinates are considered to be random variables to which a probability 
Metabution [i(x%, X, .-. .Xy)] is assigned. The expectation of p(q) for g40 
will then be finite. In contrast p(q) in a periodic chain would either vanish or be 
infinite O(V). Hereby it is assumed that the distances between neighbouring 
atoms are statistically independent, so that 


N 
- f= iis CAD ate Pay UP Pe (2.10) 
where f is a probability distribution for a single variable. 

f20 and | OAandr sl | nflijar, ad. 
0 0 


The function f is not specified in detail but it is assumed that f(0)=0. 
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The Fourier transform of the probability distribution is denoted by 
s(q)= | fenesplian) a sae ae (2.11) 


and |s(q)|<1 if qg#0. 

The statistical expectation of the energy levels depends upon the statistical 
expectation of the sum over phases and of products of these sums. ‘The de- | 
duction of these statistical averages is the main problem in the weak binding 
theories and can be solved correctly for our one-dimensional system. ‘This 
deduction is performed in §§ 3-6, and applied in §§ 7-10 to the perturbation — 
expansion of the energy. Results are discussed in § 11. 


§ 3. PRopUCT OF SUMS OVER PHASES 
Be ol ysel ay (FN ee eee (3.1) 
j=1 


depends upon the atomic coordinates by the way of 7;...7ry. It depends also 
upon 7 real numbers q, . . . g, which are supposed to differ from 0. Further, 
these quantities are to comply with the conditions that every sum of 2, 3,....m | 
of these quantities differs from zero. The statistical expectation, (2), as derived 
by means of the distribution function (2.10), depends upon the gq; and, indirectly, | 
upon N, but no longer on the coordinates. It will now be shown how ¢&) is — 
expressed in terms of s as defined by equation (2.11). 
On account of (3.1) and (2.6) & has the form 


ese TLS trees (ix Onn) oe, (3.2) 


QL) Qy) 
where every O,=Q(/) is the sum of a sub-set out of the set q,. - - . g,, including 
the full and the empty set. The exponential function in (3.2) is summed with 
respect fo. Oi, Oana. Sine Oxy over all admissible values of these quantities. 

In the exponents of (3.2) some 7, will, in general, be absent since their co- 
efficient may vanish. On account of the definition (2.6) 7, is present only if 4 
is present in the same exponent; r,, however, is present in every term. The 
factor of r; obtains contributions from those g; only which contribute to the factor 
of r,_,. In every exponent of (3.2) the quantities QO, are mutually dependent in 
such a way that the set of g; which add up to O, must be a sub-set of the set of those 
q; which add up to Q,_,. The term sub-set includes hereby the empty set (O,=0) 
and the full set (O,=O,_,). Also 


O,= s EARS ack: (3.3) 


is a fixed number so that the first summation sign in (3.2) is to be omitted. ; 

In consequence an alternative notation is now employed so that those O; 
which have equal values are given the same symbols and that non-vanishing 
quantities only are recorded. Let accordingly x= Qj, and K,, kK... . . «; be the 
values of the Q, in ascending order of / subject to the conditions that K;4 Kg 
«AK, and x,40. The exponent of (3.2) is then written in the form : 


i On <tallett) Loom PEON ONAL) ade 9G) : 
Fee bey a irAjat1)4+...+7(A,;)}} 2 Sea wane 
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where r(/) is written for r, and A=),, A... . A; are natural numbers less than or 
equal to N. 

= is now expanded into a series of sub-sums (denoted by €) which are obtained 
by summations with respect to A,, A; .. . A; whereas A, j and xy .. .«;_,; are held 
constant. Thus 


n N+1—3 
ae De day et. EX MiNgas Jig yes epee 
j=0 «(1) K(j—1) A=1 
€ still depends upon the coordinates but its expectation depends only upon 
the number of variables r, which are multiplied in (3.4) into every «; but not upon 
the values / of these variables. 


At first auxiliary relations involving the sub-sums are deduced. 


§ 4. AUXILIARY RELATIONS 


Consider two mean partial sums as defined by (3.5) 
N-“-j+1 


A= > (E(n, N —p, 4, r; Koes Kj-1)) 


A=1 
eon, NPS nS Ky ay 2 K;)) 


_ where pu is a number, 1 << N-—j and equal to the value of A in the second sum. 
A relation between the sums A and B is now established. 

Either partial sum consists of terms carrying exponents of the form (3.4), 
every «; being multiplied by a sum of variables 7, The exponents are shown in 
table 1 where the subscripts of those r, are entered into the same row which are 
multiplied by one and the same x;, which is entered at the beginning of the row. 
These exponential functions are summed with respect to A whereas yu is held 
constant. 


Tablet 
A B 

Ko De eric ts oe A (MMA Pa ws Hoesen oe be 
Ky (4b) ais. wee Ais De SN GEA Soe Chater ee (u+A) 
Ko (Ager 1) aia tech osonl As (sb AGED) eh ces 2262 (ut Az) 

= 0 plies 9 eee en A; (UtAjzot1)....... (u+A;-1) 
ss ; a0 ent d (u+ ye AA oi yh oi (u+A,) 
O (Ap? 1). Pa. Fe Re (N—p) (WHA; F1)vas. ee: N 


Every term in A gives rise to a term in B in such a way that some of the rare 
shifted into the next following row. Every term in B originates in a term in A. 
This is shown by inspecting the entries in the column B. There are yw variables 
7, in the row xk». The remaining number of variables is N—p and thus equal 
to the number of variablesin A. They are located so that the number of variables 

in the row «x; of B is equal to the number of variables in the row Kia of A. The 
variables absent in the exponent are entered in the row ‘O’, ‘Their number is 
equal in A and B. ay ; 

It follows that B is the product of two factors. One factor originates In the 
ariables in the row x, and is equal to [s(x,)}". The other factor differs from A 
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by substituting «; for x;_,. Hence 
N—p—j-- 0 : ; 
(E(n, Ny j+1, ws Ko + + 3) = [8(Ko) (E(n, N—p, J, A3 Ky + + Ky) 


A=1 


the subscripts of the «; on the right-hand side being increased by 1 as compared — 
with the definition of A. The expectation of a partial sum is, by (4.2), expressed 
in terms of the expectation of a simpler partial sum. 


§ 5. AUXILIARY RELATIONS CONTINUED 


The following equation is now to be proved: 


N+i-j f=1 ae : y 
> (E(t, Ni jrA3 Ko. -+ ja) = IT sa) {1 =S() 2 c(h, j)[s(kn) 
A=1 h=0 =0 

see (539 
Here the coefficients c depend upon ky. . . K;_, and, thus, indirectly upon m but 


are independent of N; they are not specified otherwise. 
Equation (5.1) is readily verified for j=1. In this case h=O0 only. By 
definition 
N N A 
E e(n,N, 1, A; «4)= ¥ exp (io ¥ ni) 
A=1 A=1 l=1 
By taking the average it follows that 


N 
2 (é(n, N, 1,3 %o))=5(«o)[1—5(xo)] 71 — [s(xo) 7}... -e. (5.23 
This is identical with (5.1) if ;=1 and 
c(0, 1) = —s(xo)[1 — s(xo)]™ 

Assuming that equation (5.1) is valid for any particular value of 7 it will now 
be proved that it remains valid if this value is increased by unity. Entering 
with (5.1) into the right-hand side of (4.2) it follows that 

j 


Leto GUM ieee mente) (CoP { TT s(,)[1—s(e,) J 


PASIOATEC Mey tpae eo Rpt me (53) 


Summation with respect to » and rearrangement results in 


Si 1 _s(«n) 
E El, Ni j+ 1 ws my e-em)0= TT ee 


nao 1—s(K,) 


—[s(K) 9-9 {1 st) + S lh jy Sheo) [ 1- Pe ie) 


Amo. b—S(ty) = S(K,) S(«,) 
alec i coc 
+E lend Pelh esrenyren 


x anes (5.4) | 


The first term on the right-hand side of (5.4) is identical with the corre- 
sponding term in (5.1) if j+1 is substituted for 7. The same is true for the other 
terms on the right-hand side of (5.4) since the factors of [s(«,,)]¥ are independent 
of N and can, accordingly, be identified with the coefficients c(h, j+1). 
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By this induction in conjunction with equation (5.2) the validity of (Sal jis 
established. 


As every x,40 the coefficients c(h, j) are finite; also |s(x,)|<1. In the 
limit > oo, m being finite, most terms in (5.1) vanish and 


li s e(m N, TeV AS Kye, «= T oth 
mee et = IT) | fuer (5.5) 
g(t) =s(e,)[1—9(e,)]-% 


§ 6. EXPECTATION OF THE PRODUCT OF SUMS OVER PHASES 
The above relations are now used for obtaining the statistical expectation of 3. 
By entering with (5.5) into (3.5) and writing 3(n) for the limit of E(n, N), we 
have 
n—1 3 
(E(n))=e(0)| 14 Sa STL | pete (6.1) 
j=1 


j= kK; re 


In the products of g(/) not all admissible values of «, are present but only 
those which are sums of j out of the m quantities g. Denoting these values of x, 
by «(1, 7) and putting 

gL N=sle(l, Isle, A 
the right-hand side of (6.1) can be simplified 


(E(n))=(0)[ 1+ ZX eh y+ eee ¥ (tei) II a(n) |. 


j=2 Kj Ky «(1,9 
EE ee ee ee (6.2) 
. . . . 
In equation (6.1) the quantities x,...«,_, are derived from a given set of 
- quantities g,...4q,. Ifj out of these m quantities are selected, equation (6.1) 


can be used for defining expressions of the form ¢ B(j)) in many [l.e. m!/j!(n—7)!] 
different ways. Denoting these expressions by P(j, n){ E(j)) and their sum by 
x, the terms in (6.2) can be expressed in terms of the ¢ (7)): 


(3(m))=e(0)[ 14 "S EPG n)3(9)) | Cre crt (6.3) 


This is a recurrence formula expressing { &(m)) in terms of ¢ 2(1)) .- .(S(n—1)). 
Since (6.1) is readily evaluated for n=1 the expectation of any higher productis 
conveniently derived by repeated application of (6.3). 

Repeating the premisses as laid down in $3 we point out that the sum of 
every non-empty sub-set out of the set q, . . . g, must differ from zero. This is 
a necessary condition for the validity of equation (6.3). 

These premisses are now modified. It is assumed that 


> qj =Ko=Q,=0 
j=1 


whereas the other sub-sets are to comply with the above conditions. The 
product of the sums over phases will, when derived from the modified set of q,, 
be denoted by 2’. 

In re-writing equation (3.2) all terms Q,7, in the exponent are omitted for 
which /<},\ being defined by (3.4). Also, for every value of A, O,,, may 
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correspond to the empty set so that the corresponding exponent vanishes; the 


exponent vanishes further if A=N. Summing the terms with vanishing 
exponent it follows that 
Weil oy P oN 
Sn IVT Dey mo een ( »> On). cj aaa (6.4) 
A=1 QAt1) —Q(N) l=A+1 


In the remaining summations all exponents differ from zero if any 7, differs from 
zero. Summations can, accordingly, be performed in accordance with equations 
(6.1) or (6.3). 

As the probability distribution (2.10) does not distinguish between the 
different values of / in 7, and as the values of Q,,, are independent of A, the 
expectation of (6.4) can be written in a form in which the values of / are changed 
according to convenience: 


N-1 ue 
(St) Sen lin, See ees exp (i $ Orn). 
l 


N+>0o u=2 Q(u) Q(2) = 


Summation with respect to 4. is performed in two stages, from 2 to M and 
from M to N—1 where 1<M<WN and where M remains fixed when the limit of 
infinite Nis taken. The second sum consists of N—M~Nterms. Summation 
with respect to Q, . . . Q,, may, without any appreciable error, be replaced bya 
summation with respect to Q,... Oy 4. This results in SXP(j,n)< Z(j)) 
and the summation with respect to 4 multiplies this expression by N. For the 
sum «=2 to M an upper limit is obtained by setting the exponents equal to zero; 
this limit is not larger than n! M? and for N-> negligible in comparison with 
the first sum. We have finally 


(B'(n)) =NU ge. SPin)E(DY+OW AY ss (6.6) 


| Equations (6.3) and (6.6) are the main results of the last three sections. 
They are directly applicable to the deduction of the energy spectrum and its 
expressions in the form of a perturbation series.+ 


§ 7. EQUATION DETERMINING ENERGY LEVELS 
Deduction of the energy spectrum of a particle in interaction with a large 
number of centres of force is made by a method which follows the theory of a 
large number of-interacting particles (Hugenholtz 1957, 1959). The degen- 
racy of the unperturbed energy levels is ignored, a justification is given in § 10. 
The energy is determined by the operator equation 


(H— 21 \b = Qisi/ on utoesiowng yds unites (7.1) 


where H and J are the energy and unit operators, b is the state symbol and z is a 
numerical parameter. An equation of similar form 


CH el bed SiN La Seen os 7.2 
is solved by ‘a 


b=(H—z1)=R(z) (7.3) 


3 
: 
| 
‘ 
i 
* 
' 
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R is said to be the resolvent operator of (7.2). Those values of z for which R 
does not exist are the required eigenvalues of H. 

In the present problem H=H,+U_ where H, is the kinetic energy and U, 
the potential energy, is regarded as a weak perturbation. With the notation 


Ce eee (a) ee ee a, (7.4) 
the identities 
Rey tee Oe CERT aes a 3 Aaa (723)) 
are derived from (7.3). From (7.4) the iteration series 
es TUT COLO ote) thane (7.6) 


is obtained and used in the following deductions. 
In the plane wave representation T is diagonal and the terms in the series (7.6) 
have the form 


GR Es Daan Dees Pe Th NU Mean ae (7.7) 


mp ~ p 
where n+1 eigenvalues of 7 are multiplied into m matrix elements of U. The 
latter are, by (2.4), proportional to N—! and depend upon the atomic coordinates 
by a factor p. Expressions of the form (7.7) represent contributions to the 
R-matrix by virtual m-fold transitions. For the purpose of evaluating equation 
(7.5) it is necessary to distinguish between different kinds of processes. This is 
done in the following two sections. 


§ 8. IRREDUCIBLE DIAGRAMS 


Processes specified in equation (7.7) are conveniently represented by diagrams, 
so that for an n-fold product n+ 1 segments specify particle states and ‘vertices’ 
specify transitions. As an example the diagram corresponding to a fourfold 
product is shown in figure 1; virtual processes are supposed to progress from the 
left to the right. 


Figure 1. 


Diagrams in which the initial and final state are identical are said to be diagonal. 
Diagrams in which the intermediate states differ from each other and from the 
_ initial and final state are said to be irreducible. The set of differences of wave 
numbers between successive states comply in irreducible non-diagonal diagrams 
with the same conditions as the numbers gq; in deriving equation (6.3), the 
differences in an irreducible diagonal diagram comply with the same conditions as 
the numbers q; in deriving equation (6.6). 

By (2.9) every matrix element (7.7) carries a product of sums over phases. 
Considering at first only irreducible diagrams and deriving the statistical expecta- 
tion of the products of matrix elements it follows from (6.3) and (6.6) that the 
diagonal elements of R are of a higher order of magnitude in powers of NV than the 
~ non-diagonal elements. . 

The integrations with respect to the wave numbers in (7.7) depend upon the 
particular choice of the potential energy. It is plausible to assume that the 
integrals are neither divergent nor zero. Then the order of magnitude of the 
matrix elements is readily assessed. m matrix elements of U carry (by 2.4) a 
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factor N-”. There are n—1 wave numbers of intermediate states carrying (by 
2:5) the factor N”-!. The expectation of 3’ and of & carries the factor N or 1 
respectively. ‘Thus, independently of n, the diagonal elements of (7.7) are of 
order unity, the non-diagonal elements are of order Nt. 

The R-matrix has accordingly a‘ delta singularity ” 

Ri, = Org (eae ere ee 8 eee (8.1) 
where 4 is the Kronecker symbol; it has to be replaced by Dirac’s 6(k —p) ifk and 
p are regarded as continuous variables. F is, apart from singular points in the 
complex z-plane, a continuous function of &. 

The validity of equation (8.1) is, so far, established for irreducible diagrams 
only; it is necessary to consider now diagrams of a less simple type. 


§ 9. GENERAL DIAGRAMS 


In figure 2 an irreducible diagram (a) is inserted into another irreducible 
diagram (6) in which a segment is cut; the result is another diagram (c) which is 
not irreducible. 


ee eee eee ee 
Z 2) Z k é k 
(a) (b) 
os ee | ee Sen ee ee 
kh l P l k 
(€) 
Figure 2. 


A similar procedure can be applied to two or more segments in one and the 
same diagram or in the resulting diagrams. Diagrams which originate from 
simpler diagrams by this procedure are said to be ‘ reducible’. 

Contributions to the matrix elements of R have the same order of magnitude in 
powers of N whether they are reducible or irreducible. If a segment is cut anda 
diagonal irreducible diagram is inserted it contributes a factor of order unity. 
Summation with respect to the segment that had been cut makes the same con- 
tribution as before cutting. It follows that the estimate of orders of magnitude 
as made in the preceding section remains valid if contributions of reducible and 
irreducible diagrams are taken into account. In particular it may be said quite 
generally that the R-matrix has a delta singularity. 

In these arguments no account was taken of diagrams in which a pair of equal 
states is separated by another pair of equal states, such as shown in figure 3. Here 


Figure 3. 


a diagonal sub-diagram (pgp) makes a contribution of order unity. The equality 
of a segment inside and outside the sub-diagram has the consequence that there © 
is one integration less than in a reducible diagram with the same number of 
vertices and that, accordingly, the order of magnitude is reduced by a factor N-. _ 
Contributions of diagrams of this kind are, accordingly, ignored. 


Electrons in Weak Interaction with a Chain of Atoms 709 


‘As R has now been shown to be a diagonal matrix it is seen that the terms in the 
expansion (7.6) arise from diagonal diagrams only. Every term is obtained by 
summing the contributions of reducible and irreducible diagrams with equal num- 
bers of vertices. Every diagram represents a sum (integral) of products of matrix 
elements. 

If an intermediate segment or the final segment of a diagram is cut, diagonal 
diagrams are inserted and a summation is performed, this is expressed by replacing 
in (7.7) a factor T,, by R,. In evaluating any term in (7.6) all possible diagrams 
are to be taken into account but every diagram is to be taken into account only 
once. ‘This is automatically achieved by starting with irreducible diagrams and 
inserting irreducible diagrams ; at first they are inserted into irreducible diagrams, 
then, successively, in the resulting reducible diagrams. Insertions into the initial 
segment would result in diagrams that had been obtained by inserting into the 
final segments and is therefore ruled out. This apparently involved procedure 
of constructing the members of the expansion (7.6) is greatly simplified by the 
argument at the beginning of this paragraph. It is merely necessary to replace 
the original intermediate and final factors T by factors R and to restrict the matrix 
elements to contributions by irreducible diagrams 


R=1—R|G—CRU+ ORURU — “4+. |, dares (Ql) 
(whereby the subscript irr means restriction to irreversible diagrams). The 
expansion (7.6) is now replaced by an operator equation, in practice, integral 
equation; this complication is, however, made good by the relative simplicity of 


the expansion terms. Equation (9.1) lends itself readily to solution by successive 
approximation. 


irr 


§ 10. EXPANSION OF THE ENERGY 
Equation (9.1) is re-written in the form 
Roel PU OURO POUROGRU = eee ee, eee (10.1) 


The points in the complex z-plane where R has poles are idential with the points 
where the bracket expression vanishes. For these a zero approximation is 
obtained by neglecting the potential energy altogether: 


2 10 AES Ot ee Oe yay (10.2) 
‘This corresponds to 
R=Ry= T(Hy)= Ty 


which is, by (10.2), the difference between two eigenvalues of Hj. As only 
irreducible diagrams are considered and degeneracy is ignored this difference does 
not vanish. By inserting the approximate expression for R into the right-hand 
side of (10-1) the series is obtained 
Bee iT | FU UU LOL OP oe lice ematliie A LU.d | 
_ This series has a form similar to the series of the simplest terms in Schrédinger’s 
perturbation expansion. It differs from it by the subscript rhe In the present 
- theory this series is regarded as a first approximation. Higher approximations are 
obtained by inserting the value (10.3) of z into (10.1) for the purpose of deriving a 
better approximation to R. Every term in the expansion (10.1) gives rise to terms 
in the higher approximations which involve a higher product of elements of the 
_ U-matrix. In this way orders of approximation are defined without any ambiguity 


710 P. Sah and R. Eisenschitz 


although every term in the expansion is an infinite series involving all powers of U. 
In the present paper only the first approximation is taken into consideration. 
The energy is thus given by 


h? k? ‘ 2m Ep ede |e 
Ej, = elie? (Gr) > kp Bs 
P 


2m p?-k 


2m 3 COT. re U4 
Pa be Al: Bad 1 aE net 
(Fr) 22 BEF) 


In the summations the wave numbers Pp, qg, . . . . must differ from each other and 
from k. As the degeneracy of the unperturbed system is to be ignored it is 
necessary to omit also those values of the wave numbers which are equal to —R, 
In the present problem ¢ U;,,,) =0. 

The feature specific for the absence of long distance order is the appearance ot 
the statistical averages of the matrix elements in (10.4). Every term carries a 
factor « &’(n)) as determined by equation (6.6). 

In evaluating the terms of the series, summations are replaced by integrations 
in accordance with (2.5). In order to exclude the vanishing denominators 
principal values of the integrals are to be taken. 

In justifying the omission of those terms which involve vanishing denominators 
on account of degeneracy, an estimate is made of the separation which would result 
from a degenerate level by removing the degeneracy. ‘This is of the order of 
magnitude of (U; _;,) and is found to be O(N-¥?). It is accordingly negligible 
in comparison with the terms in (10.4) which are of the order unity. 

The problem of finding the electronic energy spectrum of a chain in absence of 
long distance order has accordingly been solved, at least formally. A full evalua- 
tion of the result obtained would require extensive numerical work. It is shown 
in the following section that even at the present stage some insight is gained into 
the structure of the spectrum. 


§ 11. Discussion 


The present theory could, in principle, be applied to a liquid in three dimen- 
sions. ‘The perturbation theory would merely have to be re-worded by sub- 
stituting vectors for k, x and x, and replacing products kx by scalar products. The 
wave functions (2.2) would be multiplied by (Na)~ but this change in the order of 
magnitude is compensated by a factor (Na/27)? in the volume element of (2.5). 
However, the statistical assumptions expressed in terms of the distribution func- 
tion (2.10), are not valid in three dimensions. It would be necessary to employ the 
doublet, triplet, . . 2-tuplet distributions of statistical mechanics both for evaluating. 
the terms of (10.4) and for establishing the delta singularity of the R-matrix. 
At present the doublet distribution is broadly known but the higher distributions — 
are virtually unknown. An evaluation of the formulae in three dimensins is for 
this reason impracticable. <li 

There is, accordingly, some interest in the one-dimensional model. We 
evaluated the third term in (10-4) and obtained numerical data connected with the _ 
fourth term. It was assumed that the potential energy (2.1) is derived from the _ 
expression ; 


,_ | ~(4)+ (7/8) (94/64) [y [<2 
w= 1, ee 
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where y is the distance of the electron from an atom. 
(2.10) is derived from 


— 48 a- [(r— a)? — (a?/16 r—a|<ta 
je { r[(r—a)*=(@/16)]_ ral < 


0 paee serene roe 


The probability distribution. 


In (11.1) and (11.2) the lengths and energies are expressed in atomic units and ais 
equal to four units of length. 


The third term in (10.4) is obtained by means of 


E,, — H)(k) = (2m/ah?) P | (k*— q?) | v(k—g)P{1+s(q—k)[1 —s(q—k)]73 
+5(k—g)[l—s(k—qg)| dg tin. (11.3) 


_ where Y means the principal value. Results of numerical integration are shown 
in table 2. 


Table 2 
ka 1:50 2:00 2:50 2:80 3:00 3-10 3-15 3-20 3:50 4-00 4:50 5-00 
100[E;,—(Ho),] | —0-98 — 1-23 —2-17 —4-09 —3-79 —1-21 0-37 1-93 3°75 1-43 0-86 0-56 


eee 


It is seen that the energy is lowered when |k | <7/aand elevated when |k|>7z/a. 
In a periodic structure a similar shift of the energy would occur but it would be 
accompanied by a discontinuity at |k|=7/a. The calculated displacement of the 
energy is comparable with the displacement in a periodic structure but it progresses 
gradually over a wide range of k. 

Multiplying the integrand of (11:3) by (k?—q?) and plotting the product 
against k—gq, results in a graph with a marked maximum to which a Gaussian 
curve can be fitted. Analytical integration shows that in the neighbourhood of 
|k|=z/a 

EE (A), = const. Gr—ary 7 ar (11.4) 


in accordance with numerical results. The last expression depends on the 
coincidence of two maxima in the integrand, at q?= 2 and at k—-q=2maif k=n/a. 

It was further found that ¢&’(2)) as a function of k has a leading maximum 

| and two subsidiary maxima, thus resembling the corresponding function in 
three dimensions which determines the intensity of diffracted x-rays. 

Value of { &’(3)) were computed as a function of two independent variables 
(k—q and k—p). It would be found that this function has similar maxima as 
(2'Q)). | ia | 
It is likely that the higher terms in (10.4) make contributions to the energy in 

the neighbourhood of | k | = (7/a) which are of a similar formas (1 1.4). This would 
imply that the energy spectrum approaches asymptotically a discontinuity at 
|& |=7/aif a sufficient number of higher terms is taken into account. Presumably 
the accuracy of the series is poor near this energy range but better at some distance. 
It is in any case important to note that the weak binding approximation tends 
towards a band structure, even if only asymptotically. 
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The Influence of Aberration and Detector Response on Optical 
Images 


By F. A. DIXON 


Technical Optics Section, Imperial College, London 
Communicated by H. H. Hopkins; MS. received 18th September 1959 


Abstract. The optical-frequency response function is used to obtain the intensity 
distribution in the image of a step function of intensity, and from this the image 
intensity distributions for strips and Cobb test units are obtained. Detectors 
having a Gaussian type response function of different equivalent bandwidths s, 
are assumed. The treatment is applied to systems having secondary spherical 
_ aberration of amounts w,,= — 6A, — 9A, —12A, with different amounts of primary 
| spherical aberration and several planes of focus in each case, and for a range of 
values of sj, the equivalent bandwidth of the detector. From these calculations 
the edge gradient in the image of a step function of intensity, the limit of detection 
and the limit of resolution, using a criterion of 0-2 for the necessary image contrast, 
are found; these different methods for the assessment of optical systems are then 
intercompared. It is shown for example that if two systems are assessed by two 
different test methods the order of the figure of merit for the two systems can be 
significantly different, and furthermore the order of merit in which the two 
systems are placed depends strongly on the response function of the detector 
employed. The differences are large enough to be of real significance in practice. 
It is generally known from qualitative considerations of optical image formation 
that when the detector employed has a narrow bandwidth the shape of the 
frequency response function is of greater importance for low values of the spatial 
frequency s, the response function for higher spatial frequencies having little 
influence on the image quality, while for a system employing a detector of wide 
bandwidth the shape of the frequency response function for the higher frequencies 
is important, as these frequencies can now contribute to the formation of the 
image. An attempt has been made to study quantitatively the effect of detector 
bandwidth on the formation of the images of some standard test objects. 


§ 1. INTRODUCTION 


Frequency response methods for optical image evaluation are now widely 
accepted. The response function can be calculated and measured and detailed 
experimental verification of theoretical results has recently been obtained (Kelsall 
1959, Birch 1959). The frequency response function specifies image quality 
directly for extended periodic objects, and gives a general analytical description 
‘of image quality. Typical test objects and detail occurring in practice often have 
relatively complex Fourier spectra: as examples the following may be cited: 
(a) a narrow strip and (b) a unit of a Cobb resolution chart. For these cases 
numerical integration of a function involving the product of the frequency 
response and the Fourier spectrum of the distribution of intensity in the object 
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is a lengthy and cumbrous procedure. It has been found more convenient to 
evaluate first the response to a step function and treat such intensity objects 
as (a) and (b) above as being made up by the addition or subtraction of suitably 
located step functions (Hopkins 1958). 

A step function of intensity H(u) such that 


H(u)=1 = u>0 


=) u<O 
has an aerial image with the intensity distribution given by 
aig 
Hie | PASH) ef G2nu's)dsye Ae (1) 
Lita mes 


where D(s,7) is the complex frequency response of the optical system for the 
given azimuth y. In terms of the contrast transfer function T(s,) and the 
phase 0(s, 7), the complex response is D(s, 4) = T(s, +) exp i0(s, #) and 


H'(w')=4+ = | y PH) sin 2mu’s+ 6(5, Pp severe (2) 


In most practical cases it is necessary to include as an additional factor with - 
D(s,1s) the response function of the detector, the response function for the 
combination of optical system and detector being simply the product of the two 
separate response functions. Thus if Da(s) is the frequency response function — 
for the detector, the intensity distribution in the image of a step function of | 
intensity is given by 

+8m 
Wuj=t+ oe | Da(s) Dis Wes, (i2ea'syds0 YRS (3) 
ode eee s : 
where s,, is the value of the spatial frequency s beyond which the response of the 
detector can be assumed to be zero. 

In initial calculations a detector having a response such that 

Da(s)=1 |s| <so 

= () Ls] Set ed ead ne 2 me (4) 
was considered. This led to there being negative values of intensity at parts 
of the edge image when the detector bandwidth was much less than that of the 
optical system. For an aberration-free system the frequency response according 
to geometrical optics is equal to unity for all values of s, so that the image 
obtained with a square shaped detector response (4) will be given, from 
equation (1), by 


H' f 1 1 weed) . , 
(u’)= $+ a | exp (427s) ds 
—8o 


1 ; / 
=$+ 7 Si(27w’ so) 


where Si(«) is the sine integral defined by 


4 
; 


Si(x) = { ; = isfy otnoheg Robt ots sae (5) / 


The values of H’(u’) when u’= +0-5/s) are equal to approximately 1-09 anc 
—0-09 respectively and each represents an impossible result. Similar resu 

are obtained from the use of diffraction theory. These results show that a detector 
of the type considered, having a sharp cut-off, could not occur in practice. I 
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would in any case require the detector to have an impulse response of infinite 
extent and taking on negative values. 


For the above reasons a detector having a Gaussian response curve 


Da(s)=exp(—s?/207) ||. (6) 
was assumed for all subsequent calculations; o is the standard deviation of the 
distribution. The response is unity when s=0 and is practically zero at and 
beyond s=3c. The area under the curve described by equation (6) between the 
limits 0<s< 0 is equal to o\/(}7), and as Da(s)=1-0 when s=0 this area, 
denoted by sy, is also the area of a rectangle of unit height and width sy; sy is 


defined here to be the equivalent bandwidth of the detector, and is related to o 
the standard deviation by the relation 


O = Syv/ (2/77) ~ 0-85. 


When s=s, the response of the detector is approximately equal to 0:5; sy is then 
also the half-value bandwidth. 


§ 2. FORMULAE FoR NUMERICAL CALCULATION 


2.1. Image of an Edge, with Gaussian Detector Response 


The response to a step function is now given by 
e+ oO eaica 
A'(u')=4+ zl ol seca exp(5-3) exp (¢27u's) ds 


oy 


| and if only symmetrical aberrations are present, and the bandwidth is limited 
| to |s|< 3o, 
Bled eae 
H'(u’')=$+ : : a exp( 53 )sin (27u’s) ds, 
this limit being assumed since when |s|>3c the product of the two response 
functions will be negligibly small. The response to a step function may now 
be written 
de j= FS) es tee Pe. 8: (7) 
where 
6a ae | OE), caret Maes Meisner) dre) (8) 
7 7) 0 T 
In this latter formula 7 has been written for s/3o and S(u’) for the variable part 
of H’(u’). Clearly S(—u’)=—S(u’) and so this need only be computed for 
positive values of w’. 
If the expression (3) is differentiated with respect to uv’, and uw’ is put equal 
to zero, the gradient at the image of an edge is found to be given by 


S'(0)= = HW) = | : eC ee (9) 
'which, by (8), is given by the formula 
; S'(0) =60 | WHO Dian ae Se (10) 


where A{ } denotes the real part of the frequency response. The edge gradient 
3 (0) can also be obtained numerically with good approximation from the 
numerical variation of H’(u’) with u’ for small values of w’. 
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2.2. The Image of a Strip: Limit of Detection 
The distribution of intensity in the object may be written B(w)=1—yB,(u) 
where y is a constant depending upon the object contrast and 
Bi(u)=1 |u| <a 
B,(u) =0 |u| > 4a. 
‘The intensity in the image is then given by B’(u')=1—yB,'(w’), and in terms 
of the response to a step function 
B'(u')=1-y{H' (u' + 3a) — H"( ‘— fa), sence (11) 
where H’(u') defined by the expression (3) is the response to a step function of 
intensity situated at u'=0. Should the width of the strip be steadily reduced 
the contrast between the centre of the strip and the bright surround will decrease 
until at some width a=a, the contrast will have fallen to a value V, below which 
it will not be possible to detect the presence of the strip in the image. This 
serves to define the limit of detection. From (11) the contrast in the image is 
found to be 
H'(4a))—H'(—44)} 
pe MCS ore eek 3) EN TI 12 
= FH Ga) a0) oe 
which, substituting from (7), gives 
S(44a9) 
[oe en ee eee 
*~ T= Sao) Cs 


‘The contrast in the object plane is given by 
Peey|(2e-y Rost bs eee (14) 


and is never attained in the image since S(3a)) < 3. 


2.3. Image of Cobb Unit: Limit of Resolution 
The distribution of intensity in a Cobb object of line separation a is given by 

B(u)=1-—yB,(u) where 

By(uy=1 ta< |u| <a 

B,(u)=0 lul<da; |ul> Za. 
The intensity in the image is then B’(w’)=1—y.B,'(u’) which, in terms of the 
response to step function, gives 
B'(u’) =1—y{H' (u' + 3a) — H'(w' + fa) +H (u' — fa)— HA" (u' —a)}. ...... (15) 
Again, as the line spacing a is reduced, the contrast between the opaque lines 
and the bright space between them will decrease, and for some value ay of a the’ 


contrast will have fallen to Vy where it will not be possible to resolve the two 
lines. ‘The limit of resolution so defined is given by . 


Pree tH Es) — 2H" (tay) +2H' (4a) —2H"(— 440)} 
2—y{H'(2a9)— H"(— 4a9)} . 
or using (8), } 
Vp= VS(b40) = 3S (Ea) + 45(2e0)} 
2—YS(Za9)+ S(Zao)} 
the object contrast being given by V=y/(2—y). 


a yh 
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§ 3. METHOD OF COMPUTATION 


The formula for the response to a step function (8) is well suited to evaluation 
by Simpson’s rule, using values of D(s,y%) obtained independently. ‘The 
calculation was programmed for the electronic computer DEUCE, using a 
tabulative interpretive scheme, it being so arranged that the edge intensity 
function, the intensity distribution across the image of a strip, and the intensity 
distribution across the image of a Cobb unit, were calculated in one cycle of 
operations. The frequency response function D(s,%) for the optical system 
under consideration was read into the computer in numerical tabular form and 
stored. When required, the values of the response over any range of spatial 
frequency s covered by the table are found automatically by interpolation, and. 
used to calculate the edge intensity function by Simpson’s rule. Then, by the 
simple addition or subtraction of suitably spaced coordinates on the edge intensity 
curve, the distributions of intensity across the strip or Cobb unit images are 
calculated by means of expressions (11) and (15) respectively. 

If a Cobb unit of line separation a is considered and an initial value allocated 
to the product asp, values of the edge intensity function are calculated for a set. 
of values, such as those defined by 


tom = 1 376 5 3 
Uu Sy= 44, 24S, ZS 9, as, ZA; 2 AS¢. 


From these results the intensity distributions for the strip and Cobb unit can 
be calculated for a chosen value of s, and printed out together with the points 
calculated for the edge intensity function. An increment can then be added 
to as, and the process repeated until the required range of as) has been covered. 
The value of s, can then be modified automatically by the computer and the whole 
procedure repeated. This method gives a greater density of points on the edge 
intensity curve for small wv’ values, which is, of course, desirable. In some cases. 
the same point is calculated twice, and this serves as a useful check on the 
calculation. It is important that the incremental value of the argument of the 
sine function in (8) is restricted sufficiently to give an accurate result from the 
use of Simpson’s rule. 


§ 4. RESULTS 


The present study was restricted to the study of image formation in the 
presence of primary and secondary spherical aberration with defect of focus. 
The optical system is assumed to have a circular aperture. Frequency response 
curves from the diffraction treatment for a number of systems having various 
states of correction were available (Goodbody 1958) and corresponding curves 
for the geometrical optical approximations were calculated independently. 
The wave-front aberration of the system as a function of radius of aperture is 


defined by 
Wir) = Woof” + Waot* + Weor® 


the coefficients Wo, Ws, Woo Specifying respectively defect of focus, primary and 
secondary spherical aberration. The states of correction between primary and 
secondary spherical aberration considered for the case of wWe= —6A, using 
diffraction theory, and the geometrical optical approximation, were Big= Bag — 9°95 
Bie’s Bas’ + 0°5, where Bye’ is the value of 49/29 which optimizes the frequency 
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_ response D(s,%) for low values of spatial frequency (Hopkins 1957, Goodbody 
1958). For each system three planes of focus were considered given by 
Bog = Boe — 0-25, Bag’, Bag +0-25, Bag’ being the value of Wy9/Wey giving the 
optimum focal plane for the particular value of Bug. For the secondary aberration 
values Wg9= —9A and weg = — 12A, only the two more interesting cases suggested 
by Goodbody’s results for spherical aberration, namely Byg= Bye’, Bog = Bog’; 
Bag= Bag +9°5, Bog = Bog’ +0-25 were considered. These two systems are in 

- future referred to as the optimum and over-corrected systems respectively. 
Key to figures. The following schedule refers to all figures. 

| Object contrast =1 : y=1 

_ Gaussian type detector: equivalent bandwidth So 

Optimum corrected system 


Bas == Bas’ > Bre = Bao. 


SS S425 Over-corrected system 
2 Bss=Bas +0°5; B2e= B26’ + 0-25 


5] Optimum corrected system Over-corrected system 
, Bas Ba on Bes +0°5 Bag’ +025 
Weo ; 
— 6A — 1-63 0-76 —1:13 0-40 
— 9A — 1-69 0-80 —1:19 0-43 
—12A —1:72 0-83 — 1-22 0-44 
Geometrical — 1-80 0-90 — 1-30 0-48 


70 20 Ppmertaos 5-0 60 70 60 ° 90 100 


e 1. The effect of detector bandwidth on the response to a step function (W=0). 
2 ae Ad, ¥ big =e “ —_ 
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Four values of the equivalent bandwidth were considered for each case in the 
diffraction treatment, and four values of the product 59% for the geometrical 
optical approximation. For completeness the case of no aberration W=0, was 
treated by both the diffraction theory and the geometrical approximation for all 
values of sy used. 

The object contrast was taken to be unity (y=1), and the limit of detection 
and resolution were each taken to be defined by V»>=0-2. The contrast 


Imax a Imin 
= 
Imax + Tmin 


was calculated for strips and Cobb units of various widths and the value of a, 
where V=V,=0-2, found by interpolation. Values of the limit of detection, 
limit of resolution, and edge gradients are given for the systems considered in 
tables 1, 2 and 3. In the geometrical optical approximation, dp» is usefully 
plotted as a function of s9zgo, since in this case, if the aberration is, say, doubled 
and the equivalent bandwidth is halved, the limit of detection and the limit of 
resolution are correspondingly increased by a factor two. To allow more direct 
comparison between the results according to geometrical optics and diffraction, 
tables of aps) against sy2gq are given in all cases. The tables give the edge gradient 
S’(0) in the scale normalized form S’(0)/2s) for the same reason. 

In figure 1 the edge intensity function H’(u’) is plotted against w’ for six values 
of s) for the aberration-free case W=0. If H’(u’) is plotted against u's) there 
is no appreciable spread over a range of sq (sg < 0-33) which includes most practical 
detectors. The geometrical approximation gives only one curve for the 
aberration-free case when H’(u’) is plotted against u's). This curve approximates 
to the diffraction curve for s+0 when this latter is plotted against u's . 

Table 4 gives the values of the limit of detection, limit of resolution, and edge 
gradients when W=0 for a range of values of sy. ‘This table shows the effect of 
detector bandwidth on images in the absence of aberration. The geometrical 
optical approximation leads to the same values as does the diffraction treatment 
when s, is taken to be limitingly small, and ays) tabulated against 5p. 


Table 4. Limit of Detection a,; Limit of Resolution a, and Edge 
Gradient S(0), for Aberration-free Case, W=0 


Diffraction treatment 


So Beso oso 4s9S(0) 
1/24 0-18 0-65 0:99 
1/18 0-18 0-66 0:98 
1/12 0-18 0-67 0:97 
1/9 0-18 0-68 0:96 
1/8 0-18 0:69 0:95 
1/6 0-19 0:70 0-94 
2/9 0:19 0-71 0:92 
1/4 0-19 0-72 0-91 
1/3 0-20 0-74 0-89 


Figure 2 shows the effect of bandwidth on the response to a step function i 


the presence of aberration. In this case we= —6A and the system considered 


has optimum correction, that is Byg= B45’ and Byog= Bog’. Figure 3 gives simile 
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Figure 3. The effect of detector bandwidth on the response to a step function (29 = — 12). 
- 


SoW%G 0° 1-0 


724 Po As Dixon 


curves for the case w= —12A. Figures 4 and 5 give the edge intensity functions 
of systems which have respectively optimum correction and over-correction, 
for the aberration values wg = — 6A, — 9A, — 12A and according to the geometrical 


optical approximation, the equivalent bandwidths considered being |s97¢o| = 1:0 
and |so7go|=2-0 respectively. These demonstrate the effect of the frequency 
response of the optical system on the edge intensity function. 

It is found that when. |z,|> 6A the edge intensity curve for small values of w’ 
for the over-corrected system is above that for the optimum system when 5 
the equivalent bandwidth is reasonably large, but that the curves cross at larger 
values of u’, and when the curve associated with the optimum system has almost 
reached its maximum value that of the over-corrected system is appreciably 
below it. This effect can be understood by reference to the frequency response 
curves for the two systems as given by Goodbody (1958). When |weo|> 6A the 
response curve for the over-corrected system falls quickly for small s values 
but then decreases only slowly for larger values of s, and here lies well above the 
level of the optimum curve, which for small s values has appreciably higher 
response. This implies that the edge intensity function H’(u’) for larger 
equivalent bandwidths will rise steeply for small uv’ values resulting in a higher | 
edge gradient but will have a slower approach to its maximum value at larger 
values of u’. As a result the contrast in the images of narrow strips is higher | 
for the over-corrected system leading to a superior limit of detection, but in wider | 
strips the contrast is higher for the optimum system. A similar effect occurs 
in the case of Cobb resolution units imaged by the two systems. ‘The contrast 
in the image of a strip is by equation (13) clearly superior for the system having | 
the greater value for the edge intensity function at a value of u’ equal to half the 
width of the strip. The point of intersection of the two intensity curves gives 
the value of where the contrast for the two systems is the same and beyond this 
point there is a reversal of the order of merit for the two systems. 

It is found for all values of s) and we, that the order of merit placed on any 
system by calculation of the edge gradient is consistent with that given by 
calculation of the limit of detection for low contrast images. This is to be expected 
since for a strip the central intensity in the image is given by 


B'(0)=1-—2S(4a) 


where S(u’) is the variable part of the edge intensity function. Now for small 
values of u’ this function approximates to a straight line and the central intensity 
in the image of a narrow strip will therefore decrease as an almost linear function 
of width, the rate of decrease being directly proportional to the edge gradient. 
However, for wider strips with higher contrasts there is no such correlation. 
It is apparent from a consideration of the case of wg9=—6A that, when the 
equivalent bandwidth is small enough to make |sgw¢o|< 1:5, tests using the edge 
gradient, the limit of detection, or the limit of resolution, are mutually consistent 
in that the two systems are placed in the same order of merit by the different 
assessments, the optimum low frequency system being judged superior to the 
over-corrected system. When. |s92%o|= 2-0 on the other hand the Cobb limit of 
resolution based on the criterion of image contrast equal to or greater than 0:2 
suggests that the over-corrected system is superior, whereas the edge gradient 
test and the limit of detection place the optimum low frequency system aheac 
of the over-corrected system. The influence of detector response can thus be 
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very marked in such tests. Similarly in the case of larger aberration, Weg = — 9A 
with a detector of equivalent bandwidth given by |sozgo]=1-5 tests using the 
limit of detection or the determination of edge gradients would suggest that the 
two systems are of equal merit, but the limit of resolution for the over-corrected 
system is significantly greater than that for the optimum low frequency system, 
and again the results given by different test methods are found to be 
inconsistent. 

Figures 6 and 7 show image contrast for strips of width a plotted as a function 
of the product asg for wey = —6A, —9A, —12A using diffraction theory and also 
for the geometrical optical approximation, the detector being asssumed to have 
equivalent bandwidths given by |spzg9]=1-0 and 2-0. Figures 8 and 9 show 
corresponding curves for the contrast in the images of Cobb units. From these 
curves it can be seen that the threshold contrast assumed for the detector 
influences the order of merit in which the two systems are placed when tested 
by the two methods. They show that, although the over-corrected system gives 
a better limit of detection and resolution for low contrast images for |z¢|> 6A 
and larger values of sy, the system having optimum correction is always superior 

_ for coarser structure. Tests on the limit of detection and resolution or the 
measurement of edge gradients thus do not necessarily give useful information 
regarding the reproduction of coarser structures, and may give an erroneous 
impression of image quality under conditions other than those under which the 
test is conducted. 

In the case of wgg= —12A, |spwgq|=2-0 (figure 7(c)) when as,=0-33 the 
contrast in the image of a strip is 0-20 for the system with optimum correction 
and 0-23 for the over-corrected system: when as)=0-7 the order is reversed, 
the contrast for the optimum system being 0-74 while that for the over-corrected 
system is 0-62; at as)=2-0 the effect is even more marked, the contrast for the 
optimum system being 0-92 while for the over-corrected system it is 0-72. ‘The 
images of wider strips are then of significantly higher contrast for the optimum 
system, but for narrow strips the images given by the over-corrected system are 
of superior contrast. It is clear then that if a system having a detector of large 
bandwidth s, is required for use with low contrast images of fine structures, then 
over-correction of the optical system is the desirable form of correction, but 

_ for coarser structure what has been called here optimum correction is required. 

_ A similar effect is found for images of Cobb units. 

_ The calculations described show that the measurement of any one of such 

functions as the limit of detection, limit of resolution, or edge gradient does 
not give sufficient information to assess the quality of an optical system or even 
to place a number of systems in a unique order of merit, except for the conditions 
employed in the actual test. It is clear then that such tests are only fully 
significant when the optical system in question is to operate under the conditions 
of the actual test. The relative sharpness of image outlines, for example, may be 
assessed by the response to a step function or by the edge gradient, the detection 
of isolated detail by the limit of detection, and the resolution of fine detail by the 

Cobb unit test. If, however, the optical frequency response is known it is then 

possible to determine quite simply the contrast, or the intensity distribution in 
the image of objects such as strips, Cobb units, or periodic gratings, and to find 
the limit of detection, limit of resolution, or edge gradient for the system used 

_ with any detector of known response. 
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Abstract. Observations were made of pre-breakdown phenomena in uniform 

field gaps under ambient atmospheric conditions and measured irradiation 

intensities, in which current and light pulses were recorded. From measurements 
of the current pulse ‘duration a value for the mobility of positive ions of 
2-6cm? sec vt was obtained at field strengths approaching the breakdown value. 
: 


irradiated uniform field electrodes (Bruce 1947), a pre-breakdown dis- 
charge when the voltage was within a few per cent of the sparkover 
value was identified by noise and a faint glow at the anode. Both effects increased 
in intensity as the voltage was raised or the intensity of irradiation increased. 
The first measurements of pre-breakdown current on approach to sparkover 
Were made with a galvanometer circuit, and recorded an increasing current flow 
of about 1A as the applied voltage approached sparkover in the case of an irradiated 
gap, but no measurable pre-breakdown current for non-irradiated gaps. An 
oscillographic technique having a much lower time constant was then developed 
to give a record, on moving film, of gap current whilst the applied voltage was 
steadily increased to breakdown. ‘This revealed the pre-breakdown current as 
consisting of a number of discrete pulses, figure 1 (a) (Plate). The general level 
of pulse amplitude and recurrence rate increased as the voltage approached break- 
down. For a non-irradiated gap there were only occasional pulses due to back- 
ground ionization, but the recurrence rate was greatly increased by irradiation. 
The height of the pulses was not affected by the intensity of irradiation or increase 
in gap spacing. 
’ The next phase of the investigation was to reduce further the time constant of 
the measuring circuits in order to resolve the pulse shape, coupled with simul- 
taneous recordings of light emission by a photomultiplier technique, on a double- 
beam oscillograph. The oscillograph time-base was tripped at random while the 
ap voltage was within 2% of the breakdown value. A current pulse rise-time 
less than Ipsec was accompanied simultaneously by a light pulse of short 
ration: the current pulse then fell from the initial peak value to a value up to 
20 MLA, and current continued to flow for a time dependent upon gap length, and 
stant for a given. gap length (figure 1 (b)). 
The current pulse characteristics can be explained on the assumption that 
h is associated with ; a single electron avalanche (see also Raether 1956).2 The 
rise is produced by the travel of the avalanche itself across the gap, producing 
ye siderable ionization and excitation, especially i in the vicinity of the anode, and 
3A 
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resulting in the appearance of an anode glow. Residual positive ions move more 
slowly towards the cathode, maintaining current flow until the process is complete. 
On this basis, and neglecting electron transit time, the duration of a single pulse 
would be determined by the transit time of positive ions to move from anode to 
cathode, regardless of the point in the uniform field at which the electron avalanche 
was initiated. Pulse duration would then be constant for a given electrode spacing 
and field strength. 

Figure 2 gives measured pulse duration for gap lengths of 1-0 to 4-0cm, and 
values of E/p in the range 40 to 34. vcm™ (mm Hg). The pulse duration was 
taken as the time between the occurrence of the avalanche and the instant when | 
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Figure 2. Variation of pulse duration with gap length. Comparison of measured pulse 
lengths with a curve obtained by taking a constant ionic mobility of 2:6 cm? sec—! v4, 


the current had fallen to 50% of the ‘plateau’ value (Schmidt 1954). If we 
assume this duration to be a measure of positive ion drift velocity, the experi- 
mental data are seen to agree well with a curve calculated for a constant ionic 
mobility of 2-6cm? sec-1v-t. This mobility was determined by neglecting the 
effect on the pulse duration of the circuit parameters and electron attachment. 
The latter process may be important in the presence of water vapour and unknown 
impurities but a consideration of the theory of Schmidt (1954) and of the pulse. 
shapes obtained suggests that the error in pulse duration due to these two factors | 
is not likely to exceed 10%. 

The value of this method of determining ionic mobility is that measurements 
are made at voltages near to the sparking potential and under ambient 
atmospheric conditions. | 

Figure 3 summarizes the fundamental pulse shapes for gap spacings of 1-0-to 
5-0 cm between uniform field electrodes for which the limiting spacing for spark-. 
over in the uniform field region occurred at 3-8cm. The pulse recurrence rate 
was of the order of 10*/sec, so that many cases of superposition of the fundamental 
shapes were recorded. , 

It will be seen that, as the region of maximum electrode surface gradient 
moves out to the curved edges of the electrodes at the higher spacings, a sub- 
sidiary peak appears on the tail of the pulses with increasing frequency a was 
present on all pulses for the 5-Ocm gap (figure 1(c)). This latter characterise 
is also found on pulses recorded in the divergent field between spherical electrodes. 
It is believed that this second maximum is due to ion movement in the diverging 
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field between the edges of the uniform field electrodes, the velocity of such ions 
being reduced as they pass through the relatively weaker field strength in the 
mid-gap plane. 


Fundamental Pulse Shapes 


te 12 usec 


Figure 3. Fundamental current pulse shapes for different gap lengths. 


To investigate these pre-breakdown discharges further, it was necessary to 
specify the irradiation conditions in terms of the initial ionization current J, 
_ produced in the gap. The onset of the pre-breakdown pulses occurs within 2% 
_ of the breakdown voltage and is thus strongly dependent on voltage, whereas 
the initial ionization current J, is independent of the applied voltage over a wide 
range. Therefore the pre-breakdown pulses are formed in the strongest part of 
the field, that is between the plane surfaces, while the initial ionization current Ig 
is distributed over the entire electrode surface including the curved portions. 
' Measurements of the ionization current J, should only detect that part of the 
current associated with the region in which the pre-breakdown pulses occur. 
For this purpose one electrode was modified so that the curved edge area formed a 
guard ring insulated from the central plane area. With this as the earthed elec- 
trode of the gap, and an applied field strength of 120 vem™, J, could be measured 
as the total current between the two electrodes, or as the component currents to 
the flat and curved areas respectively. A null method of measurement was used 
when determining the component currents, arranged so that both parts of the 
guard ring electrode were at earth potential throughout. : 
Radium irradiation was obtained by locating a capsule of radium bromide on 
the axis of the high voltage electrode (anode), at a depth of 1mm below the 
sparking surface. Radiations which do not produce secondary effects at the 
electrode surfaces disperse from the inter-electrode gap and have no effect on the 
breakdown processes, and the proportion of the total so lost will increase with gap 
spacing. As the spacing is increased, the intensity of irradiation on the guard- 
ring cathode is decreased, and in addition there 1s a marked reduction in the 
proportion of total radiation incident upon the central area of this electrode. 
As a result, the percentage of total current in the uniform field region falls from 
25% to 19% as the spacing is increased from 1cm to 4cm. ; 
Absorption of gamma rays by the electrodes releases beta particles into the 
the total being a constant quantity from the radium-bearing electrode, and a 
3A2 
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‘ 
quantity dependent on gap length from the other electrode. As the gap length 
is increased, the total radiation available for ionization decreases, but the 
consequent reduction in ionization is offset by the fact that a larger number of gas 
molecules is available. The experimental result over the range of spacings here 
considered is that, at small spacings, the ionization current first increases rapidly 
with spacing, and then becomes more nearly constant, as illustrated in figure 4. 
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Abstract. ‘The (percentage breakdown, voltage) curves obtained by applying 
1/50 usec impulse voltages to an enclosed unventilated and non-irradiated uniform 
field gap have been examined and compared with curves obtained under a variety 
of conditions of ventilation. 

In the course of the investigations both straight and stepped spark paths were 
observed, and preliminary results of an investigation of this phenomenon are 
described. 


§ 1. INTRODUCTION 


HE breakdown characteristics of the uniform field spark gap are dependent 

| upon the pressure, temperature and humidity of the atmosphere in which 

the gap is located. Work is proceeding in a controlled atmosphere tank 

in which these characteristics will be investigated. The volume of gas contained 

in this tank will be subjected to repeated electrical stressing and discharges, and 

- physical and chemical changes may occur having significant effect upon the 
_ breakdown characteristics of the gap. 

Repeated application of an impulse voltage across a spark gap produces an 
“increasing percentage of breakdowns as the peak value of the voltage is raised. 
AV, the width of the (percentage breakdown, voltage) curve, is the increase in 
peak voltage required to produce the transition from 0% to 100% breakdown. 
A width of less than 1% can occur when standard 1/50 »sec impulses are applied 
to a uniform field gap irradiated by radium or ultra-violet light. If the level of 
irradiation is reduced to that occurring naturally, AV is found to increase and 
becomes sensitive to changes occurring in the availability of initiatory electrons in 
the gap. 

— The widths of the (percentage breakdown, voltage) curves obtained for an 
enclosed, non-irradiated and unventilated uniform field gap had a large spread. 
Experiments were carried out, under varying conditions of gap ventilation, to 
find a simple method of reducing this spread. The results obtained also 
indicated possible causes of this improved performance of the gap. 

In the course of the investigations, both straight and stepped spark paths were 
observed and preliminary results of an investigation of this phenomenon are 


described. 
bg : § 2, PROCEDURE peas 


Standard 1/50psec positive impulse voltages, generated by a multistage 
mpulse generator, were applied to a lcm gap between 100 kv Stephenson 
ofile (Bruce 1947) electrodes. The spark gap was centrally situated in a 
ft x 33 ft x 22 ft hard-board box, the sides of which were covered with alu- 
ninium, and was not subjected to imposed irradiation. The generator output 
yoltage was proportional to the charging voltage, which was measured by a high 
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voltage d.c. potentiometer and controlled to within +0-05%. After cleaning 
the electrodes and setting the gap, twenty impulses were applied at each of 
several increasing voltages over the range from 0% to 100% breakdown. ‘The 
time between the application of successive impulses was 30sec. ‘Temperature, 
pressure and relative humidity were measured, and the voltages all reduced to 
N.T.P. Voltage oscillograms were recorded, and at the completion of each 
experiment the electrodes were photographed to record the distribution of the 
spark roots over the surface. 

For ease of comparison of the (percentage breakdown, voltage) curves obtained, 
all voltages were expressed as a percentage of a fixed voltage taken close to the d.c. 
breakdown voltage. 

§ 3. PERCENTAGE BREAKDOWN, VOLTAGE CURVES 
3.1. Enclosed Gap without Air Circulation 

Large variations were observed in the shape and width of the (percentage 
breakdown, voltage) curves obtained under this condition, although all curves 
originated from a common value on the voltage axis. Widths ranging from 15% 
to 35°/, were measured, and in several instances considerable scatter of the points 
occurred, particularly at the higher voltages, making curve estimation difficult. 
In general the results indicated a (percentage breakdown, voltage) characteristic 
which was linear at the lower voltages but of decreasing gradient as the frequency 


of breakdown rose above 50%. The envelope diagram containing six curves is 
shown as A in figure 1. 


NN 
\S> 


VA 


Percentage Breakdown 


100 110 120 130 140 
Impulse Voltage (%) 
Figure 1. (Percentage breakdown, voltage) curves. A, no air circulation; 
B, continuous air circulation. 
Observations of the distribution of the spark roots over the electrode surfaces 
showed a tendency towards grouping at the edge of the electrode flats. 


3.2. Enclosed Gap with Air Circulation 


__ A series of (percentage breakdown, voltage) curves was obtained with air 
circulation in the enclosing chamber. The three systems used for the air 
circulation are shown in figure 2. 

Nine (percentage breakdown, voltage) curves were measured with the chamber 
ventilated for about 20sec between each impulse. These curves displayed a 
common breakdown threshold voltage similar to that found when there was no 
air circulation in the chamber. Values of AV were, however, significantly lower 
than previously recorded, ranging from 6% to 14%, and all the curves wer 
approximately linear in shape. The greatest consistency between curves w 


obtained with intermittent ventilation using system (c) (fi 2) whenmen 
values of AV ranged from 6% to 9%, eae) (c) (figure 2) when 
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The envelope diagram B in figure 1 contains four curves obtained with air 
circulated continuously by the ventilation system (c). The curves are similar 
to those obtained with intermittent ventilation but the values of AV ranged from 
a to 12%. 

A uniform distribution of spark roots over the electrode flats was observed. 


3.3. Non-irradiated Gap in Open Laboratory 


(Percentage breakdown, voltage) curves were measured for the 1cm gap 
situated in the open laboratory. During the investigations the impulse generator 
was enclosed to prevent ultra-violet irradiation of the spark gap. Values of AV 
recorded ranged from 6% to 20%, the narrower curves being linear in shape and 
the wider curves having the drooping characteristic. An apparently uniform 
spark root distribution was observed. 


Ventilation Systems 


Elevation 
of 
Chamber 


of 
Chamber 


Type of Induced Forced 
Ventilation Draught Draught 
; ; 200Ft/min 
Air Velocity : : Intermittent 
a8 <l0ft/min <ioft/min 00 ft/min 
Continuous 


Figure 2, Ventilation systems. 


Mainly 
Circulation 


3.4. Discussion of Results 


The results show the improvements in the impulse breakdown characteristics 
of an enclosed, non-irradiated, uniform field gap which may be obtained by 
circulation of the air in the enclosing chamber. 

The most consistent results were achieved using ventilation system (c) 
which produced mainly circulation and mixing of the air. Under this condition 
the width of the (percentage breakdown, voltage) curve was reduced in range 
from 15%-35% to 6%-12%. Although the first two systems produced an air- 
flow of considerably less than 10 ft min-, the widths of the (percentage breakdown, 
voltage) curves were significantly reduced. The results obtained by continuous 
ventilation of the gap are of interest in the case of a controlled atmosphere tank 
in which air must be continuously circulated to achieve atmospheric control. 
The velocity of circulation in this is, however, only of the order of 2ft min-! and 
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additional air circulation, ensuring adequate air velocity in the gap, should there- 
fore be used. ‘The improvements obtained by ventilation will permit the use of 
the non-irradiated, uniform field gap in the controlled atmosphere tank for 
investigations into breakdown characteristics. 

(Percentage breakdown, voltage) curves obtained with a non-irradiated gap 
in the open laboratory have values of AV ranging from 6% to 20% and thus 
lie between those for the enclosed gap with and without air circulation. Air 
circulation is therefore recommended under this condition. 

The strongly irradiated uniform field gap has a very narrow (percentage 
breakdown, voltage) curve (about 0-7% (Bruce 1954)) and therefore no 
significant effects caused by ventilation have yet been encountered. 

The results obtained for an enclosed gap with no air circulation possess the 
following interesting characteristics: (a) a breakdown threshold voltage similar 
to that with air circulation applied, (b) a drooping of the (percentage 
breakdown, voltage) curve asthe frequency of breakdown rises, and (c) an apparent 
dependence of AV upon the frequency of impulse application. 

(Percentage breakdown, voltage) curves were obtained under two further 
conditions. If air was circulated through the enclosed gap only after breakdown, 
the values of AV ranged from 6% to 10%, but when air was circulated only after 
each non-breakdown the curves had the drooping characteristic observed for the 
unventilated gap and widths ranging from 10% - 20%. 

These results are consistent with the view that breakdown of the gap reduces 
the availability of initiatory electrons. 


§ 4. SparK PATHS 


Photographs taken during the above investigations revealed both straight : 
and stepped spark paths. A preliminary examination of this phenomenon has _ 
been undertaken by measuring the (percentage breakdown, voltage) curves for a : 
1cm gap between 100kv Stephenson profile electrodes with and without imposed | 
irradiation. Two orthogonal photographs were taken of each spark, thus 
allowing the spark shape to be deduced. 

Straight, single stepped, multi-stepped, and branched sparks were observed : 
under each condition. Figures 3 and 4 show samples of the three types of — 
stepped sparks and the corresponding (percentage breakdown, voltage) curves. 


4.1. Non-irradiated Gap in Open Laboratory 


In figure 3 the envelope containing seven (percentage breakdown, voltage) 
curves obtained for positive and negative impulses is shown. In addition to 
samples of stepped sparks, a record showing two straight sparks which occurred 
for a single impulse is also shown. This was one of only two double sparks. 
observed during these investigations. An analysis of the percentage of stepped 
sparks occurring at various voltage levels shows a significant decrease in th 


Proportion of stepped sparks as the impulse voltage is raised above the thresholc 
value. 


4.2. Radium-irradiated Gap in Open Laboratory 


The gap was irradiated by two mg radium capsules diametrically placed : 
the plane of the gap, 33cm from the axis. The initial ionization current w 
4x10-Yamp. ; . a 
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A (percentage breakdown, voltage) curve of width 1-2% is shown in figure 4 
together with samples of the stepped sparks observed, which include a second 
sample of a double spark. The proportion of sparks which were stepped is 
shown beside each experimental point on the (percentage breakdown, voltage) 
curve. Over the 0% to 100% breakdown transition range this value is 
consistently high. 


Spark Paths 


Percentage Breakdown 
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Figure 3. Non-irradiated gap in open laboratory. 
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Figure 4. Radium-irradiated gap in open laboratory. 


4.3. Irradiated Enclosed Gap 


The 1cm uniform field gap was enclosed in the chamber and the air was not 
circulated. The gap was irradiated either by ultra-violet light from the impulse 
generator stage gaps passing through a slit in the side of the enclosing chamber or 
by a 34mg capsule of radium located on the axis of the anode, 1mm behind the 

‘sparking surface. Under both conditions, | (percentage breakdown, voltage) 
‘curves of width 0-6% were obtained for positive impulses. The proportion of 
the sparks which were stepped was high in each case. Further investigations 
uired before conclusions may be drawn about the relation between the 


e re en 
icice and the proportion of sparks which are stepped, over the limited 


ansition range. 
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4.4. Discussion of Results 


A complete analysis showing the percentage of stepped sparks occurring at 
different impulse voltage levels is given in the table. ‘This percentage is very 
high, ranging from 85% to 93%, for the lowest voltage range. For the non- 
irradiated gap in the open laboratory the percentage of stepped sparks decreases 
considerably over the 0% to 100% breakdown range of voltages. With the 
radium irradiated gap in the open laboratory the percentage is only reduced 
significantly with overvoltages greater than about 10%. 


Spark Paths—Analysis of Results 


Impulse Voltage Range (°%) 100—  102:-5— 105—- 107-5— 110— 112:5- 115- 117+5- 
MOVES OS 10725 LLO 112-5145 117-5 129 


A Breakdown (%) 17 22, 44 69 87 95 
Stepped sparks (%) 85 93 43 31 16 26 
B_ Breakdown (%) 0-100 100 100 100 100 
Stepped sparks (%) 91 98 85 40 5 
C Breakdown (% 0-100 90 
Stepped sparks (%) 91 94 
D_ Breakdown (%) 0-100 
Stepped sparks (°%) 87 


A, B, C, D: irradiation conditions as follows: A, non-irradiated gap in open laboratory: 
B, radium irradiated gap in open laboratory; C, enclosed gap irradiated by ultra-violet light; 
D, radium irradiated enclosed gap. 


The high proportion of stepped sparks observed at the lower voltages indicates 
that the formative time lags associated with the stepped spark are shorter than 
those associated with the straight spark. This supports the view that stepped 
sparks result from the joining together of electron avalanches initiated at different 
points in the spark gap. 

A maximum of four steps, and single steps ranging up to 1-5mm radial 
displacement have been recorded for the 1cm gap. 

The occurrence of stepped sparks in the uniform field gap is being further 
investigated under controlled atmospheric conditions and at longer sparking 
distances. 
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Abstract. Certain features of the thermomagnetic behaviour of a single crystal 
specimen of silicon—iron when being magnetized in an easy direction of magneti- 
zation are explained in terms of the presence of domain nuclei in the specimen, 
following the work of Bates, Christoffel, Clow and Davis. 


§ 1. INTRODUCTION 

ERROMAGNETIC domain nuclei form at imperfections in a crystal, such 
f as inclusions, and consist of small domains from which larger domains 

can be formed, when suitable changes in field strength occur, by growth 
and interaction with other domains. The nucleation and growth of domains 
has been studied by Bates and Martin (1953, 1956). The nuclei occurring in 
iron may be divided into two main types, Néel spikes (cf. Néel 1944), and nuclei 
of reverse magnetization (cf. Bates and Martin 1956), and illustrated by the 
_ diagrams in figures 1 and 2 respectively, which represent cross sections of the 
nuclei in planes parallel to the magnetization vectors. ‘The arrows indicate the 
directions of the magnetization vectors and the circles represent the inclusions 
to which the nuclei are attached. 


Figure 1. Néel spikes. Figure 2. Nuclei of reversed magnetization. 


In the investigations of Bates et al. (1957) a correlation was found between 
the presence of domain nuclei in a single crystal specimen of silicon-iron 
‘magnetized ina [001] direction and the thermomagnetic behaviour of the specimen. 


+ Now at English Electric Co., Whetstone. 
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Above the knee of the magnetization curve the only domains present in a crystal 
magnetized in an easy direction of magnetization are domain nuclei, and it was 
found that in this region of the magnetization curve the reversible thermal change 
QO,’ accompanying a magnetic field change from —600 Oc to could be repre- 


~ 


sented by 

H H 

Qy'm af acuity +e"| 

—600 —15 
where J is the magnetization, and dJ, an infinitesimal reversible change in 
magnetization. He, is the coercive field, a= —(T/Is)(dIs/dT), T is the absolute 
temperature and /; is the intrinsic magnetization; c” is a constant which was 
found to have the value — 0-43. In the region of the coercive field the reversible 
thermal equation were represented by 


H H H 
GO, { d(HI) +c" { (H—He) dl, +a" | Epo incies 
— 600 —5 


—155 


(2s) dee (1.1) 


where the constant d” = — 1-05. 

The first term on the right-hand side of equation (1.1) represents the magneto- 
caloric effect, and therefore the second term represents the thermomagnetic 
behaviour of the domain nuclei in fields greater than 5 Oe in magnitude. | 

Now, the value of c” obtained by experiment is not significantly different 
from (7T/K)dK/dT, where K is the first anisotropy constant, so that in fields 
H> H, equation (1.1) approximates to 

(RST digl= T dK [# : 
On = at pee e tas Rar MEETS See (1.3) 

Equation (1.3) is identical, for the stated limits of integration, with that — 
obtained by Stoner and Rhodes (1949) for a specimen in which the only magneti- _ 
zation process of significance is that of domain vector rotations, whereas in the 
present case movements of the domain boundary of nuclei predominate as the 
mode in which magnetization takes place, as was confirmed by Bitter figure 
observations. ‘The implication is that equation (1.1) is of greater generality 
than has hitherto been supposed, and it might seem that any hope of analysis 
of magnetization processes into domain boundary movements and _ rotations 
by means of thermomagnetic measurements must be abandoned. However, 
we have here a situation in which boundary movements and rotations occur 
simultaneously and, as will be shown, are energetically linked. 

The stable size of a domain nucleus depends on the magnetostatic energy 
associated with the divergence of the magnetization vector at its boundaries, 
but a purely magnetostatic treatment of the problem would be tantamount to 
an assumption of infinite magnetocrystalline anisotropy. One must take account — 
of the rotation of the magnetization vector by the local magnetic fields arising 
from the above-mentioned divergence in magnetization. The local fields are 
thereby reduced, and so the magnetostatic energy is reduced from that which 
would be obtained for a case of infinite magnetocrystalline anisotropy, by an 
amount dependent on the magnitude of the anisotropy constant. Consequently, 
the size and thermomagnetic behaviour of the domains are dependent on the 
anisotropy constant. _ ve oe * 

When the magnetic field applied to the specimen is changed two processes 
occur; one is a change in the size of the domain nuclei involving a change in 
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their magnetostatic energy and, therefore, in magnetocrystalline anisotropy 
energy, while the other is the rotation of the magnetization vectors in the nuclei 
due to the change in the applied field. Each process gives rise to a change in the 
magnetization of the specimen and to thermomagnetic effects dependent on the 
magnetocrystalline anisotropy constants. 

The following derivation of the thermomagnetic behaviour of domain nuclei 
is considered to be valid when the field strength is sufficiently small for the 
following «* approximation to be used, but large enough for the pressures 
exerted by the boundaries of the nuclei, due to a tendency to reduce the total 
Bloch wall energy, to be neglected in comparison with other pressures acting. 
In these circumstances magnetoelastic energy can also be neglected. An adverse 
applied field tends to cause the nuclei to shorten, whereas the forces of interaction 
between the effective poles on the boundary of a domain nucleus tend to cause 
the nucleus to lengthen in order to reduce its demagnetization energy. The 
resultant magnetic field in the neighbourhood of a domain nucleus, in general, 
rotates the magnetization vectors away from the easy directions of magnetization 
against the action of magnetocrystalline anisotropy. Because of the relative 
values of the intrinsic magnetization and anisotropy constants of iron, the 
equation (1.3) for Q’ is obtained, since the demagnetization energies of the 
nuclei are approximately proportional to the first anisotropy constant. 


“ §2. THE u* APPROXIMATION 

We begin with a brief account of the u* approximation, first used by Landau 
and Lifshitz in 1935. In calculating the magnetic field near a domain nucleus 
we have now to take account of the rotation of the domain magnetization vectors 
by the field. The calculation may be very much simplified, for materials with 
uniaxial or iron-like cubic anisotropy in low field regions, by the use of the p* 
approximation. When a magnetic field is applied to domains magnetized in 
the z direction, for example, the direction of magnetization in the domains will 
in general be rotated, and if the rotation is small the relations: between the 
components of the field H and the induction B inside the domains are given by 


B,=p* Hy, By =", | 
B,=H,+47ls, aa Me cae (2.1) 
where pre l+omlstihe 7 ah, (22) 
TI; is the intrinsic magnetization and K is the first anisotropy constant. It is 
convenient to define a vector B* such that ; | 
Bf=p*H,, B,*=p*H,, BA =H, aeatie tse (2.3) 


or in terms of the tensor 
; 


Ne aed UAE BUA » ohat ita 
3 6 alla tticer, Ogata) * eetes Be OS 
| ah edty Ura 5 ees 

Tor diitiseumidmiele med icy Gallinge: sick atures yal 228 
If a vector I* is defined such that for a domain magnetized in the z direction, 

Po sy 1,*=0, J,*=0, 1,*=Is . sive Selo 2500)) 

Pee Sige ee B=B*+4n]I* © dienes (237) 

posses ; aitinaorA diy B= —~4Aq divI*. PEE aE Bh SSE DEB) 
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§ 3. ENERGY BALANCE IN THE SPECIMEN 
3.1. General Statement 
In field strengths greater than about 5 Oe the magnetoelastic and Bloch wall 
energies of the domain nuclei may be neglected in comparison with their magneto- 
static and magnetocrystalline anisotropy energies, so that the energy E per unit 
volume of the specimen may be written 


v= 1 v=1 
(De =|| (JHp.T+Ha.1) do+ K| (4709? + o57a13” + 57047) dv 
0 
EE is Parr A epee (3.1.1) 


where Hy is the applied field and Hyp is the local value of the demagnetizing field 
in the element dv of the volume of the specimen; «, %, «3 are the direction 
cosines of the magnetization vector I in the element of volume dv. The first 
term on the right-hand side of equation (3.1.1) represents the magnetic energy, 
and the second represents the anisotropy energy. 

The stable magnetic state of the specimen corresponds to a minimum of the 
energy E, so that 


v=1 Cae 
oe | (Hp-+H,).dldo+K | Cen cata eee 
0 0 


a ae (3.3023 
The factor 4 disappears on differentiation of the term }H).I as Hp is produced | 
by the divergences in the magnetization. 
If the specimen has a macroscopic demagnetization factor N the field will 
not necessarily be uniform on a microscopic scale as there are local divergences 
in magnetization associated with the domain nuclei. 


Let 
heHi Ninna: « nate! eres (351.40 


where N is the demagnetization factor of the whole specimen, so that h represents 
the demagnetizing effects of poles on the sides of the spikes, etc. Substituting 
for Hp in equation (3.1.2) gives 


v=1 *v=1 
alts Rapa nes { h dildo ek | d(c,2eeg2 + eg2erg? + 042x,2) do. 
0 0 
3.2. Examination of an Energy Term 
Let us consider the term 


v=1 
{ hate 
0 


on the right-hand side of equation (3.1.4). From equation (2.8) we have 
—4n divI* = div B* =divy*H=divu*h —....... (3.2008 
since the macroscopic magnetizing field Ha — NI, is uniform inside the specimen ; 


p* As the tensor, defined in equation (2.4), for a domain magnetized in the 
direction, and y*h has the magnitude 


[(u*h,)®+(u*h,)2thePe aaa (3.2:2) @ 
At a domain boundary the normal component of magnetization is either 
continuous or there is only a small divergence in the magnetization; consequently, 
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the boundaries of domain nuclei in iron approximate to 90° and 180° boundaries. 
For an approximate 180° boundary nearly parallel to the magnetization vector 
in the z direction, the local field h produced by the divergence in magnetization 
at the boundary will be such that 

hges Oe and ie (fe32 1h)? 42, 


For a Néel spike inside a region magnetized in the z direction, h, and h, 
or h,, will be of the same order of magnitude inside and outside the spike, but 
since «* > 1 for iron, the expression (3.2.2) reduces approximately to 

* (hy? +h,2)2 


for the region outside the spike. Inside the spike the magnitude of the vector 
u.*h is given by 
Teal (DR ETT ie) el ey em onic err kal (Nat eee | (3.2.4) 
depending on whether the spike is magnetized in the x or the y direction, 
respectively. 
Now, from equations (3.2.1) to (3.2.4) 


dhe =f ire Vet 8. (3.2.5) 
fe 
But J* is proportional to the saturation magnetization [,; therefore, 
Lk ed Fifi evs ea ee lA (3.2.6) 


Further, the energy of the specimen depends on its degree of magnetization, so 
that one may write 


a h.dIdv= 78 F, (z) leet ne (3.2.7) 
0 f* Is 


where F,(I/Is) is a function of the reduced magnetization J/Is. Now, in the 
case of iron * is large and approximates closely to 27/;?/K. ‘Therefore, 


v=1 aie 3a 
mee eae ee ee 3.2.8 
[. h. dl dv= 47 (z) (3.2.8) 


Similarly, the term 
v=1 
K { (0647057 + 0470147 + Hg7a14?) dv 
a ) 
in equation (3.1.4.) can be expressed in the form 
eh (ii lg ld(l| la) aie i dae ass (3.2.9.) 
where F,(J/Is) is another function of the reduced magnetization. 


§ 4. DERIVATION OF THE THERMOMAGNETIC RELATIONS 
From equations (3.1.4.), (3.2.8) and (3.2.9) it follows that 


1 H,-NI= Seed or (4.1) 

5 
where G(J/Is) is a function of the reduced magnetization J/J;, and, by substituting 
na pe NDS SA ae (4.2) 


4 


‘equation (1.3) may be derived, following the method of Teale and Rowlands 
(1957). 
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§ 5. CONCLUSIONS 
It has been shown that although the magnetization process in the case under 
investigation is predominantly one of the movement of the domain walls of 
nuclei, the fact that the thermomagnetic experiments of Bates and others seem 
to indicate domain vector rotation processes, in accordance with the equation 


,. —T dls T dK. > 

O- = Flain+ 2 F Hdl, x 

derived by Stoner and Rhodes (1949), can be explained in terms of the conditions| 
governing the equilibrium positions of the domain walls of nuclei when the 
field strength exceeds about 5 Oe. - 
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An Investigation of the (He, p), (*He, d) and (*He, a) Reactions with !2C 
at Bombarding Energies between 6 and 10 Mev 


By S. HINDS anp R. MIDDLETON 


Atomic Weapons Research Establishment, Aldermaston, Berks. 


Communicated by K. W. Allen; MS. received 29th October 1959 


Abstract. Angular distributions have been measured of some proton, deuteron 
and «-particle groups arising from the bombardment of !2C with 5-98, ites A ERIC 
and 10-14Mev *He particles. Excitation functions have also been measured at 
a laboratory angle of 10° in the energy interval 5-7 to 10:23 mev. The results 
indicate that at most energies the (#He,d) and the (*He, «) reactions proceed 
| predominantly by a direct process, but this is not true for the (He, p) reaction. 


§ 1. INTRODUCTION 


HE *C(*He, p)'*N reaction has previously been studied by Bromley et al. 
: (1957) in the energy range 1-0 to 2-8 Mev and by Johnston et al. (1958) in 
: the range 2:0 to 5-OMey. Both authors observed pronounced resonances 
: in the excitation curves and angular distributions which are not directly explicable 
from either a compound nucleus or a direct interaction process. Since the 
direct reaction mechanism is expected to predominate at higher energies it was 
considered worth while extending these measurements to incident energies of 
about 10 Mev. 

Bromley et al. have also studied the *C(#He, n)4O and the 12C(?He, «)!!C 
reactions. ‘They found that the total cross section of the ground state (*He, «) 
reaction is approximately an order of magnitude greater than that of the (*He, n) 
reaction which strongly suggests that the former, even below 3 Mev, is proceeding 
largely via a direct process. It was therefore expected that in the energy range 
6 to 10 Mev the «-particle angular distributions would be strongly characteristic 
‘of a direct process and from them it might be possible to make certain spin and 
parity deductions. Although no previous work has been reported on the 
2C(?He, d)!#2N reaction, the angular distributions were expected to be of a 
stripping type from previous studies on other (*He, d) reactions (Hinds and 
Middleton 1959 a, b). . 

The angular distributions of the ground and first six excited state proton 
groups from the 12C(#He, p)!4N reaction have been measured at incident energies 
of 5-98, 8-83, 9-37 and 10-14Mev. At the same energies, the ground and first 
excited state «-particle groups from the C(*He, aC reaction and the ground 
state deuteron group from the !C(?He, d)!®N reaction have also been measured. 
‘Excitation curves have been measured for all groups at a laboratory angle of 10° 
en energy limits of 5-7 and 10-2 Mev. 
teen ee were made with the Aldermaston 6Mev Van de Graaff 
accelerator and broad-range spectrograph. Apart from the 5-98mev data, 
vhich were obtained with the usual singly charged *He beam, all the other data 
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were obtained using doubly charged *He particles. The intensity of the latter 
beam had previously been considerably enhanced by the insertion of a gas stripper 
tube a short way down the accelerating tube. A detailed account of this 
modification is intended for publication at a later date elsewhere. The rest 
of the experimental procedure followed closely that described in a previous 
communication (Hinds and Middleton 1959 a). 
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Figure 1. A proton energy spectrum from the C(*He, p)!4N reaction measured at an 
- incident energy of 5:98 Mev and at an angle of 15°. oa 
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nucleus. The energy of the incident beam was determined to be 5-980 + 0-012 Mev 
from observations, at several angles, of the elastically scattered 3He particles from 
carbon and also the thin gold backing. From this the Q-value of the reaction 
was calculated to be 4-780 +0-015 Mev, which is in good agreement with the 
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Figure 2. Angular distributions of proton groups from the !2C(*He, p)'4N reaction 

4 corresponding to the formation of '4N in its ground and excited states at 2-314 and 
3-946 mev measured at incident energies of 5-98, 8:83, 9-37 and 10:14 mev. Also. 
excitation curves measured at a laboratory angle of 10°. 


value of 4:772Mev expected from the mass defects (Ajzenberg-Selove and 

Lauritsen 1959). In the table are listed the excitation energies of the first six 
excited states of 14N together with the previously determined values. 

The angular distributions of seven proton groups measured at energies of 
-98, 8-83, 9-37 and 10-14 Mev are shown in figures 2 and 3. Also shown are the 
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Figure 4. Angular distributions of the ground state deuteron group from the #C(?He, d)#N- 
reaction measured at incident energies of 8:83, 9:37 and 10-14 Mev and an excitation: 
curve measured at a laboratory angle of 10°. 
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cure 5. Angular distributions of the ground and first excited state a-particle groups 
from the 2C(?He, «)"C reaction measured at incident energies of 5-98, 8-83, 9-37 
i and 10:14 mev and excitation curves measured at a laboratory angle of 10°. 


‘excitation curves observed at a laboratory angle of 10° and in the case of the 
sround state group also at 90°. The latter was measured with a scintillation 
ounter which is normally used in addition to a current integrator to monitor 
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relative exposure strengths during angular distribution measurements. The 
absolute units of cross section are probably only correct to within + 50% and were 
obtained from calculations based on the measured target thickness and total beam 
current. 

Since only one deuteron and two «-particle groups were observed respectively 
from the C(8He, d)!=N and "C(#He, «)"C reactions, energy spectra are not 
presented. The Q-value of the former reaction was calculated to be 
— 3-544 + 0-010 Mev which is in agreement with the value of — 3-553 Mev expected 
from the mass defects. ‘The Q-value of the ?C(*He, «)C reaction was found 
to be 1-856 + 0-012 Mev which is in excellent agreement with the expected value of 
1:856meyv. The excitation energy of the first excited state of 'C was calculated 
to be 2:000 + 0-010 Mev which is consistent with the previous value of 1-99 + 0-02 
Mev (Ajzenberg-Selove and Lauritsen 1959). 

The angular distributions of the deuteron group measured at incident energies 
of 8-83, 9-37 and 10-14 Mev and the excitation curves measured at 10° are shown in 
figure 4. No measurements were-made at 5-98 Mev since the spectrograph field, 
which was primarily chosen for the protons, was too high to record this group 
simultaneously. In figure 5 are shown the angular distributions of the ground 
and first excited state «-particle group from the #C(*He, «)!4C reaction measured 
at incident energies of 5-98, 8-83, 9-37 and 10-14mMev. Also shown in the figure 
are the excitation curves observed at 10°. 


§ 3. Discussion 
3:1. @CUHe pn Reaction 

There is now considerable evidence favouring the direct reaction mechanism 
as the predominant process in a (He, p) reaction at bombarding energies in 
excess of about 5Mev. ‘The authors have measured the angular distributions of 
several proton groups from the *Be(*He, p)"B reaction at an incident energy of 
5:7 Mev (Hinds and Middleton 1959a). Most of these exhibit strong forward 
maxima and have been successfully fitted with theoretical stripping curves. 
Recently the measurements have been extended to incident energies of 8-82 and 
10-23 Mev and substantially similar results obtained. Also four out of five 
proton angular distributions from the 'O(*He, p)!8F reaction measured at 
energies of 5-9 and 9-16Mev are consistent with stripping theory (Hinds and 
Middleton 1959¢). ‘The fifth group does not exhibit a stripping pattern but this 
is an expected result since the state is thought to arise from an excitation of the %O 
core (Elliott and Flowers 1955) and cannot therefore be formed by a stripping 
process. 

In view of the successes with *Be and !6O it is perhaps surprising that most 
of the proton angular distributions from the !C(3He, p)!4N reaction do not 
exhibit good stripping patterns. Only the group leading to the 0+, 7'=1 state 
at 2:31 Mev is reasonably consistent with a pure stripping process but, even for 
this group, the peak intensity shows a strong energy dependence. 

A possible explanation is that in the case of carbon the direct and compound | 
nucleus cross sections are of similar magnitude and interference occurs. In 
general the direct part of a (*He, p) reaction cross section is expected to be less 
than that of a (#He, d) or a (He, «) reaction since two particles are involved in th 
transfer as compared with a single particle in the latter reactions. This is 
generally confirmed experimentally and for carbon at 9-37 Mev the ground stat 
peak differential cross sections of the (*He, p), (He, d) and (He, a) reaction: 


The *He Reactions with 2C 751 


are in the ratio 1:5:12. ‘Thus, in a (He, p) reaction the observation of a good 
stripping distribution will depend upon the ratio of the direct and compound 
nucleus cross sections and whether the effects of interference are serious. Both 
these factors depend critically upon the target nucleus. 

In the *O(*He, p)!8F reaction, the direct cross section is expected to be 
larger than that of the compound nucleus since 80 is a closed shell and a reasonable 
approximation to the final nucleus ®F is *O+d. Thus, one might expect to 
observe predominantly stripping type angular distributions from this reaction. 
There appear to be no special reasons favouring either the direct or compound 
nuclear processes in the °Be(*He, p)!B and the !2C(?He, p)!N reactions. How- 
ever, for the *Be reaction the excitation energy of the 1*C compound nucleus is 
very high (26 Mev plus the centre-of-mass energy of the incident particle) and 
considerable overlapping of states will occur even in such a light nucleus. This 

will result in the emitted waves having a random phase distribution and inter- 
| ference will be minimized. Carbon differs from beryllium in this respect, the 
| excitation of the compound nucleus, O, being only 12 Mev, and complete over- 
| apping of states will not occur. Thus the effects of interference will be more 
evident. 
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Figure 6. Angular distribution of the ground state deuteron group from the C(*?He, d)'3N 


reaction measured at an incident energy of 10-14 Mev together with Born 
approximation stripping curves calculated for J-values of 0, 1 and 2 respectively. 


The explanation of the broad resonances observed in the excitation curves is 
at present not known. However, since the resonances occur at different energies 
for the various proton groups, it appears likely that they are associated with the 
outgoing proton channel. The observed resonances may possibly have a fine 
structure and be the envelope of many narrow compound nuclear resonances. 
These, as a result of a statistical fluctuation, may have non-random properties 

nd therefore cause a collective enhancement. Alternatively the resonances may 
a from some optical model effect. 


3.2. 2C(®He, d)8N Reaction 


Most of the (He, d) angular distributions measured by the authors at energies 
reater than about 5-5 Mev have been found to be consistent with stripping theory. 
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The ground state deuteron group from carbon is no exception, certainly at the 
investigated energies of 8-83, 9-37 and 10-14 MeV. However, the excitation 
function measured at 10° (figure 4) does exhibit a small resonance at about 
8-1 Mev, but, unfortunately no angular distributions were measured close to this 
ses Scots 6 the 10-14 Mev experimental data are shown together with Born 
approximation stripping theory curves calculated for a radius of 5-5 fermi and 
I-values of 1, 0 and 2. The /=1 curve agrees closely with the experimental 
points. ‘The same /-value was required by Middleton, El-Bedewi and Tai (1953) 
for the corresponding transition in the C(d, n)!*N reaction. 
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Figure 7. Angular distributions of the ground and first excited state a-particle group 
from the 1*C(*He, «)!C reaction measured at incident energies of 5-98 and 8:83 Mev 
together with curves calculated from Born approximation pick-up theory. 


3.3. 2C(®He, «)4C Reaction 


The 10° excitation function of the «-particle groups proceeding to the ground 
and first excited states of \C both exhibit a marked resonance behaviour. The 
shapes of the angular distributions at small angles however are not appreciably 
affected and are consistent with the reaction proceeding via a pick-up process. 
This is illustrated in figure 7 where the 5-98 and 8-83 Mev angular distributions. 
are shown fitted with Born approximation pick-up curves. These distributions | 
were chosen since they have respectively the weakest and strongest peaks observed. 
The theoretical curves were calculated for /=1 and a radius of interaction equal 
to the Gamow radius plus one fermi (5-5 fermi) unless otherwise indicated. It 
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may be noted that better agreement was achieved with the ground state «-particle 
group at 5-98 Mev using a slightly smaller radius (broken curve, figure 7), and 
probably better agreement could have been attained for the first excited state at 
the same energy using a larger radius. 

It is of interest to note that the peak differential cross section of the ground 
state «-particle groups in the energy range 8 to 10 Mev is about twice that of the 
deuteron group and about ten times that of any of the proton groups. 
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A Study of the °Be(?He, p)!'B and the °Be(*He, d)'°B Reactions in the 
Energy Range 5-7 to 10-2 Mev 


By S. HINDS anp R. MIDDLETON 


Atomic Weapons Research Establishment, Aldermaston, Berks. 


Communicated by K. W. Allen; MS. received 7th December 1959, 
in final form 15th January 1960 


Abstract. Angular distributions and excitation functions have been measured 
of ten proton and five deuteron groups arising from the bombardment of *Be with 
5-7 to 10-2 Mev *He particles. ‘The proton excitation functions, measured at 10°, 
are essentially smooth and most of the angular distributions exhibit strong 
forward peaks which appear to be consistent with a predominantly direct process. 
All of the deuteron angular distribution and excitation functions are consistent 
with stripping theory. 


§ 1. INTRODUCTION 


N a previous communication (Hinds and Middleton 1959, hereafter referred 

] to as 1) the results of some proton and deuteron angular distribution measure- 

ments from the bombardment of *Be with 5-7 Mev He particles were reported. 
The majority of the angular distributions had strong forward maxima and appeared 
to be consistent with a predominantly direct reaction mechanism. This result 
was surprising, particularly for the protons, since similar measurements made on 
the protons from a number of neighbouring elements at incident energies up to 
4-7 Mev provided little evidence in favour of the direct process. Recently, when 
higher energy *"He beams became available, it was considered worth while 
extending the earlier measurements to 10-2 Mev and also measuring some excita- 
tion curves. 

Proton and deuteron angular distributions have been measured at 8-82 and 
10-23 Mev and excitation curves between 5-6 and 10-2 Mev using the same experi- 
mental procedure as described in I. 'The higher energies were obtained from our 
6mev Van de Graaff generator by accelerating doubly charged *He particles. 
Normally the yield of these is limited to about one part in 500, from a conventional 
r.f. ion source and it is difficult to obtain analysed beams greater than about 0-02 wa. 
Apart from the low intensity, stabilizing is also difficult because of the presence of 
other molecular beams of comparable intensity and similar charge to mass ratio. 
By using a gas stripper placed about 500kev below the ion source both these 
difficulties have been overcome. Analysed beams of between 3and 1 wa have been 
obtained and since removal of the second charge occurs after a pre-acceleration, — 
these particles are unique in energy and can readily be distinguished from other 
spurious molecular beams. It is intended to publish a more detailed account of - 
this modification at a later date elsewhere. 

At 8-82 and 10-23 Mev the angular distributions of the ground and first excited 
state proton groups and the fourth excited state deuteron group have been 
measured, in addition to the groups previously measured at 5-7 Mev and reported 
in I. It was possible to measure more groups at the higher bombarding energies 
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since the stronger spectrograph fields required resulted ina larger range of energies 
being recorded on the 30 in. nuclear plate. 


§ 2. RESULTS AND DISCUSSION 


2.1. The *Be(?He, p)4B Reaction 


The angular distributions of the groups corresponding to the ground and first 
nine excited states of !'B have been measured at energies of 8-82 and 10-23 Mev and 
these are shownin figure 1. Also shown in the figure, plotted in the same arbitrary 
units, are the angular distributions measured at 5-7 Mev and previously presented 
inI. Alongside each distribution is the excitation function measured at a labora- 
tory angle of 10°, and for the ground and first excited states also at 90°. ‘The latter 
were measured using a scintillation counter which is normally used as an exposure 

monitor during angular distribution measurements. 

It is significant that the majority of the angular distributions are essentially 
energy independent. This applies particularly to those which exhibit strong 
forward peaks and may be described as being of the stripping type. ‘The only 
systematic tendencies are for peak differential cross sections to decrease with 

increasing energy and for peaks to move towards smaller angles. It is also 
significant that the 10° excitation curves show no pronounced resonances and are 
essentially smooth. This contrasts sharply with our results for the *C(*He, p)4N 
reaction (Hinds and Middleton 1960) where angular distributions were observed 
to be strongly energy dependent and the excitation curves exhibited pronounced 
resonances. This difference is probably attributable to the large difference in 
binding energies of the *He particle in the respective compound nuclei #C and 
150, viz. 26 Mev compared with 12 Mev. — In the beryllium case, the decay of the 
compound nucleus is expected to be completely statistical and interference 
petween this contribution and the stripping part will be minimized. ‘Thus, one 
would expect to observe the stripping component superimposed on a compound 
nucleus background which is symmetrical about 90°. 

Seven of the ten angular distributions measured appear to be consistent with a 
predominantly stripping process, the exceptions being the groups corresponding 
to the states at 6-76, 7°30 and 7:99mev. The former, measured at an incident 
energy of 8-82 Mev, are shown in figure 2 fitted with theoretical curves calculated 

from an expression derived by Newns (to be published, see also I) for a double 
stripping process. The angular dependence for such a process is given by 


SNe c Fa) LO (ka) [2 


which is a similar expression to that used in I except for the addition of the 
exponential factor. ‘This factor arises from the internal motion of the "He 
particle and has the effect of shifting the peak to smaller angles. Thus, using the 
above expression one gets similar results to those in I with a slightly smaller radius 
ofinteraction. ‘The curves shown in figure 2 were all calculated for a radius equal 
to6-Ofermi. Itis evident, however, that better agreement could have been obtained 
particularly for the 4-46 and the 8-92 Mev angular distributions if a slightly smaller 
‘radius had been used. The 10-23 Mev angular distribution can also be fitted with 
"theoretical curves using the same radius of interaction and with the same degree of 


uccess as the 8-82 Mev data. 
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It was remarked in I that in a double stripping process some angular distribu- 
tions might require fitting with curves calculated for two L-values differing by 


two units of angular momentum and indeed several angular distributions were 


fitted in this way. At 8-82 and at 10-23 Mev the secondary maxima, which pre- 
viously were thought to correspond to the second L-value, have largely disappeared. 


Consequently, the curves shown in figure 2 were calculated for one L-value only, - 


although improved fits have been obtained for the 2-14 and the 5-04 Mev distribu- 
tions by the inclusion of L=2 components. However, it was necessary to use 


radii different from those of the primary peaks. It seems more likely that the | 


high background observed at large angles in most angular distributions is due to 
the compound nucleus contribution to the total cross section. 
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Figure 2. Angular distributions of the proton groups corresponding to the ground, 

2:14, 4:46, 5-04, 6-81, 8-57 and 8-92 mev states of 4B measured at an incident energy 

of 8-82mev. The curves were calculated from Born approximation stripping 
theory using a radius of interaction equal to 6-0 fermi. 
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Interpreting the results of the investigations at 5-7, 8-82 and 10-23 Mev incident 


energies on the basis of a double stripping process, the ground, 2-14, 4-46, 5-04, 
8-57 and 8-92 Mev states of "B may be assigned odd parity with possible spins of 
2, 3 or 3. ‘The 6-81 Mev state has even parity and a possible spin of 4, 3, $ or . 
These assignments agree with those obtained from various deuteron stripping 
and y-ray investigations which were reviewed in I. The states at 6:76, 7-30 and 
7-99 Mev which do not exhibit good stripping angular distributions may not have 


simple configurations which can be formed by adding a neutron—proton pair to the 
°*Be core. 


2.2, The °Be(?He, d)B Reaction 


The angular distribution and 10° excitation curves of the deuteron groups 
corresponding to the ground and first four excited states of B are shown in 
figure 3, where the unit of cross section is the same as that used for the protons. 
It should be noted that an error was made in paper I in the deuteron cross section 
units. The cross section scales (figure 4, paper I) should be multiplied by 2-4 


for comparison purposes with the proton angular distributions presented in the 
same communication. 
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The deuteron angular distributions and excitation functions both vary with 
energy in a manner predicted by stripping theory. ‘Thus, with increasing energy 
the peaks sharpen and move towards smaller angles and the excitation curves 
show a slow and smooth increase. The full line excitation curves shown in 
figure 3 were calculated from Born approximation stripping theory (Newns 
1952) and arbitrarily normalized to the experimental points. Although these 
do not precisely fit the experimental points they do exhibit a similar trend, 
Perfect agreement would have been surprising since Coulomb effects are 
completely neglected in the theory and such effects would be expected to be 
particularly strong at so small an angle as 10°. 
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Figure 4. Angular distributions of the deuteron groups corresponding to the ground and 
first four excited states of 1°B measured at an incident energy of 8-82 Mev. The 
curves were calculated from Born approximation stripping theory. 


The angular distributions measured at all three energies have been fitted 
with /=1 Born approximation stripping curves, and in figure 4 are shown the 
results at 8-82 Mev. ‘The 5-7 Mev theoretical curves were also shown fitted to 
the experimental data in]. The /=1 assignments for all transitions are in agree- 
ment with the known spins and parities of the states (Ajzenberg-Selove and 
Lauritsen 1959). The radii of interaction giving best agreement are the same for 
all energies and are, respectively, 7-0 fermi for the ground, 0:72 and 1-74 mev 
excited states, 5-5 fermi for the 2:16 Mev state and 6-0 fermi for the 3-58 Mev 
state. ‘These values are rather large and have been discussed in detail in I. _ 

Relative proton capture probabilities Q, have been determined by directly 
fitting the Born approximation theoretical curves to the experimental points in 
the angular range 20° to 40°. In a similar way, relative reduced widths yi? 
have been obtained using Butler stripping theory. These values, obtained at 
the three bombarding energies, are shown in the table. _ It will be noticed that the 
values of Q, at the two higher energies agree well, but these are not in such good 
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-agreement with the lower energy values. This lack of agreement may be attribut- 
able to Coulomb effects which would be more marked at lower energies. Similar 


behaviour is shown by the relative reduced widths y,? calculated from the Butler 
theory. 


Level *Be(?He, d)°B 
mm energy 
A (Mev) Hi (1) (2) (3) (4) (5) (6) 
| 0 one 3:8 5-6 525 1:9 2-7 2:6 
| 0-72 lige 8-1 12°7 222) 4:3 6:5 6-4 
i 1-74 Ot 14-7 19-2 17:4 8-4 10-9 9-9 
id 2:16 (ler 335 3-9 3:8 2-00 ell geil 
4 3-58 oct _ 1-4 1:5 = 1-3 ies} 
n (1), (2) and (3), Q, (relative units) measured at bombarding energies of 5-7, 8:82 and 


10-23 mev respectively; (4), (5), and (6), y:* (relative units) measured at bombarding 
energies of 5-7, 8-82 and 10-23 mev respectively. 


SS 


The good agreement between theoretical and experimental angular distribu- 

ions and the smoothly varying excitation functions provide strong evidence 

that stripping is the predominant process in the °Be(*He, d)!°B reaction. This 

_ appears to be certainly true at energies greater than about 6 Mev and probably 
also holds for other light elements. . 
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Experimental Determination of the Individual Secondary Ionization 
Coefficients in Hydrogen and their Dependence on Cathode Work 
Function 


By F. LLEWELLYN JONES ann EIFIONYDD JONES 


Department of Physics, University College of Swansea 
MS’. received 30th September 1959, in final form 9th December 1959 


Abstract. ‘This paper describes measurements of the formative time lag to 
breakdown in hydrogen in uniform electric field for a range of E/p from 50 to 
250vcemt(mmHg)'. The preliminary work showed that the time lag was 
critically dependent upon the state and nature of the cathode surface. ‘The 
formative time lags were therefore measured with different cathode surfaces, and 
the state of each surface was specified by measuring its work function. Previous 
work in this laboratory has shown that measurements of formative time lags can 
be analysed in terms of Davidson’s current growth equation to yield determin- 
ations of the individual secondary ionization coefficients. A similar analysis 
has been carried out of the results of the present experimental data, and it was 
found that if the cathode work function was decreased by 0-25 ev, the magnitudes 
of the secondary coffiecients were increased by a factor of two. 


§ 1. INTRODUCTION 


OME of the problems involved in an investigation of the temporal growth 
S of ionization have in recent years been studied both experimentally and 

theoretically in some detail in this laboratory (Dutton, Haydon and 
Llewellyn Jones with Davidson 1953; Davidson 1955,.1956;, 1957 Morgan 
1956). Application of the mathematical theory to experimental data on temporal 
growth provides a method of determining the separate magnitudes of the indi- 
vidual secondary cathode ionization coefficients (y due to positive ions and 5/« 
due to photons, « being the Townsend primary coefficient) which contribute to 
the growth of ionization currents in gases. By applying the theory to experi- 
mental measurements of the formative time lag from voltage application to 
voltage collapse in the gap, it has been shown that satisfactory accuracy in the 
determination of the secondary ionization coefficients is possible. The full 
mathematical expressions for the current at a given time depend upon a number 
of parameters. ‘The solution has been given in two convenient forms (Davidson, 
see Dutton et al. 1953): an exact solution and an approximate solution. Earlier 
treatments of the problem had been given by Steenbeck (1930) and Schade (1937) 
who considered a gas with only a single secondary cathode proces:, and by — 
Bartholomeyczyk (1940) and von Gugelburg (1947) who considered the case in 
which both photon and positive ion secondary cathode processes are present. But i 
these earlier formulae, though satisfying the continuity equations, did not satisfy — 
the correct initial and boundary conditions. Davidson’s solutions take account _ 
of both secondary processes; his approximate formula satisfies the continuity 
equations and the correct boundary conditions, while his exact solution satisfies 
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also the correct initial conditions. For studying current growth during the first 
few electron transit times the approximate solution is definitely inadequate. 
However, in the cases with which we are concerned in this work with hydrogen, 
the growth time was of the order of a few ion transit times, and since the ampli- 
fication attained at those times was very large, it was evident from the known: 
values of y + 5/« that the process did not approximate to a pure y effect; 5/« must 
have been more than a small fraction of y. In such cases Davidson’s approxi- 
mate formula is adequate for calculating the time to a given amplification. In 
many such cases, because the 6 effect amplification is so much more rapid than 
the y effect amplification, the time taken to attain a given amplification would not 
have been very different if the y process had been absent. For the case in which 
from time zero onwards an external illumination generates a current J, at the 
cathode, the essential equations of Davidson’s approximate solutions are 
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W_ and W. being the electron and ion drift velocities. 

Equations (1a) and (16) are the continuity equations and the solution of 
these is in the form of an expression which gives the current / as a function of the 
distance x from the cathode at time t. In particular, equation (2) is the electron 
current at the cathode («=0) at time ¢. 

The constant C in expression (2) may be given a value which gives agreement 
with the initial conditions, for example, if the initial value of /_(0, ¢) is ¢, the 
‘solution can be made to have that initial value by taking C=c—J,/P. Inthe 
present experimental investigation this C would not differ greatly from —J,/P, 
and the expression would then be 

EOet yt CX AL) ee i ators (7) 

Davidson’s exact solution, which shows in detail the rather complex shape of 
the current growth curve, differs from his approximate solution by assigning a 
definite value to the constant C and specifying the correction terms (which are 
oscillatory in time) which must be added to make the expression exact.} As. 
might be expected, the best value to use for C in the approximate solution is the 


i i i ion i hematical forms 

; Davidson (1955, 1957) has also given his exact solution in other mat z 
ae for particular purposes. Some workers (P. L. Auer, Phys. Rev., 1955, 98, 320; 
|. W. Bandel, Phys. Rev., 1954, 95, 1117; Y. Myoshi, Phys. Rve., 1956, 103, 1609) have 
considered Davidson’s exact solutions as too complicated for application in practice. This. 
is not correct; they have been applied to numerous data on current growth in air and 


hydrogen. The complexity of form for certain experimental conditions is merely arithmetical 


and is not a serious difficulty. em 


764 F. Llewellyn Jones and Eifionydd Fones 


value which it has in the exact solution; this gives the simple approximate curve 
of current growth the best general agreement of which it is capable with the 
complex exact curve. In our case, the value C= — I,/P used in (7) is an adequate 
approximation to this C, and was used in the calculations. 


§ 2. GENERAL PRINCIPLE OF THE INVESTIGATION 

If a potential V, in excess of the static sparking potential Vs, is applied toa 
parallel plate gap, an initial current Jy will be amplified at an ever increasing rate 
because the replacement condition for electrons (w/x)(e*“ — 1) is greater than unity, © 
so that for every electron disappearing into the anode more than one new electron 
appears at the cathode, and the current increases accordingly. In practice, the 
current eventually attains a value large enough to discharge the condenser formed 
by the gap and the potential difference between the electrodes then collapses. 
This collapse once started is rapid, and for this reason one can define a formative 
time lag ty as the time which elapses between the application of the potential 
difference V and the beginning of this rapid collapse. 

The object of the present experimental investigation was to obtain values of 
the individual secondary (y and 5/x) coefficients comprising the total secondary _ 
ionization coefficient w/a, and their dependence upon the work function of the 
particular cathode surfaces used. The values are obtained by applying the 
theoretical growth equations to measurements of the formative time lag of voltage | 
collapse (breakdown) in hydrogen at low pressures and in uniform electric fields. 

The method used for analysing the experimental measurements of ft; has been 
explained in detail previously by Dutton et al. (1953) and by Morgan (1956). 
Only a brief outline of this method is given here along with a summary of the 
stringent precautions which must be taken when obtaining the experimental data. 

In order to evaluate y and 5/a, the individual secondary coefficients for ions 
and photons, irom the growth equation at any given value of E/p, it is necessary 
to know the primary coefficient «, the total secondary coefficient w/«(=y+4/a), 
W_and W,, and tz; w/« can be found from measured values of « and the static 
breakdown potential Vs for the particular value of E/p using the Townsend 
criterion 1 —(w/«) (expads—1)=0. This procedure required measurement of 
and Vy to an appropriately high order of accuracy, and it is clearly advisable to 
obtain all these quantities under the same conditions for the particular gas sample 
used. ‘This was done for all these quantities except the ion and electron mobilities 
because independent measurement of these quantities would involve considerable 
complication at this stage. ‘lhe published values of these quantities W_ and W. 
which are available, though not recent, nevertheless appear to be generally 
accepted. In the analysis of the experimental data the values of W.. (mobility 
j1=8-2) in hydrogen published by Bradbury (1932) for low values of E/p 
(<50vcm~! (mm Hg)~') were used; in this range of low E/p the values of W_ 
measured by Townsend and Bailey (1921) were 100 times larger than Bradbury’s 
measured value of W,. Because of the lack of recent experimental data at 
larger values of E/p it was also assumed in this work that W_ was still equal 
to 100W., at these higher values of E/p and also that Bradbury’s value of tht 
mobility still held good. At this stage, therefore, the absolute values y and st 
obtained in the present work depend upon the accuracy of the published values of 
W_andW,,. Forexample, at E/p = 250 v cm-!(mm Hg)! at 20°c and for acathod 
surface of mean work function 4-3 ev, the value of y obtained by using Bradbury’s 
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mn 


values of W_,, as outlined above, is equal to 0-011 electron per ion. However, if 
the actual values of W, used in the calculation is increased, say, six times, then 
the value of y is also increased and becomes 0-05 electron per ion; the value of 3/x 
would be correspondingly decreased because w/x=y+6/« and w/x remains of 
course unchanged at its measured value. 

The position is somewhat different with regard to published values of «, and 
it was considered necessary for the present work to make a separate determination 
of « (Jones and Llewellyn Jones 1958), and the values obtained are lower than 
others previously published for values of E/p> 130 vcm~ (mm Hg) 71. 

The accuracy of the final evaluation of y and 5/a clearly depends on the 
accuracy of the quantities «, w/x, tr, W. and W_ used in the equations. The 
time fp must have a stable constant reproducible value (i.e. no large statistical 
variations), while Vs, in particular, must be determined to a high order of accuracy. 

It must be strongly emphasized that quite apart from sensitivity, accuracy 
and stability of the measuring apparatus itself, the measured values of these 
quantities at any given value of E/p depend upon the consistency and stability 
not only of the gas samples but also of the electrode surfaces. (Llewellyn Jones 
1957, Dutton and Jones 1959). Physically significant experimental data, i.e. 
data to which the theory based on constant coefficients can be applied, can be 
‘obtained only when the necessary conditions of stability and consistency are 
fulfilled, which is unlikely to be the case with untreated electrode surfaces or in 
the presence of gases which are decomposed into chemically active constituents. 
during the passage of an ionization current. Morgan (1956) has shown experi- 
mentally in this laboratory that consistent functional dependence of ty on E/p 
with purified hydrogen was only obtained by extensive treatment of the electrode 
surfaces until the necessary high degree of stability is obtained. 

Consequently, in the present investigation special attention has been paid to 
the question of surface stability and its influence on observed ty. Clearly a mean 
value of ty can be properly substituted in the growth equation only if a constant 
reproducible value is obtained experimentally for the given value of E/p. The 
necessity for surface stability is regarded as fundamental in this experimental 
investigation, as the necessity also applies to the determination of the total co- 
efficient w/« from experimental measurement of Vs. This quantity Vs is of con- 
siderable significance in this investigation, as not only is an accurate value required 
in order that an accurate value of w/a be found, but it is also essential that the 
experimental conditions be such that a stable reproducible value of Vs is obtainable 
in order that the impulse percentage overvoltage (=[(V—Vs)/Vs] x 100%) can 
be specified to the experimental order of accuracy. It is for this reason that 
great attention was paid in this investigation to the whole question of surface 
stability and its specification. In this context the physically significant quantity 
is the work function of the actual surface of the cathode under the conditions of 
the investigation, and when the precise state of the surface is unknown (e.g. 
because of the presence of a thin tarnish film) the surface may still be specified 
by measuring the effective work functions. It will be shown below that when 
the precautions outlined above are taken, this procedure of using experimental 
time lag data with theoretical growth equations can yield suitably accurate 
determinations of y and 3/«. — 
The main results of this investigation were briefly reported at the Physical 
‘Soci ety Conference on Gas Discharges, held at Swansea during September 1958. 
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§ 3. APPARATUS 


Three discharge tubes were used in the present work. ‘They formed part of 
the same vacuum system so that the same gas sample was present in all three 
during the experiments. The first tube was used to obtain accurate determi- 
nations of the primary ionization coefficient «, and has been described elsewhere 
(Jones and Llewellyn Jones 1958). ‘Thus for each sample of gas used in the | 
experiments, the value of « was known accurately. ‘The second tube simply 
contained a parallel plate gap consisting of two copper electrodes, set at 1-5cm 
apart, and was used for the preliminary work on formative time lags in order | 
to obtain orders of magnitude and to explore the general cathode effects. 


Figure 1. ‘Tube used for measurement of work functions. 


The third tube was one in which not only fy was accurately measured but also 
the work functions of a number of different cathode surfaces. The design of this 
tube is shown by the detailed diagram of figure 1. The different surfaces were 
obtained by sputtering a moveable copper cathode at A; the sputtered metals 
were aluminium, platinum and nickel. The work functions of these surfaces 
were measured at C, and the formative time lags were measured for each surface 
at B. ‘The cathode was mounted on two rails and moved into the different 
positions by an external magnet. 

The h.t. source, impulse generator and time bases used in this work were the 
same as those used by Morgan (1956) who has described them in detail elsewhere. 
It is sufficient to state here that in all this work the voltages were maintained with 
an. accuracy to better than 0-01%. The usual vacuum techniques were employed 
using numerous liquid air traps in conjunction with oil diffusion pumps. It may 
perhaps be noted that considerable time was involved with the preliminary work 
of conditioning and preparation of the electrodes and measurement of « and J, 
before the final work on the time lags proper was carried out. Thus, after the 
initial evacuation to a pressure of less than 10-6 mm Hg, and outgassing, the leak 
free tubes and gas system were washed out numerous times, while in operatio 


over a period of many months, with samples of hydrogen which had bee 
carefully prepared from uranium hydride. : 
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§ 4. RESULTS AND CONCLUSIONS 


. The essential data required for applying the growth equations, i.e. the 
primary ionization coefficient x, the static breakdown potential Vs (from which 
w/a is determined), the formative time lag ty and the precise voltage V applied to 
the gap, were measured over a range of values of E/p for each gas sample. For 
reasons explained above, the values of the mobilities of electrons and ions were 
obtained from the published data of Townsend and Bailey and of Bradbury. 

A stable reproducible value of ts was obtained only after careful treatment of 
the cathode surface by positive ion bombardment in hydrogen and subsequent 
heating. ‘This fact is illustrated by figure 2, in which 2 (a) gives the scatter of 


100 


(@) 


pad =2:04cmmmHg 


Vg= 322 volts 
V5 = 324 volts 
0 ee eee | SE eee | 
30 40 50 60 70 
fp (425eC) 


Figure 2. Effect of cathode surface on ty where N is the number of time lags of duration ty 
fel the interval Av, (~5% te): (@) cathode untreated, (6) cathode extensively treated. 


some 200 measurements of the formative time lag ¢, using a cathode which had 
not been treated in this way. It is seen that 60 measurements gave a value of fy 
of 42usec, another 80 measurements gave a value of 45sec while about ten of 


“them were nearly 65sec in length. ‘Therefore, with the cathode in this ‘un- 


stable’ condition, the scatter in the results was too great to permit specification 
of any particular value of ty to be used in the growth equations. After making 
these observations the cathode was subjected to prolonged treatment and 200 
consecutive measurements of fy were again made with the same conditions of E/p, 
p, d, and gas purity as those obtaining in the first measurements. ‘These measure- 
ments of t; are shown in figure 2 (4) and it is seen that, within the experimental 
error, all of them are equal to 40psec. In this way, using controlled conditions, a 
specific value of tp was obtained. raid oy. CON ae 
In all these experiments it was necessary to eliminate statistical variation. in 
the photoelectric emission of initiatory electrons. Thus, during the establishment 
‘of the electric field E (greater than the breakdown field Es) at t=0, it was necessary 
to produce a large number of electrons (about 50) at the cathode; this number 
‘corresponds to a continuous emission of 10° electrons/sec or to a value ot J, oF 
10-4. Preliminary work on the measurement of the formative time lags 


bf 
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showed that an initial current J, of this magnitude was large enough to eliminate 
any statistical scatter from this source and yet not large enough to produce a space 
charge in the gap at ¢=0, and this value of J) was therefore adopted in the work, 

Under these conditions, therefore, the scatter due to the inherent statistical 
nature of the discharge parameters, which a very small value (~107'*a) of Jy 
would have emphasized, was smoothed by using a larger value of 10~"°a for the — 
externally generated current Jo. 

When all the conditions governing the cathode stability and choice of J) were 
taken into consideration, it was possible to obtain one value of the formative | 
time lag t; corresponding to a given set of conditions provided that the voltage, 
the current J,, the gas purity, and especially the state of the cathode surface, 
were all controlled and specified. 

It has always been usual in experiments of this kind to specify applied voltage, 
the current J, and gas purity, but it is now established that the state of the 
cathode surface must also be specified. Consequently, in the present work it was 
decided to examine the work functions of a number of cathode surfaces at the 
same time as the measurements of the formative time lags were being carried out. 
Any correlation between the change in the value of the individual secondary co- 
efficients with a change in the work function of the cathode surface could then be 
investigated. 

The work functions of the surfaces were measured by the retarding potential | 
method developed by Anderson (1935) and the ionization chamber used for these _ 
experiments is represented diagrammatically in figure 1. Different work 
function surfaces were obtained by sputtering a copper cathode with aluminium, 
platinum and nickel, inturn. ‘The work functions were measured by comparison _ 
with a standard gold surface and the work function of this surface was taken to be 
4-5ev. ‘The time lags were measured in the way previously described. 

The preliminary experiments involving the measurements of the work 
functions of sputtered surfaces showed that there was a variation of the order of 
0-2 ev over the total area of the electrode surface. Therefore the work functions 
at eight different regions on the cathode surface were measured, and the values 
quoted in the results are the mean values obtained. Throughout the experiments 
the work functions of the small regions on the gold surfaces remained constant to 
within the experimental error of measurement of + 0-03 ev. 

From measurements of time lags with a given cathode surface, it has been 
shown that it is possible to compute values of the individual coefficients y and 8/a 
for that surface. ‘Thus by measuring fy for different cathode surfaces it is possible 
to obtain the dependence of y and 8/« on the work function of the surface. — 

The results of these experiments are given in figures 3 and 4 and in the table. 
Figure 3 shows values of w/« for surfaces of different work function over a range 
of E/p from 50 to 250 vem (mm Hg), and figure 4 gives values of both y and 
6/« for the same range of work function and of E/p. ‘ 

The table gives values of y and $8/ax taken from the curves at 
E/p =60 vcm~! (mm Hg)‘ at 20°C, so that their dependence on the work function 
may be examined more closely. It can be seen from examination of this table tha 
the magnitudes of the coefficients were nearly doubled when the work function 
of the cathode surface was decreased by only 0-23ev. This demonstrates th 
great influence of small changes in the state of the cathode surface on the cathod 
secondary coefficients and on the growth of ionization. The table also sho 
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Figure 3. w/a plotted against E/p for cathodes of different work function. 
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Figure 4. y and 8/a plotted against E/p for cathodes of different work function. 
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(1) (2) (3) (4) (5) (6) 

1-20 5-9 4-27 4-18 + 
2:0 7-0 4-25 4-10 3 

2-2 8-0 4:17 4-05 2 

3-8 11-0 4-07 3-90 5 


(1) E/p (v em (mm Hg)~*); (2) yx 10-4; (3)d/a x 10-*; (4) mean work function (ev) ; 
(5) minimum work function (ev); (6) order of experiment. 


that the time lag method of determining y and 35/a is capable of giving consistent 
and reproducible results. The last column in the table indicates the order in 
which the experiments were carried out. The first experiment was carried out 
when the work function of the surface was 4:3 ev, and afterwards the cathode 
‘state was changed (by sputtering) to different values for experiments 2 and he a 
eventually to experiment 4 for which the mean. work function was #27 ev. us, 
1 error of determining the work function, the cathode 


to within the experimenta ‘ 0) ders 
surface used in experiment 4 was in the same condition as that obtaining in 


Poerinienitt consequently, the values of y and 8/« for experiments 1 and 4 
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should also be, within the experimental error, the same. It can be seen from the | 
table that the values of y and 5/« obtained from experiments 1 and 4 are within | 


ioe pe os a. 
+10% of each other, this is well within the experimental error (+ 20%) of their 
determination. 
T a, = i cea rr 
| » Measured mi 
40/- 


| o Calculated 


E;/p = 142-04 


| l l | L 
05 1-0 1S 2-0 25 
AV % 


Figure 5. Family of (t;, AV%) curves for different ratios of 5/a to w/c. 

1, 100%; 2, 95%; 3, 90%; 4, 50%. : 

Finally, figure 5 is given to demonstrate the dependence of the values of the, 
time lags predicted by the theory at a given value of E/p = 142-04 vcm~! (mm Hg) | 
upon the proportion of the positive ion contribution to the total secondary ion- | 
ization operating during the growth. For example, curve 1 in figure 5 gives the: 
times fy as a function of overvoltage AV%, predicted on the assumption that the 
secondary process is entirely due to photo action and the positive ion process is| 
negligible. If the predicted time is made to fit the observed time when! 
AV, =2-7% then the predicted times (assuming 8/a = w/a) are considerably higher | 
(by 30%) than the observed times. Similarly if it is assumed that y=5/« (ie. 
each coefficient is 50% of w/a) then the predicted times are about half the magni- 
tudes of those observed. These differences are far greater than the experimental | 
error in determining the times. The kind of agreement that is possible between, 
predicted and observed times is illustrated in curve 2 in which the full line rep- 
resents the predicted variation of t with AV°%, on the assumption that the con- 
stituents of the total secondary coefficient w/« were y=5% w/a and 8/x=95% w/a, 
and the black circles represent the measured formative time lags. The agree- 
ment is satisfactory and, consequently, these are the proportions of y and 8/a 
which are taken to be operating at this value of E/p. ‘The same result would also 
be obtained if the curves had been drawn by fitting the predicted times to the 
observed times at the other end of the scale, i.e. at an overvoltage equal to 0:5%,. 
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An Investigation of Some (*He, «) Reactions on Light 
Nuclei at 5-2 MeV 
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A. A. JAFFE anp S. RAMAVATARAM 


The Physical Laboratories, University of Manchester 
MS. received 14th January 1960 


Abstract. The reactions ™B(?He, «)!B, 1°B(?He, «)°B, MN(@He, «)*N, 
160 (He, «)5O and 27Al(#He, «)?*Al, have been investigated at an incident energy 


of 5-2 Mev, using a broad range magnetic spectrograph. Angular distributions and : 
absolute cross sections for alpha particles leading to the ground states and several _ 
excited states of the final nuclei have been measured. The angular distributions | 


of many of the alpha-particle groups suggest the predominance of a direct inter- 


action mechanism for these reactions, and in several cases features which are | 


indicative of a pick-up process are mentioned. 


§ 1. INTRODUCTION 


HERE is little available evidence at present concerning the mechanism of the : 
(*He, «) reaction on light nuclei at bombarding energies in the neighbour- | 


hood of 5-0 Mev and above. 


The 1O(?He, «)!°O reaction, which has been investigated at bombarding : 
energies in the region of 2-6Mev (Bromley, Kuehner and Almqvist 1959), has | 
suggested that at higher energies the reaction might proceed predominantly by — 
means of a direct interaction process, rather than through the formation and decay _ 


of a compound nucleus. 
The #®C(?He, «)!2C reaction has been investigated at a bombarding energy of 
4-5 mev (Holmgren et al. 1957), and has been interpreted at forward angles in 


terms of a pick-up process (Owen, Madansky and Edwards 1959). However, the — 


13C(®He, «)C reaction would seem to be a favourable case for which pick-up of a 
neutron by the *He particle might occur, and the possibility that the (#He, «) 
reaction might invariably proceed, at least in part, by a pick-up process at sufficiently 


high bombarding energy has not been established; (see, however, Bromley an 
Almqvist 1959). , 


If this were so, (*He, «) reactions, which have favourable Q values, could be 
used to investigate the properties of nuclear states in place of the corresponding 


(p, d) reactions, for which a pick-up mechanism is usual. However, the Q values 
of the (p, d) reactions are generally so highly negative that they prohibit investi- 
gation with electrostatic generators. 

The reactions “B(@He, «)°B, B(He, «)®B, MN(@He, «)3N, and 
*Al@He, «) Al, have therefore been investigated at 5-2 Mev bombarding energy, 
using the Manchester University Van de Graaff generator and a broad = 
magnetic spectrograph. . 
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(°He, «) Reactions on Light Nuclei 773 


Angular distributions and absolute differential cross sections have been ob- 
tained for the reactions leading to several levels of the final nuclei °B, !°B, 3N and 
*6Al, and also the angular distribution has been obtained for the MOCHEra iO 
ground state reaction. 


§ 2. EXPERIMENTAL DETAILS 


‘Targets of natural boron and of adenine were evaporated on to aluminium foil 
backings, and bombarded with beams of singly ionized *He particles, using 
exposures of up to 900 microcoulombs. The experimental arrangement has been 
described in a previous publication (Barros et al. 1959). An investigation of the 
(®He, d) reactions, which were recorded simultaneously with the (*He, «) reactions, 
has also been described previously (Forsyth et a/. 1960). Target thicknesses were 
measured using an alpha particle thickness gauge, and are considered accurate to 
+20. The boron target had a thickness of 30ugcm~, the adenine target 

contained nitrogen equivalent to 25 u.gcm~?, and the aluminium foil backing was 
170 ug cm thick. 


§ 3. RESULTS 
A spectrum of alpha particles obtained from the boron target is shown in 


figure 1. 
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Figure 1. The spectrum of alpha particles from the boron target at 35°. 


Reactions leading to the ground state of °B and to an excited state at 2-33 Mev 
were identified, there being no indication of a °B level to correspond to the 1-75 Mey 
level of the mirror nucleus °Be. This is in agreement with the result obtained 

from an investigation of the !°B(*He, «)®B reaction at the lower bombarding energy 
of 2mev (Ajzenberg-Selove and Lauritsen 1959). An upper limit of 
0-02 mbn sterad-! can be placed upon the cross section for the transition to such a 
level, from the spectrum at 35° (figure 1). . 
__ Alpha-particle groups were observed leading to the ground state and first four 
‘excited states of !°B, from the “B(?He, «)!°B reaction, and the energies are in 
“agreement with the known energy levels of B. 
b From the adenine target, the ground state and first excited states of aN were 
| obtained, together with the unresolved groups to the second and third excited 


States. 
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3 oy a alpha-particle groups in these spectra originate from the 

Al(?He, «)?®Al reaction. Good agreement was obtained with the recently 
dublished energy level scheme of 26Al, derived by magnetic analysis of the same 
eaction (Hinds and Middleton 1959 a) and with the levels observed by magnetic 
inalysis of the **Si(d, «)?*Al reaction (Browne 1959): 

The observed ground state Q values and excitation energies for the levels 
nvestigated, are presented in the table and compared with previously published 
values. : 

Angular distributions for the reactions *TAl(?He, «)?°Al, leading to the ground 
tate and first six excited states of 26Al have been obtained. The boron exposures 
yrovided angular distributions for transitions leading to the ground state and first 
our excited states of !°B, and to the ground state and 2-33 Mev excited state of °B. 
‘rom the nitrogen exposures, angular distributions for transitions to the ground 
tate, first excited state and the unresolved second and third excited states of 13N 
were obtained. In addition, the angular distribution for the ground state group: 
f the reaction O(*He, «)O was obtained from both the boron and nitrogen 
xposures, the oxygen being present in each case as a target impurity. 


§ 4. Discussion 
4.1. Angular Distributions 


For a surface interaction mechanism, by either a pick-up or an exchange pro- 
ess, the angular distributions are characterized by the angular momentum 
ransfer involved, and can be compared with a first approximation with the 
spherical Bessel functions j(kr) (Butler 1957) where Ji and kh refer respectively 
0 the orbital angular momentum and the linear momentum transferred in the 
‘eaction; and where 7 is an interaction radius parameter. 

The possible values of / are governed by the selection rule J,+1+4=J,, 
where J, and J, refer to the spins of the initial and final nuclear states. A further 
estriction on / is that it must take odd values if there is a change of parity between 
he initial and final nuclear states, and even values when there is no parity change. 

The angular distributions have been compared with the corresponding 
sessel functions in most cases. A more accurate theoretical comparison would 
emand an expression in which the Bessel function is multiplied by a form factor, 
hich would depend on the reaction mechanism (Butler 1957). The variation of 
uch a factor would be relatively small over the angular range of the main peak, and 
§ predominant effect would be to move the position of the theoretical maximum 
f the angular distribution to smaller angles, so that a somewhat smaller value of 
1e radius parameter, than that used here, would be required to give the best fit. 

: The angular distributions corresponding to the 'B(?He, «)'°B reaction are 
own in figure 2, and comparison has been made with the functions j?(Ar) using 
=1 and a radius of 4:5 x 10-18 cm for all but the «, and «, groups, for which radii 
F 3-8 x 10-13 cm and 5-0 x 10-!cm are used respectively. ‘The angular distri- 
utions corresponding to the !°B(He, «)®B reaction, leading to the ground state 
d 2:33 Mev state of °B, are shown in figure 3, and comparison has been made 
the curve for /= 1, r=5-6 x 10-" cm for the ground state group. An intense 
ically scattered *He+ group coincided with the °B ground state group at labor- 
angles between 10° and 25°, and conseqeuntly the form of the angular 


istribution is somewhat uncertain at small angles. 
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The angular distributions corresponding to the MN(*He, «)8N reaction are 
shown in figure 4. The N ground state is expected to have spin > and negative 
parity, and therefore the angular distribution for the ground state group to be 
characterized by /= 1, the only allowed value. The observed angular distribution 
has been compared with the curve for /=1, and using r= 6-6 x 10718 cm to obtain 
agreement with the position of the first maximum. ‘The first excited state group 
is weak, and extraction from aluminium groups, with which it overlapped at several 
angles, is responsible for the large errors on several of the experimental points. 
The target was insufficiently thin and uniform to resolve the second and third 
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Figure 4. Angular distributions of the alpha particle groups from the 14N(?He, «)18N 


reaction. 


excited states of °N, separated in energy by approximately 50 kev, and overlap 
with groups from the ?’Al(He, «)?*Al reaction at several angles has prevented a 
complete angular distribution for the combined groups from being obtained. A 
tentative comparison has however been made with the curve for /=1,7=7-3 x 10-® 
em. The 14N(d, t)!®N reaction, at an incident deuteron energy of 14-8 Mev, has 
been investigated by Warburton and McGruer (1957). They point out that on 
the basis of the shell model, this reaction would not be likely to lead to the first and 
third excited states of 3N by the simple pick-up of a neutron. The same con- 
siderations apply for the *N(p, d)!®N reaction leading to these states, observed at 
18mev by Standing (1956). ‘The observed ratio of the peak differential cross 
sections of the ground state and first excited state groups for the 4N(p, d)18N re- 
action is 12:5: 1 and for the 4N(d, t)*N reaction it is 200:1. In our results, the 
intensity of the first excited state group from the *N(*#He, «)*N reaction is also 
low, the observed ratio of the peak differential cross sections of the ground state 
and first excited state groups being 11-0: 1. 

The angular distribution for the *O(*He, «)'°O reaction, leading tothe ground 

state of 450, is shown in figure 3, and compared with the curve for /=1, 
r=5-5x10-%cm. The oxygen occurred as an impurity on the targets and the 
absolute differential cross section, though evidently large, could not be determined. 
Good agreement was obtained between the observed angular distributions from 
both the boron and adenine targets, indicating that the proportion of oxygen 
‘present remained essentially constant throughout the exposures. 
The angular distributions obtained for the *Al(*He, «)?°Al reaction are shown 
in figure 5. The fifth excited state group, not shown, has a low intensity with an 
average cross section of 0-03 mbn sterad-1, and the angular distribution appeared 
to be isotropic to within 20%. The intensity of the sixth excited state group is 
contrastingly high, and the angular distribution compares reasonably well with 
he calculated curve for 1=2, r=5-2x 10-%cm. On the basis of a pick-up 
cess, preferred transitions are expected from the ®’Al ground state, for which it 
y be assumed that the simple shell model configuration (d)~! predominates, 
evels of 2°Al having the (d)~* configuration. ‘Transitions to states of **Al in 
thich the (d)-? configuration is mixed with the (d)~*s configuration, would be 
xpected to be inhibited to an extent depending upon the admixture involved. 
3D 
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The ground state and the 1-83 Mev excited state of Mg are considered to have the | 
shell model configuration (d)~* (‘Theiberger and Talmi 1956) and this suggests the | 
same configuration for the corresponding 7'= 1 levels of Al, which would appear 
to be the first excited state at 0-23 Mev and the sixth excited state at 2:07 Mey | 
(Browne 1959, Hinds and Middleton 1959a). ‘The observed cross section for the | 
reaction to the first excited state of 2*Al is, however, surprisingly small compared | 
with that to the sixth excited state, though its angular distribution may be fitted | 
with an /=2 momentum transfer. If the spin and parity of the fifth excited state | 
is 2+ (Endt and Braams 1957) it could not also have the simple (d)~? configuration | 
with j-j coupling. The observed angular distribution and cross section for the | 


reaction leading to this state is in accordance with the assumption. | 
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Figure 5. Angular distributions of the alpha particle groups from the 2’Al(*He, a)**Al 
reaction, 


4.2. The Reaction Mechanism 


The forward peaking in the majority of the observed angular distributions 
suggests the predominance of a direct interaction mechanism in the reactions. 
This is supported by the relatively large cross sections observed, since the com- 
pound nucleus which could be formed in *He reactions would have high excita- 
tions, and many alternative decay channels would be available (e.g. neutron 
emission). ‘The reactions may be interpreted in terms of neutron pick-up and 
exchange processes, both of which will give essentially the same form of angular 
distributions. The theoretical expression for the cross section of the exchange 
process involves the product of the alpha particle and the *He particle reduce d 
widths for the initial and final nuclei respectively, and this has to be quite large i 
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one is to explain the magnitude of the observed cross sections on this basis alone. 
Although unlikely for the “B(He, «)!©B, B(He, «)®B, 4N(®He, «)!3N, and 
7 Al(*He, «)*°Al reactions, this situation could be envisaged for the #6O(8He, «)®O 
reaction which is observed to be strong. 

Although it is not possible to distinguish between pick-up and exchange 
mechanisms in all cases, the angular distributions of the alpha particles leading to 
the fourth and sixth excited states of ?°Al from the “Al(?He, «)?*Al reaction, pro- 
vide evidence that a pick-up mechanism predominates. ‘The spin and parity 
selection rules would allow / values of either 0 or 2, and for an exchange process 
therefore, there seems to be no reason why the /=0 transfer should not predomi- 
nate. In both cases /=2 transfers are apparently indicated by the angular 
distributions, which would imply that the reaction proceeds mainly by the pick-up 
of a single particle froma d state in ?’Al. 

However, in the ?’Al(*He, «)?°Al reaction, at the incident energies used here, 
Coulomb and nuclear interactions are likely to be important. The angular 
distributions of the alpha particle groups leading to the ground state and the first 
and third excited states of ?°Al fall well below the Bessel function curves at angles 
lower than that of the first maximum. This may be due to the above factors, 

particularly the Coulomb effect (Holmgren, Wolicki and Johnston 1959). The 
angular distributions for the fourth and sixth excited state groups fit the /=2 
theoretical curves quite closely at small angles, and it may be that there is some /=0 
contribution, arising from the exchange mechanism in these cases, which would 
tend to cancel the above effect. 

In the reactions investigated here, the spins and parities of the initial and final 

‘nuclear states were known. The / values which have been fitted were uniquely 
determined by the spin and parity selection rules in the case of the "B(*He, «)B 
(second excited state), *N(?He, «)!8N (ground state), *O(*?He, «)O (ground 
state) and ?’Al(?He, «)?®Al (ground state) reactions, and in these, as in all the 
other cases, they are consistent with the values expected from simple shell models 
for the pick-up of a single particle. 

The radii which have been used to fit the angular distributions remain relatively 
constant for a particular reaction, and are generally within 1-0 x 10“ cm of the: 
Gamow-—Critchfield value (1-224 + 1:7) x 10-# cm, except for the “N(?He, «)¥N 
reaction, where a radius of 6-6 x 10-13 cm has been used for the angular distribu- 
tions of the ground state group. Inthe corresponding (p, d) reaction between the 
same states however, an anomalously large radius is similarly required to fit the 
angular distribution (Standing 1956). 
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The Temperature Dependence of Magnetostriction 
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Abstract. ‘The magnetostriction and magnetization of an ellipsoid of poly- 
crystalline gadolinium have been measured in the temperature range 78°K to 
365°K. ‘The results show that gadolinium has a large volume magnetostriction 
which is proportional to the square of the paramagnetic magnetization above the 
Curie point. The saturation magnetostriction shows an anomaly at 150°K, and 
becomes zero at 233°K. The contribution of the volume magnetostriction to the 
thermal expansion of gadolinium is shown to be too small to account for the 
thermal expansion anomaly. 


§ 1. INTRODUCTION 


ADOLINIUM is a simple type of ferromagnetic substance compared with 
the more common elements in that the spontaneous magnetization at 0°K 
is very nearly equivalent to the parallel alignment of seven electron spins 

4 atom. Since there are seven electrons in the incomplete 4f band, it seems 
orobable that these are the carriers of the magnetic moment. This expected 

simplicity is not borne out by experiment, however,as the reduced (magnetization, 

‘emperature) curve (Elliot et al. 1953) shows a greater divergence from the 

theoretical curve for seven electron spins than do similar curves for the other 

ferromagnetics, with the appropriate number of electron spins. Since mag- 
aetization and magnetostriction are intimately connected, measurements on the 

‘emperature variation of the magnetostriction may throw further light on this 

natter. In addition there is an anomaly in the temperature coefficient of 

*xpansion near the Curie point which is most probably connected with the dis- 

ppearance of spontaneous magnetization at that temperature. Measurements 
ave therefore been made of the temperature variation of the magnetostriction 


nd magnetization in the range 78°K to 365°K. 


§ 2. METHOD 


A polycrystalline specimen was prepared from a sample of gadolinium 
supplied by Messrs. Johnson, Matthey and Co. containing the following 
mpurities: Pr, 0-1%; Nd, 15%; Sm, 0:2%; Fe, 0:005%. 
| The final shaping to the form of a prolate ellipsoid was made in a lathe using a 
ry fine file and fine grade emery paper, the profile of the specimen being pro- 

ed on to an outline of the correct shape. The distortion produced in the 


urface layer during the shaping of the specimen was removed by etching in a 
+Now at Regional Physics Department, Eastern Regional Hospital Board, Dundee. 
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very dilute solution of sulphuric acid and ferric chloride. The profile of the 
ellipsoid was carefully measured with a travelling microscope and showed good 
agreement between the calculated and actual shapes. In its final form the 
ellipsoid was 1-746 cm long with a maximum diameter of 0-274cm, giving a de 
magnetizing factor of 0-498. This value compared well with that calculated 
from the initial slope of the magnetization curves. 

Magnetostriction measurements were made, using a capacitance bridge method 
(Corner and Hutchinson 1958), in the temperature range 78°K to 365°K. Onl 
one slight modification in the original apparatus was needed. ‘The aluminium 
temperature compensator was not used as the temperature coefficient of expansic 
of gadolinium between 120°K and 290°x, the Curie temperature, is very small, 
—2~x10-*deg— (Bannister et al. 1954). } 

Intensity of magnetization (1) measurements were made on the specimen i 
the same applied field H, and temperature range as used for the magneto 
striction (AL/L) measurements. The usual search coil and Grassot fluxmete 
method was used, with a mutual inductance to compensate for the effect of the 
solenoid field on the flux coil. As the primary of this inductance was required 
to take the full solenoid current of 250 amp, it was constructed of 5/16in. o.d. 
copper tubing, and cooled by passing water through the tubing. 
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Figure 1. Variation of magnetostrictive strain with effective field for temp 

; the range (a) 242°K to 293°x, and (b) 296°K to 319°K. } 


Magnetostriction in Gadolinium at Various Temperatures 783 


tem low 242°kK are s 
a ees 242°k are shown in the table and those for higher tempera- 
ae PP any ; 
hae gure 1 (a) and 1 (b). Magnetization curves for the higher range of 
: BS atures ane shown in figure 2. In each case only representative experimental 
points are given and for greater detail see Hutchinson (1959). 
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Figure 2, Initial magnetization curves for temperatures between 242°K and 319°K. 
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Figure 3. Variation of saturation magnetostriction A and effective saturating field H, with 
temperature. 
f § 4, Discussion 


At low temperatures the variation of magnetostrictive strain with field is 
similar to that observed in iron. There is at first a small increase in length in 
elds up to about 150 oersteds, followed by a decrease in length. This decrease 
reaches a limiting value and then expansion again begins. The limiting value of 
AL|L is taken to be the saturation magnetostriction A, and any change in dimensions 
which occurs after that state has been reached must be due to an effect dependent 
on an increase in the spontaneous magnetization. This is thought to be a volume 
agnetostrictive effect and will be referred to as such though no measurements 


nave been made of the change in volume. 


W. D. Corner and F. Hutchinson 


784 


Sulznausewuep oy) pur ddezy Prey paydde woz 


£6£6 
FOL 
STFS 
8CrE 
FEVT 
StrT 
8611 
$96 
LIL 
88+ 
CE 
FLT 
86 
bE 
H 


LLI6 
T6TL 
SO@S 
SIZE 
O£7Z 
OST7L 
TTOT 
LLL 
STs 
LCE 
OLT 
8€ 


9 
Tél 


6 Re ei. al erg 


Elcl 
COLL 
OLTT 
aaas 
Tell 
OTT 
FOTT 
0601 
6901 
COT 
CS6 
cS8 
S09 
ee 
if 


ACHE 


LYOl 
SLOT 
68ST 
POST 
6EST 
OOST 
SLrt 
Laas 
OT+FT 
SPELT 
O9CT 
+CIL 
882 


if 


AoEbT 


NESE Le 


nom 
be BL] 


Joocooonsnaat 


<l 


Caw a yea 


Ne Atornoanann 


Me eae 


| 


. 


=. Tale Tee table Wo 


Pt 


NeADTONBOTBASCH+UNN 
ale 


—S 


91£6 
EEL: 
CHES 
LSEE 
S9ET 
PLET 
Sct 
+88 
evs 
Ilr 
LY 
elt 
6+ 
17 
H 


Ell6 
LCL 
I+TS 
CSTE 
6917 
Fort 
SS6 
LCL 
cOS 
$87 
OST 
St 
87 


VEL 


“s01 Aq pordunur 7/7V Jo sonea 
parno[es 77 pjey aanooyy “sian s 


L9EL 
6feT 
OTEL 
L871 
ILcL 
TScl 
beer 
TEZL 
vara! 
6L11 
SOLT 
+L6 
cOL 
8S€ 
7 


ALETT 


PLLt 
LYLt 
SILI 
S691 
L991 
ELoL 
68ST 
OPST 
96rT 
cert 
6671 
OLLI 
tbl 


Jf 


+F0T 


Wo7¥S MOS Oe 
soinqerodura [, 3 pjaly Meuse] Uo uoneznousepy jo Ayisuaquy pue WOHITIso}UsETAL Jo 


MOoOOOCOMDNNAOSD 


SI 
y) 
|< 


PLOLZ. 4 66LT 4 


OOS N00 


WO DHMOMNH 


Naweanamone 
NOoonnd6ady 
im (kstolskihebet 


et lbes couihits 


Si Te bo 


seen 


Zils) WeerErs 
Scie / ee 


2% 


‘3 


cy 
& 


Magnetostriction in Gadolinium at Various T. emperatures 785 


The value of 7 for which equals zero is 233°+1°K. The initial increase in 
length, for temperatures below 233°k, is reduced as the temperature increases 
from 78°K, but is present up to 233°K. Above 233°x, AL/L increases with 
increasing field strength at all temperatures for which measurements were made. 

The variation of A with T and also the values of field Hs required to produce 
technical saturation are shown in figure 3. The graph of A against T shows an 
anomaly at about 150°K. Since no satisfactory theory has been advanced to 
explain a (A, 7) variation it is difficult to draw any conclusion from this anomaly. 
The approach of A towards zero at 233°K is very sharp and does not show any 
tailing off towards the Curie point. Any such effect would, of course, be masked 
by a combination of the very large volume effect and the form effect, (AL/L),. 
The latter gives a value at room temperature of (AL/L);~10-"J2.. The com- 
paratively high value of J in low fields right up to the Curie point (at 286°K, 
I—500c.g.s. units for H= 1000 oersteds) gives (AL/L); of the order of 10-7. 


175 


Temperature (°k) 


Figure 4. Linear strain due to volume magnetostriction in an effective field of 9500 oersteds 
as a function of temperature. 


_ Assuming that the volume magnetostriction effect (AL/L), in a field H is the 
difference between the measured value of AL/L in that field and A, then figure 4 
showsa plot of (AL/L), against Tina constant field H of 9500 oersteds. Changing 
the ordinate in figure 3 from (AL/L), to a(AL/L)/ dH does not alter the shape of 
the curve. It is impossible to separate the linear and the volume effects by 
*xtrapolating the (AL/L, H) curves back to H=0, since the volume effect is only 
inear with respect to field once the specimen has been saturated. , 
- The maximum value of (AL/L),, 164 x 10~, is obtained at 293 K. Rough 
neasurements were made of the magneto-caloric effect in the region of the Curie 
t in order to estimate the strain produced by thermal expansion associated 
this effect. The maximum temperature rise found in a field H of 
Ooersteds, was 0-4°K at 292°x. Above the Curie point the temperature 
ficient of expansion is 10 x 10-* deg-4, below, —2 x 10-6 eo fap hese 
) strains due to the magneto-caloric effect of +4x10~® and —8~x 10 
espectively. This is small compared with the observed values of (AL/L), of 
e order of 150 x 10-8, and for the present calculation has been neglected. 
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No saturation values of J are quoted in the results, as the number of | 
ailable for extrapolation was too small. The results 
showed that J is proportional to 1/H only for fields above about 7500 oersteds. , 
This agrees more with the results of Trombe (1937) than with those of| 
Elliot et al. (1953). The former found Joc1/H in fields above 9500 oersteds, | 
whereas the latter found this to be true in fields above 4000 oersteds. In the | 
equation I, ,»=1,,,,(1—@/H) the constant a gives an estimate of the magnetic | 
hardness. From the above results a figure of 700 is obtained, compared with | 
Trombe’s value of 1250, and Elliot’s of 170. The difference is more probably 
due to a domain size effect than a difference in the purity of the specimens. | 
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Figure 5. Magnetization in an effective field of 9500 oersteds as a function 
of temperature. : 
Figure 5 is the (I, 7’) curve obtained in a constant field H of 9500 oersteds, 
and shows an apparently large value of the spontaneous magnetization at the 
Curie temperature. It is possible in this neighbourhood to find the spontaneous 
magnetization by plotting H against T for a constant value of J, and extrapolatin 
back to H=0. This gives the temperature at which the chosen value of J is equal 
to the spontaneous magnetization. Unfortunately, this method cannot be used 
to find J, at temperatures well below the Curie point, as the maximum field 
obtainable from the solenoid, 10500 oersteds, was not large enough to produce 
an increase in J, at a constant temperature. ‘The Curie point, determined from 
a plot of /;? against 7, is 292°K. 
Figure 6 shows /; and measured J values for H = 9500 oersteds. The difference 
between the two, Jy, must be due to an increase in J, produced by the application 
of a large magnetic field. At 300°K J, is only about 30 c.g.s. units and is rapidly 
decreasing in value, so that above this temperature it is reasonable to use the 
measured value of J as being equal to Jy. Jy and (AL/L), have their maximur 
values at different temperatures, Jy at 296°K. (AL/L),y at 292°K. Figure 7 shov 


(AL/L), and Iy is given by (AL/L),=KIJ,? where K is a constant. 

The number of experimental points was not sufficient to test this relationsh 
in the ferromagnetic region by normalizing the curves below 292°K. Even so tl 
fact that it is possible to produce volume magnetostriction at low temperature 
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may indicate that a corresponding increase in the spontaneous magnetization has 
been produced. ‘This would invalidate any (Js, 7) curve obtained by plotting 
(I, 1/H),, and extrapolating back to infinite field. The only correct points in 
the curve would be in the immediate neighbourhood of 0°x. If the volume 
magnetostriction were associated with rotations this would not apply. 
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Figure 6. Variation of saturation magnetization J, and measured magnetization in an 
effective field of 9500 oersteds, J, with temperature in the region of the Curie point. 
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Figure 7. Variation of paramagnetic magnetization J, and square root of linear strain due 
to volume magnetostriction, (AL/L),1/?, with temperature. Both quantities are 
reduced to unity at 296°k. The full circles refer to (AL/L),1 and the open 


circles refer to Jy. 


7 


There is an anomaly in the thermal expansion curve of gadolinium at the 
Curie point, and also at approximately 120°k (Trombe and Foex 1952). 
Bannister et al. (1954) have shown this to be due to the hexagonal axis expanding 
s the temperature decreases in this interval, and suggested that it is due to a 


agnetostrictive effect. 
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As the temperature is increased towards the Curie point, the additional volume 
change caused by the destruction of the spontaneous magnetization gives rise to 
a linear expansion coefficient am, where 


Lidew't. a (H ) (=) ; 

TE 3 ET AgNO) ole § 

If we assume that (AL/L),=4a, it is possible to obtain an estimate of ap. 

At 290°K, om=7:2x10-8deg-1, at 279°K, ay=5:1x10-*deg, at 273°K, 
Om = 4° Oils? degs27. iLo note the expansion anomaly in this temperatur 

region requires %,=10-*deg—, ie. double the measured value. This dis- 
crepancy could be caused by some degree of preferred crystal orientation in either 

specimen. To resolve this it is very desirable that measurements should be 

made on single crystals. 
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Transport of Energy and Momentum by Phonons in Fluids 


By A. CROWE+ 


Queen Mary College, University of London 
MS. received 14th October 1959, in revised form 23rd December 1959 


§ 1. INTRODUCTION 


ANDAU (1941) has asserted that at absolute zero temperature liquid helium 
5 behaves as a perfect non-viscous fluid, and that at finite temperatures it 
) should be regarded as a field of quantized excitations that are propagated 
in it. This idea was successfully confirmed by experiment, but it was some time 
before a microscopic theory was given. The theory consists of a transformation 
of the dynamical variables that comprise the system. By means of this transforma- 
tion the Hamiltonian can be expressed as the energies of a perfect Bose-Einstein 
System of quasi-particles which cannot be identified with the individual particles 
of the system. 

Bogolyubov (1947) has given a transformation of the Hamiltonian which is 
valid for low energy quasi-particles. This paper shows how his transformation 
can be applied to the classical expressions for the flow of energy and momentum 
‘that have been derived by Eisenschitz (1955) who has demonstrated that these 
‘results are also valid in quantum mechanics. 

This problem has already been attempted by Eisenschitz (1956) by using 
a different method of transforming the Hamiltonian (Zubarev 1953, Bogolyubov 
and Zubarev 1955). His result for the flow of momentum was satisfactory and 
fully in accordance with the phonon model. His result for the flow of energy 
contained an energy term which could not be associated with a phonon energy. 

During the course of the present investigation it was revealed that he did 
not correctly deal with the potential energy contribution to the flow of energy. 
He omitted this contribution which is the most significant term in the flow of 
nergy. It can be shown that, if the potential energy contribution is included 
in Eisenschitz’s deduction, his results are exactly the same as those presented here. 
Me, 


§ 2. TRANSFORMATION OF THE HAMILTONIAN 
_ The Hamiltonian of a system of JV interacting particles, in its usual form, is 


H= » [(p,?/2m) + 5 > U;i] 


where U,; is the mutual interaction potential energy of the pair (J, 7) and p, is 


he momentum of the jth particle. ve 
- In the formalism of second quantization this is presented in the following way : 


Er - — a P+ (r)V2(r) dr +4 i U(r’ PH (PE (e) E+ (YEW) de de 
m 
lere ¥=(5) ¥ a,exp [i(k F)/A] 


Yr (7) Rares [ker vil. 


+ Now at St. Peter’s Hall, University of Oxford. 
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The a,’s and the a,*’s are particle annihilation and creation operators which 


obey the following commutation laws: 
MA — Uy Ah =O Aye * — Ay T= apiny 
The operator N,=4,*a, represents the number of particles with momentum k, 
For a finite volume V the vector k is quantized. 
Bogolyubov (1947) showed that the Hamiltonian may be transformed to 


H=H,+ > E(R)n, 
k 
where H, is the ground state energy and 


E(k)= | 2r(e) poe " Ty | 


u(k)= | UR exp [—i(k.R)/fi] dR 


T(k) =k?/2m. : 
The E(k) terms are energies of single quasi-particles which cannot be identified | 
with the individual particles of the system. For small k the E(k) terms may be: 
identified with phonon energies. The 1, are the occupation numbers of the: 


single quasi-particle states. | 
Bogolyubov also obtains a relationship between the annihilation and creation | 


operators a, and a,* for the individual particles of the system and the annihilation’ 
and creation operators b, and ,+ for the quasi-particles : 
by + Lyb_1t 
alee 
byt + Ly, *b_% ‘ 
where at= fi—[Z,.)7)" exp (iE t/h) eer eee (2) 
L,=[E(k)— TR) — (Nol Vu R)ILVNow(®) 1 
The 5, and b,* operators obey the same commutation laws as the a, and a,*, 
and b, +b, =n,. : 
This transformation will next be applied to the expressions for the flow of 
momentum and energy. : 


A= 


§ 3, EXPRESSIONS FOR THE FLUXES 
The expressions for the fluxes derived by Eisenschitz (1955) are 


P= SpE (Pip) IB lr deU IAB) verses (3) 


a= mar CpsPRy+ bm Y [Uy (%j— Hi) Us] —M)(Pp- PI) ve (4) 


The average as indicated by <...) is taken over an ensemble. In order to apply 
Bogolyubov’s transformation it is convenient to write the tensors rdU/dr and 
the scalars r.dU/dr in the form of Fourier series : 


tae : - 5 »(k) exp| “7? |. ee (5) 


The v(k) is a tensor which has the form 


Ae. —ik.r 
nl= [rs eexp| % |e 


a(rU , —tk. 
=| a oe Us+irk | exp|_ us “| dr. 


—_—s 
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In the above integral the first part is zero by Gauss’ theorem, the second part is 
—1u(k) where 1 is the unit tensor, and the third part makes contributions to (5) 
which, for small k, give zero on summation. Thus for small k we have 


oU 1 ike er 
= —_— — SS € eae 
la 1 y ~ u(k) exp| ; | Ne (6) 
It may similarly be shown that 
dU 3 ik.r 
ee eS X : 7 
r x p2 u(R)exp | 5 i ae, (7) 


§4. THE FLow or MomMeNTUM 
The potential energy part of expression (3) is transformed according to 
expression (6) and, since this involves only the unit tensor, we can omit this 
contribution because it is isotropic and has no significance in viscous flow. The 
remainder of expression (3) is written in the formalism of second quantization: 


1 a 
P=—_( | Y+(r)p(r)p(r) P(r) dr). 
After the insertion of equations (1) for the + and the V’ this becomes: 


1 
: P= —‘ > kka,+a,). 


The a, operators are now replaced by the 5, operators according to expressions (2). 
For the case of small k we can make certain approximations: 


E(k)~[BNgu(O)mVP2 ee (8) 
Tipee 1 1 pete telling Ta ee (9) 
1—|L,P22[2T(k)mV/Nyu(O)P?, eee (10) 


In view of these approximations the expression for P finally reduces to: 


a kk 1 kk 
=5( >(45) 2) is ap (2 (qa)2): 
This is the result obtained by Eisenschitz. The second term is finite. 


§5. THE FLow oF ENERGY 
~ In the formalism of second quantization expression (4) is 


. ; 
Q= ap (| VPM FO)A 


+ 4m [He [ o-(=r) aetn ] POF POMEROY Oar = ; 


Vith the help of expression (7) the potential part in the above expression is. 
titten in the form of a Fourier series. Expressions (1) for the Ys are inserted 
, after the integration has been performed, the above expression in terms of 


€ a, operators is 


| ant LE pO 
i Q= (2 kT (h)a,+4,.) ay pi k[u(0) ste u(k)]a,* x) . (12) 


m 


The first term on the right-hand side of this expression is the contribution from 
he kinetic part of expression (11). This expression is now put in terms of the 
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b, operators according to expressions (2). After using the approximations given | 
in expressions (8), (9) and (10), we obtain: | 


a aE 7 bs) 


The kinetic energy part of expression (12) does not contribute to the above 
expression because, for small k, 7'(k) is neglected as being very much smaller 
than Nyu(0)/V. 

Knowing that E(k)=C|k|, where C is the velocity of sound at absolute 
zero, and, by using expression (8), we obtain finally: 


ent Az (5 7) E(k)Cn,). 


§ 6. CONCLUSIONS 


The expression for the flow of momentum is the same as that obtained by 
Eisenschitz. It is fully in accordance with the phonon model consisting of an 
angular term multiplied by the energy density. The expression for the energ 
flow is also in accordance with the phonon model. The potential interaction 
part of the expression for the flow of energy contributes the dominant term 
when the transformation is made. It can be shown that Eisenschitz would obtain 
the same result if the potential interaction part is included in his deduc - 
Thus, in contrast to what was originally supposed, the particle momentum par 
of the expressions, after they have been transformed, contribute leading tern 
only to the flow of momentum. 

The fact that by using a different method of transforming the Hamiltonia 
we can obtain the same as the amended results of Eisenschitz, indicates that 1 
theory has some validity. y 
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The Thermal Expansion of a Silicon Single Crystal 


By R. R. BIRSS anp R. J. HORNE 


Department of Electrical Engineering, Imperial College, London 
MS. received 22nd October 1959, in final form 16th November 1959 


INCE the normal thermal expansion of a solid is due to anharmonicity of the 
interatomic forces it may be calculated, in principle, from the observed 
elastic anharmonicity (Sheard 1958). In practice, however, calculations 

of thermal expansion often rely upon a single phenomenological parameter as an 

average measure of the anharmonicity. ‘This parameter is the Griineisen (1926) 

constant y which may, to this approximation, be expressed in terms of the 

coefficient of linear thermal expansion 8 by means of the equation 

a3V78 
pm XCy’ 

where y is the isothermal compressibility and Cy the heat capacity at constant 
volume V. Injudging to what extent the same factor y may be associated with the 
different frequencies of the lattice vibrations, substances which exhibit negative 
values of 8, and hence apparently of y, are of considerable interest. It has been 
suggested that such behaviour occurs with atoms having fourfold coordination in 
loosely packed structures with strong interatomic covalent bonding since it is to 
be expected that the restoring force for the transverse modes of the bonds may be 
weak in these cases. The present investigation is concerned with the thermal 
expansion of a single crystal of silicon in a (111) direction. The thermal ex- 
pansion has been measured from —195° to 100°c and the results are compared 
with data obtained by Gibbons (1958). 
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Figure 1. Schematic diagram of the apparatus. 


The apparatus was designed to facilitate measurements of the thermal ex- 
pansion, within the range — 195° to 1000°c, of small single crystals in the form of 
‘rods about 1cmx4mm. The principle of its construction and operation may be 
seen from figure 1. The specimen, which is in the form of a rod with opposite 
ends ground flat and perpendicular to the axis of the rod, is located between a 
circular quartz base-plate and the centre rod of three fused silica rods. ‘The outer 
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two rods are fused to the quartz base-plate, and brass clamp fittings on the ends of 
all three rods permit a force to be applied to the centre rod to keep the specimen in 
position. Pivot steel rollers of small diameter are placed between the silica rods 
in two places and also between the brass blocks. One of the rollers between the 
brass blocks carries a small concave mirror, and a beam of light, after reflection from 
the mirror, is arranged to illuminate equally two halves of a split photocell con- 
nected in series opposition through a sensitive galvanometer. Any change in — 
length of the specimen is communicated by the centre silica rod to the corre- 
sponding brass block causing a rotation of the concave mirror. A new null | 
position may then be found in which the photocell output is zero and the corre- — 
sponding displacement of the photocell may be measured on a micrometer head to | 
1x10-*cm. In practice the sensitivity is governed by the accuracy with which the 
null position may be located and when the mirror is illuminated by a 40 w lamp, 
the optical path length being 2 x 70 cm, a displacement of 10-* cm can be measured 
to better than 1%. All thermal expansion measurements must be corrected for 
the expansion of fused silica and allowance is made for this using the data of Cook 
(1956). For high temperature operation the specimen is mounted horizontally 
in a furnace, wound with 20s.w.g. Kanthol A.1 wire and energized from a variable 
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Figure 2. The thermal expansivity of a single crystal of silicon in a"¢111> crystallographic 
direction. P 


voltage a.c. source. (A temperature of 1300°c may be safely reached but the silica 
rods, which are of the translucent type, deform above 1000°c.) Low temperature 
measurements are made by mounting the silica rods in a vertical position above a 
vacuum flask containing liquid nitrogen. The specimen and the silica rods are 
enclosed in a glass tube sealed at the lower end and containing phosphorus 
pentoxide. ‘The glass tube produces a more uniform temperature around the 
specimen whilst the phosphorus pentoxide absorbs water vapour from the atmos- 
phere thus preventing the formation of ice at low temperatures. The temperature 
of the specimen is varied by raising or lowering the vacuum flask, the lowest 
temperature attainable being that of liquid nitrogen (—195°c). Temperature 
measurements are made with a thermocouple, potentiometer and standard cell, a 
platinum : 13% rhodium-platinum thermocouple being used above room 
temperature and a copper : Eureka thermocouple below. The whole apparatus 
is compact and is fitted into a Dexion framework which is light-proofed with 
hardboard and fire-resisting sheet (Syndano). The photocell is illuminated by 
a 40 w lamp the brightness of which may be controlled to facilitate rapid location of 
the null position. In addition, the photocell is screened from light from the lamp 
supplying the reflecting galvanometer. The temperature measuring equipmen 
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and the controls for the furnace and lamps are located directly below the photocell 
assembly unit. 

The specimen used for the present investigation was a single crystal of pure 
silicon in the form of a rod 2:3cm long with its long axis parallel to a (111) 
crystallographic direction. Figure 2 depicts a typical set of measurements of the 
variation with temperature of the thermal expansivity, that is the fractional change 
in length of the specimen referred to 0°c. The broken curve is taken from the data 
of Gibbons (1958) which confirm the existence of a region below — 150°c in which 
the coefficient of thermal expansion, and hence the Griineisen factor, is negative. 
Such a region would not appear, however, to extend to quite such high values of 
temperature as is indicated by the data of Gibbons. In view of the discrepancy 
between the two curves at low temperatures it was considered to be of some interest 
to determine whether this could be due to an error in the absolute calibration of the 
apparatus. Since the effect of such an error on the observed expansivity would be 
proportional to temperature, the thermal expansion of a rod of high purity 
cobalt was measured at temperatures up to 1000°c. A comparison with the data 
of Bozorth (1951) indicated that the discrepancy shown in figure 2 cannot be 
attributed to a calibration error—a conclusion which was confirmed by thermal 
expansion measurements on a number of other materials including high purity 
iron and nickel. 

Although it is obvious from the form of the curves shown in figure 2 that the 
disagreement with Gibbons’ data is unlikely to arise from any error in temperature 
measurement, it was considered desirable to investigate the distribution of tem- 
perature around the specimen and the silica rods. This was achieved by per- 
forming two auxiliary experiments. To confirm that the temperature of the 
specimen was the same as that of the adjacent segments of the silica rods, two 
thermocouples, in contact respectively with the specimen and one rod, were used 
to measure the temperature difference between these members. Within the 
temperature range — 195° to 200°c this difference was never larger than 14°c. 
To confirm that the observed expansivity was not affected by temperature 
differences between the three silica rods over their whole lengths, expansivity 
measurements were made with a specimen cut from another silica rod. The 
differential expansivity was found to be negligible except at temperatures above 
1000°c. At 1000°c the temperature in the (empty) furnace tube is constant to 
+2°c over the central 4 cm inside the tube. . 

It may therefore be concluded that the results obtained with this apparatus 
are unaffected by the observed small departures of the temperature distribution 
tom the ideal one. They are also practically unaffected by any supposed 
uncertainty in the thermal expansion data for fused silica. For example, a 10% 
error in the expansion of fused silica at, say, —150°c corresponds to an error in 
e observed expansivity of the silicon single crystal which is only 1% of the 
screpancy, shown in figure 2, between the experimental results and the data 


oe 
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Photo-Ionization of Helium 


By A. L. STEWART anv W. J. WILKINSON 


Department of Physics, The Queen’s University of Belfast 
Communicated by K. G. Emeleus; MS. received 18th December 1959 


§ 1. INTRODUCTION 

ECENT theoretical work (Kabir and Salpeter 1957, Dalgarno and Lynn 1957’ 
R has indicated the need for more precise values of the helium oscillator 
strengths and, in particular, of the oscillator strengths for photo-ionizatior 

of helium in its ground state near the spectral head. Calculations have been 
made by a number of workers (Wheeler 1933, Vinti 1933, Korwien 1934; 
Huang 1948) each of whom assumed that the hydrogenic approximation tc 
the continuum wave function adequately represented the ionized state. An 
assessment of the accuracy of this assumption is desirable. : 


§ 2. 'THEORY | 

Expressing energy in rydbergs and all other dynamical variables in atomic 
units the quantal dipole length and dipole velocity formulae for the photo- 
ionization oscillator strengths of helium are respectively 


(Z ik Sopptiney | W*(r, + re) Pi(e)dr, dr, 


(Z),-G+9 = RE Q) 


where r;=(r;, 9;,;) 1s the position vector of the jth electron with respect to the 
nucleus, J is the first ionization potential of the normal atom and « is the energy 
of the electron in the continuum, ‘Y’, is the normalized wave function of the atom 
in its ground state and ‘f’;(e) is the wave function for the ionized system in the 
(1s)(ep)!P state with zero angular momentum about the polar axis, normalized 
according to 


2 


[vr Vit V2) r(e)drydr, 


| Ga Wale \dtidrscole—<)., oe Sn (3) 
The formulae (1) and (2) give identical results (Chandrasekhar 1945) if ¥', and 


‘t’; are exact solutions of the Schrédinger equation 


where 


y= |r, —ro|. 


With Huang we take 
Fi=exp {—a(7y +72)}[Co + Cory, + Cy02(72—1)? 
+ €g0(7y + 1g) + Cg07(7y +75)? + Cy027 57], seve e (5) 
where the parameters ¢,, Cy, C3, C4, ¢,; and « have been determined by Hylleraas 
(1929) using the variation method. For the continuum wave function we write 


r(e)= SF fexp (—2r,)ra-Y (ra) cos 8, + exp (—2rg)rs-Y(ry) e084], 


7 
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which is in accord with the normalization condition (3) if 


1 : . 1 . 2 1 
f(r)~ Gey sin {er a log (2e127) — 5 +arg | (2- =n) +}. 
oer (7) 


The phase shift 7 is zero when the continuum wave function represents an 
electron moving in a Coulomb field of charge Z=1. Substituting (6) into (4), 
multiplying the resulting equation by exp (—2r,) and integrating over the space 
of r, yields 
mer(7,) . {2 , ; 2 2 
dr, ‘Spe texp(—4n)(44 =) a = teh fe) 
64 Ves $ eet 1 
= Fexp(~2rs) | = | “sra)exp (—2rayratdra +r? |“ flra)exp (—2rn) drat, 
nMJo rs FS 
ar (8) 


an equation analogous to the Hartree-Fock equation for the radial function 
representing a bound electron moving in the field of an undisturbed atomic core 
(cf. Seaton 1953). If we omit the exchange term on the right of equation (8) 
wwe derive the equation analogous to the Hartree equation for a bound electron 
2 
TIO + {2 + exp (—4n) (442) 5 teh f)=0, GS (9) 

which may be further simplified by omitting the exponential term in the potential 
to give the Coulomb equation 


d*fc(r) +f = = teh felr)=0. oe (10) 


dr r 
‘The phase shift 7, which gives a measure of the departure of the field of the 
helium nucleus and the bound electron from the Coulomb field with charge 
Z=1, can be determined directly from the solutions of (8) and (10) at very large 
radial distances or by means of the integral equation 


n=sin“ [=] felf9—Gh ar], — (11) 


where S'= (4+ 2/r) exp (—4r) and G is the exchange term on the right of equation 
(8) (cf. Mott and Massey 1949). 


§ 3, CALCULATIONS 
Substituting (5) and (6) into (1) and (2) and integrating over the coordinates 
of the bound electron yields 


(Z ie Sah E73) | . Wisse (f(t) de |e gett (12 


here W,, and W, are the functions of the radial distance which result when the 
ngth and velocity matrix elements respectively are integrated over the space 
the bound electron. Thus the problem reduces to numerical integration once 
nas been determined and the functions W,, and Wy have been tabulated. 

The solutions of (8), (9) and (10) have been determined by the numerical 
schnique of Fox and Goodwin (1949). The solution of (8) is a lengthy compu- 
tion, which requires the exchange term to be initially evaluated using the 


solution of (9) and successively improved by iteration. 
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§ 4. RESULTS AND DISCUSSIONS 


The phase shifts derived from (11) using the numerical solutions of (8), (9 
and (10) are presented in table 1 where they are compared with the values given by 
the quantum defect method (cf. Seaton 1957). ‘The quantum defects for th’ 
(1s)(mp)!P series of terms in helium have been computed from the spectroscopi 
term values given by Moore (1949). It is apparent that at the spectral head th 
Hartree-Fock wave function is superior to both the Coulomb and the Hartre 
solutions. Indeed the Hartree solution gives the wrong sign for the phase. inc’ 
extrapolation of the quantum defects to energies as large as «=0-5 is of doubtfu 
validity the superiority of the Hartree-Fock wave function to the Coulomb way’ 
function is not certain except at the spectral head. Although the integrand i 
(11) is weighted closer to the origin than either of the integrands in (12) it migh 
nevertheless be concluded that, since the Hartree wave function is gravely ii 
error in predicting the phase shifts, it will be unreliable in calculating oscillato 
strengths. : 


Table 1. Values of the Phase 7 due to Departures from the Coulomb Fiel: 


) 


€ (1) (2) (3) (4) | 
0 0 0-036 — 0-064 — 0-038 | 
0-5 0 0-048 — 0-081 — 
1-0 0 0-058 —0-079 — 


(1) Coulomb field; (2) Hartree field; (3) Hartree-Fock field; (4) Quantum 
defect method. 


Table 2. Values of the Oscillator Strength df/de : 


€ (1) (2) (3) (4) (5) (6) (7) (8) | 
0 5950 ae 70 ee oo 5 1-041 0-898 0-890 0-914 0-91 
05 0-624 0629 0:627 0-670 0-638 0-607 0:624 0:62. 
1:0. SOA2Ie) 0-421 29 0-413'— —60445.0' 4 10-449 9 AIT SN agi 0-41 


(1) Coulomb, dipole Jength; (2) Coulomb, dipole velocity; (3) Hartree, dipole length 
(4) Hartree, dipole velocity; (5) Hartree-Fock, dipole length; (6) Hartree-Fock, dipol 
velocity; (7) recommended values; (8) experiments of Lassettre. 


This conclusion is supported by the results in table 2, where the oscillato 
strengths derived from the dipole length and dipole velocity matrix element 
using the numerical solutions of (8), (9) and (10) are displayed, which show tha 
the values derived using the Hartree wave function are the most sensitive to th 
formulation used at all the energies investigated. The spread of the values a 
the spectral head is noticeably less in the dipole length formulation than in th 
dipole velocity, a result which is in accord with calculations of the oscillato. 
strengths for discrete transitions in helium (Low and Stewart, unpublished) 
The opposite is trueate=1. Thisisto be expected since the velocity formulatior 
gives very closely the correct asymptotic form as the energy tends to infini 
(Kabir and Salpeter 1957, Dalgarno and Stewart 1960). The alternati 
formulations are almost equally sensitive to the choice of continuum wave funct 
at «= 0-5 and so we cannot prefer the results of one formulation to the other in 
case. 

The recommended values based on these considerations are given in colur 
(7) of table 2. The value at «=0 is the arithmetic mean of the Coulomb E 
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Hartree-Fock values using the dipole length formula, the value at «=0:5 is the 
mean of the Coulomb and Hartree-Fock values using both formulations and the 
value at «= 1-0 is the mean of the Coulomb and Hartree-Fock values using the 
velocity formula. In column (8) of table 2 are the experimental values of 
ae ; these are seen to be in satisfactory agreement with the recommended 
values. 
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Flow Anisotropy and the Boundary Conditions in the 
Molecular Theory of Liquids 
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: 
1949, Kirkwood, Buff and Green 1949), a differential equation (the 
Smoluchowski equation) is solved for the distortion of the relative pair 
distribution. After separation of the angular dependent part of the solution, 
‘which shows that the distortion renders the pair distribution anisotropic, the 
radial equation is 
du { 1 + du 6u__— apm dd 


aly RTalae ~~ RTS ar 


here the notation is that used by Champion (1958). am 
The boundary conditions may be applied in such a way that the solution is 
sade to vanish at the origin, or alternatively to cause the solution to tend to zero at 


+ Privately communicated to Dr. A. Dalgarno to whom we are indebted for the 


* I the molecular theory of the steady non-uniform state of a liquid (Eisenschitz. 
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large distances such that r?u—>0 as r— oo. Eisenschitz has referred to the first 
case as the ‘ weak condition’ and the second, which necessarily admits a solution 
which is infinite at the origin, as the ‘strong condition’. Kirkwood, Buff and 
Green have used the weak condition in the calculation of the viscosity of liquid 
argon. On the other hand, the use of the strong condition by Eisenschitz (1949), 
Cole (1952) and Champion (1958) leads respectively to reasonable results for the | 
temperature dependence of viscosity, the electro-viscous effect, and flow anisotropy 
of liquids. 

In justifying the strong condition Eisenschitz (1949) argued that a monatomic | 
liquid (or one with spherically symmetric molecules) showed no anisotropy of 
flow and pointed out that to exclude this the distortion u(r) must vanish at a rate 
greater thany—*. He dealt with the difficulty of an infinite solution at the origin 
by assuming a pole of the first order at the origin of the pair potential curve. 

Subsequently it has been shown (Eisenschitz and Suddaby 1953, Suddaby 
1954) that the difficulty at the origin can be explained and the strong condition 
justified on mathematical grounds. The Smoluchowski equation is a first 
approximation (in an expansion in powers of 1/8) to the Kramers—Chandrasekhar 
equation which determines the pair distribution in phase space. The expansion | 
procedure diverges at small values of r and the solutions of the two equations are 
not comparable at the origin. Boundary conditions cannot then be applied at the 
origin but conditions must be applied to ensure that the solutions correspond at 
large distances. This may be done by requiring the distortion to vanish when the 
intermolecular force d¢/dr vanishes, so that the solution for dé/dr =0 corresponds 
to that of a flowing gas. This procedure selects the solution which conforms to the ~ 
strong condition. 

That part of the flow anisotropy of chloroform which is due to the distortion 
of the molecular distribution function has been estimated (Champion 1958) from 
the u(r) calculated by Cole (1952). This cannot be confirmed directly by experi- 
ment since it is masked by an orientation effect, but the value shows good agreement 
with that measured experimentally for carbon tetrachloride (Champion 1960), a 
similar molecule for which the orientation effect cannot occur. The existence of 
optical anisotropy and its prediction by use of the strong condition appears to 
invalidate Eisenschitz’s appeal to the isotropy of flow of simple liquids. It is 
therefore of interest to calculate a magnitude for the anisotropy predicted by the 
weak condition. 

Using the method of calculation described by Champion (1958) the anisotropy 
in terms of a double refraction An, namely, the optical anisotropy, can be calculated 
for a distortion u(r) determined by the application of the weak condition The 
anisotropy is given by 

2r AE a! 
epee ha by 5) (3—4aNga) 
where AE is the variation of the applied field E (the electric vector) due to the 
anisotropic distribution of the surrounding induced molecular dipoles, and is 
calculated from the distortion by means of the expression 


2 R 

Fn ge singioosy Taf exp { ~ gi} MO a. ' 

The function {u(r)}/r is shown in figure 1 and the integrand in figure 2. The 
contributions to the integral are 6-2« in the range 4A to 8-2A and —2-9« in the 
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Bae ne he From this the value of the anisotropy can be obtained, and it is 
fo 20: an) . e rE ; 
ound that An= 2:3 x 10~°, using the same potential curve and constants as before. 


Figure 1. 


Figure 2. 


| It can be seen that the main contribution to the anisotropy arises from the range 
4A to 8Aas in the case of the strong condition. The calculated value for chloro- 
form using the strong condition is An=7-1 x 10~* when subjected to a rate of 
| shear of 50000 sec, compared with An = 0-28 x 10-8 at the same rate of shear for 
| the weak condition. 

The optical anisotropy calculated for the weak condition is thus seen to be 
about 1/25 of that given by the strong condition, the latter agreeing very well with 
the value obtained experimentally (Champion 1960). 

- Thus, although the results show that the experimental measurement of the 
optical anisotropy does indeed support the strong condition of Eisenschitz 
| against the weak condition used by Kirkwood, this support does not take the form 
anticipated by Eisenschitz when he first drew attention to the possibility of 

optical anisotropy arising from a distorted distribution function. 

The appeal made by Eisenschitz to the optical isotropy of simple liquids was 
based on the assumption that appreciable anisotropy would arise from a divergent 
contribution at large distances which could only arise in the case of the weak 
‘condition. In fact neither condition gives a divergent contribution, and the 
| anisotropy in both cases arises from the range 4A to 8A. The value of the aniso- 
tropy is not related to the precise way in which u(r) decreases at large distances. 

“This situation does not throw doubt on the validity of the strong condition but, 
on the contrary, supports it. 'Thestrong condition has the independent theoretical 
ustification already referred to (Suddaby 1954), and, as opposed to the weak 
condition, is provided with additional experimental support by the observations 
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am en 


HE noble metals, because of the face-centred cubic structure, have a F erm 
| surface which may touch the Brillouin zone boundary or approach i 
closely. ‘The increased density of states then exhibits itself in severa’ 
observable phenomena. One of these is the absorption of light due to the inter 
band electronic transitions. In a previous note (Suffezynski 1959) a band mode 
was investigated with the emphasis laid on the bending of the energy bands neaz 
the zone boundary. In that particular model it was possible to evaluate all t : 
formulae for the optical constants in a closed analytical form. More gener: 
models can be investigated with the help of numerical integration. The in + 
band contribution to the complex dielectric constant can be written in the fo 


ae e im 5 
© +1¢,/= a aeh oF 3- eS y 5 | IPs . Nbemnter a tk =)" ec dh. 
eeeeee a 


Here v=c/A is the frequency of the incident light, hv, = Ey, — E, is the ene 
difference between the unoccupied state s’ and the occupied state s and P.,. 
dipole matrix element between the bead Yt easy states. 1 


giaie He as an adjustable constant 
sider 
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The ordinary electron mass is m, the m’s with subscripts correspond to the different 
effective masses. We will require that both functions f,(k) have zero slope at 
k=0 and k=1. This requirement, at k=0, was not fulfilled in the model of 
reference (Suffczynski 1959). 

The k-integration in (1) is over the region bounded by the Fermi surface 
E_(k)=£,. A singly connected Fermi surface will be characterized by its 
distance k, from the point L. ‘The k, is measured in terms of k, as unit. We 
have to integrate over p from 0 to p,(k) given by 


pr(R)=P-f_(R) see ee (4) 
where 
2m 


p= Whe Ey =fe(= k,). 


We have taken for simplicity m,_=m_=m. In the evaluation of ¢, the principal 
value integration may be taken in the p-direction, resulting in the integral 


M p* yj [leb—f += _ 
= dk\ OCs tis: 5 
fe | ee ete ° 
This is the general form of the integral met when evaluating «, in any axially 
symmetric band model with the simple parabolic shape in the transverse p co- 
ordinate. Axial symmetry is a simplifying assumption very often made (Ziman 
1958). 


For ¢,’ the p-integration gives 
aM ke) 


: 
| 


«’= Pe Se ee 6 
Po aw? J rw) 6) 
Here 
M= e?m ge i 4 2avm 
3 ah*kpy? |\tky |? hky?y 
1 m m 1/m m ) 
= ee a EM eo + —— 
2y = =) tite eS m_ 
k _(R a 
per AGA Owe A) aan ce. @ 
EE YL my m_ 


The kp(w) and ke(zw) are the k ordinates of the points of intersection of the curve 
ap?+f(k)—w=0 with the boundaries of the p, k region of integration. 

The integrals (5), (6) can be evaluated numerically. A programme for 
evaluating them has been written for the Ferranti Mercury computer, see 
_ Appendix. 

To obtain numerical results the f, functions have been taken in the form 


, suggested by Leigh (1951) and Jones (1952): 
. f_(k)=h?—k"/r, f(A) =fo— RRR |r ve eee (8) 


where fp is a constant determined by the energy gap at the point L. This form 
~ of k-dependence has the advantage of allowing the band curvature near the zone 
boundary to be changed by taking different values ofr. For large r the function 
_(k) is nearly parabolic except in the immediate vicinity of the zone boundary. 
This is the shape usually found for the valence band in the theoretical band cal- 
: Since this shape f_ (k) has been used with success in the calculation 
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of the elastic constants of the face-centred cubic metals it seemed reasonable to 
apply it in the calculation of the optical constants for which the negative band 
curvature near the energy gap is probably important. ‘The r values were taken 
usually greater than 3, often 8 or 10. 

‘The numerical computations have been carried out for copper. ‘The interband 
contributions, €,+1«,’ have been added to the intraband ones, €)+7ep’, cal- 
culated from the simple Drude formulae without any special wavelengths of 
relaxation as used by Roberts (1955, 1959). The two Drude parameters, the 
static conductivity o, and the ratio N/m* of the number of free electrons to their 
effective mass, have been taken from the paper of Schulz (1957). The extinction 
coefficient k(A) and the refractive index (A) have been calculated for wavelengths 
A from 0:05 to 3 microns. Several dozen curves have been computed, for 
different values of k,, «andy. One example of the curves is given in the figure. 
As is seen from the figure the rise of the refractive index n at the threshold for the 
interband absorption is reproduced here qualitatively but not quantitatively. The 
present band model being slightly more satisfactory than the previous one 
(Suffczynski 1959) strengthened the feeling that the dip in the k/A curve can be 
explained by the Fermi surface running close to the Brillouin zone boundary, 
that is k;<10-*. Calculations with the surface having a contact with the zone 
face led again to the impression that it is more difficult to reproduce the experi- 
mental dispersion curve with a Fermi surface having a large area of contact, 
though a very small contact might not be excluded. 


| T [ | 1S 


The calculated values of the extinction coefficient divided by the wavelength k/A and of the 
refractive index n, plotted against In X for copper. ‘The energy gap at the point L 
was assumed 2:2ev. The effective masses were taken Mp =m_=m, m,=m/3, 
a=0:25 and r=8, the distance k,=10-4 and M=0-61. ‘The circles denote the 
experimental values of k/A and the triangles those of n obtained by Schulz (1957). 


The main uncertainty in the optical calculations based on an assumed band 
model lies in the unknown effective masses. Only certain combinations, 
essentially differences of the inverse effective masses, enter into the formulae, see 
(7). ‘These masses are not known and, since the empty higher band is involved, 
they cannot be expected to be known in the near future. Thus the calculations 
rest necessarily on some values of « and y, arbitrarily assumed. The compu- 
tations for different values of m., in the range 1/3<m,/m<|1, that is for differen } 
spreads of the energy bands involved, confirmed the simple observation that the 
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dip in the «/A curve becomes narrower as the spread of the bands diminishes. 
For singly connected Fermi surfaces the values of « may be taken from 0 to 0-25 
without difficulty in fitting the k/A dispersion curve. It should be borne in mind 
that the square of the dipole matrix element is always taken as an adjustable para- 
meter. Its value must be chosen smaller the smaller the values of k, and of «. 
The calculations with a matrix element which is not a constant but varies over 
the Brillouin zone would not give rise to any complication in the present approach 


but it seems unwarranted because of the lack of knowledge of the actual electronic 
wave functions. 
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| APPENDIX 


Before the evaluation of the improper integral «, it was necessary to locate 

the singularities of the integrand, that is to evaluate kp(w) and k,(w), which also 
yielded «,’. The singularities had to be located with a greater accuracy than that 
required in ¢,, and this was done using a Weierstrass bisection technique. Having 
found kp(w) and ke(w) the range of integration, 0 to 1 —hy, was split into 
sub-ranges at the points kp, $(Ay +c), Re, the programme being applied to each 
sub-range and the results combined. 

-~ Now, if 


| . a(h)dk 


exists for k between a, and a, but g(R) is singular at k=a, it is possible to define 
the improper integral of g from a, to a as 


a—n 
Pe | * g(k)dk= lim | g(k)ah, 
Cn 720 Un 


provided the limit exists. The value of J is then the limit of the sequence of 
integrals nits 
' = [" "e(hdk 
i Qs 
where 7, =27*(a—4)). 

A aaa of the sequence to J may be accelerated by making an 
lowance for the integral over the end of the range. 
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For a logarithmic singularity, a suitable amount to add to J, is 7,g(¢—%,), | 
and a further improvement in the rate of convergence was obtained by forming | 
the sequence G;, of linear extrapolates to 7=0, defined by 


c, a 2[I, ai 7B (a S n5)] a eat oy 7, -18(a “7 To) 1. 


The integrals J, were obtained in sequence, since > 
a—Ng : 
L=tat[" e(@dh. 
a—Ng—1 


The successive incremental integrals were evaluated by Simpson’s rule, the st 
h being repeatedly halved until consecutive estimates, J(2h) and J(h), satisfied 
the condition . ? 
|J (2h) —J(h)| <7-5t[|J (A)|+2-*7], 


t being the tolerance on the estimate of J. This condition ensured that the error 
in I, was less than the larger of t-and ¢|J,|. A similar criterion was used to test 
the adequacy of G, as an estimate of J, namely 


IG,= G,_4I S 0-5z[|G,| et 1). 
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LETTERS TO THE EDITOR 
On Resonant Charge Transfer for Positive Ions 


For the calculation of a simple transfer cross section of an electron between 
parent atom and its ion we shall apply the following simplified mechanism: the 
ransition of an electron from the ground state of an atom to the corresponding 
state of an ion is equivalent to the quantum problem of a single electron on two 
dentical ionic centres, a and b. We shall use therefore the hydrogen-like 
ipproximation, taking as trial function 


a3l2 / Z* \ 3/2 Z* 
b(ra) = — (32) exp (—2 5 n) rane, (1) 


where starred Z and n represent the usual effective quantities, related to the first 
onization energy I by 


ind r, is the position coordinate of the electron with respect to nucleus a taken as 
migin. ‘The parameter « (which for non-S states also allows for the average for 
ingular distribution) is obtained from the best fit with experimental data. 

Let us put for the transfer cross section O (Massey and Smith 1933) 


Gz ee (2141) sin? (je psy ean es (3) 


vhere phase differences will be obtained by semi-classical approximation (Dalgarno 
958) 
: | Seg ahs ce EMA) A RR (4) 


= + a a Ee ee es 
He m= Fe Jes + DP 
k 


ap being the distance between the nuclei. 
For the difference of energy from symmetrical to anti-symmetrical state, the 
symptotic form, calculated with the help of wave function (1), is used: 


: | a a las (J) exp (-« 2). Me (5) 


3° 137 \n* Ay n* ay 


The computation of the transfer cross section is performed using (3), (4) and 
}) and putting instead of the summation (3) a suitable integral over three distinct 
sgions: the oscillating part (0<%,<7/2), the intermediary part (7/2> ¢)> 7/4) 
ad the vanishing part (7/4> ¢,> 0). 

The final expression is then (Sena 1948, Firsov 1951, Demkov 1952, Massey 
id Smith 1933) 

‘< AOA Blog pM apn aes eit ane (6) 


31 10-181n (3- ne EE Sto 7 
A= 27 10-HInG Seay; B= 2710, (7) 


"The experimental data generally confirm the relation given by (6) as for 
stance in the case of argon (see figure). Values of Q obtained by weakening the 
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monokinetic ionic beam are marked in this plot with crosses (Flaks and Soloviev 
1958, Fedorenko et al. 1956, Gilbody and Hasted 1957, Hasted 1951, Dillon et al. 
1955, Ziegler 1953), values obtained with the help of usual similarity parameters 
characterizing an abnormal glow discharge (Badareu et al. 1959) by dots and those 
obtained from mobility data (Kagan and Perel 1955) by circles. ‘The behaviour 


/Q x 108 (cm) 


6 
log @& (cm sec-')) 


of other gases is similar to that shown in the figure. Apart from the methods 
mentioned for obtaining O, the method of retarding field, positive ions having ar 
energy distribution, was applied in the case of mercury (Badareu and Hagiesev 
1959, Popescu 1959 a); QO was also obtained by field measurements at the abnorma! 
glow discharge cathode in the case of helium (Popescu 1959 b). : 

Values A and B for different gases, «, and «, respectively, are given in thé 
table. 


10°A 10°B Velocity range: 
Atom (dey iain O, Xp QO reported by (on a | 
He 14-4 1:60 0-69 0:71 Coe tif We eo Ds 10°"1-108*° 
Ne 1537 17/6 0 -6008 80-09 be Sh Oh Oreyte 104°8-107'8 
A tT#Q 1:91 0:68 0:74 1S, 4: Os 1S 104°8§-108*° 
Kr 19:0. 2:00 068. 0:75 Re 104°5-107"4 
Xe 21:0 >>2:25 0-66 «= O72 1, 3>6; 8 104°4-107"4 
Hg 24:5) 247 .0-60. 0:71 9, 10, 16 105°°-108'5 
41-8 4:16 0:54 0:65 17 . 
x { 44-0 5-00 051 054 18 oa 
1, Flaks and Soloviev 1958. 10, Popescu 1959 a, 
2, Fedorenko et al. 1956. 11, Popescu 1959 b. 
3, Gilbody and Hasted 1951. 12, Rostagni 1935. 2 
4, Hasted 1951. 13, Smith 1934. ¢ 
5, Dillon et al. 1955. 14, Wolf 1935, 1937. 
6, Ziegler 1953. 15, Rudnick 1931. ¥ 
7, Badareu et al. 1959. 16, Paliuh and Sena 1950. 
8, Kagan and Perel 1955. 17, Kushnir 1958. ; 
9, Badareu and Hagiescu 1959, 18, Bydin and Buchteev 1959, , 
§ 


; a 
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The experimental values for « are in the range 0-5-1, as is to be expected 
theoretically if one starts from a higher approximation suggested by Slater’s 
wave function. 

If we apply the experimental values of « to (1), the analogous expressions of the 
problem of hydrogen-like ionic molecule (Pauling and Wilson 1935) yield to 
some extent the potential functions E(r)+ of ion—atom interaction. 


The authors are greatly indebted to Acad. Prof. Dr. Eugen Badareu for 
suggesting the present subject for research and for the encouragement offered. 


Gaseous Electronics Laboratory, I. Popescu Iovirzu. 
C. I. Parhon University, 
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Width and Intensity of the Mossbauer Line in Iron-57 


The emission and absorption of the 14-4kev gamma radiation of iron-57 
have been studied by Pound and Rebka (1959) and Schiffer and Marshall (1959), 
who have used cobalt-57 sources incorporated into metallic iron by electro- 
deposition and diffusion. 'The width of the line as observed by Pound and Rebkz 
was about twice the intrinsic width as calculated from the mean life of the excited 
level (1-44 x 10-7 sec) (Strominger, Hollander and Seaborg 1958). 

We have studied the contour of the line by methods essentially the same as 
theirs except for the preparation of the source, which in our initial experimentd 
was a fragment of a natural iron (2:2% °’Fe) cyclotron target, beaten and rollec 
down to a thickness of 20mg cm~*. Latterly we have used a source prepared by 
co-precipitation of °’Co and **Fe hydroxides, followed by reduction to the metal 
(Chackett, Chackett and Singh 1960) and rolling to25mgcm~. ‘The latter 
source in particular was therefore thin in relation to the self-absorption of the 
narrow line. | 

These sources were mounted on a vibrator driven sinusoidally at 33-3 ¢/s. 
The amplitude of vibration was calibrated using a travelling microscope, and was 
then set at predetermined values by measurement of the applied voltage. The 
gamma rays were then counted, through a variable thickness of pure natural iron, 
using a xenon-filled proportional countert. A single-channel pulse analyser was 
used to discriminate against the K x-rays of iron, and higher energy gamma 
radiation from the source; this gamma radiation causes a considerable residual 
effect in the counting channel which was corrected for by subsidiary measure- 
ments. ‘The transmission of a 24-7 mgcm~ absorber, expressed as the ratio of 


® bata eae o4 os 0 a a er 
4 mg cm-2 

Figure 1 ; ; ’ 
: Figure 2. 


Figure 1. The velocity spectrum of the narrow line of iron-57. The continuous curve 
was calculated assuming an emitted line of natural width but broadened by the 
absorber and the effect of sinusoidal motion. og 


‘ 


Figure 2, Experimental data on R,, (see text) as a function of absorber thickness. ; 
t 20th Century Electronics, Ltd. 
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14-4 gamma-ray counting rates with the source moving Nm to those with the 
source stationary Ns, was found, in two series of measurements, to be as in figure 1. 

The observed spectrum 1s broadened beyond the natural width of the line by 
virtue of the distribution of velocities associated with sinusoidal motion, and also 
because the use of an absorber sufficiently thick to produce a large effect neces- 
sarily causes broadening by selective absorption of the central part of the line. 
The continuous line in figure 1 is a theoretical curve which was calculated assuming 
an emitted line of natural width, but broadened by these two effects. Although 
the two sets of measurements suggest somewhat different line contours, their 
half-widths are equal within the accuracy of our velocity calibration (about 15%) 
and agree with the calculation. We conclude that our sources are emitting lines 
of ‘natural’ width. 

With a source speed sufficient to destroy the resonance we varied the thickness 
of the absorber, obtaining the results shown in figure 2, in which the ordinates are 
(Nn—Ns)/Nm=Rm. It can be proved that the limiting value of Rm, as the 
absorber becomes ‘infinitely thick’, is equal to the fraction of the incident 
radiation which is emitted in the narrow line. It is thus expected to be equal to 
‘the Debye—Waller factor for the source. 

_ The fraction emitted in the narrow line is observed to be approximately 34%, 
compared with 20% reported by Pound and Rebka, and an expected value of 72% 
-assuming a Debye temperature of 355°x for iron. 

' Further, the initial slope of the curve is closely related to the resonant 
absorption of the narrow line; its photoelectric absorption is already allowed for 
by plotting the ratio of Nm—Nsto Nm. This slope corresponds to 57 Ctl? aaa 
(natural Fe), or to a cross section of 2-5 x 10-1 cm? for the isotope ees 

If the ground state and the 14kev level of *’Fe were degenerate in the sense 
that their splittings in the internal magnetic field were much less than their 
natural widths, then this cross section should be equal to 


aE 2le+1 
4 La 2Ig+1 


where f is the fraction of the narrow-line radiation absorbed without recoil, « is 
the internal conversion coefficient and Je and Ig are the spins of the first excited 
and ground states and are believed to be 3/2 and 1/2. Taking «=15 (Lemmer, 
Segaert and Grace 1955) and f=0-72 as calculated from the Debye-Waller factor, 
we obtain a cross section of 5-3 x 10-1® cm? which is about double our experimental 
value. 

Our results are therefore consistent with some degree of splitting of the levels, 
but evidently not with full splitting of both. Pound and Rebka have observed 
three subsidiary peaks in their velocity spectrum, as compared with possible 


numbers up to seven for full splitting of the levels. 


_ We infer that the fraction absorbed in the narrow line is greater than the 34% 
observed to be emitted therein. Otherwise our absorption coefficient would be 


inconsistent with any splitting of the levels. 


M. Corpry-HaAyEs. 
N. A. Dyson. 
P. B. Moon. 


Department of Physics, 
University of Birmingham. 
19th February 1960. 
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Note added in proof. —Using an isotopically enriched absorber equivalent to 
140 mg cm~ of natural iron we have found that R,, rises to 0-48. By fitting 
a resonance-line absorption curve to the sheer vanone we then obtain an 
emission fraction of 60% and an initial cross section for its resonant absorption 
of 1:4x10-!8cm?, which is more nearly consistent with full splitting of e 


levels. 
® 
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CORRIGENDUM 


Presidential Address: Recent Trends in the Theory of the Ionosphere, by J. 
RaTCLIFFE (Year Book of the Physical Society, 1959, 1) and Abstract ct 
Presidential Address (Proc. Phys. Soc., 1960, 75, 2). 


In the Year Book the expression B = 10 exp [(fg—h)/50] sec appez 
pages 10 and 11 and in the caption to figure 8, and the expression 
B=10~ exp [(h—/p)/50] sec in the caption to figure 9 should read 


- B=10—exp [(300 —/m)/50] sec, ‘ 
In the Abstract the expression B= 10—* exp[(170— —hym)/50] sec should d re 
B=10‘exp: [00—- —Iym)/50] sec. 
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REVIEWS OF BOOKS 


Astronomy, by THEoporE G. MEHLIN. Pp. viii+392. (New York: John 
Wiley; London : Chapman and Hall, 1959). 64s. 


Progress in astronomy has left high and dry the usual notions of the non- 
astronomer as to what the subject is now all about. It is in no way to decry the 
beauty and achievement of classical astronomy, based primarily on the so-called 
laws of gravitation and on Euclidian geometry, to say that the subject today 
properly consists in a vigorous, broadly based, and systematic application of all 
the available physical laws to objects outside our own tiny Earth. In this process, 

the laws of gravitation and dynamics are today equal partners among the other 
physical laws. 

The average popular or text book unfortunately gives little inkling of this 
revolution. The first third is commonly devoted to coordinate systems, 
spherical trigonometry and the definition of a set of archaic terms which the 
working astronomer would have to look up if he needed them. ‘There follow 
descriptive chapters on the Moon and Sun; and on the separate planets and 
collective debris of the solar system. Then the distances and motions of the 
stars are considered, and after a brief account of their spectra and luminosities 
| the final chapter has some such title as “ Star clusters, nebulae and galaxies ”’. 
| There is little here to disabuse those who may believe that astronomers indulge 
either in Victorian star-gazing or in the laborious compilation of data hardly to be 
| distinguished in intellectual value from the cataloguing of pebbles on a beach. 
| Dr. Mehlin’s book is important because it breaks away from this historical 
layout and aims at attaining a new balance. He takes stars and their energy 
sources as fundamental to astronomy, so that his treatment of their structure 
and evolution is placed immediately after an up-to-date introductory chapter 
on “ Tools of the Trade”. The discussion of stellar distances and motions 
follows logically from this, and the Sun is treated as a special case of a star. 
The significance of variable and peculiar stars is well brought out without 
plunging the reader too deeply into the natural history and ideopathology of the 
subject. The grouping of stars into galaxies is given space comformable with its 
importance, and our own Milky Way has a chapter to itself as a special example. 
Only at this stage of the book is there a description of the solar system, including 
its natural and artificial satellites. The treatment of the relations between 
comets, asteroids, meteors and meteorites is especially clear. A final chapter 
discusses theories of the origin of the solar system. Coordinate systems are 
placed for reference in an appendix. This is not a mere re-arrangement of 
material, but a radical and much needed re-alignment of emphasis and method in 
a text full of up-to-date information. 

The limitations of the book arise mainly from its design for use by first year 
college students. It is presumably this circumstance that has limited the density 
of equations, with the result that the discipline of the subject loses some of its 
incisiveness and one sometimes feels in the realm of the planetarium rather than 
that of the observatory. Nevertheless, the arguments show welcome signs of 
ving been polished in class use, and the density of quantitative information is 
gh. The illustrations are good and a number of familiar bad diagrams are 


notably absent. 
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Of course it is easy to criticise details, and there are a few places where the | 
reviewer would say that the text gives a misleading impression. For example, | 
the catastrophic theories of the origin of the solar system are given a prominence | 
which leaves the reader unaware that the dynamical objections are now usually | 
regarded as conclusive; and nothing is said of the chemical evidence (such as the | 
N/Ze ratio of the Earth’s atmosphere) which, whatever view eventually prevails, , 
must always condition theories of the formation of the planets. 

The book can be recommended as an excellent introduction to real astronomy. | 
It is suitable for school libraries for sixth form reading, for the informed amateur | 
or non-specialist, and for the student beginning to study astronomy profession- | 
ally. Even at the research level it provides a better source of general information | 
than was available to the reviewer when he entered the subject. P. F. | 


A Supplement to ‘Helium’, by E. M. Lirsuits and E. L. ANDRONIKASHVILI, | 
Pp. v+167. (New York: Consultants Bureau; London: Chapman | 
and Hall, 1959.) 60s. 


In 1949 a Russian translation was published of W. H. Keesom’s classical | 
monograph ‘Helium’ (the author was then still alive, contrary to the statement | 
on the dust cover). The translation contained two additional chapters on | 
superfluidity. The first one by E. M. Lifshits was a reprint of a survey article 
in the Uspekhi (Progress in Physics) which deals with the theories of superfluidity, 
particular the Russian work in this field. 

The second chapter by Andronikashvili deals with experiments on the 
superfluid properties of liquid helium, discussing such topics as heat transport | 
in helium II, viscosity, the thermo-mechanical effect, critical velocities, second | 
sound, films, and the role of impurities. Both Russian and non-Russian work | 
is discussed in detail. : 

As Keesom’s monograph was published in 1942, this volume supplies us | 
with a very welcome supplement dealing with work done between 1942 and | 
1949, a period during which our understanding both through theoretical work — 
and through extensive experimental investigations was greatly extended. The 
fact that these chapters are now available in English will be welcomed by the | 
many low-temperature physicists who are unable to read Russian. 'The price | 
seems exorbitant for a book produced by a photolitho process and is one more 
case of the kind of blackmail practised these days by far too many publishers. 


D. TER HAAR. 


Molecular Science and Molecular Engineering, edited by ARTHUR R. von HIppEL. 


Pp. xv+446. (New York : John Wiley; London : Chapman and Hall 
1959.) 148s. . 


This book is the third in a trilogy edited by Professor von Hippel on modern 
~ materials research, It is aimed both at the engineer, particularly the electronics 
engineer, and the physicist, pure and applied, who are using the modern molecular 
and crystalline materials with special properties, and it will be undoubtedly 
of great value to them. 
Owing to the very nature of the field covered it is evidently impossible 
provide a book which exactly meets the needs of all such users; and what 
Professor von Hippel has done with marked success, is to build up a series | 
chapters which can be read as separate articles and should provide between the 


~ 


% : al 
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everything that will be needed either by the pure physicist in looking for the 
uses of special materials, or by the engineer in striving to understand the physics 
underlying the equipment which he is developing. ; 

Unlike most books of this character it is remarkably well integrated and the 
personality of the editor appears in the seven out of 25 chapters which he has 
written himself. Some of these, on general theory of atoms and molecules, and 
thermodynamics, ensure the book will be valuable for teaching purposes, and 
indeed it should be an admirable textbook in all schools of applied physics and 
modern electrical engineering. 

It is impossible in a short review to cover a book of this kind, the reviewer’s 
own interests are directed to a solid and liquid rather than the ionized gases and 
plasmas, which take up the first seven chapters. Here we have an admirable 
review of crystal growth by Dr. Smakula and on the plasticity of growth materials 

by Dr. Orowan. Much of the latter part of the book, in fact up to the last ten 
_ chapters, is taken up with the modern development von Hippel calls in a general 
way Dipoles and Coupled Dipole systems, which include ferroelectrics and 
_ferromagnetics and their multitudinous applications in electronics, in rectifiers 
'and transistors, mazers and memories. Here the book touches the most 
rapidly advancing parts of applied physics which is dangerous ground because 
probably before it was printed many of these devices have become relatively 
obsolete. But they are explained so simply and with such a wealth of admirable 
illustrations that they will still serve the student even though they may be of 
less value to the development engineer. J. D. BERNAL. 


aa as 


Principles of Radiation Dosimetry, by G. N. Wuyte. Pp. vii+124. (New York: 
John Wiley & Sons; London : Chapman and Hall, 1959.) 56s. 


Principles of Radiation Dosimetry has clearly been written for workers using 
_ radiation as a tool, rather than for those with a prime interest in dosimetry, who 
will prefer the larger volume Radiation Dosimetry edited by G. J. Hine and 
| G. L. Brownell (1956). 

The emphasis throughout is on the physical basis of the subject; for the 
benefit of the non-specialist, a considerable fraction of the book is devoted te the 
interaction of radiation with matter. The measurement of dose from electro- 
‘magnetic radiations is obviously treated in greatest detail, followed by short 
chapters on the dosimetry of charged particles, and neutron dosimetry. ‘The 
advantages and limitations of ‘secondary instruments’, i.e. those having a 
response which varies with the amount of radiation, without yielding absolute 
measurements, are discussed in the final chapter, but, in the main, practical 
i details are lacking. Liberal provision throughout of graphs and orders of 
| magnitude should, however, give the reader a ‘ feel’ for the subject and there 
is a good list of references at the end of each chapter. H. D. EVANS. 


Etude des Textures Piezoélectriques, by A. V. SHuBNIKov, I. S. ZHLUDEV, 
_-V.P. Konstantinova and I. M. Sitvesrrova. Translated from the Russian 
by A. Daxnorr. Pp. xi+207. (Paris: Dunod, 1958.) 2750 fr. 


This is a full account of a class of piezoelectric material not commonly used. 
‘Textures, as defined by the authors, are homogeneous bodies formed from small 
rticles and in which, although there is no lattice structure to the material as a 
whole, the individual particles are arranged in some specific manner. The 
‘important piezoelectric textures are seignette salt bodies in which needle-like 
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microcrystals are aligned, polarized ceramics of the barium titanate class, and| 
bodies containing these same mixed oxides as fine, polarized powders bonded by | 
polystyrene, by a lacquer, or by a rubber. 

In their theoretical development of the subject, the authors give a good, 
concise account of the dielectric and piezoelectric properties of the basic ferro-| 
electric materials which are used, and this is followed by an orthodox treatment of | 
the properties of mixtures as applied to these textures. ‘There is also a particularly | 
clear and straightforward account of the basic theory of piezoelectricity. : 

The method of building up the oxide textures by either cold or hot pressing 
of powders is described in detail and the problems which arise from powder | 
flow during pressing are well discussed. Chapters are devoted to the preparation | 
and the properties of thin films of the seignette salt or oxide textures which per- | 
form as either single or bimorph vibrating plates according to their mode of | 
formation and can be bonded to metal. ‘Their investigation by means of Chladni | 
figures makes fascinating reading. : 

To summarize, though perhaps too much of this book is devoted to very 
detailed data on the performance of particular preparations, it is a book which can | 
be recommended for the more general information which it contains. It can be. 
read with advantage as an introduction to both a general study of piezoelectric | 
materials, and to the techniques of electrical ceramic preparation. C. Fe | 


Tabellen zur Réntgen-Emissione- und Absorptions-Analyse, by voN K. Sacet. 
Pp. vi+135. (Berlin, Gottingen, Heidelberg: Springer, 1959.) : 

The Cathode-Ray Tube and its Applications, by G. Parr and O. H. Davie. 
Pp. xii+433. (London: Chapman and Hall, 1959.) 50s. | 

Beitrage zur Physik und Chemie des 20. Jahrhunderts. Pp. xiv +285. (Braun-— 
schweig: Friedr. Vieweg und Sohn, 1959.) : 

Astronomischer Jahresbericht. Band 57. Die Literatur des Fahres 1957. 
Pp. xxxvili+525. (Berlin: Walter de Gruyter, 1959.) : 

Elements of Wave Mechanics, by N. F. Morr. Pp. ix+156. (Cambridge: 
University Press, 1958.) 15s. : 
A cheap edition of this book is very welcome. : 

La Mesure Précise du Temps en fonction des exigences nouvelles de la Science, by | 
B. Decaux. Pp. vit+127. (Paris: Masson, 1959.) 1300 fr. 

Tables of the Incomplete Elliptic Integrals of the First and Third Kind, prepared by 
F. A. Paxton and J. E. Rotiin. Pp. 436. (Quehanna, Pennsylvania: 
Curtiss-Wright Corporation Research Division, 1959.) 

Paris: PUBLICATIONS SCIENTIFIQUES ET ‘TECHNIQUES DU MINISTERE DE LAIR. 9 

Etude d’une méthode de mesure des températures utilisant la sensibilité thermique 
des couleurs de fluorescence, par P. THUREAU. Pp. xxili+131. No. 349, 
1959. 3240 fr. . 

Viscosimétre balistique, by F. CHARRON. Pp. xvili+15. No. 350, 1959. 430 fr. 

Lieu des Racines d’une Equation algébraique dépendant d’un Paramétre: Application 
ala Stabilité et au Guidage des Fusées, by F. SALLES. Pp. x +69. No. 351, 
1959. 1810 fr. ‘ 

Recherches Expérimentales sur les Ondes de Choc produites par les Décharges 
condensées dans les Gaz rares, by M. CLouprav. Pp. xx+62. No. 3525 
1959. 1180 fr. 


Actes du Colloque de Calcul numérique, Perigueux 1957. Pp. xii+87. No. N.T.8 
1959. 1800 fr. tet’ 
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Figure 1. Oscillograms of pre-breakdown pulses of current and light in a uniform field gap. 


THE PHYSICAL SOCIETY 


1 Lowther Gardens, Prince Consort Road, London, S.W.7 


REPORTS ON PROGRESS IN PHYSICS 
Volume XXIII, 1960 


Price £3 3s. Od. (21s. Od. to members) postage 2s. 


CONTENTS 


G. A. Bartholomew, J. W. Knowles and G. E. Lee-Whiting. Precision Measurement in Gamma- 
ray Spectroscopy. 


R. Bouchez and P. Depommier. Orbital Electron Capture by the Nucleus. 
_J. J. Braddick. Photoelectric Photometry. 
D. A. Bromley and E. Almqvist. *He Induced Reactions. 


O. S. Heavens. Optical Properties of Thin Films. 


P. Jacquinot. New Developments in Interference Spectroscopy. 


a Johnston. Group Theory in Solid-state Physics. — 
-Pincherle. Band po. Calculations. ! 


ABSTRACTS 


Precision Measurement in Gamma-ray Spectroscopy, by G. A. BARTHOLOMEW, J. W. 
KNOWLES and G. E. LEE-WHITING. 


Abstract. Gamma-ray spectrometers suitable for precision measurements, i.e. those capable 
of an energy resolution exceeding 1 per cent and an energy accuracy better than 0:2 per cent 
are discussed according to the y-ray interaction used : coherent scattering (crystal diffraction), 
photoelectric effect, Compton effect, and pair production. Leading instruments of each type 
are described and the energy range, resolution, efficiency function, and precision in energy and 
intensity measurement are discussed and, in some cases, ways of improving existing instruments 
are indicated. The suitability of the various instruments for different applications is considered 
and, where more than one type of instrument can be used under identical conditions. attempts 
are made to compare their relative merits. 


Orbital Electron Capture by the Nucleus, by R. BoucHEz and P. DEPOMMIER. 


Abstract. The general properties of orbital electron capture are reviewed. Energetic considerations, 
radiations associated with capture (x-rays and Auger electrons) and their experimental investiga- 
tion are discussed. 

Taking into account the new results on the f interaction, formulae for transition probabilities | 
for any order of forbiddenness have been calculated by means of the spherical tensor method 
and using the two component neutrino theory with (V, A) interaction. 

L/K ratios have been computed from these formulae, using the bound electron wave functions 
given by Brysk and Rose. These theoretical results have been compared with the experimental | 
data and the agreement is fairly good. 

K/f* ratios have also been computed, using Dzelepov’s tables for the 8* spectrum and | 
Brysk’s and Rose’s functions for the K electron. There are significant discrepancies between _ 
these new results and the earlier accepted values. 


Photoelectric Photometry, by H. J. J. BRADDICK. 


Abstract. The development of photoelectric devices has occasioned considerable changes in 
all types of instrument in which intensities are measured or compared. These devices are directly _ 
sensitive to flux and the optical systems used with them must be designed accordingly. At very 
low intensities the photomultiplier cell allows a light flux of only a few quanta per second to be 
measured and the theoretical limitations and practical arrangements are discussed. In the ultra- 
violet spectrum, the photoelectric technique must be revised, but efficient detectors for the whole 
region are known and some are described. Infra-red detection requires recourse to the ‘ internal ’ 
photoelectric effect in semiconductors, and the properties of the most important detectors of the 
class are briefly described. 

A characteristic advantage of photoelectric detectors is that their output is linearly related 
to the intensity of the incident light and is in a form Suitable for electronic data processing by 
analogue or digital methods. Some examples in industrial and astronomical photometry which 
make use of this property are described, and there are some notes on precision photoelectric | 
photometry as used in the maintenance and use of standards of radiation. 7 


*He Induced Reactions, by D. A. BROMLEY and E. ALMOVIST. 


devoted to summarizing available *He reaction data according to the tar 
Numerous figures illustrating excitation curves, 
The report concludes with a short section devoted to suggested experimen 
the very great scope remaining for experimental work with low-energy 
comprehensive bibliography covering all publications on *He reactions prior to June 1959, a 
including selected papers on experimental techniques as well as on the production and handling 
of *He in accelerators, is appended. i> 


Optical Properties of Thin Films, by O. S. HEAVENS. 


Abstract. The optical behaviour of a surface carrying a transition layer is discussed, as a problem 
in scattering. The results are given of the application of electromagnetic theory to the case of a 
single parallel-sided film. Methods are given for extending this treatment to the case of multiple 
parallel-sided layers. Both analytical and graphical solutions are considered. Features governing 
the design of certain multilayer systems are given. A survey is made of the many methods now 
available for the determination of the thickness and optical constants of materials in the form of 
thin films. The range, accuracy and conditions of application of the various methods are 
summarized. A selection of the results obtained on a range of metallic and dielectric films is 
made and the basis of interpretation of these results is given. It is shown that the apparently 
anomalous variations of the optical constants of metal films with film thickness can be attributed 
to the granular nature of such films. Although less spectacular variations are observed in the 
properties of dielectric films, it is seen that for some materials the optical behaviour suggests the 
presence of marked inhomogeneity and anisotropy. Films formed chemically and electrolytically 
are briefly mentioned. 

__ Recent methods of controlling the thickness of films during deposition are given, together 
with a selection of the more important applications of thin films in optics. These include anti- 
reflecting and high reflecting systems, narrow-band, wide-band and cut-on multilayer filters, the 
use of thin films in polarizing systems and the application of thin films in heat-absorbing systems. 


New Developments in Interference Spectroscopy, by P. JACQUINOT. 


Abstract. After an introduction (Part I) dealing with the different possibilities of classifying 
the methods of interference spectroscopy, Part II deals with the more recent developments in 
Fabry-Perot spectroscopy. A complete theory, including the role of surface imperfections and 
of field diaphragm, is given, and the recent improvements in dielectric coating are reviewed. A 
complete outline of the photoelectric use of the Fabry-Perot (Fabry-Perot ‘ spectrometer ’) is 
given, including : methods of scanning for low and high resolutions, best compromise between 
luminosity and resolution, calculation of the luminosity and extensions of the Fabry—Perot method 
to studies of absorption spectra. The properties of a new * spherical Fabry-Perot * spectrometer 
are described. Some recent results obtained with photographic methods are briefly discussed. 

Part II] deals with a new type of spectrometer which selects the different wavelengths by 
the amplitude of the modulation given to them by a linear variation of optical path. Such an 
instrument using gratings, for instance, is capable of yielding the same resolution as would be 
‘obtained if one of the gratings was used in a conventional fashion with very narrow slits, but it 
provides a much higher luminosity. The spectrum is directly recorded in the usual form. 

Part IV deals with methods of selecting the different wavelengths by the frequency of their 
interferometric modulation : the spectrum is not directly given in the usual form, but in the 
form of interferogram which is the Fourier transform of the spectrum. The main advantage 

of these methods is that, in common with the photographic method, the time required for recording 
the interferogram does not depend on the width of the spectrum studied. The resolving power and 
the luminosity of the process are studied. Some methods of application are described, as well as 
he different methods of reconstitution of the spectrum from the interferogram. Some recent 
~ applications of Michelson’s method of ‘ visibility of fringes ’ are also reviewed. 
“4 
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Group Theory in Solid-state Physics, by D. F. JOHNSTON. 


_ Abstract. : = 
ie Part 1. The concept of a vector space irreducible under a set of operators 1s developed from 


first principles, and then introduced into the many-particle formalism of quantum mechanics by 
+ means of an explicit postulate of irreducibility. ee 
ie The calculus of the irreducible matrix representations of finite groups is developed ab initio, 
* including the theory of characters and projection operators. The use of this calculus to simplify 
eigenvalue calculations is explained in detail. : : , : 
Part 2. The structure of the general crystal space group, including glide-planes and screw- 
discussed briefly. The theory is developed of the symmetry group of a many-electron 
~ system with spin-orbit coupling, using the Dirac formalism. A detailed discussion 1s given of 
Wigner’s time-reversal theorems for a many-electron system, including the character tests for 
time-reversal degeneracy. A general theory of the permutation symmetry of a many-electron 
system is developed, and shown to contain the Dirac vector model as a special case. 
"& new treatment is given of the theory of the irreducible representations of space groups, 


including the double space groups and Herring’s time-reversal theorems. 


‘i 
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Band Structure Calculations, by L. PINCHERLE. 


Abstract. After a brief review of the main experimental evidence on the electronic band structure 
of solids, the various methods for calculating band structures, either from first principles or from 
empiric data, are classified and critically examined. Finally the problem of the construction of 
the crystal potential is discussed in an elementary way. : 


Experimental Analysis of the Electronic Structure of Metals, by A. B. PIPPARD. 


Abstract. After a short resumé of the general ideas and assumptions of the independent-particle 
model of a metal, an account is given of the experimental methods which have been, or may be, 
used to determine the details of the model for any given metal, with special reference to the sh 
of the Fermi surface and the electronic velocity at all points on the Fermi surface. Partic 
attention is paid to the exposition of the theory underlying each method, and as far as possi 
only simple mathematical and physical ideas are used. The conditions of application of the metho: 
are discussed, and at the end examples are given of the results so far obtained by their use, 
special emphasis-on the analysis of the electronic structure of copper. The methods discus 
are the following : Magneto-resistance, de Haas-van Alphen and Schubnikov effects, anomalous 
skin effect, cyclotron resonance, ultrasonic attenuation and magneto-acoustic effects, size effects 


Planetary Nebulae, by M. J. SEATON. ‘ 


Abstract. Planetary nebulae are gas clouds surrounding certain hot stars. The observatio na 
data are interpreted in terms of the processes taking place in a low density ionized gas expose 
to dilute ultra-violet radiation. The aim is to obtain information about the density, kin 
temperature and chemical composition of the nebular material and about the nature of th 
ultra-violet radiation field. : 


* 
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Intensity Measurements on the CO+ Comet Tail, and the BO « and B 
Molecular Band Systems 


By D. ROBINSON? anp R. W. NICHOLLSt[ 


Department of Physics, University of Western Ontario, London, Canada 
MS. received 29th December 1959 


_ Abstract. Relative band intensities of the comet tail system (a?II-x2X) of CO+ 
and of the «(a*I]—x?») and 8 (B?—x?) systems of BO have been measured photo- 
electrically. ‘They have been interpreted with the aid of Franck—Condon factors 
Gy» and r-centroids 7,,,,, to show the variation of electronic transition moment 
R.(r) with internuclear separation r and thereby to give ‘smoothed’ arrays of 
relative vibrational transition probabilities p,,,, and intensities at infinite tem- 
perature J,,. The isotope effect on the Franck—Condon factors and intensities 
in the case of BO and “BO band systems has been examined. 


§ 1. INTRODUCTION 


ment of intensity and transition probability data for molecular band systems, 

particularly those of astrophysical, aeronomical, and combustion interest. 
Measurements have previously been made on the N, First Positive system 
(Turner and Nicholls 1954a, b) and N, Second Positive and N,* First Negative 
systems (Wallace and Nicholls 1955), the CN red system (Dixon and Nicholls 
1958) and the O,+ Second Negative, CO Angstrém and Third Positive and 
NO £ and y band systems (Robinson and Nicholls 1958 a). 

Such intensity measurements have been interpreted by a method proposed by 
Fraser (1954a) which involves the r-centroid 7,,, and Franck-Condon factor 
Ivy concepts, to provide information (i) upon the variation of the electronic 
4ransition moment R(r) with internuclear separation 7, (ii) upon arrays of 
“smoothed’ relative vibrational transition probabilities p,, for the band systems 
and (iii) upon the relative populations NV, in the upper vibrational levels v’ 
involved. 

The bases of the method have been fully discussed in the above papers and 
also reviewed by Nicholls (1958). It will therefore be sufficient to recall that 
the measured intensity J, of the v’, v” band of a system may be written as 


To measurements discussed below are part of a programme for the establish- 


7 


I vo” — DN. yE Se? A a (1 ) 
where ; 
| Pp vo" — Re? (Fy) dow" bowsen (2) 
nd thus , 
I= D Ne ENoRM Foe Mog aah wll artes & (3) 
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Here D is a constant involving units of intensity and the geometry of the optical 
system, N,, is the population of molecules in the level v’ of the upper electronic 
state of the system, Eyy=hc/Ayy: is the energy quantum of the v’,v" band of wave- 
length X,,,”, Re(r) is the electronic transition moment of the electronic transition, 
7... is the r-centroid of the v’, v” band, discussed by Nicholls and Jarmain (1956, 


vv” 


1959), and gy, is the Franck—Condon factor (Bates 1952) of the v’,v” band. Pyyy | 
is the relative vibrational transition probability of the v’,v” band. Arrays of - 


Franck—Condon factors calculated by the method of Fraser and Jarmain (Fraser 


and Jarmain 1953, Jarmain and Fraser 1953, Fraser 1954b) are available for a | 


number of important band systems. (Jarmain, Fraser and Nicholls 1953, Fraser, 
Jarmain and Nicholls 1954, Jarmain, Fraser and Nicholls 1955, Nicholls, Fraser 
and Jarmain 1959, Nicholls, Fraser, Jarmain and McEachran 1960.) 

It is readily seen from equation (3) that a plot of (Lyy/qyy-Ht yy)? against 


band system such a plot is made up of a number of segments, one for each 0” 


(v’ is constant) progression. The relative separation in ordinate between 


segments is a measure of the variation of N,1? with v’. 


The segments may all be objectively placed upon the same ordinate scale by _ 


use of multiplicative scaling constants derived from the ratio of the areas under 


the segments over the regions in which they overlap inv. A smooth curve fitted : 


Fyy is a representation of the variation of N,,1Re(r) with r. For a complete | 


to the resulting points for the whole system indicates the variation of the electronic | 
transition moment R,(r) with internuclear separation. Once this is known it 
is at once possible to compute an array of ‘smoothed’ values of the relative — 


vibrational transition probabilities p,,,,, from equation (2). Such a smoothed 
array in which intensity measurements for all bands of the system have played a 


part is clearly superior to one derived, band by band, from equation (1) in which — 
the variable error in measuring intensities of individual bands is proportionally — 


reflected in the respective p,,,,, values. 


The above procedure has been applied to the CO* comet tail and the BO « 
and f systems. It is the purpose of this paper to discuss the results and their | 


interpretation. 


§ 2, EXPERIMENTAL 


The CO* comet tail system was excited by a 60-100 ev, 400 wa electron beam 
passing through CO at a pressure of about 5 microns Hg. ‘The electron gun 
and equipotential box arrangement were a modification of that used by Thomson 
and Williams (1934). Nickel-chrome accelerating electrodes were used and 
mounted, together with the tungsten filament assembly, on a double pinch for 
ease of filament replacement. 

The BO « and 8 systems were excited in the afterglow reaction between active 
nitrogen and BCI, and a trace of oxygen (Mulliken 1925). The active nitrogen 
was produced in a manner similar to that used by Benson (1951) in an apparatus 
described by Dixon and Nicholls (1958). Prepurified nitrogen at a pressure of a 
few mm Hg was flowed in a tube through three condensed sparks spaced a few 
inches apart. The flow tube was attached perpendicularly to the afterglow tube 
and window. ‘The sparks were produced by 15kv transformers, and secondat 
spark gaps were used in the circuit. The BCl, vapour was admitted from 
constant temperature reservoir through a side tube and the resulting luminosity 
of the reaction between active nitrogen and BCI, was viewed end-on through 
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window of the afterglow tube. Spectroscopic surveys of the luminosities in 
both cases were made with a Hilger f/4 glass and quartz spectrograph, and adjust- 
ments were made in source conditions until the band system in question was 
excited most intensely. Intensities were measured photoelectrically using a 
Leeds and Northrup Ebert type photoelectric recording spectrometer (Fastie 
£952). 

The response of the spectrometer was determined using a calibrated Philips 
standard tungsten lamp and the data of de Vos (1954) and Lowan and Blanch 
(1940). Band intensities were measured by integration of rectified intensity 
) profiles. In cases of severe overlap between adjacent bands, the methods of 


fractional band intensities developed by Robinson and Nicholls (1958b) were 
used. 


§ 3. RESULTS 
3.1. CO+ Comet Tail System (a?II—x?2) 


Photoelectrically measured integrated intensities I, of fourteen bands 
(v' =0—5, v’=0—3) are presented in table 1 together with r-centroids 7,,. 


Table 1. Measured Relative Intensities, r-centroids and Wavelengths 
for the CO+ Comet Tail System 


v" 0 1 2 3 
vu 
0 1-4 2:2 
P17- 1-20, 122; 
4911 5500 
1 5-0 5-8 
1-16 1:18, 1:20, 
4566 5072 
2 10-0 4-7 — 
1-14, 1:16, 1:19, 121, 
4272 4711 
3 8-0 1:3 2:2 1-0 
1:12, 1:15, igs 1-19, 
4018 4403 4866 5420 
4 5A os AEN 
totes 1:13, 1 15, 
3796 — 4518 
5 2:8 1:1 a 
1-01, 1:12, 1:14, 
3601 3908 
6 1-4 1°5 0-5t 
" 0°5 0:8 = 


Order of entry: 

Ly ye (arbitrary units)t 

Fyfy" 

Noto" (A) 
+ Measurements probably significant only to order of magnitude. 
t I,yyr is normalized to 10-0 for strongest band (2,0). I,,* only is 

given for progressions vy” =6 and 7. 
3G2 
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(McEachran, private communication) and wavelength, X,,,,, of band heads, used 
in subsequent calculations. A rescaled plot of (LyyAtyy/dyy)” against Fy Was 
made for the bands in the manner discussed in $1, and it was found that the: 
function 


R-(r) = const. x (— 14 1-:73r — 0-747?) } 
110A <7,<,1:2155 Fee i ee eee (4) 


could be fitted by a least squares procedure to the points. The Franck—Condon 
factors dy», were calculated with perturbation correction for this system by 
McEachran (Nicholls, Fraser, Jarmain and McEachran 1960) and are given in 
table 2 together with appropriate values of smoothed relative vibrational tran- 
sition probabilities p,,, calculated from equations (2) and (4). An | 
‘intensities at infinite temperature’ InyyCPyy/Aty» are also given in table 2. 
As the ratio between I,,,, and J, is proportional to N,,, the ratio is useful in 
the determination of relative vibrational populations in the light source. 


- 
s 


c 4 


Table 2. Smoothed Relative Vibrational Transition Probabilities, 
Franck-Condon Factors and Intensities at Infinite Temperature for the 
CO+t Comet Tail System 


SRE. Oe C7 OB bs Ao 
Pi a te ae hs oR Se gale 
¥ 


0, cata eb 16 gctre ive as a 
eet aw Ue ye densities 
east Hees as « doula 


ae i = 
ee 
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“ 3.2. BO « System (a?II-x2X) 

_ The spectra of BO are complicated to some extent by noticeable evidence of 
the isotope effect. The !°B and 'B isotopes have abundance ratio values which 
have been quoted by a number of authorities (see Strominger, Hollander 
and Seaborg 1958) to range closely around "B:19%, 4B:81%. The reduced 
masses of the isotopic molecules (u4(BO)=6-52305: «,(!°BO) =6-23077) 
differ sufficiently for the wavelength separation of similar spectral features 
4o be significant, and the natural abundance ratio is such that BO bands 
are of sufficient intensity that they may be distinguished from the “BO bands. 
‘The isotope effect does not affect the potentials of the two states concerned but 
it does affect the vibrational and rotational constants of the levels. 


_ Table 3. Franck—Condon Factors, r-centroids and Wavelengths for the 
4 BO « System 


v" 0 1 2 3 4 
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Franck—Condon factor arrays were calculated accordingly for the BO and 
11BO systems (Fraser, private communication) using the digital computer FERUT 
at the University of Toronto. ‘These data are presented in table 3 together with 
a weighted average q,,.(BO) with respect to the abundance ratios. ‘This array 
may be useful for other workers using spectra in which the isotopic components 
are not resolved. r-centroids and wavelengths of band heads of “BO bands 
are also given in table 3. | 

Relative photoelectric intensity measurements made on all the strong "BO ¢ 
bands accessible to the Leeds and Northrup instrument are presented in table 4. 
It was found possible to fit a least squares straight line of the form 


Re(r) =const. x (— 1+ 1-667) 4 

125k S736 a ee (5) 

toarescaled plot of (Lyy-A*ye/Qyy)"? for these bands. Thus an array of smoothed 
relative vibrational transition probabilities p,,,,, computed from equations (2) and 


(5) is also given in table 4 together with an array of intensities at infinite 
temperature Pyy/At yy 


Table 4. Measured Relative Intensities, Smoothed Relative Vibrational 
Transition Probabilities and the Relative Intensities at Infinite Temperature: 
for the BO « System 


v’ 0 1 2 3 4 

vy’ 

0 4-6 9-2 8-5 6-0 = ae 
0-05, 0-15, 0-22, 0-20, 0-12, 
2:3 Bef 5-2 3 1-3 
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3.3. The BO B System (B*X—x?d) 

In spite of the isotope effect being clearly observed in this system, the overlap 
between the bands from the !°BO and "BO molecules was sufficiently great that 
it was impossible to separate them. As a result measured band intensities 
contained contributions from both isotopic components and had to be interpreted 
as such. ‘The intensity equation in this case is then 

[tot oer DN F4 ah R2 (Fen) pn lee (6) 
where /'*t,,,,, and Ntt,, are the respective sums of the contributions from BO 
and UBO. F',,,. is an average with respect to the two band heads, which are 
sufficiently close together that the fourth power of the reciprocal of the wavelength 
of either may be used without significant loss of accuracy. From the well-known 
monotonic relationship between 7,,,, and Ay (Nicholls and Jarmain 1956) the 
difference between r-centroids for each “BO and "BO v'v" band was, as expected 

so small as to allow the r-centroid of the “BO band to be used for both. yy is 
_ the weighted average of the Franck—Condon factor with respect to the respective 


Table 5. Measured Relative Intensities, r-centroids and Wavelengths for 
the BO f System 


cae 2 3 4 5 6 7 8 ) 10 


2 — 2°6 1°5 oA 8-3 4-9 2°6 
= 1.31, i356 1:38, 1:41, 1-45, 1:49, 
= 2508 2626 2753 2892 3044 3209 


3 5°5 _ 1°6 4:9 4-1 
1232e ven 1236q sh cck:39du gy td 2em nike 
9544 2664 2794 2935 3089 


4 2:2 1-4 Smeal 2 2:2 19 
338. oLi7e el is, mlclee wee = 
Beagle 27030) Ubi (629792 Ae s135teeN 3305 


Order of entry: 
Lye (arbitrary units)t 
Farar (A) 
Noto” (A) 
Phy normalized to 10-0 for the strongest band (0,2). 


_ abundances. Relative intensities of all the bands of the f system accessible to 
‘the Leeds and Northrup instrument were measured photoelectrically and the 
eae are shown in table 5, together with the appropriate wavelengths 
and y-centroids. A rescaled plot of (J vo ye lwo” against 7'yy- leads to a least 
_ squares representation of the electronic transition moment as 
Re(r) = const. x (—1 +1-434r) 

1:30A<r< 1-504. t end lp 
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Table 6. Smoothed Relative Vibrational Transition Probabilities, 
Franck—Condon Factors and Intensities at Infinite Temperature of the 
BO f System 


v’" 2 3 4 5 6 7 8 
0 0:26, 0-15; 0:06, 0-02, 0:00, 
0:26, 0-18 0-05, 0:01, 0-00, 
10:0 4-9 1°8 — — 
1 0-02, (eile 0:24, 0:16, 0:07, 0:02, 
0:02, Os75 0:20, 0-13, 0-05 0-01, 
LO 6°4 72 4-2 1:6 — 
2 0:03, 0:03, 0:18, 0-23, 0-16, 0:07, 
0:03; 0:02, 0-15, O75 Oats 0-04, 
1:4 1:0 Seo 5-4 SL died 
3 OFT 0-00, 0-06, 0-217 0-225 
Doi liij 0-00, 0-054 O25 0-15, 
4-4 = 1°6 4°7 4-1 
4 0-10, 0:07, 0:00, O=22¢ 
0:09, 0:06; 0-00, 0:09, 
327 2°3 — 2:7 
Order of entry: 
Py yt 
Cet 


1S =Py'ot/M y yt 
T Py'y” and q,,” are made equal for the (0,2) band. 
{ Z,, is normalized to 10.0 for (0,2) band. 


eS lL EE 


An array of smoothed relative vibrational transition probabilities p,,,,. calculated 
from equations (2) and (7) is presented in table 6 together with an array of Franck 
Condon factors (Nicholls, Fraser and Jarmain 1959) weighted with respect to 
the abundance ratio. ‘Table 6 also includes an array of intensities at infinite 
temperature. 


§ 4. Discussion 


Elliott (1931, 1933) made photographic intensity measurements upon some 
bands of the BO « and B systems. He compared his measurements on some 
bands with Franck-Condon factors calculated from Hutchisson’s formulae 
(Hutchisson 1930, 1931) for parabolic and Morse potentials. He also reports 
unsmoothed relative vibrational transition probabilities (LyyAtyy/Gyy) and 
points out that the intensities do not follow Ivy exactly over a v" progression. 
This is probably due to variation of Re(r) with r. Where his measurements and 
ours overlap, agreement is good but it is felt that the smoothed relative vibrational 
transition probabilities are more meaningful than the unsmoothed values. 

The intensity measurements on the CO+ comet tail system may have appli- 
cation to the interpretation of emission spectra of comet tails in which the (1,0), 
(2,0), (3,0), (4,0), (5,0) ,(6,0), (1,1), (4,1), (6,1) bands frequently appear (Swings 
and Haser 1956). 


| 
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Abstract. This paper is concerned with the validity of Green’s linearized 
integral equation, or the ring approximation of the virial expansion, in the theory 
of liquids. It is shown that this approximation is applicable only at high temper- 
atures and low densities, and, by comparing the solution of Green’s linearized 
equation with the exact solution by Giirsey for the one-dimensional square-well 
potential; that the singularities in Green’s equation are attributed to the linear 
approximation and have nothing to do with the phase transition. The situations _ 
are the same in the approximation of Kirkwood (linearized form), of Abe, of 
Morita, and of Meeron. 


§ 1. INTRODUCTION : 
B oRN and GREEN (1946), Green (1947) and Rodriguez (1949) regarded the 


singularity of their linearized integral equation, i.e. the value of the density 

determined by the zero of the denominator in the integral representation 
for the molecular distribution function, as the point corresponding to the phase ~ 
transition. In this paper the authors compare the isotherm given by Green’s 
integral equation with the exact one given by Giirsey (1950) for the one- : 
dimensional square-well potential. It is shown that this approximation is valid — 
only at high temperatures and low densities, and that the singularities of the 
former are caused by the linear approximation, and they have nothing to do with 
the phase transition. We also discuss the approximations of Kirkwood, of 
Abe (1958), of Morita (1958), and of Meeron (1958). 


Figure 1. Square-well potential. 


§ 2. COMPARISON OF GREEN’s APPROXIMATION WITH THE EXACT ISOTHERM 
% 


We consider the molecules in a one-dimensional system which attract with 
square-well potential as shown in figure 1. For simplicity, we take the diametet 
of the hard core, the width and the depth of the well as 1, 1 and E(<0). 7 
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Takahasi (1942) obtained the equation of state of the one-dimensional 
substance and showed that it had no phase transition irrespective of its inter- 
molecular force. The equation of state for the one-dimensional square-well 
potential is given explicitly by Giirsey (1950) in the following form (the special 
case of the result of Takahasi) 

Re eel it f 
Pp (i+fyexp(p/RAT)-fo 
where p and p are the pressure and the density respectively, and 
Ser (hk T ee De eke (2) 

Now we consider the Born-Green integral equation. ‘The Born—Green 
integral equation is derived in the Appendix in a vector form valid for both the 
one-dimensional case and the three-dimensional case. ‘The equation of state 
obtained therefrom in the one-dimensional case is 


F-.=1-tpl@n)"80)— 5 | BORA 


— [log lt 2n)"*pB (eat 
Aria 


CO eo 
ean eiesenirioy ae y 
=1-12n)'*8(0)p 
ore, 1 


peers Gee oa | © BUY dt, oe (4) 


: 2 
B)= (1+ Ault) 2f8a(28 E 
Bo(t)= (=) “ a me we beret Se 


where 


7 

(4) is the expansion of (3) in p and is equivalent to the virial expansion in the 
ring approximation (Montroll and Mayer 1941). The value of (277)*"B(z) is 
shown in figures 3, 4 and 5 at various temperatures. The series representation 
(4) has meaning only in its convergence circle. The integral representation (3 ) 
is an analytic continuation of (4) up to its first singularity on the positive real axis 
of p. Let the greatest maximum and the least minimum of (277)*"B(t) under 
constant f (constant temperature), be h, and — hg. When p is sufficiently small 

t= a)" 2oP (sli yedetod en emeniehesteess (6) 
has no real zero. When p becomes equal to or greater than 1/h,, equation (6) 
has a zero on the real axis of p. When h, > hy the radius of convergence of (4) is 
determined by the real positive singularity of (3), p:=1 |hy. When hy <h, the 
radius of convergence of (4) is determined by the real negative singularity of (3), 
pg=|—1/h,|. Ifitis assumed f that the integral representation (3) is valid beyond 
the first singularity p,, the isotherm should have an infinite number of singularities 
at the values of p equal to the reciprocal of the second, third, ... maxima of 


+ In this case the transformation iy ona 173 olan ’ 

{N= (27)-1 Pa —T— Gn) pBO) 91g. 0%) 
does not belong to L,; and L3. Such Boia transformation is outside its range of validity 
(Titchmarsh 1948). 
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(27)'2(t) (figure 9). In this case the remaining parts of the isotherm are not 
the analytic continuation of the first branch (4) beyond the singularity. The 
analytic continuation of the first branch is no longer real beyond the first 
singularity. 


37 i 


Figure 2. Isotherm of the one-dimensional gas with square-well potential. Full line: 
solution of Green’s linearized integral equation; chain line: exact solution by 
Girsey. p=1 corresponds to the closest packed state. 


In figure 2 we show the numerical results of (1) and (3) for f=0 (T= ©, or 
hard core) and f= 1-7818 ({E|/RT=1). In this calculation we have used sEeNac-1 
(Sendai Automatic Computer-1). In the case where f=0 (hard core), h, ~ 4/37, 
—h,~2, the radius of convergence is p~ 1/2, the real positive first singularity is 
p = 37/4, which is beyond the closest packed state. In the case where f= 1-:7818, 
—h,~3-8, h,~1-9, the radius of convergence is p~1/3-8, and the real positive 
singularity is p~1/1-9. When the temperature is sufficiently low (f = 10), 
h,~2(f—1)> hg, and the real positive singularity of p agrees with the radius of 
convergence and is given by approximately 1/2(f—1). In this case the ring 
approximation part of the irreducible integrals is always positive. 

As stated above, the singularities of Green’s equation appear also in the 
one-dimensional substance, and this fact shows that these singularities are due 
to the approximations, and are not concerned with the phase transition. This 
is also evident from the fact that the isotherm expressed in equation (3) has an 
infinite number of singularities when (3) is considered to be valid in the whole 
region of positive p. Since it is shown that the superposition approximation is 
yalid for one-dimensional nearest-neighbour interacting systems (Salsburg, 
Zwanzig and Kirkwood 1953), the linear approximation is the cause of the 
singularities which do not correspond to physical reality. ; 

The integral representation (3) has physical meaning at most up to the first 
singularity of p, and it is only up to a much smaller value of p that a good approxi- 


mation is obtained from (3), that is, the linear approximation is only valid at higt 
temperatures and low densities. 
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§ 3. Discussion 

The above discussion can be applied also to the three-dimensional square- 
well potential and the three-dimensional Lennard-Jones potential. Figures 6 
7 and 8 show cd 

(277)*"B(t) = (27) {(1 +f) Bo(t) — 8fBo(24)} 
(Bo(t) = —Jyo(t)t->?), 

which is the Fourier transform of f (|r])=exp(—¢(|r|)/k7)—1 of the three- 
dimensional square-well potential. 


| 
2m)" a(t) So 
(277) A( [2 CA i 
0 : 0 
Os 
t eran 
ie eR dent! 
Figure 6. 
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Figure 5. -i0b Figure 8. 


Figures 3, 4,5. (27)!/28(¢) for one-dimensional gas with square-well potential. 
Figures 6, 7, 8. (27)!28(t) for three-dimensional gas with square-well potential. 


These features are similar to those in figures 3,4.and 5. (t) for the Lennard- 
Jones potential also resembles that of the one-dimensional square-well potential 
(cf. figure 2 of Rodriguez (1949)). The nature of the exact isotherm of the one- 

dimensional case is different from that of the three-dimensional, while the 
solutions of the linearized Green’s integral equation show similar behaviour in 
the two cases. 

Born and Green (1946), Green (1947) and Rodriguez (1949) state that the 
singularity of p corresponds to the phase transition, and the Boyle point should 
be determined by Maxwell’s law. When we extend the Rodriguez curve we 
obtain a curve with many singularities such as figure 9. Therefore we cannot 
_regard the remaining part of the isotherm beyond the first singularity as the liquid 
phase or the remaining part of the isotherm beyond the second singularity as the 
‘olid phase. 

From the standpoint of Mayer’s condensation theory, Ikeda (1957) concludes 
hat (i) the point of phase transition is not given by the singularity of 
Sreen’s integral equation, but that (ii) it is given by the maximum point of 
Sreen’s iostherm. We have confirmed his statement (i) independently of 
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Mayer’s condensation theory. When we would apply Mayer’s theory to a system 
which has irreducible cluster integrals (4), a one-dimensional gas with square- 
well potential would show the phase transition as shown in figure 10. We will 
postpone discussion of the problem (ii), i.e. whether the maximum point of 
Green’s isotherm corresponds to the phase transition or not. 


ie P 
- 
- 
Figure 9. Isotherm by Green’s linearized Figure 10. Isotherm in the case where 
integral equation, in the case where Mayer’s theory of condensation is 
(3) is regarded to be valid beyond the applied. 
singularity. 


Scoins (1952) says that Green’s approximation is reliable also in the liquid _ 
state judging from the fact that a reasonable radial distribution function is 
obtained from Green’s equation. But a reasonable distribution curve may be — 
obtained even if we use a very rough approximation. Our example shows that | 
we must take care in applying such an approximation. 

In the approximation of Abe (1958), and of Meeron (1958) and in the | 
linearized equation of Kirkwood and Boggs (1942) and Kirkwood, Maun and _ 
Alder (1950), there exist singularities in the isotherm at just the same | 
values of p as in the case of the ring approximation. All of them have the | 
same 1—p§(t) in the denominator of their integrand. And also, in the hyper- 
netted chain approximation by Morita (1958), his A(k) may be expressed by | 
curves similar to those for F)(k)(=(t)) and therefore an infinite number of 
singularities may also be found. ‘These approximations are an improvement 
only in the low density and high temperature region when attractive forces exist. 
The situations with regard to the point of phase transition are the same as Green’s 


le 


Figure 11. Integrands of the fourth virial coefficients. 


Finally, we conclude that the linear approximation in the integral equation is 
applicable only to the gaseous state at high temperatures and at low densities, 


and that the singularities appearing in these equations have no relation to the 


~ 


phase transition. Since the linear approximation in the Born—Green integral 
equations is equivalent to the ring approximation in the virial expansion, this 
means that the diagrams in which some of the lines cross cannot be neglected ev 
in the transition region, and they contribute dominantly in the low temperatu 
and high density region. One of the authors anticipates these features from tl 
fact that at low temperatures C (figure 11) is the dominant one of the componen 
A, B, C of the fourth virial coefficient (Katsura 1959) and that a similar circu 


stance occurs in the calculation of the cluster sum in the Ising model (Katsu 
1958). 
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APPENDIX 


SIMPLIFIED DERIVATION OF THE BORN—GREEN LINEARIZED EQUATION 


Here we shall describe the simplified derivation of the Born—Green linearized 
integral equation. This treatment of the Born—Green equation is much simpler 
than the original scalar form which includes tedious integration by parts. 

_ Further, it is valid irrespective of its dimension (v =3 and 1 for three-dimensional 
case and one-dimensional case respectively). The notations are the same as 
those used by Green (1952). 

The molecular distribution function ,(r) satisfies the integro-differential 
equation 


x log n,(r) + or} 


f a= | no(s)n9(t) oe FE endear (A1) 


_ where s=x®—x®, t=x®—x%=r—s, ¢(r) is the intermolecular potential, 
3/@r the gradient and ds the element of volume. 


We substitute 
n(r)=nexp(—P(r)/RT)I+f(r)} wae (A2) 


a(r)=exp(—¢(r)/kT)—1 


and 


into (A1), then 
Liog (1+ fan [1+ (ENA + lH +466) ay 


Neglecting the second and higher order terms in f and « (this means the 
substitution of the parameter « equal to unity), we havet 
C4 da (s 
| <log {1 ef ryyean | Efe) +(e) 2 ih wp aetih (A3) 


Integration by parts gives 
(a3)=n[ A [flr -s) +a(r—s)}a(s)]ds 
—n { a(S) < ff(r- s)+a(r—s)}ds. 
The first term on the right-hand side is transformed to the surface integral 


n{ {f(r—s)talr—s)ja(sds, see (A4) 


ev 


Here the integration is carried out over the surface of a sufficiently large sphere 
s space (ds is the vector surface element). (A4) vanishes since «(s)=0 on 
is boundary. 

+ Linearization means both the neglect of the higher power of f and « of the same 
gument and the replacement of log (1 +f) by f. 
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Since d/@r = —0/@s for the function of r—s, we have 
log{1-+f(r)}=n | ff(re s)-.a(r =s)ia(s)dse eae (A5) 


The integration constant is determined by f(00)=0. 
Replacing log(1+«) by x, we have the linearized integral Born—Green 
equation written in vector form: 


f(r)an | Hirsi) Rar sees ee (A6) 
(A6) is equivalent to (5.5) of Green (1947) ((6.2) of Green (1952)). 
Writing 
g(u) =n)” [flue ar, 
and 


B(u) = (2m)-"2 | mire stdr,g ee ee (A7) 
we have from (A 6) 
| g(u) = (27)""n{g(u) + B(u)}R(Y), 


so that the solution is 


nB(u)e —iu.r 

FO OY 57 a Co A8) 

f= | Feat or 

From (A8) the equation of state can be obtained. 
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Abstract. ‘The energy spectra of protons emitted into a small solid angle in the 
forward direction from separated isotopes 1°F, ?7Al, *4Fe, 5*Fe, 5®Co, ®8Ni, ®Ni, 
8Cu, Cu and ®*Zn bombarded with 14-1 Mev neutrons are measured with a 
scintillation counter telescope. ‘The spectra obtained are compared with those 
/measured by Storey et al. in 1960, who, using 14:1 Mev neutrons, observed the 
spectra of protons emitted at 90° into a large solid angle. Peaks due to direct 
interactions are prominent at the higher proton energies, but little evidence 
_ is found for systematic structure similar to that observed in the inelastic scattering 
_ of protons of energy 11 to 23 Mev. It is suggested that lower energy peaks found 
in the present spectra, and in those of other workers, corresponding to excitations 
_ of the residual nucleus of 7 Mev are not due to protons, but are in fact deuterons 
' mostly from the ground state n, d pick-up reaction. The ‘nuclear temperatures’ 
found from the lower energy protons of the present experiment are in good 
| agreement with those measured by Storey et al. 
| 


§ 1. INTRODUCTION 


bombarded with 14mev neutrons have been studied by several groups 
(Brown et al. 1957, Allan 1957, 1958, 1959, March and Morton 1958a, b, c, 

Colli et al. 1956, 1957a, b, c, 1958a, b, Verbinski et al. 1957, Eubank et al. 1959 
and Storey et al. 1960) to test the validity of the statistical theory of nuclear 
reactions (Weisskopf 1937) and to estimate the contribution from non-compound 
‘nucleus effects. The spectra obtained are mainly Maxwellian in form with an 
excess of higher energy protons; the low energy protons have an approximately 
isotropic angular distribution while the higher energy protons have angular distri- 
butions peaked in the forward hemisphere, the anisotropy increasing with proton 
energy. It is usual to attribute the low energy part of the spectrum to reactions 
proceeding via a compound nucleus mechanism since the similarity to an evapora- 
tion process spectrum is evident (first noted by Frenkel 1936). T he anisotropic 
angular distribution of the higher energy protons suggests their origin in a direct 
‘interaction. This might occur either in the surface of the nucleus as postulated 
by Austern et al. (1953) and Elton and Gomes (1957), or throughout the nuclear 
volume as visualized by Hayakawa et al. (1955) and Brown and Muirhead (1957), 
but in the latter cases a modification to take account of the reflection of outgoing 
‘protons at the nuclear surface is necessary (Elton and Gomes 1957). 
In the present experiment, the energy spectra of protons emitted into a small 
solid angle in the forward direction are obtained. These spectra should contain 
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a large contribution from direct effects at the higher proton energies, and may be 
examined for systematic structure of the type observed by Cohen (1957) in the 
inelastic scattering of 23 Mev protons. ‘There is also the possibility that the 
structure attributed to ‘giant resonance’ effects by Blok and Jonker (1957) 
and Colli et al. (1957) may befound. These authors have compared n, p spectra 
with d,p spectra leading to the same residual nucleus, finding a preferential | 
emission of protons corresponding to several groups of levels in the residual 
nucleus, i.e. unlike the statistical theory where equal weight is attached to each 
level, the levels in the aforesaid groups are excited preferentially. These broad | 
energy groups, correlated with neutron single particle states, would be anticipated 
on the intermediate coupling model. 

The region of the present spectra corresponding to higher excitations of the 
residual nuclei may also be compared with the results of Storey et al., who 
measured the energy spectra of protons emitted into a large solid angle at 90°. 
Since markedly anisotropic direct interactions, and reactions of the type n, np 
do not contribute to this part of the energy spectrum, a comparison with the 
predictions of the statistical theory can be made. 

Important contributions in this field have been made using the nuclear | 
emulsion technique which gives the angular distribution of the protons 
simultaneously with their energy spectrum, but the difficulty of obtaining — 
sufficiently good statistics limits the applicability of this technique to a series © 
of elements. Colli et al. (1956) and Eubank et al. (1959) have applied a 
scintillation counter telescope to the problem and have overcome the difficulty | 
of poor statistics, but in doing so they require rather large areas of target material — 
which limits the use of separated isotope targets. The present technique replaces — 
the proportional counters in the telescopes mentioned by a thin CsI(T1) crystal. 
The reduction in random counting rate obtained permits the use of higher neutron 
fluxes in the experiment, and consequently smaller quantities of target material 
can be employed. There is an improvement, too, in the energy resolution, 
energy calibration, and neutron flux monitoring of the present experiment. 


§ 2. EXPERIMENTAL METHOD 


The apparatus used is shown in figure 1. The counter telescope consists of 
two CsI(T1) crystals mounted in reflecting cavities; protons from the separated 
isotope target pass through the first crystal producing a pulse proportional to 
their energy loss, and are stopped in the second crystal giving a pulse proportional 
to their remaining energy. ‘These pulses are clipped to 2sec length and are 
fed via discriminators to a coincidence unit of resolving time 2r=4 usec. The 
output of the coincidence unit is used to gate pulses from either crystal before 
they are recorded on a 100 channel pulse height analyser (Hutchinson and 
Scarrott 1951). Since the decay time of CsI is of the order of 0:5 yusec, the 
_ tesolving time of the coincidence unit is rather longer than is strictly necessary; 
however, this leads to very stable and efficient operation. The pulse height 
response curve of CsI(T1) for protons of energy up to 15 Mev was obtained in 
a separate experiment; it is extremely linear. 

The unusual method of mounting the crystals was necessary to reduce the 
background due to n,p events in materials surrounding the crystals. The 
crystals are each supported by two 0-005 in. platinum wires in cylindrical 
cavities lined with 0-020 in. lead. A thin layer of aluminium evaporated on to 
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the lead acts as a light reflector. The thick crystal is 1-5 cm in diameter and 
0-063 in. thick, while the thin crystal is 1 cm in diameter and 0-0025 in. thick 
(28 mgcm™~) corresponding to an energy loss of 0:6mev for a 10 Mev proton. 
The reflector mounting of the thick crystal improves the resolution, since the 
light from any point in the crystal is spread uniformly over the whole photo- 
cathode and non-uniformities in the latter are not so important. The counter 
telescope is evacuated otherwise an undesirable background due to the reactions 
MN(n, d)8C and N(n, p)#C is obtained. 


--4--- deuteron beam 


insulated water cooled  sijit 


photomultiplier 


aluminium foil 
sess 


~~..__ window 


~~ with 
graticule 


photomultiplier 


| 


tritium 


thick CsI(TI) crystal thin Csl(TI) crystal separated target 


63 thou 2-5 thou isotope | 


' inch 


Figure 1. Scintillation counter telescope for measurements of proton energy spectra from 
n, p reactions. 


The separated isotopes were obtained as a deposit 1-5 cm in diameter and 
of thickness 15mgcm~-? on a 0-0005 in. platinum backing and were mounted 
‘in lead holders on the rotating target mount shown. ‘The twelve target holders 
were spaced equally on the mount, and by bringing the axis of target holder 
number six, say, on to the graticule, number twelve was accurately on the axis 
of the telescope. Background runs were obtained using an empty target holder, 
a preliminary experiment having shown no appreciable contribution from 
platinum. 

_ The tritium titanium target was water-cooled as was the insulated slit above 
The beam current to the tritium target and to the slit were measured, and 
3H2 
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enabled us to maintain a diffuse beam over the whole target area (9 mm x 9mm). 
A beam current of 6amp was sufficient to produce the flux of neutrons | 
required (2x 10% neutronssec—! into 47), and as the experiment progressed | 
the deuteron bombarding energy was raised from 200 to 300 kv to penetrate the | 
thin layer of carbon on the tritium target surface. This did not affect the neutron | 
energy appreciably, since we are observing neutrons emitted at 90°. The, 
neutron monitor, mounted at 90° to the incident deuteron beam, was of the type 
described by Storey et al. This monitor consists of a CsI(T1) scintillation | 
counter detecting recoil protons from a hydrogeneous radiator. Since it produces | 
a good peak for 14Mev neutrons, it is insensitive to small gain and bias shifts 
and is a notable improvement over the more usual plastic phosphor scintillation | 
counter. The absolute efficiency of this type of monitor can be calculated with | 
an accuracy to better than +3% from data supplied by Bame et al. (1957). 
The output of the neutron monitor was fed to a rate meter, and the neutron 
flux was maintained constant to +10% to avoid fluctuations in the random | 
coincidence rate. 

The lower portion of figure 1 shows the main components of the telescope | 
on an enlarged scale, the full line representing the path through the apparatus | 
of the average deuteron, neutron and proton. It is seen that the average angle 
of acceptance for protons is 16°. The mean solid angle of acceptance of the | 
telescope for all points in the separated isotope target was calculated with an 
eirored O%5 : 


oa 


6:IMeV 8:3 MeV 


nn 
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Ww 


fe 20 40 60 80 100 120 140 
CHANNEL NUMBER 7 


Figure 2, Coincidence spectrum in thick crystal corresponding to proton groups from the 
reactions *He(d, p)*He and 2°B(d, p)"4B. N 


f 

Due to the finite thickness of the thin crystal, and the variation with energy 

of energy lost by protons in the thin crystal, the pulse height response of the 
thick crystal against initial proton energy is not linear. All the spectra obtaine 
were corrected for the slight non-linearity of the energy scale and for the s 1 
change in channel width with energy, account being taken of separated isotope 
target thickness as well as thin crystal thickness. ‘The lower limit of th 
spectrum was not determined by the background, but by the channel width 
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correction; at this point the correctior 20% 1 
This correction is eas for the Ba faece teens Ce renienn re nist 
As g st fe : Sd own to 10% at 
6:5 Mev. To estimate the average thickness of crystal to use in these corrections, 
the thin crystal was used as an absorber in front of a CsI(T1) scintillation 
counter proton spectrometer. The shift of the 1B(d,p)"B proton groups 
caused by the introduction of the crystal gave the average thickness of the 

crystal. e 

The full line in figure 2 shows the coincidence pulse height spectrum from 
the thick crystal when the telescope is exposed to the proton groups from the 
reactions *He(d, p)*He and !B(d,p)"B. The energy resolution of the three 
peaks at 14-5, 8-3 and 6-1 Mev is 4:8, 6-3 and 7% respectively. By recording the 
peaks on an expanded scale we were able to calculate the effect on the resolution 
of the finite separated isotope target thickness. This is shown as the broken 
line in figure 2; the energy resolution of the three peaks is 6-2, 8 and 14%. 


4 6 


8 fOr 2 
(7-5) (9:5) (iS) 
ENERGY OF PROTON (Mev) 
Figure 3. The background spectrum. The scales without brackets are given for com- 
parison with the other spectra. The scales in brackets refer to the energy of 
protons emitted and cross section of n, p reactions in the thin crystal. 


_ In the experiment proper, the telescope was calibrated and the gain of the 
thick crystal pulse amplification system was checked using the reaction 
8He(d, p)*He, Q=18-341 Mev. The thin tritium titanium target contains *He 
from the decay of the tritium. One of the empty target holders on the rotating 
mount had a small hole at its centre covered with 41 mgcm~ of aluminium, 
and by running the deuteron beam under exactly the same conditions as 
prevailed in an actual separated isotope irradiation an aniple supply of 
13-8 Mev protons was obtained to calibrate the energy scale. Having the same 

- flux of neutrons passing through both scintillation counters during irradiation 

and calibration avoided errors which might have arisen due to the dependence 

of photomultiplier gain on counting rate. The 13-8 Mev protons were also used 

t g of the bias level of the thin crystal discriminator 


to determine the correct settin 
so that pulses due to protons were recorded while those due to electrons were 


rejected. Since the energy loss of the protons in the thin crystal increases as 
the energy of proton decreases, the telescope will operate at maximum efficiency » 
for all protons. Deuterons and tritons will also be recorded by the telescope, 


¥ 


: 
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but the thickness of the thin crystal precludes any possibility of alpha particles 
being accepted. 

Each element was irradiated ten or more times, each irradiation lasting 
approximately 50 minutes, and background runs were interspersed with target 
runs. The gain of the thick crystal pulse height amplification system was 
checked with the 13-8 Mev protons at the end of each run; the drift was of the 
order of 1%. With the neutron flux of 2 x 10° neutrons per second into 47 the 
random coincidence spectrum was 10% of the background spectrum which is 
shown in figure 3. Since this spectrum has a broad peak at 11 Mev and a sharp | 
edge at 14 Mev, a bad background subtraction will lead to the introduction of 
spurious peaks in the final spectrum. 'To check this subtraction, values of the 
ratio of counts in each target spectrum to counts in the nearest background 
spectrum were obtained for each irradiation. ‘The spread in the values of this 
ratio for most targets was +3. ‘The scales without brackets in figure 3 are 
given for comparison with the final spectra. 


§ 3. RESULTS 


The spectra obtained from the ten targets studied are shown in figures 4 
to 13. Except in figure 4 in which only one curve is shown, the present results 
are given by the large points with error indicated, and the smaller points and 
broken curve show the energy spectrum of protons emitted into approximately 
47 obtained by Storey et al. (1960). The error shown takes into account the 
background subtraction. The full line and broken line arrows denote the 
expected positions of the n,p and n,d ground state transitions respectively, 
allowance being made in the latter case for the different energy loss of protons 
and deuterons in the separated isotope target and thin crystal. 

The spectra are mainly exponential in form with an excess of higher energy 
protons and show evidence of structure in several cases at the high energy end 
of the spectra. In the case of the spectra for *4Fe, *8Ni, Cu and ®Zn there 
is also evidence for structure at a proton energy of approximately 7 to 8 Mev. 
This latter structure has sometimes been interpreted as being due to giant 
resonance or anomalous effects, but the present experiment will show that these 
lower energy groups at about 7-5 Mev may be interpreted as being due to the 
n,d pick-up reaction. 

°F, figure 4.- A CF, target 10-3 mgcm-® thick was used; there is no 
contribution to the spectrum from carbon which has large negative Q-values 
for the n,p and n,d reactions. The spectrum is in good agreement with that 
obtained by Ribe (1957), the peaks at 7:5 and 10 Mev being attributed to the 
ground state n,d and n,p reactions respectively. Neglecting the correction to 
the efficiency of the telescope caused by its finite solid angle of acceptance and 
the anisotropic angular distribution of the reaction products, we find cross 
sections of 10-8 and 0-7 millibarn per steradian for the two peaks. At the 
average angle of acceptance of the telescope for isotropic reactions, namely 16°, 
Ribe finds a cross section of 8 millibarn per steradian for the n,d reaction, 
which is in agreement with our value when the anisotropy of the reaction is’ 
considered. Remembering the fluorine has a single proton outside a closed 
shell of 8 protons it is understandable that the n, d reaction should be favoured. 
Ribe does not find the n, p ground state transition at 0°, but finds a cross sectio 
of 0-7 millibarn per steradian at 50° for this peak. It is thought that the eal 
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at 7:5 Mev is due to deuterons entirely, since it is very symmetrical, and its 
width at half height (1-1 Mev) is fairly close to that calculated (0-9 Mev) for a 
transition to a single level. The proximity of the deuteron peak to its predicted 
position on the proton energy scale shows that the luminescent response of 
CsI(T1) for deuterons is practically equal to that for protons. 


millibarns /st erad/Mev 


d20 
ARAE 


: 4 6 8 i Te 14 16 

ENERGY OF ‘PROTON’ (Mev) 
Figure 4. The energy spectrum of protons and deuterons from °F. The full line arrow 
denotes the ground state n, p transition while the broken line arrow denotes the 
| ground state n, d transition. 
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27Al(n, p)?”"Mg. The full line arrows 
the broken line arrows denote the 
The smaller points and broken 


5. The energy spectrum of protons from 
denote the ground and excited states of ?’Mg; 

ground and first excited state n, d transitions. 
curve show the spectrum of Storey et al. (1960). 


Figure 


27 Al, figure 5. The improved statistics and energy resolution of the present 
experiment are shown to advantage in this spectrum. The full line arrows 
represent ?’Al(n, p)?’Mg transitions to the ground, 0-99, 1-66, 3:5, 3:56, 3°76, 
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4-13 and 4-75 Mev levels in 2’ Mg as given by Endt et al. (1952), Holt and Marsham 
(1953) and Hinds et al. (1958), while the broken line arrows represent 
27 Al(n, d)?*Mg transitions to the ground and 1-83 Mev levels in **Mg quoted by 
Endt and Kluyver (1954). It isseen, in agreement with Haling et al. (1957), and 
March and Morton (1958 c), that the ground state n, p transition is only weakly 
excited if at all, and the level at 1-66 Mev is not only confirmed but seems to be | 
excited more strongly than the 0-99 mev level. The peak between 8 and 9 Mey 
is in good agreement with the positions of the levels, and below 8 Mev the 
spectrum may be attributed to the increasing density of available levels. There 
is no indication of a large yield from the ground state ?’Al(n, d)?*M¢g transition, 
but the tendency to peak at 6mev may be due in part to the n,d transition to 
the first excited state in ?*Mg at 1-83 Mev. 

4Fe, figure 6. The mainly exponential form of the 4Fe spectrum with an 
excess of higher energy protons is consistent with the n, p Q-value (OQ =0-3 Mev) 
and shows peaks at 6-7 and 13 Mev, although the latter peak may contain a 
contribution from recoil protons if the *4Fe is contaminated with hydrogen. 
When one considers that the level density in the odd-odd residual nucleus *4Mn 
at an excitation of 7-7 Mev (corresponding to the emission of a 6°7 Mev proton) _ 
is likely to be of the order of several tens of levels per Mev, it seems probable that 
the 6-7Mev peak is due to the ground state §4Fe(n,d)*Mn, Q=—6-58 Mev 
transition shown by the broken line arrow. Correcting for the greater effective 
thickness of the target in the experiment of Storey et al., the lower curve in 
figure 6 also seems to show this transition. 
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Figure 6. The energy spectrum of protons from *4Fe(n, p)**Mn. The full line arrow 
denotes the ground state n, p transition while the broken line arrow denotes the 
ground state n, d transition. The smaller points and the broken curve show the 
spectrum of Storey et al. (1960). This convention is followed throughout. 


8Fe, figure 7. Broad peaks are superimposed on this spectrum at 13, 10-6 
and 8-6Mev. The peak at 13 mev which is inconsistent with the n,p Q-value 
(Q= —2-93 mev) will be discussed below. The spectrum obtained by Allan 
(1957) for this reaction also shows this effect; it is not exponential in form and 
shows peaks at 11-2, 8-6, 6:3, and 4-4 Mey. March and Morton (1958a) and 
Colli et al. (1957 a) find an exponential form for the spectrum, and Colli et al. 
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observe discontinuities at 10-3 and 8-3mev which seem to agree with those 
found here. Since the **Fe(n, d)>Mn, O= —7-92 Mev, ground state transition 
would appear at the lower limit of the spectrum, we cannot say whether it 
contributes or not; however, the discontinuity in the lower curve at 5-1 Mev 
is close to the broken line arrow denoting the ground state n,d transition. 
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Figure 7. The energy spectrum of protons from °*Fe(n, p)°*Mn. 
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é Figure 8. The energy spectrum of protons from the reaction *°Co(n, p)**Fe. 


5°Co, figure 8. This spectrum is consistent with the n,p Q-value for the 
59Co(n, p)®®Fe, Q= — 0-72 Mev, reaction, has a prominent peak at 13 Mev, and 
very slight discontinuities at 11-7 and 9-5 Mev. ‘There is a marked excess of 
high energy protons in the present experiment compared with that of Storey 
4 “on figure 9. This is the highest yield isotope studied. The spectrum is 
exponential in form with a plateau of high energy protons, the end point of 
which is consistent with the n, p Q-value. A very prominent bump at s Mev 
in the spectrum does not coincide with the 58Ni(n, d) Co Q= -5-4 Mev 
ground state transition. This is not surprising on consideration of the spins 
of the ground state target and residual nuclei which are Qt and 7/2 “respective 
since the large value of involved in the pick-up reaction will inhibit the groun 

state pick-up reaction and preclude its observation in the forward ree 
The first excited state in °’Co given by Konijn et al. (1956) occurs at 1:36 Mev 
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whereas the present result suggests an excited state at 0-9mev. Allan (1957) 
finds no discontinuities between 7 and 10 mev for *®Ni, but there is a prominent | 
edge in his spectrum at 6Mev. ‘This confirms the deuteron assignment in the 
present experiment, since being unable to distinguish between deuterons and | 
protons in the nuclear emulsion, a 7:7 Mev deuteron will look like a 5-8 Mev 
proton in Allan’s experiment. Correcting for the different energy loss of protons | 
and deuterons in the target and proportional counters, the edge found by 
Colli et al. (1957a, 1958b) at 7-3Mev proton energy probably corresponds | 
to the deuteron found here. 
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Figure 9. The energy spectrum of protons from the reaction ®8N i(n,*p)*®Co. 
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Figure 10. ‘The energy spectrum of protons from the reaction ®Ni(n, P)®°Co. 


Ni, figure 10. This spectrum is not consistent with the n,p Q-value 
(QO = —2-03 Mev) having a peak at 13-2 Mev, otherwise the spectrum is in broad 
agreement with those of March and Morton (1958b) and Allan (1957), a slight 
discontinuity at 11-4Mev in the present spectrum being confirmed by Allan. 
Another slight discontinuity at 9-6 Mev is evident, but there is no indication of 
a large contribution from the n,d ground state transition. ? 

Cu, figure 11. Despite a Q-value of +0-7mev for the *Cu(n, p)?m 
reaction no yield is observed above 11 Mev in this spectrum. A prominent peak 
at 9-5 Mev is very near the predicted position of the *8Cu(n, d)*Ni, O= —3-7 Mev 
ground state transition. Allan (1958), quoting peaks at 10-2 and 7:5 Mev for 
*8Cu, ascribes those to n,p reactions comparable with the anomalous inelasti 
scattering of 23 Mev protons found by Cohen (1957), but remembering that 
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the emulsion technique cannot distinguish protons from deuterons, it is more 
probable that the peak found at 7-5 Mev is caused by 10-2 Mev deuterons rather 
than 7-5 Mev protons. If a correction for the different energy loss of a deuteron 
in Allan’s target foil is made (0-15 Mev) a very good fit is obtained to the O-value 
of the ground state n,d reaction. In figure 11, then, it would appear that the 
main peak at 9:5Mev is due to deuterons, while the slight edge at 10-2 Mev 
represents an n, p transition to a level or group of levels with excitation energy 
4-5 Mev in Ni. The edge at 8-5 Mev may be either an n,p transition or the 
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Figure 11. The energy spectrum of protons from the reaction *Cu(n, p)®Ni. 
The reaction ®**Cu(n, d)®?Ni is also present. 
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Figure 12. The energy spectrum of protons from the reaction *Cu(n, p)*°Ni. 
The reaction ®*Cu(n, d)**Ni is also present. 


'n,d transition to the first excited state at 1:172Mev, spin 2+ in Ni. Being 
obtained from a natural copper foil (69% Cu, 31% Cu), the Cu spectrum 


contains a correction for the effect of ®Cu in the original spectrum. The 


65Cu spectrum is of exceptionally low yield except for a peak at 8-3 Mev, but 


the edge obtained at 8-5 Mev in the ®Cu spectrum is not a consequence of the 
subtraction of the ®Cu 8-3 Mev peak. 

6 Cu, figure 12. This was the lowest yield element studied, no protons 
be ing observed beyond 10 Mev although the Q-value is — 1-02 Mev for the 
65Cu(n, p)®Ni reaction. The prominent peak obtained at 8-3Mev is only 
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0-1 mev lower than the predicted position of the n,d ground state transition 
6Cu(n, d)**Ni, O=—5:10mev. Making allowance for a background of n,p 
reactions, the cross section for this peak is 1-6 millibarns per steradian. Allan 
(1957) did not observe anything significantly above background for Cu: 
It is not surprising that the n,d pick-up reaction is obtained for the copper 
isotopes, since the number of protons (Z7=29) is one more than the magic 
number 28, and the residual nuclei both have spin Ot. : 

47n, figure 13. The end point of this spectrum is consistent with the n, p 
Q-value (Q=0-2Mev), and a sharp rise in the spectrum at the position of the 
64Z7n(n, d)*®Cu, O= —5-45 Mev, ground state transition is evident. There is 
an extreme contrast between the present result and that of Storey et al. in the 
number of high energy protons present. 
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Figure 13. The energy spectrum of protons from the reaction *#Zn(n, p)*Cu. 


In figure 14, the data are presented in the form of the conventional, 
‘relative level density’ log plot of (dn/dEp)/Epoc against Ep, where Ep is the! 
energy of the proton emitted, and oe is the cross section for the inverse: 
reaction where a proton of energy Ep interacts with the excited residual nucleus 
of the present experiment. Values of o¢ corresponding to ro= 1:5 x 10-8 cm 
were taken from the tables of Blatt and Weisskopf (1952). For convenience 
the curves are-displaced arbitrarily with respect to the ordinate scale. The 
full line on each curve is not the best fit line for the present results but 
tepresents the ‘nuclear temperature’ found by Storey et al. for the same 
reaction. A good fit is obtained between 6 and 9 ev for all elements except 
*°Cu and *°Co; above 9Mev there is an appreciable contribution from direct 
interaction processes. Aluminium is not included in figure 14, since, being 
a light element, there are probably insufficient levels in "Meg bereceen 4 and 
7 Mev excitation energy to merit a statistical approach; however, the present 
result is a good fit to the ‘nuclear temperature’ of 1-75 Mev found by Storey 
etal. Cu is included for completeness, but the poor signal to background ratio 
for this element means that little significance can be attached to the present 
result. Nevertheless, it is interesting that the present result indicates a lower 
‘temperature’ (7'=1-5mev) than that measured by Storey et al. (1:76 mev) 
since the latter ‘temperature’ is anomalously high when compared with + e 
values obtained for neighbouring nuclei. Having a low yield, it is possi 
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that in the case of °*°Co many of the protons originate in direct interactions. 
Most theories of direct interaction result in a spectrum with a relatively greater 
number of higher energy protons than the spectrum determined by the level 
density of the residual nucleus, consequently higher ‘nuclear temperatures’ 
are expected for spectra where direct interaction is present. The ‘nuclear 
temperatures’ of figure 14 are not in good agreement with those found by 
March and Morton 1958a,b, for *4Fe, **Fe and ®Ni (1:2, 1-2 and 1 Mev 
tespectively) and by Allan (1959) for *4Fe (1-2 Mev). ; 
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Figure 14. Curves giving (dn/dEp)/Epo, against Ep obtained from measurements of the 
energy spectra of protons fron n, p reactions in ®4Fe, **Fe, *®Ni, ®°Ni, Cu, ®°Cu, 
59Co and Zn. Ep is the energy of the proton, and o, is the cross section for the 
inverse reaction corresponding to 7,=1:5 x 10- cm. The full line represents the 
‘nuclear temperature’ 7 (in Mev) measured by Storey et al. (1960). ‘Thhe curves 
are displaced arbitrarily with respect to the ordinate scale for convenience, 


It has been noted that the spectra obtained from the Fe and Ni targets 
are inconsistent with the n,p Q-value. This is thought to be caused by the 
absorption of small quantities of hydrogen in the separated isotope targets 
during their preparation by electrodeposition. From the average angle of 
acceptance of the telescope, 16°, we would expect a thin hydrogen target to 
| produce a broad peak at 13 Mev, and this is in fact the result obtained. It will 
be noted, too, that the natural targets of fluorine and aluminium which also 
Fieve negative n, p Q-values do not show this effect. 

Before discussing the results, some remarks concerning the background 
‘spectrum can be made. Apart from the 10% of this spectrum due to random 
‘coincidences, most of the background must arise from reactions in the crystals 
‘themselves. The thick crystal contribution would not be expected to show 
‘structure since protons and other particles will be produced at all depths of it, 
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and will lose varying amounts of energy getting out of the crystal to produce 
a coincidence pulse in the thin crystal. On this basis, the broad peak between 
8 and 12 Mev is attributed to n, p, n, d or n,« reactions in the thin crystal. The 
Q-values of the reactions ’I(n, «)#4Sb and 8Cs(n, «)!8°I are 4-4 and 4-0 Mev 
respectively, but assuming that the n,« reaction will be similar to the p,a 
reaction studied by Fulmer and Cohen (1958) with 23 Mev protons, and taking | 
into account the fluorescent response of alpha particles relative to protons in 
CsI(T1) and the thickness of the thin crystal, an upper limit of 8 Mev is found 
for the peak of the evaporation spectrum of alpha particles. Considering the 
n,d reactions in I and Cs (both Q-values= —4-1 Mev), the ground state 
pick-up reactions would produce deuterons of energy 10 Mev, and taking their 
origin in the thin crystal into account these deuterons would be expected to 
appear at 10-3 Mev on the energy scale without brackets of figure 3. We are 
led to the conclusion that the n,p reaction is mainly responsible for the peak 
in the background, but a contribution from the n,d reaction cannot be ruled 
out. Calculating the ratio of the neutron fluxes at the two crystals, their 
efficiency for recording protons produced in each other, and the depth of thick 
crystal effective in this energy range, it may be deduced from the prominence | 
of the peak that the angular distribution of the reaction producing it is strongly 
peaked in the forward direction. The scales in brackets refer to the cross _ 
section and energy of protons emitted from the thin crystal. 


§ 4. Discussion 


The results presented here show little evidence for systematic structure of 
the type found by Cohen (1957, Cohen and Rubin 1958, 1959) in the inelastic | 
scattering of protons with energy 11 to 23mey. This is in agreement with the 
findings of Cohen and Rubin (1958) who show that the anomalous behaviour | 
—a proton group with fine structure corresponding to an excitation energy of 
approximately 2-5 Mev in the residual nucleus—first appears in the isotopes - 
of Zn. In addition, they find that the cross section for the production of the 
anomalous proton group increases with bombarding energy, the dependence | 
being most marked in the case of Zn. These authors also find a prominent 
peak in the elements Z=26 to 30 corresponding to an excitation of the residual 
nucleus of 1-1-5mev. Greenless et al. (1958) studying the inelastic scattering 
of 10 Mev protons find little evidence for the anomalous proton group at 2:5 Mev 
excitation energy, but the group at 1-1-5 Mev is confirmed. The latter group 
need not be regarded as due to anomalous behaviour since the level spacing 
at such low excitation energy is large. The present results for *4Fe and Zn 
seem to show this effect, but the possibility of hydrogen contamination of the 
targets must be borne in mind. 

The spectra for the reactions **Fe(n, p)**Mn and °Ni(n, p)®°Co shown in 
figures 7 and 9 do show some similarity, the structure corresponding to exci- 
tations of 0-5 and 2-5 mev in ®*Mn and 0-6 and 2:4Mev in Co, Comparing the 
present *Fe(n, p)°*Mn result with the proton energy spectrum from the reaction 
*°*Mn(d, p)**Mn studied by Green et al. (1958), one would be tempted to say 
that a ‘modulation’ effect similar to that found by Blok and Jonker (1957) and 
Colli et al. (1957) was present, since a histogram of the number of d, Pp protons 
observed per 0-4 Mev energy interval shows unmistakable broad peaks at 0-4 an 
2-4 Mev excitation energy of the odd-odd nucleus 5*Mn. However, a simple 

‘ 
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histogram of the number of levels per 0-4 Mev interval shows the same charac- 
teristic, so it is probably unnecessary to invoke a special selection rule to account 
for the structure in the spectra, equal transition probability to all levels being 
sufficient. In the same way, it may be shown that the peaks in the spectrum 
for “Ni(n, p)®Co correspond to the increased number of levels available at 
excitation energies 0-5 and 2:5 Mev in the odd-odd nucleus Co. Foglesong 
and Foxwell (1954) have determined the levels in ®Co using the reaction 
Co(d, p)®Co. The increased level density at 2:5 Mev found in *Mn and ®Co 
may be connected with the suggestion of Cohen and Rubin (1958) that the 
anomalous inelastic proton group at 2-5 Mev excitation energy is due to the 
_ excitation of levels of a collective nature. 
In figure 14 and the preceding figures it can be seen that above 9 Mev there is 
-a much larger contribution from higher energy protons in the forward direction 
than at 90°. Their presence in the forward direction indicates that these addi- 
tional protons are probably produced by direct interactions. Below 9 Mev, the 
| present spectrum has the same exponential shape as that of Storey et al., but the 
differential cross section is higher. 


: Table 1 
: Target 

Nucleus 54Re 56Fe 58Ni 89Ni er 
: (a) Other 


Experiments 1-56; [1-0] 1-67 —1-72*; (1:58) 2-0t —([2-0]; (1:52) 


(5) Present 
Experiments ibys 2:10 1-46 1:78 1:74 


(a) The ratio of the differential cross sections at 0° and 90° obtained from the angular 
distributions of other experiments. Cross sections evaluated at 6 Mev proton energy. 
(6) The ratio differential cross section at approximately 0° (present experiment) to 
differential cross section at the average angle studied by Storey et al. (1960). (Solid angle 
for acceptance of protons 3:5 steradian centred at 90°.) Cross sections evaluated at 


6 Mev proton energy. 
Symbols: [] Allan (1959); * Colli et al. (1958 a); + March and Morton (1958 a, b); 
() Verbinski et al. (1957). 
ee ee 
Normally, a comparison of differential cross sections from two different 
experiments with vastly different geometries would be doubtful. In this case, 
however, the same neutron monitor and separated isotope targets were used in 
both experiments. In addition, the ratios of differential cross sections at a 
specific energy can be compared with angular distributions. Table 1 shows 
the ratio of differential cross sections at 0° and 90° at 6 Mev proton energy obtained 
by other workers for comparison with the ratio of the present differential cross 
section at 6Mev to that of Storey et al. Since the latter experiment observes 
protons emitted into a large solid angle centred at 90° omitting only the extreme 
forward and backward angles, we would expect the second ratio to be smaller 
than the first which is derived from an angular distribution. The small solid 
angle of acceptance of the telescope of Colli et al. (1958) is similar to the 
ometry of the present experiment, and in the case of the high yield isotope 
58Ni the agreement is good, the present ratio 1-46 being just less than the 1-72 


of Colli et al. 
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Table 2(a) lists the ‘nuclear temperatures’ 7’ measured by Storey et al. 
(1960) which are a good fit to the present results in the range of proton energy; 
6 to 9Mev. In the conventional analysis of evaporation spectra, one expects T' 
to be related to the maximum excitation energy of the residual nucleus by 
a=E,/T? where a is a constant of the form A/k Mev—, A being the atomic mass; 
number of the residual nucleus. Applying this analysis to the present results, 
we obtain the values of a shown at (b) in table 2. Generally, these values of a! 
are in good agreement with those of Lang and Le Couteur (1954), the latter authors; 
quoting a value of R=10-5 Mev. 


Table 2 
Target Element 27 Al sre 56Fe 58Ni 60Ni Jem 7 
(a) T(mev) 1-75 1-65 1-45 1:57 1-48 1-44 1-45 
(6) a=E£,,/T*(mev—). 4:0 5:3 5-3 6-0 5°5 7:2 6:8 


(a) The nuclear temperature measured by Storey et al. (1960). (6) Values of a derived 
from a=E,,/T? where E,, is the maximum energy of excitation possible in the residual 
nucleus and T is the ‘ nuclear temperature’ of Storey et al. (1960). 


Returning to table 1, it is seen that there is some evidence that the angular 
distribution of the lower energy protons is not isotropic as would be predicted! 
by the simple statistical theory (Hauser and Feshbach 1952). If the additional 
protons in the forward direction are attributed to direct interactions, it is hard| 
to explain why the ‘nuclear temperatures’ indicated by the present results are} 
so close a fit to those of Storey et al., since most direct effects predict a relatively 
greater number of higher energy protons corresponding to a higher ‘nuclear 
temperature’. If this anisotropy which has been found in some of the experi- 
ments is real, we must conclude that either one of the usual assumptions of the! 
statistical theory is invalid, or the direct interaction mechanism leads to an energy} 
distribution of particles similar to that predicted by the statistical theory. 

§ 5. ‘(CONCLUSIONS 


Evidence is produced that n, d reactions contribute appreciably to the spectra’ 
obtained from-medium weight nuclei bombarded with 14 Mev neutrons. Little: 
evidence for systematic structure in the proton spectra is obtained, but a direct’ 
interaction process is present at the highest proton energies. This direct inter- 
action probably occurs in the surface of the nucleus, since only the low lying 
levels in the residual nucleus are involved. The energy distributions of the lower 
energy protons are in fair agreement with the statistical theory, but there is some 
evidence of an anisotropy incompatible with the usual assumptions of this theory. 
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Abstract. Neutral deuterium atoms of energy 8 Mev from the Birmingham cyclo- | 
tron were passed through hydrogen and deuterium gas at low pressure. Ionized | 
particles were separated by the cyclotron magnetic field from the original beam and | 
the numbers in each beam were found by counting tracks on a nuclear emulsion. 

Cross sections for ionizing collisions were found to be 1-6+0-25 x 10-8 cm? 
and 2:3 + 0-25 x 10-18 cm? in hydrogen and in deuterium respectively. 


§ 1. INTRODUCTION 


HEN a cyclotron is adjusted to accelerate deuterons it will also accelerate 
\ x / negative deuterium ions revolving in the opposite sense to the positive | 
deuterons. The negative ions lose electrons readily in collisions with 
molecules of residual gas (Fremlin and Spiers 1955). The neutral deuterium | 
atoms, resulting from the loss of an electron, are not deflected appreciably by the’ 
collisions producing them and hence travel along tangents to the orbits in which 
they were moving before collision. The cylotron therefore produces close to the 
median plane of the magnet an azimuthally uniform flux of neutral atoms moving — 
with velocities proportional to the radii of the orbits from which they come. The 
flux falls rapidly as the energy of the particles increases unless the residual gas 
pressure in the cyclotron tank is very low, but under good vacuum conditions 
particles have been observed up to 20 Mev, the maximum energy obtainable for | 
deuterons with the Birmingham machine. Useful numbers of neutral atoms are 
easily obtained with energies up to 10 Mev and the present paper describes a study 
of the ionization of these atoms in their passage through hydrogen and deuterium. - 
Similar work onthe ionization of fast neutral atoms in an organic foil has already 
been reported (Chalklin and Fremlin 1956). The velocity of a deuterium atom 
with 8 Mev energy is some ten times greater than the electron velocity corre- 
sponding to the first Bohr orbit ina deuterium atom. It is therefore to be expected 
that any atomic-interaction cross section will approximately follow a simple 1/a 
law. 'The precise particle energy chosen for experiments of the type described in 


the present paper is therefore probably not very important; an energy of 8 Mev was - 
chosen as giving a convenient flux of particles. 


§ 2. EXPERIMENTAL METHOD 

We have already described the method for measuring the ionization of fast 
deuterium atoms from the cylotron by thin Formvar foils. The method used 
here was similar in principle, a diagram of the camera used being shown in figure 1. 
The two fine slits S, and S,, on either side of the gas chamber simultaneously 
define the direction from which particles come, and hence their energy, and limit 
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the escape of gas. It was necessary of course to make the slits very small and each 
as approximately 0-Ilmmx1:5mm. Even s0, the residual tank pressure rose 
appreciably, and sometimes seriously, with the higher gas pressures (1-2 mm) 
used. ‘The uncertainty in the lengths of effective paths in the gas was only about 


0-1 mm ona total of 20mm which was negligible compared with other errors in 
the experiment. 


: Figure 1. 


After passage through the slits the selected beam fell on a small piece of Ilford 
C2 plate IP, set at an angle of 20° to the beam and with its centre 2:5 cm behind the 
second slit. Fast neutral atoms falling on this plate were ionized within a small 
fraction of a micron and left normal deuteron tracks which could be counted 
individually. Deuterium ions produced by the gas between the slits also struck 
the plate but, being affected by the field of the cyclotron magnet, were deflected to a 
different part of the plate. Since ionization might occur anywhere along the path 
through the camera, the amount of deflection was not constant but the whole of the 
deflected beam was well resolved from the primary ionized beam, as can be seen in 
figure2. Comparison of the numbers of tracks in the deflected and the undeflected 
beams then gives the probability of ionization in the system and, with knowledge of 
the gas pressure, the cross section for ionization could be found. 
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Figure 2. 


While the method is simple in principle, to obtain good results takes some time 
dtrouble. Owing to the small size of the slits, the position and orientation of 
312 
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the camera is critical and the optimum position has to be found by trial and error, 

since the mean plane of the orbits of negative ions in the cyclotron does not coin-. 
cide with the geometrical median plane of the magnet and is not exactly known. 

Once found, however, the best orientation seems to remain fairly constant. 

The second main problem is to find a suitable exposure to give a good number | 
of easily resolved tracks in each beam. Quite small changes in the residual gas 
pressure in the cyclotron tank give very large changes in the flux of neutral atoms 
obtained so that the optimum exposure varies from under a second to ten minutes, 
or more for much the same cyclotron conditions. Consequently much of the! 
time taken by each group of experiments in this work consisted of the exposure 
and development of test plates showing alternatively no tracks at all and black 
patches in which separate tracks could not be distinguished. 

It is important to supply pure gases to the camera at a suitable known pressure. 
As shown in figure 1 two tubes enter the sides of the gas chamber; gas passes, 
through one, via a needle gauge and liquid air trap, and the other is connected to! 
the gauges. ‘The absolute measurements of pressure were made by the McLeod! 
gauge, readings being taken before and after each exposure. A Pirani gauge was) 
used for relative measurements and was observed continuously throughout each | 
exposure to ensure that no variations of pressure occurred. ‘The camera was) 
difficult to degas and a ‘ background ’ deflected beam was produced by residual 
air or other gases, together with scattering from the slit edges. A value for this| 
could easily be found by making an exposure with no gas fed to the camera| 
although this might be somewhat greater than the effective value in working 
conditions owing to the ‘sweeping out ’ effect of the mass flow of hydrogen or 
deuterium. Experiments with gas at different working pressures suggested, 
however, that this effect was within the limits of experimental error. 

Track numbers were compared by direct counting using an M 4000 microscope. 
Although very laborious, this method practically eliminates background due to’ 
seriously scattered particles or to neutron recoil tracks, since the desired tracks. 
are well defined in length and direction. 


§ 3. RESULTS 


Sample counts were made on a number of plates and four with suitable ex- 
posures from a-single day’s run were selected for accurate measurement. In 
these, all tracks of the right length and direction were counted over the whole area 
covered by the direct and deflected beams. A sufficient surrounding area was 
also counted to find the background. This was usually much less than the 
standard deviation of the number of significant tracks in either beam and was then 
neglected. 

The results are summarized in the table. 


(1) (2) (3) (4) (5) (6) (7) (8) 
Residual ~0-04 4950 1443 0:77(4)  —0-25(6) 0-12(8) | 
H, 1:85 3328 3001 0:52(6)  —0-63(3) 0-31(7) 0-189 
D, 0-45 9994 4782 —-0:67(6) = —0-39(2) 01916) _-0-06(8) 
D, 1:80. 8372 9623 0-46(5)  —0-76(6) 0-38(3) — 0+25(5) 


(1) Gas; (2) pressure (mm Hg), (3) no. of undeflected tracks N ; (4) no. of deflected 
tracks N’; (5) N/(N+N’); (6) In [N/(N+N’)]; (7, 8) attenuation coefficient; (7) gross, 
(8) pure gas. 

Background <50 in toto for each plate. 


OS 
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ibe ‘ attenuation coefficients’ given in column (7) still include a contribution 
due to slit edges, etc., and this contribution will not vary linearly with gas pressure. 
Uncertainty as to the reduction of residual gas by the hydrogen or deuterium flow 
is more important than this over the small range of pressure examined. ‘The 
absorption coefficients for pure hydrogen and for deuterium are therefore obtained 
simply by subtracting the value 0-12(8) from each of the gross coefficients. The 
procedure is justified by the fact that the attenuation coefficient for deuterium then 
varies linearly with pressure, as it should, to within the probable error. The final 
values for attenuation coefficient, reduced in each case to a pressure of 1mm Hg, 
are then a, =0-10(2) +0-015, ap =0-14(5) + 0-015. 

‘These give cross section per atom of the two gases, taking the camera tempera- 

Sees G0 ©, aso, — (1-6 0°25) x 10> cm? 9 = (2°34 0-25) «10 cm": 


§ 4. SOURCES OF ERROR 


The main part of the error in these experiments is due to the presence of 
‘residual gas in the chamber. Owing to the high value of cyclotron time the 
final vacuum connection could only be made shortly before the experiment and 
a trace of leakage or evolution of gas from taps and rubber connections was 
| difficult to eliminate. The value of residual pressure was measured frequently 
_ between successive experiments and showed no rapid variations but it is impossible 
to be certain that the residual gas did not drop to an abnormally low value during the 
| hydrogen run, so that its effect might be over-compensated. One experiment was 
performed with 1-55 mm of oxygen in the camera which gave a ‘ pure gas ’ attenu- 
| ation coefficient of 1-8. Then a pressure of 0-04mm, the normal residual gas 
pressure, would have given a coefficient of 0-04(8). Assuming the residual gas 
to behave similarly to oxygen, 0-04(8) of its gross coefficient of 0-12(8) will have 
been due to gas and 0-08(0) to slit edges, etc. It is not likely that the whole of the 
residual gas disappeared during the hydrogen run but was restored for both the 
following deuterium runs. The difference between deuterium and hydrogen may 


then be real. 


§ 5. Discussion OF RESULTS 


It is interesting to compare our results with those given by Allison (1958). 
His tables V-8A and V-8B give the cross sections (¢9;) for ionization of hydrogen 
atoms in hydrogen gas up to energies of 1 Mev. In velocity our deuterium atoms 
will correspond to hydrogen atoms of 4mev. The curve of figure 3 is drawn from 
the data in Allison’s paper; it can be seen that our cross section for ionization of 
deuterium in deuterium gas lies much closer to a reasonable extrapolation of the 
lower velocity hydrogen results than does our value for deuterium in hydrogen. 

An interesting point, particularly in the D-D, collisions, is the question of 
what happens to the removed electron. Some of the simpler possible interactions 


are : 


(a) D+D,>Dt+e—+D, 
(b) D+D,>D+D,*+e— 
(c) D+D,>Dt+D,— 
(d) D+D,2>D-+D,". 


In each case the nearly stationary diatomic molecule or ion may undergo further 
disintegration but this would not be observable. Our measured cross sections 
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represent a combination of the cross sections for (a) and (c). Reaction (6) we 
shall not observe except perhaps as a spreading of the neutral peak (figure 2) which 
would not be easily distinguished from the effect of elastic scattering. Reaction 
(d), however, we might hope to observe and its frequency of occurrence might’ 
give a hint as to the likely relative frequency of (a) and (c). 
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Figure 3. 


We have searched for a negative beam on our plates, deflected to the opposite | 
side of the neutral beam. No certain detection of negative particles has been 
made. With the gas pressures used, however, this does not enable us to set a very | 
low cross section for their production. The cross section for electron loss by D~ 
ions is very high (Fremlin and Spiers 1955). In air at 8 Mev it is 2:7 x 10-16 cm?, 
so that, even in the residual gas alone, most of the negative ions formed in the early 
part of the camera would be restored to neutrality before emergence. Until 
further experiments can be performed at lower pressures, we can only say that 
reaction (@) must be only a small fraction of (a) + (c) and that it is correspondingly 
likely that the main interaction observed is of type (a) with or without break-up 
of the D, molecule. 

This is consistent with the results given by Allison, which show a cross section 
less than a tenth of that for producing positive ions at 30 kev and show also that 
this ratio is decreasing. 
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Abstract. 'Time-of-flight techniques have been applied to the measurement of 
y-ray spectra from the interaction of 14 Mev neutrons with various nuclei. ‘The 
results for carbon, water, magnesium, aluminium, nickel, copper and lead are 
presented and are compared with the results from other experiments using lower 
energy neutrons. Assignments are made for the reaction processes in the light 


nuclei and isotopic assignments are made for the medium- and heavy-weight 
nuclei. 


§ 1. INTRODUCTION 


HE application of the time-of-flight principle to fast neutron spectroscopy 
| and in particular to the study of non-elastic scattering (Cranberg 1955, 
Batchelor and Towle 1959), has yielded valuable information about the low 
lying states of heavy nuclei and also in some cases light nuclei (Anderson e¢ al. 
1958). 
| However, the strength of neutron sources available from particle accelerators, 
and the limited time resolution obtainable with present day photomultipliers and 
scintillators, preclude accurate measurements at primary neutron energies greater 
than afew Mev. Thus the study of de-excitation y-rays from the higher excited 
states is still a valuable technique for obtaining information about inelastic 
scattering processes for neutron energies greater than about 4 Mev. 

Previous work in this field has been hampered by the high level of background 
radiation produced in the y-ray detector (normally a Nal scintillation spectro- 
meter) by neutrons which have been scattered from the sample. By using time- 
— of-flight techniques we have been able to distinguish between neutrons and y-rays 
from the scattering sample and hence have considerably reduced the background 

level. The application of time-of-flight technique to this type of measurement 
was first proposed by Cranberg (Day 1955) and used by Day (Freeman 1957). 
An excellent review of this type of measurement is given by Day (1955) and 
many examples of the results obtained appear in the review articles by Ajzenberg- 
Selove and Lauritsen (1959) and Endt and Braams (1957). 
This paper presents the results obtained from the investigation of the spectrum 
of y-rays produced in the interaction of 14Mev neutrons with carbon, water, 
_ magnesium, aluminium, nickel, copper and lead. 


§ 2, EXPERIMENTAL TECHNIQUE AND APPARATUS 


2.1. General Description 


The neutron source consisted of a solid Ti—T target, obtained from the Atomic 
Energy Research Establishment, Harwell, bombarded with 500kev deuterons 
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from the 800 kev Cockcroft—Walton accelerator at the Atomic Weapons Research 
Establishment. The 14 Mev neutrons were produced in the reaction T(d, n)*He. 
The neutron flux was measured by detection of the associated a-particle from 
this reaction. A copper shadow bar, 1}in. diameter x 30in. long, shielded the 
detector from direct source neutrons, and the scatterer, in the form of an 
annulus, was situated so that its axis coincided with the direction of the deuteron 
beam incident on the target. The scatterer was placed as close as possible to the 
target to ensure a maximum neutron flux through it. The normal dimensions 
of the scattering samples were 7in. 0.d., 3in. i.d., 2in. thick. Figure 1 shows a 
schematic diagram of the experimental apparatus. 
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Figure 1. Schematic diagram of experimental apparatus. 


The y-ray detector consisted of a 13in. diameter x 2in. long sodium iodide 
crystal mounted on an RCA 6342 photomultiplier. It was shielded from 


extraneous background by a large water tank and additional lead shielding. The 
source—detector distance was 4 metres. 


2.2. Time-of-flight Apparatus 


The time-of-flight section of the apparatus was similar in principle to that 
first described by Cranberg (1955). No detailed account of the apparatus will 
be given in this paper except in so far as it relates to the application of these 
techniques to y-ray spectroscopy. 

In the present case stringent requirements on the time resolution of the 
apparatus were not essential as it was only necessary to distinguish between 
y-rays and the secondary neutrons produced by interaction of the primary 
neutrons with the scattering sample. Thus over a flight path of 4 metres a time 
resolution of 20ns(mysec) was adequate. This enabled the time duration of 


the primary neutron pulse to be increased and hence increased the neutron flux 
incident on the scatterer. 


2.3. Electronic Apparatus 


A block diagram of the electronic apparatus is shown in figure 2. The 
principle of operation was briefly as follows. A fast pulse from the anode of the 
photomultiplier was amplified by two Harwell-type distributed amplifiers in 
series and fed into a time-to-pulse height converter (time sorter). When the 


y-Radiation from Interaction of 14 Mev Neutrons 857 


output of the time sorter was displayed on a kicksorter we obtained a double 
presentation (figure 3) of the time spectrum due to the fact that we only derived 
one timing pulse per r.f. cycle but obtained two neutron pulses per cycle due to 


H 
f 
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ure 2. Block diagram of electronic apparatus. A, detector; B, fast head amplifier; 
-C, distributed amplifier; D, time sorter; E, single channel analyser; F, mixer; 
ate gate of kicksorter; peat. Pe clsion I, shaping unit; J, variable delay; 


«K K, cathode follower ; L, linear amplifier; M, fixed delay; N, kicksorter. | 
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successive transversal, in opposite directions, of the deuteron beam across the 
defining slit. By using two differential discriminators set at different bias levels we | 
were able to select only those pulses from the detector which arose from detection | 
of y-radiation from the scatterer. ‘The outputs of the differential discriminators | 
were mixed and fed into the gating unit of a 99-channel kicksorter. Figure 3 | 
shows a typical time spectrum obtained using a carbon scatterer. ‘The broken 
curve was obtained by feeding the output of the time sorter directly into the kick- _ 
sorter. ‘The two peaks due to y-radiation are clearly evident and a single peak | 
due to scattered neutrons is also shown. ‘The open circles show the results | 
obtained when the kicksorter was gated by the outputs from the differential 
discriminators. 

In order to analyse the energies of the y-rays an additional output was taken — 
from the fifth dynode of the photomultiplier. This slow pulse was linear with | 
energy over a wide range of energy values. It was amplified by a conventional | 
linear amplifier and delayed so that it arrived at the kicksorter at the middle of the 
corresponding gating pulse provided by the time sorter. 

This method does not eliminate all the background radiation as we still | 
record the portion of the random time spectrum which falls within the bias levels _ 
of the differential discriminators. This background can be measured by means 
of scatterer-in-scatterer-out runs. The improvement in background level over 
the more conventional systems is about a factor of 10. 


2.4. Measurement of y-ray Spectra 


The y-ray spectrum for each element studied was measured over three 
different energy regions viz. O<E,<1-8mev;  1-5mev< E,,<4°5 Mev; | 
4-0 Mev <E,< maximum energy. : 

Each spectrum was obtained by ‘scatterer-in-scatterer-out’ subtractions 
and the runs monitored by detection of the associated «-particle from the reaction 
T(d, n)*He and also by means of a current integrator. The energy calibration | 
of the spectrometer was obtained using y-rays of known energy from the following 
radio-nuclides : ?2Na(0-51 and 1-28 Mey), 187Cs(0-662 Mev), and RaTh(2-62 Mey). 
Extrapolation to higher energies was made on the assumption that the counter 
had a linear response with energy. The calibration was checked at regular 
intervals during the course of the experiment. 

In most of the spectra we obtained it was found impossible to analyse the 
results above 4 ev y-ray energy due to the fact that so many different energy 
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Figure 4. y-radiation from interaction of 14 Mev neutrons with carbon. 
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y-tays were present in the spectrum. However, it was possible to make an 


analysis of the low-energy regions and in this case we used the line shapes obtained 
from the calibration y-rays. 


The line shape for a particular y-ray energy was 
obtained by extrapolation. 

When E,< 1-5 Mev the line shape shows only one peak corresponding to the 
capture of the total y-ray energy in the crystal. There is also a continuous distri- 
bution corresponding to Compton scattering. 

When E, ~ 1-5 Mey the line shape shows three peaks. ‘These correspond to: 
(1) total capture of the y-ray energy in the crystal, (II) escape of one quantum from 
positron annihilation where the positron has been formed by pair production in 
the crystal and (III) escape of two quanta from positron annihilation. As before 
there is a continuous Compton distribution. These features are illustrated in 
figure 4 which shows the line shape for a 4-43 Mev y-ray. The three peaks are 
labelled 4-43 (1), 4-43(II), 4-43 (III). 


§ 3. RESULTS 


3.1. Carbon 


The scatterer was in the form of a pure graphite ring. The spectrum is shown 
in figure 4. ‘The background has been subtracted from all spectra presented. 

A single y-ray of energy 4:43+0-02Mev is observed from the reaction 
PC(n, n’)*C(y)#C corresponding to a transition from the first excited state of 

PC to the ground state. No evidence was obtained for higher energy y-rays 
which may arise from excitation of the second and third excited states of #C at 

_ 7-6 and 9-6 Mev respectively. 

| However the inelastic neutron spectrum from the 14 Mev neutron interaction 
with carbon shown in figure 5 indicates that the third excited state at 9-6 Mev 
is excited and hence this level must decay by «-particle emission to *Be or directly 
to three «-particles. The neutron spectrum shown in figure 5 was obtained using 
a conventional neutron time-of-flight spectrometer. 

The present results on y-ray spectra from “C agree with those of Battat and 
Graves (1955) and Thomson and Risser (1954), but not with the results of 
Scherrer et al. (1953) who found evidence for other y-rays. We have estimated 

_the cross section for production of the 4-43 Mev y-rays to be 0-29+0-05 barn. 
‘The angular distribution of this y-ray is found to be anisotropic but is symmetric 
about 90° scattering angle as expected for a transition between states of well- 


defined parity. 


3.2. Water 


The scattering material was distilled water contained in a thin-walled steel 
annulus. An identical empty annulus was used for the measurement of back- 
ground. The spectrum obtained is shown in figure 6. Analysis shows y-rays 
_ of energy approximately 7 Mev, 6-1 + 0-05 Mev, 3-7 + 0-05 Mev and 2-23 + 0-08 Mev. 

The 7 Mev y-ray is a doublet arising from the de-excitation of the third and 
fourth excited states of 16O at 6-91 and 7-12 Mev respectively. The shape of the 
high-energy portion of figure 6 precludes the assignment of a single y-ray to this 
‘energy and the best fit to the observed shape is obtained by assuming that two 
-y-rays of energy 7:12 and 6-91 Mev are present in about equal intensity. The 
6-1 Mev y-ray corresponds to a transition from the second excited state of '*O to 
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the ground state. In figure 6 the three peaks corresponding to the 6-1 Mev y-ray 
are marked 6-1 (I), 6-1 (II) and 6-1 (III). We were unable to detect any anni- 
hilation radiation due to the emission of positron-electron pairs from the first 
excited state of ®O. This level is known to have spin and parity assignment 0+ 
and hence cannot decay by direct y-transition to the ground state, which is also 0*, 
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The 3-7 Mev y-ray has been assigned to the reaction O(n, «)!8C* in which 
the second excited state of C at 3-68 Mev is excited. This assignment is in 
agreement with the results on the observation of «-particles from the (n, «) 
reaction (Lillie 1952). If this y-ray is due to a cascade transition in 1®O then 
intensity considerations show that the 6-1 Mev level must be involved in the 
cascade. ‘Thus the initial state must be at approximately 9-8 mMev. The known 
9-84 Mev level in !°O has spin and parity 2+ and hence can decay by «-emission to 
2C in preference to decay by y-ray emission. ‘This is observed experimentally 
(Ajzenberg-Selove and Lauritsen 1959). On these considerations we can rule 
out the assignment of the 3-7 Mev y-ray to a cascade transition in *O, ‘The three 
peaks corresponding to the 3-7 Mev y-ray are shown in figure 6. 

We do not observe any definite evidence for the excitation of the first excited 
state of 13C at 3-0 Mev as found in the «-particle spectrum, although the small 
peak at E,=2-0 Mev may be due to the ‘two escape’ annihilation peak from a 
3-0 Mev y-ray, the other two peaks at 2:5 and 3-0 Mev being masked by the more 
intense radiation from the 3-7 Mev y-ray. 

The 2:23 Mev y-ray can probably be assigned to the reaction n+p>d+y 
(2:23 Mev) as hydrogen is present in the distilled water. 


3.3. Magnesium 


The scattering material was natural magnesium containing 13°) mesg, 
11% Mg and 11% **Mg. 
The y-ray spectra obtained are shown in figures 7 (a)-(d). The ordinate on 
the left-hand side refers to both graphs and the energy ordinates lie to the right 
of each graph. The energy of any peak can be read off from the graph. 

We have analysed the results for E,<45mev. ‘The region between 4 Mev 
and the maximum energy detected at about 10 Mev shows signs of definite 

structure but is so complicated that we have not attempted any detailed analysis. 
The table lists all the y-rays found in the energy region 0 < E,<45Mev. Also 
listed are comparison results from other measurements, the proposed reaction 
mechanism, the transition between levels of the final nucleus (e.g. (1) (0) 
implies a transition from the first excited state to the ground state) and the energy 
of the transition taken from the review article by Endt and Braams (1957). 

_ The high intensity of the 1-37 Mev y-ray indicates that the majority of cascade 
transitions from higher excited states in “Mg proceed through this level. ‘The 
cross section for production of this y-ray is estimated to be 0:55 + 0-1 barn. 

In general the results obtained are in agreement with those obtained from 


other reactions. ; 
It will be seen from the table that this experiment has revealed some new 


y-rays; in particular no previous evidence had been found for the (n«) or (nd) 
reactions in *4Mg. iw 
3.4. Aluminium 
The y-ray spectrum obtained using an aluminium scatterer is shown in 
figure 8. The table gives the energy of y-rays detected for E,< 3.0mev. ‘The 
spectrum extends up to E, ~ 12 ev but the high level density of “Al produces an 
apparent continuum of y-rays in the higher energy region. The results in the 
‘table have been compared with those of other experiments. ‘The agreement in 
_ general is satisfactory. It should be noted that the results of Benveniste ez al.t 
7 +Benveniste, Mitchell, Schrader and Zenger, 1958. Report to the A.E.C. Nuclear 
b Cross Sections Advisory Group (Wash.-1006), p. 34. 
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using 14 Mev neutrons, were obtained using a similar technique to that desenipam | 
in this paper. 
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Column (1) lists the energies of observed y-rays in Mev; column (2) lists comparison resu 
of other experiments and references; column (3) gives proposed reaction processes for Mga 
Al and isotopic assignments for Ni, Cu and Pb; column (4) gives probable transitions betw 
excited states [ground state (0), first excited state (1) etc.] of the final nucleus and column | 
gives the transition energy taken from the review article by Endt and Braams (1957). 


eee (L) (2) (3) (4) (5) 
Magnesium 
0-345 + 0-003 — *4Mg(n, «)?4Ne* (1) + (0) 0-347 
0:45 0-02 — 24M g(n, d)?#Na* (1) + (0) 0-439 
eines n’p)3Na* 
0-67 +002 0-688 [a] ? f 2 
0-76 +0-01 — ? ? a 
0-85 +0-01 0:337. [a] JS ?®Mg(n)??Mg(f)27Al (1) + (0) 0-842 
1:02 +0-02 1:00 [a] ‘U?8Mg(n)??Mg(6)?7Al (2) ~ (0) 1-013 
1-37 40-005 ~ 1:34 [a] *4Mg(n, n’)*4Mg* (1) + (0) 1-368 
1-368 [b] 
14T te) 
1-4 [d] 
1:60 +0-01 1-616 [b] 25Mg(n, n’)?®>Mg* (3) + (0) 1-61 
1:82 +0-01 1:82 [b] *®Mg(n, n’)?*Mg* (1) + (0) 1-83 
248 “0-02 2- [a] ? ? ? 
2°78 +0-02 — *4Mig(n, n’)?4Mg* (2) + (0) 2°754 
ie ee **Mag(n, n’)*Mg* ()+(1) 3-84 
= 4:2 0-05 — *4Vig(n, n’)?4Mg* (3) + (0) 4:24 
3 } 4:12 
Spectrum shows unresolvable structure between E,~4 Mev and E,(max.)~10 Mev 
Aluminium , 
0:84+0-02 0-843 [a] 27Al(n, n’)?7Al* (1) -> (0) 0-842 
0-840 [b] ae 
0-84 = [c] 
0-82 = [d] 
0-83 [e] 
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1-02 


1830-02 
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(1) (2) (3) (4) (5) 


ickel 
0:69 + 0-03 = ues 
1-00 + 0-02 0:90 + 0-04 [g] a EF 
1:16 +0-02 = ¥ 
1-32 + 0-02 1-329  [b] 60Nj ma ae 
1:36 [g] ed ae 
1-43+0-02 1-453 [b] 58Ni £2. = 


Spectrum extends up to £,, ~10 mev. 


eR ——————————————— eee 


spper 

0-76 + 0-04 0-764 [b] ? = = 
0:78 [c] 

0-96 + 0-02 0-958 [b] 8Cu = ~ 
0:96 [c] 

1:14+0-02 1110 [b] Cu = ia 
1:12 [ce] 
1:13 [d] 

1:33 40-03 1-325 [b] 8Cu _ S 
1:38 [c] 

1-49+0-05 1:47 [b] Cu = = 
1-46 [c] 


Spectrum extends up to Ey ~ 10 Mev. 
Sn 
ad 


| 0°53. + 0-05 0-533" [b] ag@Pb = ~ 
f 6 0-57 + 0-05 0-570 [b] Perr = =e 
«0-64 + 0-02 0-661 [b] AH) ae ead 
0-80 + 0-02 0-802 [b] OLN — — 
0-79 = [f] 
0-88 +0-02 0-888 [b] 2° Pb 
0-85 [g] 
1-01 + 0-03 _ — — a nem 
1-07 + 0-03 —_- — — — _ 
1-70 + 0-03 1:73 [b] aPéPh — — 
2-60 + 0-03 2:62 ~=‘[b] 208Pb == pao 
oO it) 
2:60 [g] 
< Spectrum extends up to Ey~7:5 Mev. 
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3.5. Nickel 


_ The scatterer used was made from natural nickel. Figure 9 shows the y-ray 

ctrum obtained. This spectrum shows the characteristic shape obtained from 
edium- and heavy-weight nuclei, i.e. a continuum of y-rays extending up to 
_~ 10 Mev with discrete low-energy y-ray lines superimposed on the continuum. 
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The energy of the discrete lines are given in the table in which we include 
comparison results from other experiments. The isotopic assignments given in 
the table were obtained by comparison of the present results with those given 
by Day (1956). 
3.6. Copper 
‘The results obtained using a copper scatterer are similar to those obtained for 
nickel. ‘The energy of discrete y-rays observed are listed in the table. 
3.7. Lead i 
Using a natural lead scatterer we obtained the spectrum shown in figure 10. 
The closed shell nature of lead nuclei means that the energy levels are mo 
widely spaced than in other heavy nuclei and this is shown by the structured | 
spectrum observed. c 
4 


Counts | mev/ Channel 
3 
8 
SLs 


E; (Mev) 


pies 10. prada from i interaction of 14 Mey neutrons with lead. 
The table ists the energy of 


y-rays detected and gives comparison | 
Sam in} ear iy 


from other experiments. vee: 
Peds. 
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Deuteron Stripping with Polarized Deuterons 


By B. HIRD anp A. STRZALKOWSKI 
Nuclear Physics Research Laboratory, University of Liverpool 


Communicated by the late H. W. B. Skinner; MS. received 26th November 1959, 
in final form 11th January 1960 


Abstract. 'The left-right stripping asymmetry of the ground state, and the 
first excited state proton groups, has been measured at several angles of 
emission, when a °Be target was bombarded with 6Mev deuterons which had 
been polarized by elastically scattering them from carbon. Measurements have 
also been made at two angles of the #°Ca (dp) 44Ca ground state group asymmetry. 

The results confirm that polarization effects in stripping are caused pre- 
dominantly by the central part of the deuteron and proton distorting potentials, 
The opposite sign of the °Be (dp) !°Be ground state and first excited state asym- 
metries enables an unambiguous mixing ratio for the jn values possible in stripping _ 
to the first excited state, to be assigned. 


§ 1. INTRODUCTION 
Ts Butler theory of deuteron stripping has been extended by several 


authors to include the effects of the various interactions which occur 

between the incoming deuterons and the target nucleus, and the emitted 
protons and the final nucleus (Horowitz and Messiah 1953, Tobocman and 
Kalos 1955, Cheston 1954). One of the most easily observable consequences of 
these interactions is that the emitted protons are polarized (Newns 1953). With- 
out them the simple stripping theory always gives zero polarization. Measure- 
ments of this polarization are therefore a measure of the importance of these 
interactions. 

Considerable simplification occurs in the theory if the spin dependences of 
the deuteron and proton interactions are neglected. Though these are certainly 
present, the central forces predominate and the consequences of this approxi- 
mation should be qualitatively correct. Certain simple rules then emerge, 
which may be tested by experiment. (a) The polarization can never exceed 1. 
(6) The sign of the polarization is opposite for stripping reactions where Jn=hh+4 
to those where jn=/n—} (Huby, Refai and Satchler 1958). (c) The left-right 
asymmetry, produced when polarized deuterons are stripped, is simply related 
to the polarization which the same stripping reaction produces in the emitted 

“protons, when unpolarized deuterons are used. This asymmetry is given by 
3PaPp. Here only the vector part of the deuteron polarization is involved and 
Pq is the component of this polarization perpendicular to the reaction plane and 
parallel to Pp (Satchler 1958, Appendix). j 

Experimentally, the sign of the polarization is found to agree with the rule, 
being positive when jn=/+4, and negative when jn=ln—4, except for one 
reaction, “Ca (dp) “Ca (Hird, Cookson and Bokhari 1958). On the other 
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hand polarizations considerably greater than 4 have been found. This is only 
to be expected away from the stripping peak where processes other than stripping 
probably are important. 

This paper describes measurements to investigate the validity of rule (c) by 
determining the left-right stripping asymmetry at several angles, when targets 
of beryllium and calcium were bombarded with polarized deuterons. These 
polarized deuterons had an energy of 6 Mev and were produced by first scattering 
elastically the deuterons from a carbon target. The polarization properties of 
these deuterons have been investigated in a separate series of measurements using 
double deuteron elastic scattering. These will be described in a separate paper. 
It was originally hoped that only the vector type of polarization would be present 
in the scattered deuterons, but it appears from the double scattering results that 
there may be also considerable tensor polarization. If the central force approxi- 
mation should turn out to be a reasonable assumption in stripping, a measure- 
ment of the stripping asymmetry may provide a method of determining the vector 
part of the polarization in deuteron beams when higher order polarizations are 
also present. 


§ 2, EXPERIMENTAL DETAILS AND RESULTS 


The apparatus was similar to that used in the proton elastic scattering measure- 
ments previously reported (Al-Jeboori et al. 1959). A graphite target was inserted 
in the last few orbits of the circulating deuteron beam of the 37in. cyclotron. 
Particles from this target emerged through a suitably placed hole in the side wall 
of one of the dees, and were focused on to a second target outside the cyclotron, 
where the asymmetry produced in some subsequent reaction could be measured 
with counter telescopes. When this system was originally set up to provide a 
source of polarized protons, using the polarization properties of the ground state 
group of the reaction #C(dp)¥#C, it was noticed that there was considerable 
deuteron contamination present in the beam. In the proton scattering measure- 
ments, precautions had to be taken to prevent these deuterons from producing 
counts in the counter telescopes. By making slight adjustments to the position 
of the internal target and changing the magnetic focusing to select particles of 
higher momentum, it proved possible to collect scattered deuterons, with the 
proton component entirely eliminated. The energy of these deuterons, 
_ measured by exposing nuclear emulsion at the point where the second target was 
normally placed, was found to be 6-0 Mev +0-2Mey. Since the first excited 
state of 12C is at 4-4Mev, and the circulating beam, when it struck the internal 
target, had an energy of about 8 Mev, these deuterons could only be the result of 
elastic scattering; the loss of energy being due to the thickness of the internal 
target. 

The beryllium target, used in the stripping experiments, consisted of a self- 
supporting foil 0-003 in. thick of 98% purity beryllium metal. . The calcium 
target was made by rolling flakes of the metal down to a thickness of about 
12mgcem—*. The oxide layer which formed on the latter target was unimportant, 
- because of the much lower stripping Q-values of oxygen, so that this element was 
_ only capable of producing small pulses in the counter telescopes, and these were 
- not included in the asymmetry calculations. 

At the two smallest angles of measurement with the ®Be (dp) !°Be reaction a 
definite, though not very clear, subsidiary peak was present in the pulse height 
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distribution (figure 1). This was attributed to stripping to the first excited _ 
state. ‘The breadth of the subsidiary peak is consistent with the nonlinearity to 
be expected in the counter telescopes, where a considerable proportion of the 


energy is lost in windows and in the proportional counter before the protons 
reach the CsI scintillator. 


| 9 Be (dp) Be 35° (Lab system) 
Scattering Right 
% Counts 
100+ f Background 
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fo) 5 20 25 30 
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Figure 1. The pulse height distribution produced in one of the counter telescopes by 

protons stripped from 6 mev deuterons in the reaction °Be (dp) Be. 


The results are shown in the table; figure 2 shows graphically the asymme' : 
obtained from the *Be (dp) “Be measurements. The angular resolution y 
about +2°, mainly due to the target and counter widths. | 
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Beometrically calculated one. These displacements were calculated to be of the 
order of 0-1° and were therefore neglected. 


Oe i *Be (dp) “Be 
| E4=6:0+0-2 MeV 
> Ground state group 
} Ist. excited state group 


- 
t 

ie | 

as G Angle of emission (Lab. system 
2 20 40 60 80 

= 

: | 

=< 

i 


Figure. 2. The angular variation of the left-right asymmetry in the protons emitted from 
the reaction °Be (dp) #°Be at 6:0+ 0-2 mev. 


§ 3. Discussion 


' 
: 
: 
: The large magnitude of the beryllium asymmetries indicates that considerable 
vector polarization was present in the deuteron beam. It is unlikely that the 
tensor part of the deuteron polarization, acting through the relatively small spin 
dependent part of the distorting potentials, could produce such asymmetries. 
The opposite sign for the asymmetry of the two proton groups, together 
with the angular correlation measurements of Taylor (1959), gives an un- 
ambiguous value to the mixing ratio of the two jn values possible in stripping to 
the first excited state (Satchler, private communication). From the angular 
correlation measurements, the ratio of jn=/n+% to jn=ln—} is either 2°65 or 
0-38. The ground state transition is entirely jn=m+4, so that the opposite 
ign of the asymmetry for the first excited state means that the transition must be 
d therefore the smaller of the two mixing ratios is the 


predominantly ja=n—4F an 


correct one. 
The sign difference also confirms that the asymmetry is produced more by 


the central distortions in the stripping than directly through the spin dependence 
of the distorting potentials, since the latter would give the same asymmetry sign 
whatever the direction of the neutron spin coupling. saa 
The angular distribution of the °Be (dp) !°Be asymmetry is very similar in 
shape to the polarization angular distribution Pp measured for the 12C (dp) ®C 
‘reaction at 8-9Mev. Both show an increase at angles beyond the peak in the 
- differential cross section. and then a rapid fall and a change of sign at an angle near 
to the first minimum in the differential cross section. There isa slight difference, 
in that, whereas this sign change was within a degree or so of the stripping mini- 
mum as given by the Butler theory in the case of the #C (dp) *C polarization, in 
the °Be (dp) 1°Be asymmetry it occurs at an angle larger by about 12° than the 
theoretical stripping minimum. This could be due to the wrong choice of 
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stripping radius, 5-7 x 10-%cm (Holt and Marsham 1953) which is determined | 
from the position of the maximum in the stripping cross section. However, it 
seems too large a discrepancy to be accounted for in this way. If this is a genuine 
difference, it would indicate that here it is no longer a good approximation to 
consider the polarization as originating only in the interference between the main, 
undistorted wave part of the stripping amplitude and the smaller correction. 
terms which account for the deuteron and proton interactions. That part of | 
the cross section corresponding to interference between the correction terms | 
themselves must be significant, so that over a fairly large angular region around | 
the stripping minimum these must be of the same order of importance as the 
undistorted stripping cross section. 

A rough estimate of the vector polarization of the deuteron beam can be made 
if the rules of the central distortion theory are assumed. The value of Pp for the 
*Be (dp) Be ground state group would then be of opposite sign and half the 
magnitude of the experimentally known polarization of the 2C (dp) 18C reaction. 
This would mean that Pa was of the order of +60°%. : 

In contrast to the large asymmetries obtained with beryllium, the #°Ca (dp) “!Ca : 
asymmetry is very small. It is smaller than would be expected from a com- 
parison with previous measurements of Pp for this reaction (Hird et al. 1958). 
This, together with the anomalous sign of Pp seems to indicate that the non- 
central character of the distortions may be more than usually important in this | 
reaction. 
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APPENDIX 


It is possible to derive all the rules of the central distortion theory without 
having to work with the scattering amplitudes, and by merely using cross sections. 
This enables a physical meaning to be given in each step in the derivation. 

All spin 3 polarization vectors are perpendicular to the plane of the reaction © 
when parity is conserved, so that by taking this direction as the axis of quantization, 
nucleon polarization may be expressed in terms of the relative numbers of spins 
in the positive and negative directions. 

If it is assumed that the distorting forces acting on the deuteron and proton 
are central, then the only spin dependence in the whole stripping process is the 
neutron capture. It is therefore possible to analyse all the polarization effects in 
terms of two stripping differential cross sections, one for each neutron spin 
direction. Denote these by I(jun= + 4) and I(pn= — 4). 

The incoming deuterons consist of a mixture of three spin states, the relative 
amounts of which determine the deuteron polarization. These spin states can 
be expressed in terms of proton and neutron spin wave functions, }p(+)¢n(+), 
V3/IP0(+ )on(—)+$0(—)bn(+)] and $(—)gn(—). If there is ne 
polarization the populations of all three states are equal, and the stripping cros 
section is 


To= Blldn(+ )dn(+ )PZ(um= + 3) + bd p(+)dn(—)PZ(un= — 3) 
+ 216o(—)dn(+ )PZ(un= + 4) + [bp(—)dn(—)PZ(un= — 4)]- 
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The proton polarization Pp is defined as 


Pp= Iy(ep = Bi x) —1y(up = = +) 
Iy(up= =e s)+1)(pp= ~- +) ; 


Substituting, 


Py= (un = + 2) = 31 (un = =35) = 11 (un= +4)-—I(un= —34 
#1(un=+4)+8(un=—4) 3 Mun=4+4)+l[(un=—§) 
Thus the proton polarization is one third of a quantity which may be regarded 
as the polarization of the captured neutrons. This formula shows immediately 
that Pp<}. The factor 4 enters because two thirds of the deuterons in the 
beam contain parallel proton and neutron spins, and one third of the deuterons 
contain anti-parallel spins. 
When polarized deuterons are used, the relative populations of the spin states 
become [1+ V/3¢Tyo)+ V3(To9)] Of dp(+ )on(+), 
[1— V2<T29)] of Va[¢n(+ )bn(—)+ ¢p(— )on(+ )] 
and [1—V3<T + V3<T29)] of Sp(— )bn(—). 
Here <7,,) and <7.) are the expectation values of the vector and tensor spin 
components along the axis of quantization, as defined by Lakin (1955). 
Proceeding as before, the stripping cross section with such a deuteron beam is 


T= 31+ VET 0) + V2 (To) (pn = + 2) + 3 — V2 2209] 
x U(un= + 4)+L(un= — $)]+ D- V8 (To) + V3 4 To) (Hn = — 2)} 

es 2 I(un= +4)—J(un = — 3)) _ 2 

El; {1 m Vil) oa eS eer uian 
The tensor polarization in the deuteron beam therefore does not contribute to 
the cross section with central forces. ‘The deuteron vector polarization Pa is 
defined as (S,)=Tr(pS,), which is +/3(7,9) so that [=I (1+3PpPa). 

If it is now assumed that the deuterons are polarized along a direction which 
makes an angle @ with the normal to the stripping plane, then, since (Ty) 
transforms as Y,° (@¢), the component normal to the stripping plane is Pa cos 8, 
and the left-right asymmetry for stripping is therefore 3PpPa. 

This is the same formula as for a nucleon double scattering apart from the 
factor 3, which occurs because the proton polarization is one third of the neutron 
capture polarization. It is the neutron capture polarization which is involved 
in the stripping cross section and hence in the asymmetry, so that when this is 
described in terms of Ppa factor 3 isneeded. The proton and neutron have spins 
predominantly parallel in the deuteron, so that Pp and the neutron capture 
polarization have the same sign and the asymmetry must therefore have the same 
sign as in the nucleon double scattering formula. — ee: 
To relate the neutron capture polarization to its angular momentum, it is 
necessary to convert the cross sections in terms of the neutron spin directions into 
‘cross sections in terms of the neutron angular momentum directions. The 


relation between the two is 
(un) = SCy2Qh, m+ pens Ms Hn)L(m) 
m 


suming that only one / is involved. Here all the quantum numbers refer to 
e captured neutron. 
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The proton polarization Pp then becomes 
U[Cy2(j, m+ 35m, 4)—CyG,m—4; m, — 2) (m) 
—_— Se 8 SE EE eee os 
3 U[CyrG, mtd; m, 3)+Cy*G,m—2; m, — 2) |L(m) 
m 


Substituting values for the Clebsch-Gordan coefficients, 


xml (m) _ =mI(m) = 
50+ 1)S1(m) when j=/+34, and Pp= 31S (m pine ee l 


Thus the proton spin polarization is related, by way of the coupling in the 
deuteron, to the neutron spin polarization, and this in turn is related by way o 
the coupling of the neutron spin with its orbital angular momentum, to a term 
which represents the polarization of the angular momentum LmI1(m)/XII(m), 
This will be approximately the same for stripping reactions where the nucle: 
radii and distorting potentials are similar. When this is so 


Pp= 


: y ‘ 
PU a Netti ern fot ears ell 
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Polarization in Deuteron Elastic Scattering from Carbon at 6 Mey 
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University of Liverpool 


Communicated by the late H. W. B. Skinner; MS. received 26th November 1959, in 
final form 19th January 1960 


Abstract. The azimuthal dependence of the cross section at the second of two 
deuteron elastic scatterings from carbon has been determined at an energy of about 
6mev. It was found that the left-right part of the asymmetry was small and 
probably negative, which implies that the vector polarization either changes sign 
between the two scatterings, or that the tensor polarizations are large. ‘There was 
no evidence for polarizations of the (Ty. ) type. 


§ 1. INTRODUCTION 


complicated than that for particles of spin half, where three components of a 

single vector are all that are required. Lakin (1955) has shown that a 
Meomplete description of the populations of the various spin states can be given in 
terms of the expectation values of a set of tensors T jy, (Hamilton 1959) of up to the 
second rank. Of these, the first rank tensors T,,, show many of the properties 
associated with spin-half polarizations; they are axial vectors, and the average 
values of the spin in the different directions are given in terms of their expectation 
values. The terms (7\,,) will be referred to as the vector polarization. In 
scattering, the only (7, ) which are involved are those which represent components 
of the spin perpendicular to the scattering plane. The 7), contribute five more 
expectation values which relate the populations of the different spin states, but in 
such a way that they have no influence on the average spin in any direction. Ina 
cylindrically symmetrical system, quadrupole moments and alignments would be 
described in terms of them. 

Large left-right asymmetries have been found in deuteron stripping when 
‘using deuterons which had been polarized by scattering them from carbon (Hird 
‘and Strzatkowski 1960). The central force distortion theory of deuteron 

stripping, which is believed to be reasonably correct where the stripping process 
redominates, predicts that the T,,, do not contribute in any way to the cross section 
or to the asymmetry (Satchler 1958, Huby, Refai and Satchler 1958). The large 
| symmetries found in stripping therefore seem to indicate that there was con- 
erable vector polarization present in a direction perpendicular to the stripping 
ane. ‘The present measurements were made in an attempt to determine 1n- 
pendently the vector part of the polarization of these deuterons, by a second 


elastic scattering from carbon. 


ik HE description of the polarization states of particles of spin one is more 
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Lakin (1955) has shown that the cross section, at the second of the two 
deuteron elastic scatterings is given byt 


L= I) [1+ (Tx )1{T 20 2 + 2(2¢ T3114 T11 2 — (T 011 (1012) C08 6 
+ 2¢T 29 )1¢ T29 )2c08 26] 


where Jy is the unpolarized cross section, and ¢ is the angle between the two: 
scattering planes. ‘The suffix 1 refers to the polarization state of the beam after} 
the first scattering, and the suffix 2 refers to the polarizing effect of the second 
scattering. ‘The axis of quantization is here taken along the direction of the beam | 
between the two scatterings, with the » axis in the plane of the first scattering. 
Parity conservation requires that the expectation values (7\,) are entirely, 
imaginary, so that in terms of the ordinary definition of vector polarization, 


Pa= (Sy) = (2i/4/3){Ti1). 
All the other expectation values are real. 


We have measured the relative number of deuterons scattered left, right, up| 


and down after the second scattering, in order to determine the coefficients of | 
cos¢ and cos 2¢. : 


§ 2. "THE PoLarIzED DEUTERON BEAM 


The polarized deuteron beam was produced by placing a graphite target | 
inside one of the dees of the 37in. cyclotron (Al-Jeboori et al. 1959). For the | 
first of the measurements at 46° the same internal target as for the stripping | 
measurements was used. ‘This gave a scattered beam of energy 6-0 + 0-2 Mey. 
The target had to be renewed for the other measurements, and after the focusing | 
conditions were optimized, the beam energy was found to be 6 + 1 Mev. The | 
geometry of the first scattering had originally been designed to select particles | 
emitted at about 45° in the centre-of-mass system and for this reason some of the 
second scattering measurements were done at a similar angle. However, after 
the experiments were completed, recalculation of the deuteron trajectories in the | 
cyclotron fringe field showed that those deuterons which were collected by the 
wedge magnet must have been scattered by the internal target at angles near to 40°, 


so that no measurements were actually made with identical first and second | 
scattering angles. 


§ 3. MEASUREMENT OF THE ASYMMETRIES 


Measurements were made, with nuclear emulsions, of the deuterons scattered 
left, right, up and down, at identical angles after the second scattering. The 
azimuthal variation has the form I= J, (A+ Bcos+Ccos2¢), and it is possible 
to obtain the coefficients B/A and C/A from the track densities in the four directions, 
_ independently of most of the first-order geometrical errors in the position of the 
emulsions in the scattering camera. his is done by making two successive 
exposures. Between the two the camera was rotated through 90° about the 
incident deuteron direction. If the differential cross section in the four directions 
is I, Ip, Tp, Ty, and if the measured track density on the corresponding emulsions 
is N,, No, Ng, Ny in the first exposure, and N,’, Nz’, N,’, Nj’ in the second, whe 


+ Note that the sign of the < T2,> term is incorrect in Lakin’s paper. 
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the suffix refers to the location of the plates in the plateholders, then 
ENG etic N3Ng I? 
Ny'N, Il NAN Tale, 
| ee roney of the solid angle subtended by each plate and of the relative magni- 
- ae i ae ee From these ratios, the coefficients B/A and C/A are 
The scattering camera is shown in the figure. The position of each of the 
plateholders could be adjusted separately, and then fixed in position. ‘Though 
the effects of geometrical errors are largely eliminated by the method of calculation 
they were kept as small as possible by locating the plateholders accurately Pith 
templates, relative to the second target. The track density was particularly 
sensitive to the angle which the emulsion surface made with the direction of the 
scattered deuterons, so, after the positions were fixed, an optical lever system was 
used to determine the variation of this angle from one plate position to another. 
The mirror for this optical lever consisted of a glass plate inserted successively 
in each plate holder. 


and 
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The frame supporting the target and the nuclear plates was located in the 


‘scattering chamber by steel balls recessed in the mounting plate, so that when 


loaded it could be replaced accurately in either of its two positions. 
The target was made by abrading pile graphite down to an average thickness 
This represents an energy loss of about 1 Mev to the 6 Mev beam. 


of 8mgcm~?. 
from uniform so that a greater energy loss than this would occur 


The target was far 


jn some regions of the target. 
As a check on the method of calculation, the two successive exposures were 


treated as separate measurements, and the asymmetry calculated from each. 
When these had been corrected for the misalignment there was internal 
ith the other method of calculation. 


consistency between them and w 
An error, which did not cancel out, and which would not be revealed by differ- 


ences ‘n the results of the successive exposures, would be introduced if the mean 
"direction of the incident deuteron was not parallel to the axis of the scattering frame. 
“The largest uncertainty of this direction came from the convergence of the beam 
from the wedge magnet. Since the distribution of the beam over the aperture of 
the magnet was not determined, errors of up to +1° in the beam direction were 
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possible. 'The effect of such a misalignment on the asymmetry depends on the 
rate at which the scattering differential cross section changes with angle. At 
angles where it changes most rapidly the error in the left-right asymmetry may be 
of the order of a few per cent. Since the rate of change of the differential cross. 
section was required for a more accurate estimate and it was not available, this type: 
of error was excluded from the errors given in the asymmetry results. 


§ 4. ‘TRACK ANALYSIS 


The position, length and direction of all the tracks entering the surface of the! 
nuclear emulsion were recorded. ‘Those corresponding to protons, from deuteron | 
stripping in the target, were easily identified and were ignored. To be acceptable’ 
each deuteron track had to have both its dip angle and its azimuthal angle consistent | 
with the deuteron having come from the direction of the target. Deviations of | 
the dip angle and azimuthal angle from the expected direction were calculated, 
and from graphical plots of these, it was possible to estimate the background 
of tracks having the correct directions, but not coming from the target. In all | 
the exposures, this background was small and roughly the same on all four plates. | 
The plates corresponding to scattering to the right usually contained considerable | 
numbers of proton recoil tracks from neutrons which had traversed the double. 
shielding wall by passing down the beam tube. The direction of these neutrons | 
was such that, with the method of scanning, these tracks made no noticeable con- | 
tribution to the number of recorded tracks, and the background to be subtracted | 
for the right-hand plates was not significantly larger than for the others. : 

The accepted tracks on each plate were finally plotted against energy, and a 
suitable low-energy cut-off was chosen. It was found in all the measurements | 
that the position of this cut-off was unimportant, and that it had little influence on | 
the asymmetries. In the results, the minimum energy cut-off was 3-5 Mev for the | 
46° exposures, and 3-0 Mev for the 70° exposures. 


§5. RESULTS AND Discussion 


The results are shown in the table. The coefficient of cos 2¢ is small, so that : 
very little polarization of the type { 7.) is produced in the scattering. 
gS di wate OL ZG “in SE Las Sogrei 23 ao lscdquy Sain 
Angl m. ; 
a ee ey Energy (Mev) left right up down B/A C/A 


46+1:5 6:0+0-2 275 294 269 268 —0-062+0-042 +0:070 + 0-020 
446 397 309 369 


4641-5 6+1 252 209 210 228 —0-097+0-052 +0-013 40-025 
204 177-179 205 


7043 641 296 265 284 298 —0-110+0-050 +0-009 +0:025 
286 210. 223 238 ; 


The errors include statistical variations, but exclude the effects of geometrical misalignments. 
- 


The negative sign for the coefficient of cos 4 may be accounted for by predomi- 
nantly vector polarization only if this changes sign between the two scatterings. 
Though it is possible that the sign of the polarization changes at some angle between 
40° and 46° and then remains the same up to 70°, it is more probable that any change 
of sign would be due to energy rather than angular variations. The first scattering 
could have occurred at any energy between 8 Mev and 6 Mev, depending on whether 
it took place near the front, or near the back of the target. The second scattering 
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reduced the energy by about a further 1 Mev, so that the energy of the two scat- 
terings was significantly different. Deuteron reactions with C at these energies 
show evidence of discrete levels in 4N (Bonner et al. 1956), so that rapid energy 
fluctuations in the polarization are possible. However, in view of the evidence 
from the stripping asymmetries, of large vector polarization produced in the 40° 
scattering, it seems unlikely that the second scattering vector polarization would be 
so small at both 46° and 70°. 
Alternatively the small, or negative sign of cos ¢ may be due to tensor polari- 
zation of type <7.,) exceeding the vector polarization. If a resonant process forms 
the main part of the cross section, then in addition to being responsible for rapid 
energy fluctuations, it is likely to produce large tensor polarizations because the 
) deuteron as a whole is involved (Goldfarb and Rook 1959, Galonsky, Willard and 

Welton 1959). On the other hand, direct interactions which involve the two 
nucleons in the deuterons separately, such as that suggested by Huby and Newns 
(1951) for inelastic scattering, or the impulse approximation used at higher energies 
for elastic deuteron scattering (Baldwin et al. 1956, Watanabe 1958) are unlikely 
to produce the required energy variation nor are they likely to produce much 
tensor polarization. This is because only vector polarization in a spin 1 particle 
can be produced if this arises from the compounding of two separate, parallel spin $ 
polarizations. The spins of both nucleons in the deuteron must simultaneously 
be involved in the interaction before tensor polarizations are produced. 
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Domain Tube Structures in Silicon Iron 
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Abstract. Following a theoretical discussion of Néel spike formation by the 
extension and subsequent collapse of a domain tube which joins an inclusion to a' 
domain wall, a quantitative study has been made of the phenomena. The) 
results are discussed in terms of a formula given by Brenner, and an attempt is | 
made to assess the importance of the phenomena in the explanation of coercivity. | 


§ 1. INTRODUCTION 


impedance to domain wall motion. Kersten (1943) considered the effect | 

of spherical cavities or non-magnetic inclusions on wall movement. He. 
proposed that the increase in coercive force caused by inclusions was due to a | 
simple ‘surface tension’ effect. However, he made no allowance for the effects | 
of a demagnetizing field at the inclusion and obtained estimates of coercivity | 
which were in excess of experimental values. Néel (1944) rectified this omission 
and based his calculation of coercivity on surface charge effects, at the surfaces of 
the inclusions. In passing through an inclusion a domain wall causes a redistri- 
bution of magnetic charges, and magnetostatic energy is a minimum when the 
wall bisects an inclusion. Hence, there is a tendency for a wall to remain 
anchored to inclusions. Néel further predicted the formation of closure domains 
at an inclusion which further reduced the magnetostatic energy. ‘The formation 
of such domains, now known as Néel spikes, is dependent on the size of the 
inclusion. : 

Williams and Shockley (1949) observed the motion of a 180° domain wall 
as it moved past holes and imperfections in a crystal surface. They reported 
that domain structures around an inclusion united with the wall, forming ‘tie 
domains’ or ‘tubes’, a particular example of which is shown by the drawing in 
figure 1. As the main wall continued to move, the tube wall became more and 
more extended and finally broke, suddenly forming a Néel spike structure at the 
inclusion. 

The importance of this process in the theoretical considerations of coercivity 
was soon realized, and Kondorsky (1949) computed the magnitude of the field 
required to resist the tension of a tube. Later, Kersten (1955) re-examined the 
‘problem and made a new estimation of coercivity incorporating a tube extension 
mechanism. The absolute value of the coercivity agreed satisfactorily with a 
value calculated from an approximate formula. In all cases assumptions were 
made to simplify the mathematical treatment, so that agreement with experiment 
must be treated with some reserve. Brenner (1955) extended the coercivity 
formula of Kondorsky by including in his treatment a consideration of th 
rupture length of a tube. This involved an analysis of the energies involved in 


S EVERAL theories of coercivity have been based on a model which postulates | 
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the creation of a Néel spike by tube extension and subsequent rupture. He 
obtained a maximum value of coercivity when the average distance between neigh- 
bouring inclusions was of the same order as the rupture length of atube. Because 
of the apparent importance of tube rupture in theories relating to coercive force 


it was decided to examine quantitatively such processes in single crystals of 
silicon-iron. 


4, 
— 
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Figure 1. (a) ‘ Tie domain’ or ‘ tube’; (6) Néel spike. 


§ 2. THE BRENNER THEORY OF TUBE RUPTURE 


Brenner assumes that the collapse of a tube to form a spike is possible from 
the moment that the energy of the tube structure becomes equal to the energy of 
the spike structure which is stable under the same conditions. From calculations 
of (a) wall energy, (5) surface charge energy and (c) magnetic energy, he finds that 
head OrrV99 + 4HI ed + 2rral 7d? |], jo east 
1299-1 3£I sd 
where /; is the rupture length of the tube, /; is the equilibrium length of the spike 
replacing it and d is the diameter of the inclusion on which the structure is based ; 
Yoo is the average energy per unit area of a 90° wall, and is assumed to be the same 
for both the tube and the spike. The factor a is included because of the diminution 
of the energy of the demagnetizing field, caused by the rotation of the main 
magnetization vector in the region adjacent to the wall, for finite crystal anisotropy 
(see Williams, Bozorth and Shockley 1949); a is equal to 2/u*, where 
*—(1427I,?/K). There is, however, some doubt about this value of a, and 
Bates et al. (1957) have given calculations which suggest that a is equal to 
[2/u*(u* +1)#?]. Nevertheless, this does not affect the theoretical limits of 
equation (1). ; 

From equation (1) it follows that, in general, for very large inclusions, the 
magnetic term H/s is dominant, even for small fields. In this case the ratio 
I,//; tends to the limiting value 4/3. _ In cases where the wall energy terms swamp 
other terms, i.e. for inclusions less than 10 in diameter and for very small fields, 


the value /,/J, tends to 7/2, or approximately 1-57. 


7 § 3, EXPERIMENTAL PROCEDURE 

For the present experiments a single crystal of 2-5% Si-Fe about 0-7 cm 
square and 01cm thick was available. Its main faces were parallel to within }° 
‘to (100) planes and its edges approximated to [100] directions. It was electro- 
| polished in a chromic-acetic acid mixture to obtain a strain-free surface (Bates 
and Mee 1952). 
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The specimen was placed between the poles of a small electromagnet with the 
field parallel to an easy direction of magnetization in the surface. ‘The effective 
field was measured with a magnetic potentiometer and galvanometer amplifier 
circuit ; the magnetization curve was of standard form, with a coercivity of 0-72 Oe 
and a technical saturation intensity of magnetization of 1625 Gc. 

Observations of the tube rupture processes were made by the Bitter figure _ 
technique. ‘The patterns at the critical tube lengths were photographed, and 
the negatives were projected to a magnification of x 2000 to facilitate measurement. 

Typical tube extension and rupture processes are shown in figures 2 and 3 | 
(Plate). It was observed in most cases that on rupture the wall bounds forward — 
for a short distance. The process is dynamic, and no sign that the tube will 
rupture is observed until an actual break occurs. However, it was found that if - 
the wall was moved slowly away from the inclusion, then at rupture, although 
the true domain wall moved away, the colloid deposit indicating the position of | 
the wall at the moment of rupture took several seconds to disperse. A photo- 
graph (figure 3(d)), taken at such an instant, shows a Néel spike based on an 
inclusion and a line of colloid particles indicating the position of the 180° wall at | 
rupture. Hence a measure of i;, /;, and d could be obtained on one photograph — 
for each process. The diameter of the inclusion d was taken to be the width of | 
the base of the spike, after rupture, measured as close to the inclusion as possible, — 
Direct measurements of d were not always possible because of the almost 
inevitable agglomeration of colloid particles around the inclusion. | 


§ 4. EXPERIMENTAL RESULTS 


The motion of 180° walls, in the specimen of silicon—iron, was observed — 
during the process of magnetization. Over 100 rupture processes were observed — 
and photographed, and the critical tube length, equilibrium spike length, — 
diameter of the inclusion and effective field at which the rupture occurred were 
measured in each case. 
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Figure 4. Distribution in the diameters of the inclusions 
upon which measurements were made. 


? 

4 * 

Figure 4 shows the distributions in the diameters of the inclusions upon which 
measurements were made. It can be seen that 70% of the spikes observed we 
based on inclusions which were between 6 and 12uin diameter. The inclusions 
were holes or non-magnetic impurities which were present in the surface; it was 
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not necessary to produce defects in the surface by artificial means. Figure 5(a) 


the experimental values of /; plotted against /, for all the processes observed. 
he points conform approximately to a straight line of slope (//,= 1:35 
J 5 '"s oe 
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Figure 5. Experimental values of tube length plotted against equilibrium spike-length: 
(a) for all processes observed, (6) with points selected from specified field ranges. 


Figure 5(b) shows the same plot with points selected from measurements 
made in specified field ranges. It can be seen that the position of these points 
shows little or no dependence on the field range in which they were measured. 

The upper limit to which a tube could be extended appears to be 200u; 
however, few processes were observed in which /; exceeded 100u. This is due 
to the inclusion density on the surface of the specimen. A region in which a tube 
could be extended to a length greater than 100 before encountering an inclusion 
was rarely found; the average spacing of the inclusions was about 125. 

-—s-' The ratio i/ls~ 1:57, predicted by Brenner to occur when the wall energy 
‘terms in equation (1) swamp the other terms, was not reached as the smallest 
spike-supporting inclusion observed in these experiments was of the order of 
3-5. Measurements to bring /t//s in the range 1:57 would have required 
effective fields of less than 1-0 Oe. 

The minimum value of /;/J, observed was about 1-14 compared with the value 


1-33 predicted by Brenner. 


§ 5. DIscussION 


The measurement of these processes by the above method was difficult 

because the movement of 180° domain walls was considerably influenced by other 

obstacles which lay outside the field of view. A 180° wall tends wherever 
possible to remain fixed to inclusions. 

The measurement of the rupture length probably introduced the greatest 
error; however, errors in the measurements of the spike length and of the in- 
clusion diameter were also present due to the difficulty in ascertaining the exact 

3L2 


884 L. F. Bates and R. Carey 


nature and position of the inclusion. For example, figure 6 (Plate) shows a 
spike based on a group of large inclusions. In this case measurements of i, and 
J]; were made from the base of the spike. 

For the range of fields in which rupture lengths were measured, it appears 
that the ratio /;//s is approximately constant, i.e. the process of tube extension and 
rupture is dependent only on field changes and independent of the range in which 
these changes are made. This means that the contribution of a particular 
inclusion to the coercivity of the specimen as a whole is constant throughout that 
part of the magnetization cycle where domain wall movement is taking place. 

Thus it appears that further calculations of coercivity should involve, not 
only considerations of the spatial densities and sizes of the inclusions, but also the 
number of walls present in the specimen at a given instant in the magnetization 
process. _ 
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Abstract. Before advancing any theory concerning the ‘squareness’ or switching 
characteristics of a ‘square loop’ ferrite it is necessary to assume a model for 
the domain (or rotational) configuration. In an attempt to obtain a knowledge 
of this configuration experimentally, observations were made of Bitter patterns 
on polycrystalline magnesium—manganese ferrite. A technique was developed 
which enabled the progress of a magnetization reversal to be followed in a single 
grain of the material. 

As a result of these observations it was postulated that the magnetization in 
each grain of the polycrystalline material lay along a [111] direction, and that 
the magnetization reversed by the motion of 180° domain walls. Hysteresis 

loops and pulse shapes calculated on the basis of this model showed a close 


resemblance to the experimental curves. 


§ 1. INTRODUCTION 


HEN considering theoretically the behaviour of ferrites having a 
: rectangular hysteresis loop it is customary to postulate some configu- 
ration of the magnetization at remanence, and deduce from this model 
how the configuration will change during a reversal. As is well known, a magnetic 
material may reverse its magnetization either by a process of domain-wall motion 
or by a rotation of the magnetization vector. From time to time a number of 
models based upon one or the other of these mechanisms have been advanced 
which account for various aspects of the behaviour of ‘square loop’ ferrite material 
(see for example Goodenough 1957 and Gyorgi 1957). Unfortunately, there is 
little experimental evidence available to assist one in evaluating the relative 
merits of these hypotheses. 
It was thought that if Bitter patterns could be observed on the surface of a 
‘square loop’ ferrite and the progress of a magnetization reversal followed, 
then at least some of these models could be eliminated and perhaps a new model, 


| based on experimental observations, formulated. 


§ 2. SOME OBSERVATIONS OF BITTER PATTERNS 


3 Mr. C. E. Fuller of these laboratories kindly supplied some colloid he had 


prepared to Elmore’s recipe (1938). A drop of colloid was placed on the surface 
of the specimen and a cover glass placed upon it, a drop of immersion oil was 
“then placed on the upper surface of the glass and the 2mm objective racked 
down until the image was observed. The specimen was lit by a Wrighton Beck 


metallurgical illuminator ; owing to the turbid nature of the colloid the lens 
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had to be used at a very small aperture to eliminate glare, and also to obtain a| 
good depth of focus. Photographs were taken on Ilford Pan F35 mm film with | 
an exposure time of 45 seconds. 
Bitter patterns were viewed on surfaces which had been prepared by four | 
different methods, three of which gave patterns of a rather spurious nature. 
Observations were first made on a polished sample of Ferroxcube D1 which | 
is a manganese-magnesium ferrite. Irregular domain walls were seen which 
were obviously due to stresses induced by the polishing process, so an attempt | 
was made to anneal the sample by heating it to 750°c. ‘This treatment greatly | 
clarified the Bitter patterns which resembled those observed by Bates, Clow, | 
Craik and Griffiths (1958) on the surface of polycrystalline manganese zinc | 
ferrite, that were due to surface stresses. The domains observed here remained | 
immobile when a magnetic field was applied, and it seems that these patterns 
also must be attributed to residual stresses. : 
Since polishing the surface introduced difficulties, the unpolished surface : 
of a D1 core was examined to see if domains were visible. Four distinctive types | 
of pattern were found, each pattern being confined to the area of a single grain: | 
(1) no pattern discernible, (ii) an irregular pattern of rather widely spaced domains, | 
(iii) a series of close spaced parallel domain walls and (iv) a maze pattern. : 
It is probable that this classification refers to grains where the magnetization | 
made increasingly large angles with the surface. The domain walls were highly | 
mobile, but watching the course of a reversal did not yield any useful information: 
patterns of the type (ii) were so complex that the reversal process could not be : 
followed and patterns type (iii) and (iv) changed their position without altering | 
the spacing of the domain walls. : 
The grains of the commercial D1 material had a very rough surface which 
probably gave rise to spurious patterns, and it was apparent from the nature of | 
some of these irregularities that they were due to grinding marks on the surface : 
of the press tool. It was thought that if the punches used to press the prefired 
powder were given a high polish then perhaps the surface of the grains would be : 
: 
: 


improved. To test this a toroid of D2 Ferroxcube (which is very similar to D1) 
1cm in diameter and 3mm thick, was pressed and fired for 18 hours in oxygen 
at 1330°c with the object of forming a very dense material with large grain size: : 
the maximum squareness ratio was found to be about 70%. (The squareness | 
ratio Rs is conventionally defined by the ratio J_ Hm)2/L7m Where I,,,, is the mag- 
netization corresponding to a field Hm.) Microscopic examination showed that 
the surfaces of the grains were far smoother than before. The observations to be 
described would seem to confirm that patterns viewed on these surfaces reflect : 
the domain structure of the interior of the sample, and that patterns observed on | 
surfaces prepared by other methods reflect only the surface conditions. A 
portion of a typical grain, covered with complex closure domains, is shown in 
figure 1(a) (Plate) (804 x 50u); probably the bulk magnetization of the grain 
~ was making a fairly large angle with the surface. A number of grains however 
showed a very simple domain structure and series of photographs, figure 1(c)— («) 
was taken to show the progress of a magnetization reversal in such a grain. The 
domain walls were almost parallel to the field direction, i.e. the periphery of th 
toroid, and the figures show an area of about 80 x sey 

Since the domain structure is very simple it would appear likely that 
surface is a (110) plane, and if this is the case it is possible that the domains 
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separated by 180°, 109° or 71° walls. This question may be resolved by consider- 
ing the small domain system observed in the bottom left-hand corner of the 
grain in figure 1(c)—(h): the structure is shown on a larger scale in figure 1(d). 
It would seem that this is a reverse domain and that free poles at its extremity 
are minimized by the ‘ears’. An interpretation of this structure based on the 
case of 180° walls on a (110) face is shown in figure 2. The shapes of the ‘ears’ 
of the observed structure are indicated by the broken lines, the other lines being 
coincident with those on the photograph. There would seem to be a free pole 
distribution along the walls indicated by the broken lines but as this domain 
system is very probably only a surface structure perhaps not too much weight 
should be attached to this. 

The possibility that the exposed surface of the grain was a (112) plane, the 
walls being in the (110) plane, was also considered but rejected because the shape 
of the small domain system to be expected on this hypothesis did not agree as well 
with the observed shape as that given in figure 2. Thus it would appear that 
the walls in figure 1(c)—(x) are 180° walls lying in a (112) plane, the exposed face 
of the grain being in the (110) plane. 

The observed thickness of the domain walls was in the region 0-2 to 0-6p. 
The theoretical value based on the approximate relationship d=7/(A/K) 
was 0-2 (taking A =0-14 x 10-* erg cm~ (Dillon and Earl 1959) and Ke Z2ea10- 
ergcm~—*). 


2.1. Commentary on figure 1(c)— (x) 


Figure 1(c)—(x) shows the progress of a magnetization reversal under the 
influence of a field applied by a magnetizing coil wound on the toroid. 


Figure 1 Field (Oe) 
(c) +4-11 The upper wall crossed the right-hand grain boundary. 
There was a heavy colloid deposit on the lower wall: pre- 
sumably the material in this region was under stress. 


(d) +2-06 The upper and lower walls have both advanced slightly, the 
(e) F 0 latter has started to kink over the stressed region. 
(f) — 0-20 The upper wall has advanced and a new domain has been 
formed in the lower right-hand corner of the grain. 
(g) —0-41 The upper wall has advanced on the left and centre and a 
(h) — 0-62 small closure domain has formed upon it. The lower wall 
(i) —0-86 has remained fixed in the stressed region. 
(j) elie 
(Rk) —1-23 The closure domain on the upper wail has disappeared. 
(1) —1:27 The lower wall has advanced on the left and the colloid 
deposit on the right has become heavier. 

(m) — 1-34 The lower wall has broken free, at first on the left and then 
(n) — 1-40 on the right. 
(0) — 1-64 

— (p) — 2-05 The upper wall which had remained almost immobile since 

mC) —3-78 part (k) has broken free. 

(r) —4-11 
(s) (0) Both walls have withdrawn slightly. 
(t) +0-62 paar 

- (uv) + 1-03 Both walls have withdrawn. The large salient in the lower 
(v) + 2:05 wall was almost certainly a surface closure structure. 
(w) +2:18 


pe (x) +411 Compare with part (c). 
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It may be seen that the grain was fairly rectangular in plan. If it is assumed 
that it was rectangular also in cross section so that the domain pattern was essen= 
tially the same on the opposite surface, then a measure of the magnetization of 
the grain will be given by the difference in area of the domains. In determining 
these areas the various small domains were neglected, as it was believed that 
they were only surface structures. Figure 3 shows the conventional hysteresis 
loop of the sample together with the hysteresis loop of the grain: it may be noted 
that both loops are closed. The field axis is common to both, and the loops 
have been drawn so that they coincide for H= +411 Oe. The fact that the 
loop for the grain is displaced in the vertical direction merely indicates that the | 
value taken as the area (i.e. volume) of the whole grain was in error: probably the 
sides of the grains were not quite perpendicular to the surface of the specimen. 
Thus it would have been legitimate to draw the loops so that both tips coincided, 


| (110) Plane 


Figure 2. The domain configuration of figure 1(b), assuming the surface to be a (110) plane. 


It has been remarked that the salient on the right-hand side of the bottom 
wall in figure 1(w) — («) was probably a surface closure structure. The justification 
for this statement is that if the salient was considered to be in the central domain, 
then the corresponding points in figure 3 were greatly in error inasmuch as they 
did not lie on the loop. If, on the other hand, the area of the central domain was 
taken to be bounded by the faint wall between the salient and the central domain 


then the points w to « were obtained, lying approximately on the loop. 


From figure 3 it may be seen that the magnetization reversal of the grain 


took place in four stages: 


Stage Figure 1 
I (c) -(e) Both walls moved slightly. > 
II (f) -(k) ‘The upper wall moved so that the magnetization altered linearly 
with the applied field. : 
III (1) — (0) The lower wall broke free and advanced very rapidly. ? 
IV (p) -(r) The upper wall broke free. | 
Although the loops of the grain and the toroid are generally similar, the hysteresi 
loop of the grai 


n does not possess a well-defined ‘knee’: this portion of the 


loop is due to the movement of the upper wall, probably in a reversible manner. 
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One possible interpretation is that the wall was being driven up a stress gradient 
another is that the reversible motion of the wall under the influence de “its fed 
field was a result of the rearrangement of the free poles at the ends of ree 
The free pole density J may be estimated, albeit very roughly, by appl ifte the 
formula derived by Kittel (1949) AS esas 


ee i= energy x L712, 
de 7 pccl a 


(It must be remembered that this equation is strictly valid only for a semi- 
infinite medium.) D, the domain wall spacing, was about 20, the wall energy 
was given by 24/(AK) where A and K have the values given previously and L, in 
this case the grain size, was about 60x. 


H 
Figure 3. The hysteresis loop of the poly- Figure 4. A theoretical hysteresis loop 
crystalline sample together with that based on irreversible domain 


of a grain of it. wall movements. 


Then I was of the order of 9 e.m.u. cm, compared with I; of the order of 
220 e.m.u. One grain was observed which was generally similar to that shown 
here, but with triangular closure domains at the ends of the walls which would of 
course have diminished the free pole energy on the end faces. 

Thus it would appear likely that under the influence of an applied field the 
walls moved reversibly until they ran into a heavily stressed area, where they 
were held until the field was sufficiently large to force them past the greatest 
stress gradient when they moved forward, irreversibly, in a Barkhausen jump to 
‘the next stress barrier in their path (see, for example, Stewart 1954). When a 
wall was in a stressed area it became curved or heavy colloid deposits formed on 
it showing the presence of free poles. The curvature of the wall has been explained 
(Craik and Griffiths 1959) as being a result of the wall energy being proportional 
to the square root of the anisotropy, so that if the effective anisotropy over a 
small region is changed by stressing the material, or by the presence of excess 
ferrous iron (to avoid repetition the latter possibility will not be mentioned 
explicitly again) then it may be energetically favourable for the wall to depart 


from a plane configuration. 
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This experiment did not support any of the existing theories of domain wall) 
configuration in polycrystalline ‘square loop’ ferrites, but on the basis of these: 
observations a new model for the domain configuration will be advanced which 
yields theoretical expressions which are in quite good accord with experimental | 
results. 


§ 3. AN ANALYSIS OF ‘SQUARE Loop’ BEHAVIOUR BASED UPON A 
New Mope.L OF THE DOMAIN CONFIGURATION 


This model is founded upon the following assumptions: | 

(i) That the grain just described is in fact typical of all grains in the material, 
i.e. each grain has one or two 180° domain walls which do not in general cross the 
grain boundaries but may do so if the orientations of adjacent grains are favourable. | 
The wall area remains essentially constant, and there is no nucleation or| 
annihilation of walls. 

(ii) ‘The magnetization of the domains in a grain always lies along the [111], 
direction which is nearest the field direction. This is essential if a high remanence | 
is to be obtained, and the conditions which must be satisfied if this assumption Is | 
to be valid have been stated by Wijn, Gorter, Esveldt and Geldermans (1954). 

(ii) ‘These [111] directions will be assumed to be uniformly distributed over | 
a solid cone with a semi-vertical angle of 54° 44’: this is only an approximation | 
to the true distribution but has been adopted to lighten the mathematics. In fact | 
the angle distribution of all the [111] directions extends over a right-angled | 
spherical triangle, through the centre of which passes the direction of the previously 
applied field (Gans 1932). : 

(iv) The magnetization of a grain may alter independently of that of adjacent | 
grains; and the effect of free poles on the grain boundaries will be neglected. 

(v) Each grain contains stress centres which act as barriers to the movement. 
of domain walls, and it will be assumed at first that in all grains the maximum stress | 
gradient around the stress centres is everywhere the same. Thuswhile an effective | 
field less than Hy say, may cause the wall to move reversibly between barriers a | 
field greater than H) will cause the wall to move irreversibly across the grain— | 
thus H, is the coercive force of the grain. 

(vi) It will be assumed at first that the magnetization changes only by 
irreversible wall movements of the type described in (v) above: thus in effect it 
will be assumed that the hysteresis loops of the individual grains are perfectly 
‘square’. 

We will now consider how certain properties of ‘square loop’ ferrite may be 
explained on the basis of this model. 


3.1. The Hysteresis Loop 


Consider a grain where the [111] direction makes an angle 6 with the appliec 
field H. Then the field acting on the domain wall is Hcos 6, and if the grain is 
to be switched : 


Hcos0> H, 7 
or if the grain is to be just switched 
H=H,secé. «ike so 


Thus if the field is increased in the negative sense slowly from zero, the material 
being initially in the remanent state (where the position of the domain walls 
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such that each grain is magnetized almost to saturation), then no change in the 
magnetization will occur until H=H, when grains whose [111] directions lie 
along the applied field will tend to switch. As the field is further increased grains 
whose magnetization make a rather larger angle with the field will reverse their 
magnetization, and so on until all the material has been switched. 

. Consider those grains where the magentization makes an angle less than 0 
with the field direction. Then it is easily shown that the resolved component 
of the magnetization along the field direction is given by 


Ie. Oy 
— = | sin cosé ad / { SHEE UCn nn. eres (2) 
s J 0 0) 
where G5 = 54° 44’, 
: Is 
i.e. ee LCS 20) ee ee ears (3) 


~ 4(1 —cos 54°44’) 


It will be noted that if @ is put equal to 54°44’ then this expression gives 
I/I; at remanence as 0-79 instead of the correct value, 0-87 (Gans 1932). Since 
both J and H are known in terms of the parameter 0, and remembering that a field 
'H causes a change in magnetization of 2/, a hysteresis loop may be plotted 
(figure 4). Values of the angle @ in degrees are marked on the figure, indicating 
whereabouts on the loop grains with [111] directions making an angle @ with 
the field reverse their magnetization. 
: Figure 4 represents the most rectangular loop that it is possible to obtain 
with a polycrystalline material, but the model upon which it is based is obviously 
over simplified and it will now be modified to put it upon a rather more realistic 
foundation. 

It has been assumed hitherto that the barriers in all grains are of the same 
effective height H, Oe, so that the coercive force of each grain is Hy Oe: the 
extreme rectangularity of the loop of figure + does of course derive from this 
uniformity of the ‘barriers’. A more realistic model is that each grain contains 
a number of stress centres, and that the magnitudes of the maximum stress 
gradients around the centres are throughout the material distributed in a Gaussian 
mode about a mean value A, Oe (cf. Néel 1942). The calculation of the loop 
shape now becomes very difficult, but to simplify matters we shall consider the 
similar but more artificial hypothesis that each grain has a single coercive force 
and that the magnitudes of these grain coercive forces are scattered in a Gaussian 
mode about a mean value A, Oe. 

If the applied field is written as nH, then as before the effective field acting 
on grains whose [111] directions make an angle between @ and 6+4¢ with the 
applied field is nH, cos 9, and those grains whose coercive forces are less than 


| this will be switched. ; 
Then it is easily shown that the fraction. of grains which will be switched is 


given by 
+ 1 AH,/o T/AHS\? ANE, 
hes + (2n)12 | exp{ — 3( wt) ba(=*) 


0 


where AH,/o=H, (ncos8~ 1)/o, and o is the standard deviation of the distri- 
bution. (The positive sign above applies when cos 6 > 1.) Values of the above 
ntegral for given values of AH,|« may be obtained from tables. From (2) the 
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resulting change in the resolved component of the magnetization is 


Zieh 
1—cos 54° 44’ 


This expression does not readily lend itself to integration and was summed | 
numerically. 66 was taken to be 5°, expressed in radians, and 5/ was calculated | 
for given values of n for 0=2:5°, 7:5°, 12°5°...52°5°. o was at first taken to be 
equal to ,/9, i.e. 0-993 of all grains would have coercive forces lying between | 
0-7H, and 1-3H,. A plot of the distribution function together with a family of 
hysteresis loops is given in figure 5. The squareness ratio Rs of the major loop’ 
is 0-75 and that of the minor loops (Hmax=1:-4H, and Hmax=A1,) is 1:00. In 
addition, the effect of the reversible component of the magnetization must be | 
considered. In the case of a square loop ferrite this component is approximately 
proportional to the applied field, i.e. = y,H, and this would shear the loop of | 
figure 5 as if the field axis were rotated in the anticlockwise sense through an | 
angle tan~! yy. Obviously this would result in the squareness of the inner loops : 
being reduced more than that of the outer loops, and so the squareness ratio 
would pass through a maximum as the field used to switch the core was increased | 
from zero. : 


Sle sin 0 cos 03074 0) eee (4) 


2Ho 2H, 


0 Ho 2g 0 Ho 2Ho 
Figure 5. A family of theoretical hys- Figure 6. A family of theoretical hysteresis 


teresis loops, the grains having loops, the grains having their coercive 
their coercive forces distributed forces distributed as indicated. 
as indicated. 


4a 

To investigate the effect of broadening the distribution function a series ‘of 
loops, figure 6, was plotted for the case o=f,/2:5, i.e. 0-987 of all grains had 
~ coercive forces between 0 and 2). Rs for H=2-5H, is negative; for H=1-677, 
Rs~0-50 and for H= Ay, Rs~0-55: the effect of the reversible component of 
the magnetization would be as before. 

Comparing the major loops of figures 4, 5 and 6 it may be seen that the effect 
of increasing the spread of the grain coercive force around a mean value A, is 
progressively to shear the loop and to round off the knee, the coercive force of 
the sample remaining unchanged. From the observed hysteresis loops of ‘square 
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loop’ material o would seem generally to lie somewhere between the two rather 
extreme cases plotted here. 


3.2.1. The pulse output. 


The form ot pulse output to be expected from a ferrite with an ‘ideal’ loop 
as shown in figure 4 will now be investigated. 
The domain wall velocity may be written as a function of the field in the form 


gen Hie Hy) ae wh ee ieee. s (5) 


where R is an empirical constant. The most recent verification of this expression 

was by Dillon and Earl (1959) who measured domain wall velocities, at various 
‘temperatures, in a single crystal of Mn,,Fe,,,O,. Ho in the above expression 
will be identified with the H, of this paper, i.e. the coercive force of a single grain, 
which is again assumed to have the same value for all grains. 

} In the case of a polycrystalline material the field acting on a domain wall 
making an angle @ with it is Hcos 0, and the wall velocity may be written as 


p= R(H cos0- Ha) e) Be ener (6) 


The component of the applied field perpendicular to the wall will have a 
negligible effect on the wall motion for there is present an additional perpendicular 
component He which is much larger than the applied field (Becker 1951, Galt 
1954). 

ie equation (2) the resolved part of the flux along the field direction, at 
remanence, for grains whose [111] directions make angles 0+0+60@ with H, 
the material being in the form of a toroid of cross section A, is given by 


~ 4rIsA 
~ (1—cos 54°44’) 
If d, the distance the domain walls move during the switching process, is assumed 


to be equal for each grain then from equations (6) and (7) the rate of change of 
flux, measured along the field direction is given by 


5N Sit) COS 0 OU a meme a rears (7) 


SN _ _2x4rIsAR 0 gc086(Hcos@—Hy) 50. «.-.-- (8) 
: St (1—cos54°44')d 
The voltage output from these grains will of course be in the form of a square 
pulse of duration #,, say. The minimum value of f, is 
ty=d/[R(H-—Hy)] tte (9) 
E hich is the time taken for grains to switch whose [111] directions lie along the 


field direction (ie. 9=0). , 
7 aheae < i. All Eee with orientations from 6 =0 to 6 =@» will contribute 


to the output which will consequently have its maximum value during this time. 
Om as a function of the applied field is given by equation (1), but in any case 
(Om< 54°44’. The output in millivolts on a single secondary turn is then given 


by integrating (8) from §=0 to 0=Om, i.e. by 
871,AR x 10-2 A (1 — cos? Gin) a = (1 — cos? an) | my 


= 


SS 


Emax= (cos 54°44) 4| 3 
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For values of the drive field greater than H =H, sec 54°44’ so that the core is: 
fully switched Emax will vary linearly with H (as is found experimentally), the 
slope from equation (10) (@m=54° 44’) being given by 


dE max es s gf =h 
7TH = 15*71,A x 10 q mv Oe ; \ 


The magnitude of the intercept H, that the extrapolated linear portion of 
the curve makes with the field axis is 1-24H, which is very nearly equal to the 
coercive force. 

By way of illustration Emax has been calculated, for various values of H, 
for a 2mm FX1508 core of Ferroxcube D2 using the following values: 
A =0-0023 cm?; R=3000cm sec Oe-!: this value has been arrived at by extra- 
polating to room temperature Dillon’s value for Mn,.4Fe,,0,; 1s=220e.m.u; 
d=20x 10cm: this is the domain wall spacing observed experimentally; 
Hy =1-0 Oe: this is a little less than the coercive force. The resultant curve is 
plotted in figure 7. . 3 


Drive Field (ampere -turns) 


0:5 10_ 15 
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= Ez 
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Ee a 
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E 

3 100 
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5 Drive Field (oersteds) ‘ 
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ee 7 
_ Figure 7. Theoretical plot of peak 


2 
Microseconds 


Figure 8. Theoretical output pulses, f 
output against drive field for various drive fields, of an ide 
an idealized FX1508 core. PX1508 cores 1 ome 


__As the hysteresis loop of this material is not, unfortunately, like 
_ loop of figure 4a good numerical agreeme: oretical and 


[ 
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Thus the output from the core at time ¢ will be given by integrating (8) between 
the limits 0’ and 6m, i.e. by 


871,ARx105 [HA ! H, 
E,= ccsse4a)d E (cos? 8’ — cos? 6m) — —- (cos? 0’ — cos? 7) mv. 
Gade. (12) 


By giving the parameters the values stated previously and by using appropriate 
values of @m and 6’, plots may be drawn of the theoretical voltage output of an 
idealized FX1508 core against time (figure 8). The shape of the low drive curves 
agrees quite well with that observed experimentally, except that experimental 
pulses show an initial spike due to reversible wall movements (or possibly 
rotation of the magnetization). As the drive field is increased it is observed that 
the pulses take some time to attain their maximum output and this cannot be 
accounted for by the postulated model. One possible explanation, which is being 
tested experimentally, is that the domain walls take some time to break free from 
the stressed areas. ‘This hypothesis is suggested by Dillon and Earl’s obser- 
vations (1959) of domain wall nucleation times in a single crystal of manganese 
ferrite. 

When H is large so that 6m=54° 44’ then the switching process will be com- 
pletely finished at a time t=d/[R(Hcos6m—H))]. If His small and the toroid 
is not fully switched then from (1), H=Hy)sec6m where 6m <54°44' and 
theoretically the switching process will never be completed ; that is the ‘voltage 

output’ from the core will tend to zero asymptotically. 


3.2.2. The calculation of the switching coefficient S\,,. 


The switch time 7 of a core is conventionally defined as the time elapsing 
‘between the two occasions at which the output from the core is 10% of its peak 
-yalue: from figure 8 the first occasion is here at t=0. 

The second occasion, which here corresponds to the switch time, may in 
principle be obtained from the equation 


nE,=Em (where by conventionn=10) —...... (13) 


where E, and Em are given by (12) and (10) respectively. Remembering that 
cos 6’ may be expressed explicitly by (11), on differentiating (13) one finds 
3 


1+(n—1)cos?6@m]__ nd* cos &’ / a 
| Hy an | 5 Sate Gesaly cos Oigy nee eg me 
where S,, is defined by dH/d(1/t). 

As 6’ is a function of H etc. the relationship between 1/7 and H is not linear, 
but if H>H, then it may be calculated from (13) that when n= 10, cos 6’ 
approaches the value 0-6489 (i.e. 6" ~ 49°). Thus for large fields 1/7 is very nearly 
‘a linear function of H, and comparing (14) with the conventional expression 


we may write 
: 1+(n—1)cos*@m]__ og _ d ncos 0’ ie 
| Hor G1 coe" Tay R\1+(n—1) cos? 6m 


utting 2=10, #m=54°44' and cos 6’ = 0-6489, then 
[H—1-47Hg]r=1:53d/Ro at eee (15) 
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On figure 9 are plotted points derived from the curves of figure 8 together with a 
(broken) line plotted from equation (15). 

It may be seen that the curve derived from figure 8 approaches (15) asympto- 
tically, and since 0’ rapidly approaches its limiting value the curve is sub- | 
stantially linear for fields greater than 2-5Oe. From (15) we find that for this | 
part of the curve S.,~ 1-0 Oe psec, the experimental value is about 0-8 Oe psec. 


Drive Field (ampere-turns) 
0:5 1-0 LS 
T 


no 


1/t (microseconds) * 


2 3 4 | 
Drive Field (oersteds) 

Figure 9. Theoretical plot of 1/(switch time) against drive field for an idealized FX1508 — 
' 

core. 


§ 4. CONCLUSIONS 


Observations of domain patterns on polycrystalline ‘square loop’ ferrites” 
suggested a new model for the domain configuration, which accounted for: 

(i) ‘The general shape of the hysteresis loop, and the way in which the loop - 
shape alters if the firing conditions are such that there is a large spread in the | 
magnitudes of the maximum stress gradients. 

(i) ‘The shape of the output pulse under various drive conditions resembled 
that observed experimentally, as did the estimated values of peak output and 
duration of pulse. 

(iii) It was shown that for high drive fields a linear relationship existed | 
between the field and the reciprocal of the conventionally defined switch time. 
For low drives this curve was concave upwards, 

Thus it would seem probable that in materials with a rectangular hysteresis 
loop the magnetization lies along the [111] direction in each grain (K <0) and 
that the magnetization generally reverses by the motion of 180° walls: if the 
drive field is very large the magnetization may reverse by a rotational process” 
(Shevel 1959). The motion is impeded by stress gradients, the maxima of which 
~ are of about the same magnitude throughout the material, There is no nucleation 

of walls, in contrast to the theory of Goodenough (1957). 

In brief, the conditions for squareness are: 

(i) That if the magnetization is to lie along the [111] direction then the 
conditions of Wijn et al. (1954) must be satisfied, i.e. predominant crystalline 
anisotropy, a low magnetostriction particularly in the [111] direction and low 
shape anisotropy. If these conditions are violated so that the magnetization 
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vectors tend to fan out into a cone of large semi-vertical angle # the remanence J; 
will be lowered (see Wijn), and the ratio of the field Hm necessary to reverse 
all the magnetization to H, will increase. From equations (1) and (2) we find, 
for example, 


6 54°44! 70° 90° 
ives 0:79 0-67 0-50 
H,,|Hp 1:73 2-92 ee) 


If the ratio of H,,,/H, is large one would expect that even the minor loops would 
have rather a long ‘tail’ that would preclude coincident current operation, but 
increasing @ has a negligible effect on the knee of the curve which still closely 
resembles the knee of figure 4. 

(ii) There must be uniformity of the magnitude of the maximum stress 
gradients through the material. Generally this condition would be facilitated 
by a material of uniform grain size and low magnetostriction. If there is a large 
: spread in these magnitudes then the ‘ideal’ loop of figure 4 will be sheared 
_and the knee rounded off. 
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The Propagation of Sound in Monatomic Gas Mixtures 
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Abstract. ‘he velocity and absorption of infinitesimal plane sound waves have 
been measured in neon-helium, argon—helium and krypton—-helium mixtures, 
with molar fractions of helium from 0 to 1 in each mixture. The measurements, 
were made at 25°c, at a frequency of 700 kc/s, and at pressures from 0-1 to 2 atm, 
‘The observed velocity of sound was correlated with values calculated from simple | 
mixture thermodynamics; the measured absorption coefficients agreed with| 
those calculated from a formula derived by Kohler. 


§ 1. INTRODUCTION 


N the past thirty years the propagation of sound in gas mixtures has| 
| received considerable attention in both experimental and theoretical fields. 

Almost all the experimental work was concerned with the propagation in| 
mixtures in which one or both components show evidence of a relaxation process 
involving the vibrational specific heats, and was designed to investigate the transfer 
of energy into and out of the vibrational modes of molecules. In these circum-. 
stances the absorption due to relaxation has usually been of such magnitude as 
to obscure the much smaller effects due to viscosity, thermal conduction and! 
diffusion. 

The earliest theoretical attempt to include the effects of diffusion on sound 
propagation appears to be that of Rocard (1930, 1935) who derived an approximate 
expression for the additional absorption in a binary mixture due to mass diffusion. 
Kohler (1941, 1949) worked out the total absorption due to mass diffusion, 
thermal diffusion, viscosity and thermal conduction ina binary monatomic mixture 
and pointed out that, while Rocard’s expression gave the correct dependence of 
the diffusion absorption on density and frequency, it did not give the correct 
dependence on mixture composition. Meixner (1943) considered the more 
general case of a mixture with any number of components and included the 
effects of relaxation of internal energies and also chemical reactions; he noted 
that for a binary monatomic gas mixture his result can be equated to that of 
Kohler. 

If one investigates the propagation in binary monatomic mixtures there are 
no complicating relaxation effects and all the transport coefficients (therma 
conductivity, viscosity, mass diffusion and thermal diffusion) can be computec 
with sufficient accuracy. 

The only measurements made in such mixtures appear to be those by Petralia 
(1954) who measured absorption in helium—argon mixtures. He attempted t 
correlate his results with Kohler’s theory but did not obtain agreement. 


' 
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The purpose of the present experiment was therefore to determine the velocity 
nd absorption in binary mixtures of monatomic gases and to test whether the 
elocity and absorption could be predicted theoretically. 

The mixtures chosen for this work were helium—neon, helium-argon and 
1elium—krypton. 

We may remark here that the mixture theory is of particular interest because 
tis possible (Meixner 1952) to think of a single relaxing gas as a mixture in 
vhich the different components are specified by the internal states of the 
nolecules. 


§ 2. THEORY 
2.1. Sound Velocity 


If ideal gas behaviour is assumed, the velocity of sound in a mixture of two 
monatomic gases is given by 
= Cp, RT. 
OM 
where T'=absolute temperature (°K), R=gas constant per gramme molecule 
‘erg deg-! mole!), M=average molecular weight of the mixture = M,x, + Mgx. 
where M,,M,= gramme molecular weights of components 1, 2; Cy, Cp= molar 
teats of the mixture at constant volume, pressure; Cy =Cy,x;+Cy,x2, where 
Oy,, Cyg = molar heats at constant volume of components 1, 2; Cp=Cy+R. 


V2 


2.2. Sound Absorption 


Kohler (1941, 1949) has used the kinetic theory method to calculate the 
bsorption of sound in a binary mixture in which relaxation of internal energies 
oes not occur. He found the solution for the case of infinitesimal plane waves, 
sing the expressions derived by Chapman (1916, 1917) and Enskog (1917) 
or the heat flux vector, the pressure tensor, and the mean velocities of the two 
omponents. Like the ‘ Stokes—Kirchhoff’ equation for a single gas, the result 
s only valid so long as the wavelength is much greater than the mean free path. 
The total amplitude absorption coefficient (in nepers per cm) may be expressed 
as the sum of three terms (Kohler 1949) 


x= «. (viscosity) + « (thermal conductivity) + « (diffusion) 


ap 80% | 2n*%(y— 1)A rf 2h M, HD 1 Al 
ane eV ce 73 M yaad 
where f=sound frequency (c/s), p = total pressure (dyn cm a) US sound velocity 
the mixture (cmsec~!), A=thermal conductivity of the mixture (cal cm™ 
ec), y= viscosity of the mixture (poise), D,.=the mutual diffusion coefficient, 
_— the thermal diffusion ratio, cp=specific heat per gramme of the mixture 
(cal g—1 deg.*). eilis 
~ Tt should be noted that the coefficients p, A, Djs, Rp, Cp, Y 10 this equation are 
those for the particular mixture specified by x, and x, and must be calculated for 
each pair of values of x, and x». V is given by equation (1), 

Sif Cp ye R se Cy, X41 ar Cye%s 
V Ce Cate Cut 

3M2 
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but since for monatomic gases Cy, = Cy, =3R/2, then y=5/3 for all our mixtures. 

The specific heat per gramme for the mixture is given by 
X4Cy, + %,Cy, +R 

x,M,+%*,M, 

The transport coefficients , A, Dy, and ky, can be calculated from kinetic, 
theory. We have calculated them from the equations given by Hirschfelder, 
Curtiss and Bird (1954), using the Lennard-Jones potential as the molecular 
model. The force constants for the mixture for this potential were obtained from! 
the force constants for the pure gases using the empirical relations: (e.g. Hirsch- 
felder, Curtiss and Bird 1954) 


1/2 
Vaated €45 Ga End 
— AEE ; ey Sri Se 

713 and 2 = (9 *) 


where r=collision diameter in A, and e/k= potential parameter in deg k. 

The use of these empirically derived force constants in the first approximation | 
expressions for », A and Dy, gives values within 1 or 2%; these are sufficiently 
accurate for the present experiment. In the case of k,», the accuracy of the} 
calculation may not be so high, but is known to be not worse than about 10%; 
since the contribution of the k, term to the sound absorption i is only about one| 
tenth that of the ordinary Heats term, this accuracy is also adequate. 

Substitution of the appropriate numerical data into equation (2) shows that 
the diffusion term (the third term) is as large as, or larger than, the viscosity and| 
thermal conduction terms when M,— WM, is large and M is small. Helium was 
therefore chosen as the lighter gas in these experiments. 

The ratio A/jcp, which has the value 3/2 in a monatomic gas, can have larger | 
values in mixtures; this means that thermal conduction is relatively more. 
important than in pure gases where it contributes less to the absorption than does 
viscosity. 


Cp = 


§ 3. EXPERIMENTAL DETAILS 
3.1. Gas Supplies 


Gases were supplied by British Oxygen Gases Ltd.; details are set out in the: 
table. 


Gas Purity Principal impurity 
Atmospheric helium 99-5°% or better Neon 
Helium *‘ Spectrally pure ’ 
Neon “ Spectrally pure ’ 
Argon 99-959), Nitrogen 
Krypton 99% or better Xenon 


Comparison of the sound velocity in the two helium samples showed that the 
purity of the ‘atmospheric’ gas was higher than the figure claimed. } 


3.2. Experimental Procedure 


The absorption and velocity were measured using a pulse technique which 


been described elsewhere (Parbrook and Tempest 1957, Holmes, Parbrook a 
Tempest 1960). 
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The mole fractions of the two components of the gas mixture were found by 
measuring their partial pressures. ‘The technique used to fill the measuring 
chamber with the required mixture was as follows: if the required mixture had 
mole fractions x, and x, of the components and a total pressure p, then the first 
component was passed into the evacuated chamber until the pressure reached 
x,p. A three-way tap at the entrance to the chamber was then used to connect 
the chamber to the second gas supply, which was at some pressure considerably 
above x,p. ‘The higher pressure of the second supply minimized any back 
diffusion. ‘Ihe second gas was then admitted until the pressure reached the final 
value p. After filling it was found necessary to wait for 24 hours before taking 
measurements to allow the gases to diffuse thoroughly. 

In order to reduce the pressure in the chamber without altering the composition 
of the mixture, the gas filling system was evacuated and the tap on the measuring 
chamber was opened and then closed when pressure equilibrium had been estab- 
lished. ‘The filling system had a volume of about 1/6 of that of the chamber and 
this procedure thus reduced the pressure by 1/7. The constancy of composition 
‘of the gas at various pressures was established from the velocity measurements. 
The assumption that the mole fractions of the gases in the mixture will be in 
the ratio of the partial pressures is subject to a small error due to the non-ideality 
of the gases. The correction however is less than the experimental error in the 
measurements of the mole fractions and was not considered significant. 


§ 4, RESULTS 
4.1. Argon—Helium 
Figure 1 shows the measured absorptiuu as a function of inverse pressure ; 


he fact that the points lie near to a straight line passing through the origin verifies 
hat, as predicted by equation (2), «p is constant at constant frequency. 
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Figure 1. Sound absorption as a function of pressure in a argon—helium mixture 
containing 20°/, (molar) helium. 


2 shows the measured values of «p/f? together with the calculated 
as a function of the mole fraction of argon. (avt 
; the absorption due to viscosity and. thermal conduction alone.) ‘The measured 
p/f? fit the calculated curve well and the difference between the total and visco- 
hermal absorptions shows the large effect of diffusion. The accuracy of the 
measured ap|f? values is estimated as within + 2% while accuracy of the calculated 


im Figure 
ap/f? and the calcuated aytp/f? 
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Figure 2. Sound absorption in argon—helium mixtures as a function of the mole fraction nO 


argon. (Circles, experimental points; full line, calculated total absorption; bro! 
line, calculated visco-thermal absorption.) 


cen 


5 xlO. 
a) 


——> velocity (m/ 
> uw Oo Se elo) 


GO) -O2 603 =O4— O5 206-67 Oa say 10 
Figure 3. Sound gf oe einer atin ts ee ce EE IO 


a 


< 


argon. (Circles, experimental points; line, i Ghestieisted seer ae 


PatharRitabdus +5%; the differences between 
pe hereiore lee possible e Each 


The Propagation of Sound in Monatomic Gas Mixtures 903 


(3 
nN 


2 


—> ap/fx 


Prt PO? O57 04 (OS VOCYTOT= O87 09 FiO 


Figure 4. Sound absorption in neon-helium mixtures as a function of the mole fraction 


of neon. (Circles, experimental points; full line, calculated total absorption; 
broken line, calculated visco-thermal absorption.) 


4.3. Krypton—Helium 
Figure 5 shows «p/f? (measured), «p/f? (calculated), and aytp/f? (calculated) 


as functions of the mole fraction of krypton in a krypton—helium mixture. As in 


the case of neon-helium, the measured points agree with the calculated curve 
within the limits of possible error. 
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Figure 5. Sound absorption in krypton—helium mixtures as a function of the mole 
fraction of krypton. (Circles, experimental points ; full line, calculated total 
absorption; broken line, calculated visco-thermal absorption.) 


§ 5. CONCLUSIONS 


We may conclude from the velocity results that the velocity of sound in a 
binary mixture of monatomic gases can be predicted from a knowledge of the mole 
fractions of the components, using the simple theory expressed in equation (1). 
The absorption of sound in a binary monatomic gas mixture 1s accounted a 
by the Kohler formula (equation (2)) taking into account ordinary and therma 
diffusion. ‘This result also provides an interesting confirmation of the validity 
of the kinetic theory method as applied to the propagation of sound waves in 


gases. 
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Compression Waves in a Plasma in a Static Magnetic Field 
By N. ANDERSONT 
Department of Mathematics, King’s College, Newcastle upon ‘Tyne 
Communicated by R. Hide; MS. received 21st October 1959, in final form 16th December 1959 


Abstract. The propagation of small amplitude compression waves through a 
plasma in a static magnetic field is discussed. In contrast to the usual treatment 
of this type of problem we shall not treat the ions as a fixed neutralizing back- 
ground but shall include them in the dynamics of the problem. The problem 
is discussed in the general case in which the thermal velocity distribution is not 
negligible. The method of solution is to use the linearized Boltzmann equation 
in conjunction with Maxwell’s equations to obtain a distribution function and 
dispersion relation. ‘To obtain the dispersion relation an approximation method 
is used and it is shown that over the greater part of the frequency range the 
oscillations are of a characteristic wave number. We show that the inclusion of 
the ions in the dynamics is justified by the fact that at integral multiples of the ion 
gyrofrequency the ions play the dominant role. The results obtained show that 
the waves are undamped. ‘The graph of the distribution function for particles 
with large velocities shows a fine structure which indicates that at these velocities 
collisions become important, especially for particles moving perpendicular to the 
field and direction of propagation. 


§ 1. INTRODUCTION 


g shall discuss the propagation of small amplitude compression waves 

through a plasma ina static magnetic field. We shall assume the motion 

to be collision-free. In contrast to the usual treatment of this type of 

problem (see Gross 1951) the ions are not treated as a fixed neutralizing back- 
ground but are included in the dynamics of the problem. We shall consider the 
general case when the thermal! velocities of the particles are taken into account. 
The method of solution, similar to that used by Gross (1951), is by means of 
distribution functions. We obtain a dispersion relation, giving the frequencies 


of the possible oscillations as a function of the wave number, from which it can 


be seen that over the greater part of the frequency range the oscillations are 
characterized by a constant wave number, and which in the case of low frequencies 
and zero temperature leads to the well-known result of Alfvén. It also shows the 
dominant role of the ions when the frequency is near an integral multiple of the 
ion gyrofrequency. ‘The results obtained indicate that the waves are undamped. 
In the case of high velocity particles we obtain a simple expression for the 
distribution function. 
§ 2, Basic EQUATIONS 


Consider a plasma, composed. of electrons and singly ionized atoms, in a 
static magnetic field. We shall assume that the plasma is initially in equilibrium 
and consider the propagation of small amplitude longitudinal waves in a direction 


perpendicular to the magnetic field. 
+ Now at Trinity College, Cambridge. 
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Choose a rectangular coordinate system such that the axis is in the direction 
of the magnetic field and suppose that the direction of propagation is that of the 
positive v axis. If we describe the state of the plasma by a distribution function | 
f=f(v,r,t) where v is the velocity vector, r the position vector and ¢ the time, 
then we can describe the motion of the plasma by the collision free Boltzmann 
equation 


of Ae )+ eA) pi oe oh eae (1). 


where f is the distribution Redan of any particle type, v; are the components of 
the velocity vector, and F, are the components of the external force per unit mass, 
m the mass of the particle. Let e be the charge on the particle, then we have - 


FeciEsivx Hic ee eee (2) 


where E is the electric field vector and H the magnetic field vector, we assume the 
latter to be constant. Suppose we employ the usual method of linearization and 
write the distribution function in the form j 


GaP ees eee (3) 


where f) represents an equilibrium distribution and f, a small perturbation du 
to the wave. We assume f, is independent of y or z. ‘Throughout the paper we 
shall use mixed Gaussian units for the electromagnetic field. We shall assume a 
Maxwellian distribution for f) and that the ion and electron temperatures are 


equal. Hence 
fo=Acxp[=A(o,* +05"4- 9,7) )- 9) eee (4) 


We also assume that the electric field is small enough so that we can ignore th 
products of its components with the derivatives of f;. With these assumptio1 n 
(1) reduces to 


Heo s(n hee i) rf AC vine ot) =0. 


ox aes "Ou, 3 dvy 


* 
i J 


2 a 


Suppose we introduce polar coordinates in velocity space: 


V,=pcos@ v,=psiné v,=v, : oll 
and if we write Q=eH|/me then 6) reduces to £95 SADT i 
o >a 
ehesprts yi awies Ai BE. oho fe) ae i] 6) 
ul? ery Tas Pi all ot +0951 + = (8 ‘ 3, * Brae, Or ae ove ne 
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where g(p) Is an arbitrary function of p. ‘lo comply with physical restrictions 
on the solution we choose g(p) such that f, is periodic in 6 with period 27. It is 
sufhcient that for all p we have f,(p, 27)=f;,(p, 0), which enables us to determine 
g(p). 
Introduce the notation F,=E,-iE,; F,=E,+iE,. Then we wish to 
consider the integral i 
ba) 
I(@)=]| (E,cos¢+E£,,sin¢) exp [—1(wh + Rp sin $)/Q]d¢. 
J VU 
Making use of the expression 


=t¢ 


exp (iz sing) = > ; J,,(3) exp (ind) 


we can evaluate the integral and on substitution into the expression for f, we 


obtain 
pees Rea / Roa (BAe 
fi 2m op » ~ Ih) J “ 


i ees 1)0} ~ Fy, exp {i(m—1)@} ane 
w—(nt+1)O w—(n—1)Q : 


Integration of this distribution function over velocity space gives the 
perturbation in the particle density which is an infinite series of generalized 
hypergeometric functions. 


§ 3. THE DisPERSION EQUATION 


We will now consider the relation between the frequency of the oscillation 
and the wave number. Introduce the notation 


oO (2r fa o (2 f—o : 
ree { | | fre” p2dpdbdv, Iy= | | | fre p*dpdBdv», 
0 J0 J-@ A hash 


We assume that the undisturbed plasma is electrically neutral which implies 
from Maxwell’s equations that the divergence of the current density is zero, and 
since we have assumed exponential dependence on « only this is equivalent to a 
zero x component of current. Hence we have 
AL eee is, ee (8) 
é[ (a), — Un) l= 59a 
where e is now the charge on the ion. If we neglect the displacement current in 
Maxwell’s equations we have 


V xH=47j; NE ig a tar 
which give 
‘ jue ee FEED oa © (9) 
From (8) and (9) we obtain 


(1,)4-(h)-=y(Fe- #1) } Biter 10 
(I,),— (le) -= — (Fa) oy 
where y =1c?k?/87we. 
Write =P Feat ehs; I= PR Fork. 
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Then equation (10) becomes 


Fy(al —ah+y)+F,(8i Bi —y)=0 | 
F(a —a2 —y)+F,(Bf — 82 +y)=0 


where subscripts indicate particle type. There exists a non-zero solution, if, 
and only if, the determinant ; 


a maaby pe ee (11) 


If we write 


Ap =AZQE/R A,=n(Az/7)P? A,=(m,/2RT) 


: ; wigs : : — 
where kis Boltzmann’s constant, m) the equilibrium particle density and 7 the 
absolute temperature, then the coefficients reduce to the form Fi 


1 — cemg(AL)® "4? [> st exp (—ALs") J, (e)Jnva(2)d2 Go 
aga = Mem? “S$? (ot exp (Ast) Ine Mnsale)de _ ge 


eee ae 


_ Bien(ALP Sp? sSexp (~As*Tul2) Jal) 
a 2 ail — wt (n—1)Q., 
ese Zien, (A+)? as he 2 exp (— Ax") In(®)In (2) | 


Me = n=—@ wt (n+1)Q, 


We use this subscript form to avoid unnecessary repetition of results. To check 
the results so far obtained we will consider the case when the temperature is zer 0. 
In the coefficients given we obtain contributions only from those terms which 
contain products of zero-order Bessel functions. In this case the coefficie 
reduce to 


at=pi=0 at = F teng/[m.(w—Q..)] B1= = teng/[m(w+ Q..)] Z 


and the dispersion relation becomes by substitution in (11) - . 


(m4 +m_)o* Ege te-ehht ( Sled loed as (12) 
; . Aan, 2 tL m1, m_ mame) homer inks eves 
: + 
> wee 


oe ency | 
in aBsHN> aver: ai 
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If we multiply both sides by exp [(w/Q+ 1)y] and integrate from y=0 to =a 
we obtain K,(3); similarly using exp [7(w/Q—1)y] gives L,,(z). If we substitute 
these results in the coefficients and reverse the orders of integration we can carry 
out one of the integrations using the result that 


| : J (at) exp( — pe2)t—1dt 


Pid(ut v)}(a/2p)” a y—p+2 a 
. 2 ng be F Sens tia 
pr erty OP (— a) vibients) 


and obtain the coefficients in the form of integrals over the range 0 to 27. We 
shall now consider the special case when the parameters A} are very small; this 
could correspond to very high temperatures. ‘The integrands in the coefficients 
are rapidly decreasing and by extending the range of integration to infinity and 
expanding in terms of the variable y we can evaluate the integrals in this case. 
The coefficients become 


9 . 9 Ad. 124 Al 3/2 Q—1 2= } 
23 = — Bienen’? cot (=) ) (Ax) Ae Seuigts 
; ( AL) 4+ (AL)8?[(@/Q.. + 1)?- 4] 
a ay 1/2 mw \ (Az) m = 4 
BL 21en,cm'? cot (=) 4H 
3 ma (Aq jH2—3(AL)3?F[ (w/Q,.41)?— 4 
at = + 2iengcr'? cot (=) ae) a) A stl)-4) = B32. 
This leads to a dispersion relation 
cot (w/Q.,) = [3 cot (re/Q_)(m,,)??]/[402(m_)??]  ...... (13) 


where we have written w=«Q,. For values of « such that Q,<w<|Q_| this 
result implies that cot (7/Q.,) has a large negative value, which means that the 
frequency w lies close to an integral multiple of the ion gyrofrequency Oh This 
is analogous to the discovery by Gross of bands of forbidden frequencies at 
integral multiples of the electron gyrofrequency. Hence if we consider the graph 
of (A1)~1 against w this curve will have asymptotes near the integral multiples of 
_ the ion gyrofrequency. 

We have now considered two limiting cases of the problem, when the para- 
meter (A!) is very large and very small, and we shall now consider an intermediate 
case. Wesuppose that w is not near an integral multiple of the ion gyrofrequency 
and we shall assume that (A!) is of order of ten; the results obtained will show the 
validity of these assumptions. On the basis of these assumptions we sec that the 
ion terms are as in the previous case and are negligible compared with the electron 
terms. ‘The exclusion of the ion terms enables us to solve the dispersion equation 
and in this case we obtain the result 


Oi) a Ba p=SankTiHe eae (14) 


where the variable B represents the ratio of the gas pressure to the magnetic 
pressure and in the type of problem considered has a value of the order of Oaks 
This result implies that if the frequency of the oscillations is not near an integral 
multiple of the ion gyrofrequency then the waves have a characteristic wave 
number given by k?= (4e2xrmy/m_c?). ‘This is the value of the characteristic 
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thickness found by Adlam and Allen (1958) in their study of the structure of 
strong collision free hydromagnetic waves, although in their case they considered 
a cold plasma. 

All the results obtained for the frequencies and wave numbers are real which 
indicates that there are no solutions which grow with time, as was shown by 
Newcomb (Berstein 1958) and the absence of damping in agreement with 
Stephanov (1958). 
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Figure 1. Schematic diagram illustrating the dispersion relation between the parameter 
(A1)-1 and the frequency w. 
$4. THE DIsTRIBUTION FUNCTION 


We shall now consider the distribution function of the perturbation in more 
detail. If we write it in the form 


fi= | SERO) |S a(n) exp tit) = 


then we have for the coefficients % 
a,(p) = (Fy/Q)L, (2) + (Fe/Q)K,44(2) where z=kp/Q. a 

On ae the integrands and using the result . See 

STE) ee =" “Tos (22 08 8)c0s [(u—»)o1d0 aus -1 
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and provided 64 +7/2 we can sum the series to give the result 


__ 2eB,exp (—2ina/Q)f,(p) (_. 
t= RTO {sin (7w/Q)[1 +7 tan ?] 
= ee [sin (2kp/Q) —cos (rw/y]} ens (15) 


-To investigate the distribution function in the neighbourhood of the singularity 
of the above result of 6=7/2 we return to equation (7) and put @ approximately 
equal to 7/2. We put 6=7/2 on the right-hand side since there is no singularity 

there. ‘Then we have 

Sy: 2 fo 

i 1(w/Q4+ 2 cos )f, ee esOns cs 
Integrating we obtain a solution 


b- BE veves[-£G- 3) mG 5")] 


F x [C(a) +iS(a)—g(z)] +s (16) 
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Let us consider the physical significance of the spirals on the curve. ‘These 
indicate bunching of the particles in velocity space into groups such that the 
mean. velocities of adjacent groups differ slightly only in orientation. This 
leads to a very small relative velocity and hence a large collision cross section and 
it seems probable that at these values collisions become important and effect a 
smoothing of the curve. ; 


§ 5. CONCLUSION 


We have shown that in the consideration of the longitudinal oscillations of a 
plasma the ions may be omitted from the dynamics, unless the frequency is near 
an integral multiple of the ion gyrofrequency when resonance occurs, and that 
the waves are undamped and characterized by a constant wave number. From 
the expression obtained for the distribution function we see that collisions beco 
important in the case of particles of large velocity which move perpendicular to 
both the magnetic field and the direction of propagation. 
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Energy Levels of “Li and °He from a Study of the 
‘Li(?He, «a)®*Li and 7Li(t, «)*He Reactions 


By K. W. ALLEN}+, E. ALMQVISTY anp C. B. BIGHAM] 


Nuclear Physics Research Laboratory, University of Liverpool 


Communicated by the late H. W. B. Skinner; MS. received 27th July 1959, in final form 
22nd Fanuary 1960 


Abstract. An experimental technique is described for accelerating tritium and 
3He ions in a 1 Mev ht. set and recovering the gas used by the ion source. Energy 
levels in *He at 1-71 and 3-4 Mev and in SLi at 2:19, 3-56, 4-3, 5-35, 5-6, 6°63, 7-4, 
8-37 and 9-3 Mev were observed in a study of the reactions 7Li(t, «)*He and 
7Li(®He, «)*Li at bombarding energies in the range 600 to 900kev. A classifica- 
tion of the levels has been attempted assuming charge independence of nuclear 
forces and good agreement is obtained with the intermediate coupling model 
suggested by Inglis in 1953 for a coupling parameter near the (LS) extreme. 


§ 1. INTRODUCTION 


N recent years sufficient quantities of tritium and He gases have become avail- 
| able to make possible their use as bombarding particles in a systematic study 
of the disintegration of nuclei. The use of these ions increases the scope of 
nuclear investigations in many ways. It permits the study of nuclei that are not 
easily formed using conventional particles, and even with a modest accelerator it 
allows many nuclei whose low-lying levels are well known to be studied in a region 
of higher excitation. A further advantage is that the level structure of isobaric 
nuclei can be compared in similar regions of excitation by observing the energies 
of the particles emitted from a given target bombarded in turn by ?He and tritons. 
An accurate comparison of the energy levels of isobaric nuclei, which is of great 
interest from the point of view of charge independence of nuclear forces, becomes 


possible because all the particles involved are charged, and their energies can 


therefore be measured with high precision. 
The present paper gives an account of the energy level structure of *Li and °He 
obtained from a study of the reaction 7Li(2He, «)*Li and *Li(t, «)’He. Itis found 


that an intermediate coupling model near to the (LS) extreme (Inglis 1953) gives a 


good account of the level structure, and the positions of the 3D (T =0) levels in 
6Li agree well with those obtained from an analysis of the scattering of deuterons 
by helium (Galonsky and McEllistrem 1955). 

~ The work reported here was completed in 1954. Due to the separation ot the 
authors and their occupation with other work, it has not previously been possible 
to submit a full account of these experiments, although brief reports have appeared 
elsewhere (Allen, Almgvist and Bigham 1955). As many recent investigations at 
Chalk River and the Atomic Weapons Research Establishment represent an 


extension to higher energies of the work begun at Liverpool, it was thought worth 
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while to give a rather fuller account of the gas recovery system and associated 
techniques than would otherwise have been warranted at this date. 


§ 2. Gas HANDLING AND RECOVERY 


The gas recovery system fitted to the h.t. set followed in a general way the design 
developed at Chalk River for a 250 kv accelerator (Allen and Almqvist 1953). That 
system was developed primarily for handling tritium however, whereas the present 
system was designed for *He, although it proved possible to adapt it for tritium when 
the ?He work had been completed. 


x 
Piston 
Pump 


Figure 1. Gas recovery system used with the h.t. set. Letters refer to components 
described in the text. ‘The points ‘ X’ are connected so that any gas leaking past 
the piston is automatically recovered. ‘The type of vacuum valve used is shown 
in the inset. 


The components of the system are shown schematically in figure 1. The 
main pump, a 6in. mercury diffusion pump, provided with a liquid air trap and 
isolating valve, exhausts into 34 litre ballast volume. The gas is then trans- 
ferred into the recovery and purification system by the two lin. booster pumps 
capable of operating against a pressure of 8mm of mercury. A magnetic valve M, 
operated from a Penning gauge on the high vacuum side, is provided to protect 
the recovery system from an inrush of air in the event of a leak developing in some 
part of the target assembly or accelerating tube. _ Initially, the accelerating tube is 
evacuated through the by-pass tap 1 with a 10litre sec“ Kinney pump, which is 
then used through the tap 2 to back the main diffusion pump. When the high 
vacuum is of the order of 10-* mm the valve 2 is closed and the main diffusion pump 
is connected to the recovery system through the tap 3. Helium is then allowed to 
enter the ion source at a controlled rate of about 6 cm? per hour and is subsequently 
transferred by the diffusion pumps to the recovery system where it accumulates in 
the O-ring piston pump, the charcoal trap C, and in the various dead spaces of the 
system. At the end of a run the tap 4 is closed and the gas is transferred into the 
charcoal trap by means of the piston pump. After allowing the gas to stand in 
contact with the charcoal for a few minutes the tap 5 is opened and the gas is allowed 
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to circulate until the indication of the 0-20 mm dial gauge D is constant. The 
residual gas is then pure helium, and it is transferred into a removable evacuated 
container attached at O ready for the next run. Finally, the residual helium in the 
dead space beyond tap 10, together with any further traces of gas from the charcoal 
trap, is transferred to the storage container S. From time to time the contents 
of S are mixed with the gas recovered after a run to prevent undue accumulation 
of helium in 8. he activated charcoal trap C, which is maintained at liquid 
nitrogen temperature throughout a run, serves a dual purpose; firstly it acts as an 
excellent ‘ backing pump’ because it absorbs the gases given off by the accelerating 
tube electrodes under ion bombardment, traces of air, etc. and secondly it serves to 
purify the recovered helium in situ ready for the next run. The trap operates 
satisfactorily for very long periods without reactivation. The gauge T is a simple 
vacuum gauge constructed from a pair of thermistors and provides remote 
indication of the pressure in the recovery system over the range 50 microns to 
5mm of mercury approximately. 

About 14cm of helium containing 70% *He were available to us, so that at a 
gas consumption of 6cm* h~ a single run lasted only about 2:5 hours. Averaged 
over 200 hours running, the gas loss amounted to 0-6% per run. The greater 
part of this loss is thought to be in the ion beam itself, which is driven into the target, 
accelerating tube electrodes, etc. and remainstherein. In order to keep this loss to 

_ aminimum, and to conserve running time, arrangements were made to cut off the 
_ gas supply to the ion source while data were being recorded and plotted. As in 
- the majority of the counting experiments a multichannel pulse height analyser 
was used, the recording time was comparable with the running time, and the 
/ consequent saving of gas was appreciable. It was obviously desirable to be able 
' to interrupt the gas flow without changing the setting of the needle control valve, 
. and this was done by placing a pneumatically operated valve between the needle 
valve and the ion source. The flow of compressed air to the valve was controlled 
by solenoid operated pinchcocks at ground potential, operated from the control 
room. 

No systematic study of triton reactions was attempted with the equipment 
described here. However a few high yield reactions were studied in which the 
level structure of the residual nuclei was of particular interest in view of the results 

_ obtained in the He experiments.i The technique used was to mix 15 cm*of hydro- 
gen containing about 5% of tritum with about 100 ml. of ordinary helium and 
recover the gas as with *He. The tritium was recovered from the charcoal trap 
in which it was absorbed by pumping with the mercury booster pump while 
maintaining the trap at liquid nitrogen temperature. In this way the tritium was 
pumped off while most of the impurities were retained in the charcoal trap. The 
advantage of this technique is twofold; firstly much better ion source utilization 
of the tritium is obtained than in a tritium—hydrogen mixture (Arnold 1952) and 
secondly the use of pyrophoric uranium (Allen and Almqvist 1953), a potential 
fire hazard, is avoided. 


§ 3. Tarcer AssEMBLY AND ParTICLE DETECTORS 


3.1. General Description 


The vertical veer from the h.t. set was deflected in a 90° magnet whose field 
was chosen so that the singly charged *Het beam emerged horizontally. ‘The 
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beam was collimated by two #; in. diameter apertures 6in. apart and bombarded 
one of four targets mounted on an insulated water-cooled brass block contained - 
within a brass target chamber (figure 2). ‘The target chamber was cylindrical, 
4in. in diameter, and was equipped with six identical ports. Any one of these. 
could be used either as a beam entry port or as an exit port for the disintegration 
particles. By choosing the appropriate ports, the angle between the beam and the | 
detector could be varied overawiderange. ‘The Perspex top of the chamber, which 
carried the target block, could be rotated under vacuum by means of an O-ring | 
seal to bring the target block into position facing any desired exit port. ‘The | 
target block could also be rotated so as to bring any one of the targets into the 
bombarding position. ‘The target assembly was separated from the main vacuum | 
by a simple isolating valve so that modifications could be made to the target 
assembly without letting air into the accelerating tube. 

Three particle detectors were used with this target assembly. They consisted | 
of a large proportional counter, a Nal crystal spectrometer and a 90° magnetic 
analyser. ‘The proportional counter and the magnetic analyser will be described — 
here as they were used in the study of the energy levels of He and ®Li. 


3.2. The Proportional Counter 


A large proportional counter, similar to that developed at Chalk River (Allen | 
et al. 1954), was used to study «-particle energy distributions. It was constructed | 
from a brass cylinder 6 in. in diameter and about 18 in. long with a side window so | 
that the particles crossed the counter diametrically. A stainless steel central wire 
0-007in. in diameter was used. ‘The counter was filled with tank argon mixed | 
with 1% CO, to pressures in the range 0-2 to 1:2 atmospheres depending on the 
energy of «-particles being investigated. ‘The high voltage was applied to the : 
central wire and the value adjusted to give a gas multiplication of about five. Thin 
mica windows were cemented to brass holders that could be plugged into the coun-- 
ter with an O-ring vacuum seal. ‘The windows were therefore readily changed or 
replaced. : 


3.3. The Magnetic Analyser 


‘The magnetic analyser is shown diagrammatically in figure 2. Particles emitted 
from the target were bent through 90° in a homogeneous magnetic field on a mean 
radius of curvature of 30 cm and focused through a slit placed at the image position 
on to a KI (TI) crystal mounted on an E.M.I. 6260 photomultiplier. The 
geometry was such that the image and object distances were each equal to the radius 
of curvature. Mounted immediately above the slit was a foil holder that could 
be set to any one of five positions by means of a rod passing out through a vacuum 
seal. The foil holder carried a *°°Pu «-particle source that was used to calibrate. 
and check the detector, as well as three thin foils used to distinguish between 
particles of different range. The photomultiplier was mounted ina double walled 
mild steel housing to shield it from the stray magnetic field and was sealed into 
the vacuum system by an O-ring which fitted snugly against the glass envelope. 

A variable field up to a maximum of about 13000 gauss could be produced in the 
1cm gap between the pole faces. The field was monitored by balancing the e.m.f. 
from a coil spinning in the fringing field against that from another coil mounted 
on the same shaft and rotating in a permanent magnetic field. ( 
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$4. EXPERIMENTAL RESULTS 
4.1. The ‘Li(?He, «)§Li Reaction 
lhe bombardment of ‘Li by accelerated *He particles can lead to the exothermic 
reactions listed below: 


(1) "Lit *He="Li+a+ 13-321 Mev 
(11) = *Be+p+ 11-190 Mev 
(iit) =°B+n+9-338 Mev 
eae 
(iv) = 5Be+ d+ 11-748 Mev 
Y 
2a 
(v) =24+n+p+9-619 Mev. 


The «-particle energy distribution was studied with the proportional counter 
at angles of 65°, 90° and 115° to the beam for bombarding energies in the range 
600 kev to 900kev. The distribution was found to consist of several sharp groups 
from (i) superimposed on a continuum from (v) which also included «-particles 
from the break up of excited states of *Be, °B and Be. ‘The proportional counter 
was useful for studying the high energy «-particles, but those of lower energy were 
obscured by small pulses from the longer range protons and deuterons which 
dissipated most of their energy in the far wall of the counter. It proved possible 
however to extend the range of the z-particle measurements down to 2 MeV, using 
the magnetic analyser at 90° to a 900 kev beam. 


Magnetomet er 


Figure 2. Target chamber and 90° magnetic analyser. 


} igs 
a) Proportional counter measurements. : 
beeen 3 shows the a-particle spectrum measured at 90° to a 750 kev beam. 


A thick target of isotopic “Li in the form of Li,O was used. ‘The counter was filled 
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to a pressure of 50cm with an argon with 1°4 CO, mixture, and a mica window 
1:0 mg cm~ separated the counter from the target chamber. An energy calibra- 
tion was established by allowing «-particles from ThC’, ThC, 239Pu, 241Am and 
*°8U to enter the counter through the mica window. In this way approximate 
energies of the «-particle groups were obtained, and it was determined that the 
Qroups %, %,, and %» correspond to the ground state and first two excited states of _ 
®Li previously reported at 2-187 and 3-57 Mev respectively (Ajzenberg and 
Lauritsen 1955). ‘The energy of the strong group «, was measured by allowing 
%-particles from a thin source of ?89Pu to enter the counter simultaneously with 
the disintegration particles from the target (figure 4). The overall counting rate 
was held reasonably constant at about 20 counts sec-! so that counting rate 
shifts were negligible. Counting rate shifts can become serious at high average 
counting rates, and can cause considerable broadening of sharp groups. From the 


° 
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Figure 3. y-particle spectrum from the reaction "Li@He, «)®Li measured with 
a proportional counter, 


measured separation of the groups, 0-110 Mev after correction for the thick t.rget 
effect, the energy of the group «, was found to be 5-04 + 0-03 Mev at 90° to a 690 kev 
beam. This leads to an energy level in *Li at 5-29+0-05 Mev. There isalso some 
evidence for «-particle groups at 5-6, 4-23 and 3-80 Mev corresponding to energy — 
levels in *Liat 4-3, 6-6and 7-3 Mev. These measurements are compared with the — 
results of the magnetic analysis in the table at the end of §4.1 (6). The counter 
measurements at 65° and 115° to the beam direction gave essentially the same level 
energies. ; 


(6) Magnetic analysis. 

In work with the magnetic analyser, output pulses from the photo- 
multiplier were amplified and the pulse height distribution displayed on the 30 
channel pulse height analyser. Different particles with the same momentum to 
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Figure 4. Pulse height distribution when a-particles from the reaction *Li@He, a)®Li 
enter the counter simultaneously with those from *°*Pu. Measurements at 90° to a 
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Figure 5. Pulse height spectrum from KI crystal showing separation of different ions 
with the same momentum to charge ratio. 


charge ratio were distinguished by the difference in their pulse heights from the 
Kl crystal. Figure 5 illustrates typical pulse height spectra. For the same Hp, 
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deuterons have only half the energy of protons, and therefore wearer 
half the height of the protons. Protons and a-particles reach the mee q 
the same energy, but are easily separated as the total light output 0 e : | 
rather less for «-particles than for protons. In the PP CEE of figure 5, 
5:4 Mev ®Li3* ions are also seen just separated from 3:6 Mev He ions. an 

The calibration of the magnetic analyser was carried out rpekeaty es of 
known energies from ThC and from the reaction ‘Li(*He, a)®Li » an noe 
proton groups from the reaction °Be(?He, p)4B. The particle ee oan 
where necessary for thick target effect, give a very nearly linear curve W if plo : | 
against the square of the field monitor reading. The slight departure pe * 
earity is attributed to the fact that the measuring coil was in the ead e 
not in the gap between the pole faces. The reproducibility of the . e ; io or 
was frequently checked against ThC «-particles and was found to have a long term 
stability of + 0-25% in momentum. 
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Figure 6, Energy spectrum of a-particles from the reaction "Li?He, «)®Li measured by 
magnetic analysis, 


A thick target of 7Li was bombarded by a beam of 900 kev He ions and the 
disintegration products examined with the magnetic analyser. Figure 6 shows 
the momentum spectrum of the a-particles. Each point on the momentum 
Spectrum was obtained by adding up the appropriate channel counts in pulse 
analyser curves like those in figure 5, and normalizing the sum to equal momentum 
intervals by dividing by a factor proportional to Hp. The ground state o-particle 
group was too energetic to be detected with the magnet; it was added to figure 6 
with the correct intensity, which was known from the proportional counter 
measurements, to complete the spectrum. 

In addition to the four most energetic «-particle groups studied in the propor-_ 
tional counter, the momentum spectrum shows clear evidence for groups at 4-28, 
3:82, 3-24 Mev and a possible group at 2-7 Mev, corresponding to levels in °1,j at 
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6:63, 740, 8:37 and 9:3 Mev. When the sharp groups are subtracted, there re- 
mains a distribution indicated bythe dashed curve in figure 6, which can be divided 
into a broad group centred at about 4:8 Mev superimposed on a continuum from 
the multibody break up. The shape of the sharp groups was fitted as described 
in (c) below, using the measured resolution curve of the analyser and the observed 
yield function from the thick target so that the subtraction could be carried out 
with fair certainty. It was necessary to assume a natural width of 0-6 Mev for 
the group at 3-82 Mev to obtain a reasonable fit to the experimental data. The 
division of the residual distribution into a broad group superimposed on a con- 
tinuum was suggested by the fact that the result of the deuteron helium scattering 
(Galonsky and McEllistrem 1955) indicates a broad level in this region. The 
shape of the level as obtained here is asymmetrical, but becomes more nearly 
symmetrical when a correction is made for the penetrability of the barrier against 
dissociation into an «-particle and a deuteron. The correction varies over the 
width of the level, and shifts the position of the peak of the group by ~ 0-2 Mev. 

Two groups of ®Li** recoil ions were observed and are indicated in figure 6. 
‘They were associated with «-particles going to the ground state and to the 3-56Mev 
level, whose dissociation into (« +d) is forbidden by spin and parity conservation 
rules. ‘The large width of the groups is attributed to thick target effect. 

The table summarizes the energies of «-particle groups from the reaction 
7Li(?He, «)®Li measured with the proportional counter and the magnetic analyser. 
The quantity [tabulated is 10/6 of the experimental width of the «-particle group. 
The excitation of the broad level, 5-6 + 0-2 Mev, was obtained from the corrected 
experimental curve. 


Particle Energies from 7Li(He, «)®Li 


Group Magnet 90° Counter 90° Counter 99° 61i Excitation T (mev) 

0 7:99 7:99 7-99 0 0 
1 6:68 6:68 6:68 2:187 <0-1 
2 5°83 5:89 + 0-04 5:92 +0-03 3:56+0-06 <<1()il 
5 5-4 SPS SE (0 RY Sos) ee (OPil 4:3 +0:2 
4 4-73 4-81 +0-03 4-78 + 0-04 5-35+0-07 <0-1 
5 DOM eZ 2:0 
6 4-01 4-03 6:63 + 0-08 0-2 

oe 3:55 3:69 3-49 7-40 +0:10 0-6 
8 2:97 8:37 +0-08 0:2 
9 (2°46) (9:3 +02) 0-6 


Energies are quoted in mev for zero bombarding energy. 
_. Se eS a a TT 
: (c) Thick target corrections. 

The 7Li targets used in the proportional counter and magnetic analyser meas- 
urements were prepared by depositing 30-50 »gcm~ of 7Li on heavy backings 
in the A.E.R.E. electromagnetic separator. On exposure to air, the targets 
became 70-100 gcm-? Li,O and were effectively thick for 3He bombarding 

particles in the range 700-900 kev. These thick targets were used because 
they were readily available and gave good yields. ‘The effect of the target thickness 
can be estimated accurately and taken into account as discussed below. 

‘The response curve of the magnetic analyser observing 6:06 Mev «-particles 
rom a thin source of ThC is shown in figure 7. For purposes of computation 
he experimental points can be fitted by the Gaussian exp (—y?/o”) illustrated by 
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the solid line. This has a full width at half maximum of 3-4% in energy corre-. 
sponding to a value of 123 kev for the parameter o in this case. The effect of a! 
thick target is to produce an asymmetry in the peak shape which can be calculated 
if the yield Y as a function of the bombarding energy E is known. ‘This was 
measured for the 7Li(*He, «)*Li reaction and the experimental results are given’ 
in figure 8. These are adequately represented by the curve of the form exp (8£).. 
The differential, or thin target yield at any energy is largely determined by the: 
slope of this curve and therefore also shows an approximate exponential energy 
dependence. | 


250 


° 
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Figure 7. Response of the magnetic analyser to 6-06 Mev a-particles from ThC. 


When *He ions impinge on a thick target, their energy is gradually diminished | 
as they penetrate the target material. ‘The consequent decrease in differential | 
yield with diminution of energy can be obtained from the data in figure 8 and is 
plotted in figure 9 in arbitrary units. The energy of the ions incident on the target | 
surface is assumed to be 900 kev and this is taken as zero on the energy scale at the | 
top of the figure. For each amount of energy lost by the ?He ions in going into. 
the target, there corresponds a change y in the energy of the emitted particles due | 
to two factors: (i) the decrease in effective bombarding energy, (ii) the energy lost | 
by the emitted particle in coming out through the target material. These energy 
changes are readily computed and their sum y in kev is given by the scale at the | 
bottom of figure 9 for the 6 Mev «-particles from the *"Li@?He, «)®Li* reaction. | 
The differential yield may be expressed as a function of y and is very closely of the | 
form exp (— 2Ay) where A is a parameter determined by the curve in figure 9. : 

By folding the Gaussian resolution curve of the instrument into the exponential | 


energy distribution from the target, the following result is obtained (Livesey and 
Wilkinson 1948) 


Fly) =hexp (—29)(1- 5 f ‘Si exp (—s*) ds) ere 


A and o are parameters determined from the yield curve and the instrumental 
resolution curve respectively, as indicated above. The expression was evaluated 
using tables of error functions and the resultant peak shapes obtained. ~ 
The solid line in figure 6 was obtained by fitting the function F(y) to the 
experimental points for each peak when plotted on an energy scale. An underlying 
continuum shown by the dashed line was assumed. The only adjustable parameters 
were the peak intensity and the position of the y=0 point on the energy scale. 
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This point corresponds to the energy of particles produced at the surface of the 
target which in this case is about 50 kev higher than the energy corresponding to 
the peak of each group. The error, + 10key, in this estimate of the thick target 
correction is less than the uncertainty in locating the experimental peaks. Con- 
sequently with our instrumental resolution, there was little to gain by using thinner 
targets which would give smaller yields, an important consideration owing to the 
small quantity of *He available to us. 
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Figure 8. Thick target excitation function Figure 9. Decrease of differential yield as 
for the reaction 7Li(*He, «)*Li. 900 kev *He ions penetrate the target 
material. y is the reduction in energy 
of the emitted a-particles, which is 
simply related (see upper scale) to the 
energy lost by the *He ions in their 

passage through the thick target. 


The expression (1) was also used to obtain the thick target profile for «-particles 
detected by the proportional counter. In this case the instrumental resolution 
‘parameter was determined by using «-particles from the Pu calibration source. 
The yield parameter \ was obtained in the same manner as described above. 

In the case of broad levels, a value of « was chosen which gave a good fit to the 
observed data, and the width of the level was deduced from this value of o after 


allowing for the known instrumental resolution. 


4.2. The Reaction *Li(t, «)*He 
This reaction was first observed at a bombarding energy of 0-240 Mev (Allen 
‘et al. 1954). The a-particles emitted at 90° to the beam direction were studied 
‘with a proportional counter and two sharp groups were observed associated with 
the ground state of *He and an excited state at 1-71 Mev. Ahitherto unpublished + 
a-particle spectrum taken with a proportional counter at 131° to a 0-24 Mev triton 


+This measurement was made at Chalk River by one of us (E.A.) in collaboration with 


T. P. Pepper. 
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beam is shownin figure 10. ‘The data were taken with a large proportional counter 
and a pulse height analyser. In addition to «-particles leading to the ground state 
and 1-71 ev state there is a third group leading to an excited state at 3-4 ss 0-2 Mev 
The identification of this group seems reasonably certain as *He particles and 
a-particles from the 'T' + D reaction were unable to penetrate the counter window at 
the backward angle of 131°. Some additional evidence for this third excited state 
has been obtained in measurements carried out at Liverpool using bombarding 
energies in the range 700 to 900kev. The x-particle spectrum obtained with the : 
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Figure 10. q-particle energy spectrum from the bombardment of 7Li by 0-24 Mev tritons. | 
The inset shows the a-particle group leading to the second excited state of *He in | 
greater detail. 


proportional counter at 90° to a 705 kev beam is shown in figure 11. The groups : 
%q, % and %» correspond to states in °He at 0, 1-71 and 3-42mMev. The group r 
occurs where the recoil °He particles are expected and the groups «, and p are pro- : 
duced in the reactions C(t, «)*Be and "C(t, p)#C. The proton group goes right 
through the counter and only spends a fraction of its energy in the counter gas. | 
There is also some evidence for an «-particle group between «, and p which is 
probably due to the reaction D(t, «)n. A very similar spectrum was obtained at 
90° and 900 kev. ‘The yield from a thick carbon target is also shown in figure 11. 
In view of the complex structure of the spectrum below 4 Mev, it is clear that these 


measurements offer no information about the energy level structure of *He at an 
excitation greater than 3-5 Mey. 


§5. Discussion | 

The experimental results are summarized in the level diagrams of He and °Li 

_ shown in figure12. The energy values are those observed in this work but the spin 
and parity assignments are based on comparisons with scattering data as discussed 
below. The position, spin and parity of the first five excited states of Li are well 
accounted for by the intermediate coupling model reviewed by Inglis (1953) (see 
figure 13). 
If charge independence of nuclear forces is assumed the levels may be divided 
into two groups ; those with isobaric spin 7'= 1 which are common to ®Li and °H e, 
and those with isobaric spin 7'= 0 which are only possible in*Li. This convenient 
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Figure 11. «-particle energy spectrum from the reaction 7Li(t,«)*He. ‘The curve drawn 
through the crosses is the a-particle energy spectrum from a thick carbon target 
bombarded by 0-9 Mev tritons. 


division is used in the discussion that follows. The comparison with the inter- 
mediate coupling model of Inglis indicates that (LS) coupling is favoured and we 
are therefore justified in classifying the levels following the (LS) coupling scheme : 
(PBL PNM 3 
T=) eee 
The triplet D and P states which are degenerate in (LS) coupling are split into 
their components by spin-orbit interaction. 


5.1. The T=1 States 
The lowest 7'=1 state in °Li is the analogue of the 1S ground state of *He 
and consequently is expected to have properties 0+. Its decay into an «-particle 
and a deuteron is therefore forbidden by spin and parity considerations as well as 
by isobaric spin selection rules and it must decay by y-emission. Our observation 
of *Li recoil ions of energy corresponding to the 3:56 mev level shows that this 
state does not break up into heavy particles, but is the y-emitting state identified 


926 K. W. Allen, E. Almqvist and C. B. Bigham 


Ni+T 


Figure 12. Energy level diagram for *Li and *He obtained from the present work. 


by Day and Walker (1952). It must therefore be the analogue of the *He ground 
state. Its energy is 0-3 Mev lower than that estimated from the mass of *He after _ 
correcting for Coulomb energy and the neutron—proton mass difference, but its 
assignment seems certain. Some part of this energy difference could conceivably 
be due toa slight charge dependence of nuclear forces. 

In figure 13, the *He ground state and the 3:56 Mey level in ®Li have been 
arbitrarily lined up. It appears that the sharp 5-35 level in ®Li is the analogue of 
the 1-71 state in He and can be assigned the properties 2+ expected for the first 
excited state of (He. It is the !D state in the above classification. 

There are not sufficient experimental data to make spin and parity assignments 
to the levels of higher excitation. If isobaric spin is conserved, then 7'= 1 levels 
cannot decay into an «-particle and a deuteron and consequently may be expected 
to have a smaller width than 7'= Olevels whose break up is not thus inhibited. On 
this basis it would be consistent to assign T'= 1 to the 6-63 and 8-37 Mev levels, and 
T'=0 to the broader 7-4 Mev level. There is some support for the latter assign- 
ment in the studies of Sokolov et a/. (1956) who report observing the break up into 
a-particles and deuterons of a level near 7:5 Mev in the reaction 7Li(d, t)®Li* (7-5). 
The T=1 levels would be members of the $P multiplet and one would expect 
analogue levels in ‘He near corresponding energies if nuclear forces are charge 
independent. Only one level has been observed in He in this region at 3-4 Mev 
and a more thorough investigation of *He above 3 Mev excitation is desirable to 
determine the position and separations of the members of the *P multiplet. ‘ 

5.2. The T=0 Levels 

The levels of °Li at 2-187, 4-3 and 5-6 Mev can be assigned 7'= 0 since they ape 

in the scattering of deuterons by helium and have no analogues in *He. Analysis 


, 


ee, 
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Figure 13. Comparison of the level structure of He and ®Li with the predictions of the 
intermediate coupling model using a value 1-3 for the parameter a/K (Inglis 1953). 
of the scattering data (Lauritsen, Huus and Nilsson 1953, Galonsky and 
‘McEllistrem 1955) yield the following assignments and energy values for levels 
fin Li: 3+ at 2-189 +0-001 mev, 2+ at 4-52 + 0-08 Mev and 1* in the region 4-9 to 
5-8mev. Only the tail of the 1+ state was seen at the deuteron energies available 
for the scattering work. ‘The reaction data reported here are consistent with a 
1+ level at 5-6mMev about 2mev wide when corrected for the Coulomb barrier 

(see §4.1 (d)). 


5.3. Comparison of Level Scheme with Intermediate Coupling Model 


The best experimental values of the positions and assignments of the levels in 
8 i and *He taken from the available experimental data are shown in figure 13. 
The black dots indicate the level positions calculated by the intermediate coupling 
model of Inglis using the value 1-3 for the parameter a/K (Inglis 1953). This value 
f a/K isa little lower than the value 1-4 to 2-1 required to fit the relative reduced 
idths derived from studies of the pick-up reaction 7Li(p, d)*Li (Reynolds and 
Standing 1956) to the ground state and 2:19 Mev state. It appears that with a/K 
ear 1-4 the intermediate coupling shell model provides a fair fit te both sets of 
ata. The order and position of the first five levels of *Li are then reasonably 
ell accounted for. 

However, the model predicts an energy gap of 5 Mev before the P levels are 
eached at about 11 Mev excitation. Experimentally, levels are found at 6-63, 
-4 and 8:37 Mev. If the broad 7-4 Mev level is taken to have isobaric spin 7'=0 as 
uggested in § 5.1 then the order of the levels also differs from the predicted order 
f the P states which is ®P,, ?P, and *P, respectively with increasing energy. Some 
odification. of the theory is therefore required to account for the experimental 
vel structure above 6 Mey. It seems significant however that the lower lying 5 
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and D states can all be fairly well fitted by the theoretical model, not only in order 
but in actual position. 

Since the original calculations of Inglis were published, three theoretical 
papers have appeared which discuss the energy levels of ®Li and *Li (Meshkoy 
and Uffard 1956, Soper 1957, and Balashkov 1959). ‘These authors all calculate 
the level structure of “Li using parameters derived from the ®Li levels. Meshkoy 


and Uffard (1956) use the Bacher-Goudsmit method of atomic spectroscopy and | 


in their calculation they are unable to vary the parameters from one configuration 
to another. 


In Soper’s intermediate coupling calculation, all but one of the main parameters _ 


are obtained directly from the ®Li levels and the radial integrals and spin-orbit 


strength are considered as free parameters which can be varied from nucleus to 


nucleus. In fact, however, little change is required in the derived parameters to 
fit the levels of *Li. 


In Balashkov’s work, a more general form of spin-orbit interaction is used in 


which account is taken of velocity dependent interactions between pairs of particles _ 


in unfilled shells, and not just of the single particle spin-orbit interaction between _ 


nucleons in unfilled shells and core nucleons. These calculations are in somewhat 
better agreement with experiment than the simpler intermediate coupling model, 
and it will be of interest to see whether this improvement can be extended to more 
complex nuclei. 
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RESEARCH NOTES 
The Reaction ''B(t, p,)'8B and the Mass Excess of !4B 


By J. MUTOf, F. p—E S. BARROS{J anp A. A. JAFFE 
The Physical Laboratories, University of Manchester 


MS. received 18th January 1960 


HE 8B nucleus has been previously produced only by the nuclear reaction 
7Li(*Li, p)8B (Ajzenberg-Selove and Lauritsen 1959). Norbeck (1957) 
has measured the Q-value for this reaction and has established a mass 

_ excess 20-39 + 0-05 Mev for 2B. This implies that the 1B nucleus is stable against 
_ decay by heavy particle emission. An alternative method of production of this 
' nucleus is by the reaction 'B(t, p)8B. 
A natural boron target was bombarded with a beam of tritons accelerated to an 
energy of 5-5 Mev by a Van de Graaff generator. The reaction products were 
observed using a broad range magnetic spectrograph, with an experimental 
arrangement which has been described previously (Barros et al. 1959). 
The target consisted of boron evaporated on to a thin carbon film. The target 


IB (t ,P,) 3B 
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Jo? (Ar) 


r=4-7 fermis 
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Differential Cross Section (mbn sterad =) 


0 10 20 30 = 40 50 60 70 
Angle (c.m.system) (deg) 
Pckncs was measured by means of an alpha-particle gauge (Ramavataram 
and Porat 1959) and the thicknesses of the boron and carbon were found to be 
30°5 + 1:5 wgcm-* and 13-7 + 1-0 pg cm? respectively. 
f ab: from the Kyoto University of J apan. 
ah ee of Seni from the Brazilian Centre of Physical Researches. 
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A check on the purity of the target was provided by the elastically scattered 
tritons observed in exposures with higher spectrograph field settings. ‘The total 
mass of target impurities was found to be about 12% chiefly consisting of nuclei 
with masses corresponding to isotopes of Fe, Ni, Cu, Zn and 180, It is likely 
that most of this material was deposited during evaporation of the target and before 
the measurement of the target thickness was made. ‘The differential cross sections 
shown in the figure have been calculated on this assumption and are believed to 
be accurate to + 10%. 

An account of several other tritium induced reactions observed from this 
target will be reported shortly. 

The ground state group from the reaction "B(t, p)!*B was observed at seven 
angles in the range 10°—61° and the Q-value and its angular distribution has been 
determined. ‘This intense group had a full half width of 15 kev and its origin 
could be identified with certainty by the variation of the proton energy with the 
angle of observation with respect to the incident beam. 

In calculating the O-value, the energy of the triton beam was determined at 
six angles from the energies of the ground state groups from the reactions 
C(t, po)MC, C(t, dy)C, C(t, a)44B and 18O(t, dy)!?O, and from elastically 
scattered deuterons originating from a small beam contamination of HD 
molecules. The results are shown in the table. It was found that the beam 
energies calculated from the indicated reactions, using the Q-values taken 


—_— So SSSeeeeeeeSeeeSSeSSSSSSSSSSSSSSSMSSSSMSSSSMMMMMMMMMssseeeee 


Angle (deg) 15 20 30 40 50 60 
Reactions used to determine g, k a,b, ea, be, dish, cde, 'b,d).e, stub, mee 
beam energy d, g lyn y 1s 1 foes 
Incident triton energy, 
mean value (kev) 553745 5544+2 555342 5520+1 554142 551643 
Ground state Q-value for 
UB(t, p)®B reaction (kev) —237 — 233 — 230 — 232 — 238 — 230 
a: C(t, po)*4C O=4:634 Mev oe (dad) elastic scattering 
b: * #C(t,.d,)"C O=1:313 Mev hie sO (did) elastic scattering 
ec; “C(t,a)"B O=3-855 mev is) SO. a) elastic scattering 
d: 14QO(t, do)70 QO= —2-113 mev i oo? Zn (ded) elastic scattering 
e3)"B(did) elastic scattering k: 18'Ta(d,d) elastic scattering 
finns (clad) elastic scattering 


$$$ CO 


from Ajzenberg-Selove and Lauritsen showed deviations from the mean values 
given in the table which in no case exceeded 7 kev, and no inconsistency in the 

-values for any of these reactions was apparent. The magnetic spectrograph 
was calibrated, shortly before these exposures, using alpha particles from 
"Po (Hp = 3-31644 x 10° gauss cm). 

The mean value for the ground state Q-value for the reaction "B(t, p)8B_ 
was found to be —0-233 + 0-004 mev. Using the known mass excess of 
“B (11-914 Mev), 9H (15-835 mev) and 1H (7-585 Mev) the mass excess of the 3B 
atom was found to be 20-397 + 0-009 mev. 

The ground state protons from the "B(t, p)B reaction fall within about 
600 kev of the low energy end of the observed spectrum; no further states of 3B 
were found. 
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he angular distribution of the proton group was obtained in the range from 
12-5° to 68-6° in the centre-of-mass system. The distribution can be fitted by the 
square of a spherical Bessel function j(kr), r=4°7 fermis, assuming the angular 
momentum transfer /=(. This angular distribution is understandable on the 
assumption that a pair of neutrons with anti-parallel spins is stripped off the triton, 
to fill the two py. vacancies in™B, ‘This would lead to a ground state spin and 
parity of $— for the ground state of 3B, consistent with a simple shell model 
assignment. 
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The Efficiency and Main Decay Time of CsI(T1) for Electrons and Alpha 
Particles in Crystals with Different Thallium Concentrations 


By D. A. JONES anp A. WARD 
Natural Philosophy Department, University of Aberdeen 


MS. received 27th November 1959, in revised form 25th fanuary 1960 


by the bombarding particle (Storey, Jack and Ward 1958). The effect may 

be useful in some experiments as it allows a degree of mass selection in 
measuring energy spectra (Robertson and Ward 1958). A similar effect has been 
found in the subsidiary long term components of some organic scintillators (Owen 
1958) but does not appear to be present in the main components (Kallmann and 
Brucker 1957). It might be thought that one of the ways in which the magnitude 
of the effect could be increased, in CsI(T1), would be by varying the thallium 


To main decay time in CsI(T1) varies with the density of ionization produced 


“concentration. ‘To examine this point we have grown crystals of CsI(T1) with 


different concentrations of thallium and have measured the efficiency and main 
decay time for «-particles and electrons. 

The bulk crystals were grown in a vacuum furnace similar to that described by 
Stockbarger (1949). The crucible used was made of boron nitride to avoid the 
difficulty of the crystal adhering to the walls of the crucible after the growth cycle. 
During the growth cycle oxygen-free nitrogen was introduced to prevent the TII 
from boiling off. The crystals used were cut from the interiors of the bulk 
crystals and were ground and polished to cylinders inch diameter by finch long. 
For comparison a standard Harshaw crystal was ground and polished to the same 
dimensions. We have not determined the thallium concentrations directly; the 
r values (Cm) quoted here refer to the values obtained 
Tl added to the crucible and the final weight of the 
We believe that the fraction of thallium lost in the 


maximum percentage mola 
using the known weight of 
crystal taken from the furnace. 


growth process is not excessive and is constant. 
= 302: 
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The crystals were mounted on an EM16262 photomultiplier and measurements 
were made separately on «-particles from a polonium source and electrons pro- 
duced in the crystal by the absorption of gamma rays from a ®°Co source. ‘The 
measuring technique has been described in a previous paper (Storey, Jack and 
Ward 1958) and consists simply of photographing the traces on an oscilloscope of 
the integrated current pulses from the photomultiplier. The only essential 
difference in the experiments described here was that it was found to be im- 
practicable to make use of photographs of single pulses for the oscilloscope used, 
and each negative contained 100 pulses all nearly the same size. For electrons 
this was obtained by arranging that only the largest pulses triggered the time base 
of the oscilloscope. 
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Figure 1. € is the relative height of the integrated current pulse after 4 usec, for «-particles 
and electrons, normalized to unity for electrons in the standard Harshaw crystal, and 

adjusted for equal energy loss. 
Cm is the maximum value of the percentage molar concentration of thallous 

iodide (see text). 
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Figure 2. 7 is the time for the integrated current pulse to rise from 10% to 90% of the 
pulse height at 4 usec, normalized to unity for electrons in the standard Harshaw 


crystal. The symbols are the same as for figure 1 except that the experimental error 
is indicated in the usual manner. : 


The results were analysed in terms of two parameters « and 7; ¢ is the height of 
the integrated current pulse after 4usec per unit energy and 7 is the time to rise 
from 10% to 90% of «. The values of ¢ and 7 obtained, corrected for the effect 
of the bandwidth of the electronics, are shown in figures 1 and 2 normalized to 
unity for electrons in the standard Harshaw crystal. The results show that from 
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the practical point of view of using the variation of decay time 7 with ionization 
density p for mass selection there appears to be no advantage on changing the 
thallium concentration from the value in the standard Harshaw crystal. Any 
advantage for particular experiments due to a possible change in the variation of 
+ with p between the two extreme values of p used here cannot be deduced from 
the present results. 
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The Heat of Sublimation and Energy of Dissociation of Thallous Chloride 


By R. F. BARROW 
Physical Chemistry Laboratory, Oxford University 


MS. received 15th February 1960 


§ 1. INTRODUCTION 


in reasonable agreement, those of Volmer (1929) and of Barrow, Jeffries and 

Swinstead (1955) on the solid, and of von Wartenberg and Bosse (1922) 
on the liquid. Since the discussion (Barrow, Jeffries and Swinstead 1955) of 
these results, new measurements of the low temperature heat capacity of thallous 
chloride have been made (Bartky and Giauque 1959), which lead to a reliable 
value for the standard entropy of the salt. Further, the internuclear distance 
has been determined from observations of the microwave spectrum (Barrett and 
Mandel 1958), and rotational analyses of some of the bands of the electronic 
spectrum have also been made (Barrow 1957). A more reliable value of the heat 
of sublimation can therefore be derived, by the standard Third Law procedure, 
than was possible at the time of the earlier discussion. This heat of sublimation 
may then be linked with that of thallium and the standard heat of formation of 
thallous chloride, to derive the dissociation energy of the gaseous halide. 


Tne sets of measurements of the vapour pressure of thallous chloride are 


§ 2. HeaT oF SUBLIMATION AND THERMOCHEMICAL VALUE OF DISSOCIATION 
ENERGY 


The results of the calculations are given in table 1. These were made using 


the new value of the entropy, So, a9 = 26°59 cal mol-!deg-}, and new 
spectroscopic constants. The small corrections (Mayer and Mayer: 1940) for 
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anharmonicity and centrifugal distortion were also applied. The final value 
for the heat of sublimation, AgsHy9s, is 32-6,kcal mol-1, Combining this with 
AgHo.(T1) = 43-4 kcal g atom (Coleman and Egerton 1935, recalculated Jeffries 
1952), Q,(TICI,)=—48-8 kcal mol-! (Bartky and Giauque 1959), and 
QO-(Clg)=19-01 kcal g atom! (Rossini et al. 1952), the dissociation energy 
of thallous chloride is found to be D’.9,= 88-5, or D")=88-0kcal mol-1. | 


ee ee ek 
Table 1. The Heat of Sublimation of Thallous Chloride 


Exptl} T (deg x) Sepit Shae A, Hos 
J 501-2 33-27 96:82 32°65 
J 595-1 35-50 88-65 32-84 
S.1 507-8 33-44 95-67; 32-45 
S.1 608-4 35-79 87-46; 32:70 
S.2 529-3 33-98 93-99 32:70 
S.2 543-7 34-34 92-64 32:70 
S.3 504-1 33-34 96-48 32:67 
S.3 542-1 34-30 92-78 32-70 

Volmer 599-2 35-59 87-48 32-32 | 
Volmer 695-2 37-56 82-17 32:65 
mean value 32:64 


t For the equilibrium pressures, see table 3 of Barrow, Jeffries and Swinstead (1955). 
——— a en be ye ibe iio? 1s je 


§ 3. SPEcTROScoPIc VALUES OF THE DISSOCIATION ENERGY 


It is of interest to compare the thermochemical value with spectroscopic 
estimates of the dissociation energy. A transition which, by analogy with other 
halides of this group, may be written cI —x1X*, leads to fluctuation bands 
observed in absorption (Neujmin 1934). The position of the dissociation limit, 
obtained by extrapolating a plot of (Vy +Gy) against v”, is 38 700cm- or 
110-6,kcal above v”=0. It is clear that the atomic products here must be 
TI*(?P3), with excitation energy (Moore 1949, 1958) E, =7792:7cm-) or 
22-28 kcal, and either Cl(2P,/.) or Cl*(?Pyj2), with E, =0 or 881 cm— (2:52 kcal): 
all other atomic states lie far too high. If in fact T1*(?P5j.) + Cl(2Ps)), are the 
products then D,” = 88-3, kcal, in good agreement with the thermochemical value. 
Correlation with Tl* + Cl* would lead to the low value Dy” = 85:8, kcal. 

A short extrapolation of the vibrational levels in the first excited state a0+ 
(Miescher 1941) leads to a dissociation limit at 32213cm- above v”=0. This 
state must be correlated with T1(?P,).) + Cl*(?P,j2): this follows since only one 
0* state arises from the combination T1(?P,j.)+Cl(2Ps.) and this is presumably 
the ground state. Thus Dy” =32213—881=31332 or 89-60 kcal. An upper 
limit comes from the observation of pre-dissociation in a0+, so that bands with — 
v’ =4 do not appear in the A~X system in emission. This level lies at 31750 cm-! 
above v” =0, giving Dy” <90-79kcal. A lower limit is given by the highest 
observed level, v’=7, in a0+, which lies at 32 142 above v” =0. 

A third transition, B°II,—x!¥+, also gives rise to fluctuation bands, which may 
be extrapolated to give Dy” ~ 90 kcal. 

The various estimates of the dissociation energy are summarized in table 2, _ 
The present value may be given as 89-6 +0-3 kcal mol-1, which is close to the 
estimate first put forward by Butkow (1929). However the conclusions about 
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Bable2- yD storeliClc(keal. mols") 


‘Thermochemical value 88-0 
Spectroscopic values : 


products 
cUl extrapolation T1*+Cl 88-4 
B11, extrapolation T1+Cl 90 
A°IT,+ extrapolation T1+Cl* 89-60 
highest observed level T1+Cl* > 89-36 
pre-dissociation TI1+Cl < 90:8 


the states of excitation of the atomic products at the different dissociation limits 


will be helpful when considering the dissociation energies of other molecules of 
this group. 
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Possibility of Molecular Resonance Acoustic Absorption in Solid 
Cyclohexane 


By G. S. VERMA anp S. K. JOSHI 
Department of Physics, University of Allahabad, Allahabad, India 


MS. received 11th fanuary 1960 


phenomena resulting in anomalously high acoustic absorption can occur 

whenever lattice and internal molecular vibrational frequencies overlap. 
Resonance absorption has been calculated in the particular case of benzene and 
was also confirmed experimentally. The absorption arises because of complex 
nature of specific heat which leads to complex velocity. For a periodic variation 
of temperature at frequency the specific heat is of the form c= Cy + c’/[1+ (tw/K)] 
where K is the number of transitions per unit time and is given by 

jes 9A2(kRT)?>N* 

~ T6RVo Mom (472M) 


Rive Liebermann (1959) has shown that in molecular crystals resonance 
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The coupling parameter A, which is a measure of the strength of the inter- 
molecular binding forces, is a function of Lennard-Jones parameters ¢€, 7) and 
the intermolecular spacing d and is given by 


Uiv uu 
Lr Pr] 


U(r) = —4e [ (2) > (#)"] : 


The internal vibration frequency v), corresponds to the funaamental vibration 
and m1, the apparent internal vibrating mass. The parameter »,, is the Debye 
maximum lattice frequency and M is the molecular weight. N is Avagadro’s 
number, Rk is Boltzmann’s constant and h is Planck’s constant. 

As the acoustical frequencies are always much smaller than the transition rate 
K, the absorption is inversely proportional to the transition rate and a low value 
for the transition rate leads to large acoustic absorption. Inbenzene K=10°sec—}, 
which is a low value compared with transition probabilities for other processes. 

We have investigated the possibility of resonance absorption in solid cyclo- 
hexane. Solidified cyclohexane C,H,, forms cubic crystals which have a= 8-764 
at —40°c and 8-41 A at —70°c. The cubic units contain four molecules in a face- 
centred array. The frequency », in our calculation corresponds to the Raman 
frequency 382cm-, which according to Saxena (1940) belongs to 


where 


C 
ae ” 
deformation for which the force constant is 0-503 x 105 dynes. The values of 


the different parameters which we have used in our calculation are given in the 
table. 


Numerical Constants for Cyclohexane 


€ (Lennard-Jones parameterst) 4:47 x 10-14 ergs 

To (Hirschfelder et al. 1954) 6-093 x 10-8 cm 

d (intermolecular spacing) (Wyckoff 1953) 6-265 x 10-8 cm 

A (e€, 79, d) (coupling parameter) 0-206 x 10° erg cm-4 
Vm (Debye frequency) (Aston et al. 1943) 3 x 10?? sec! 

%, (internal vibrational frequency) (Rasmussen 1943) 1-146 x 1028 sec-1 

M (molecular weight) 84-16 g 

Mo, (apparent internal vibrating mass) (Saxena 1940) 3-645 g 

T (temperature) 273°K 


t In Liebermann’s paper the value of Lennard-Jones parameter, ¢ is wrongly quoted. 
It should be €/k =440°x or e=6-072 x 10-14 erg. ‘The coupling parameter A, calculated on 
the basis of the above parameter, however, does not differ much from that quoted in his 
paper and hence the rate of transition remains unchanged. ' 


_ The present calculations show that the transition probability K in solid 

cyclohexane is 0-76 x 108 sec, which is lower than that of benzene. Thus there 
exists the possibility of obtaining resonance absorption of larger magnitude in 
solid cyclohexane. 
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Anomalous Winter Absorption of Radio Waves 
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frequency of 24-3 Mc/s by a method used by Shain and Mitra (1953). 

This involved comparing the received power from a given part of the 

galaxy (a) at night, and (6) at a series of different times in daylight. This meant 
waiting for the season to change. The absorption was measured only on the 
days when interference from commercial senders was small (there were between 
7 and 15 in a month). The monthly mean values were then found, and the 
figure shows these plotted against the time of day, together with the standard 
deviation of the noon values. The period covered was January 1957 to May 1958. 
It is immediately noticeable that the average midday absorption in winter 
(December and January) is about twice as great as that in summer (June and 
July). It is possible that this difference could be related to the fact that the F 
layer critical frequency (f,F) is greater in winter than in summer. Thus an 
increase in fyF would decrease the angle of entry of the cosmic radiation through 
the ionosphere, thereby reducing the power received from outside; it would 


} { EASUREMENTS of the absorption of cosmic radio noise were made on a 


_also add some extra absorption as the wave traversed the denser Fregion. Simple 


calculations show however that neither of these causes could account for the 
observed winter increase in absorption. 

Now it is well known (see, for example, Whitehead 1957) that, at the latitude 
of Cambridge, the absorption of radio waves reflected from the ionosphere at 
midday in winter is very variable. Ona few winter days the absorption is small 
and can be related to that measured at midday in summer if it is supposed that 
log poc(cos x)” with n~1. On the majority of days, however, the absorption is 
considerably greater, and it can even approach that measured in summer, although 
+t seldom exceeds it. ‘This phenomenon has been called the ‘winter anomaly’ in 
the absorption of reflected waves. : 

If an attempt is made to relate the abnormally great absorption of cosmic 
radio waves in winter to the ‘winter anomaly > of reflected waves, two questions 


arise. First, were there any days of more normal absorption observed in winter: 


and second, why is the increased absorption of the cosmic radio waves so great in 
winter that the mean absorption is actually twice that in summer ? 
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In answer to the first question it should be noticed that, among the winter days 
there were, in fact, two on which the absorption was as small as 0-2 dB, and it is 
quite possible that these represented days of ‘normal’ absorption. The ratio of 
the absorption on these days to that on summer days is about 0-3, which is near 
the ratio of the corresponding values of cos x. 
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The diurnal variation of the absorption of cosmic radio waves measured on a frequency of 


24-3 Mc/s. Each curve represents the average results for between 7 and 15 days in 
each month. 


To answer the second question we note that, with the usual nomenclature, the 

frequency variation of absorption is given by 
—logp=Af{(wtw,+v}-7 — (1) 

if, for simplicity, it is supposed that all the absorbing electrons are at a level where 
the collision frequency is v. Now routine measurements of logp are made, in 
several places, for frequencies near 3 Mc/s, and equation (1) is used to deduce the 
magnitude of the quantity A, the assumption being made that (w+w,)?> v2. 

The resulting values of A are published by the Ionospheric Research Station 
at de Bilt, which is near enough to the latitude of Cambridge for us to be able to 
assume that the absorption should be roughly the same at the two places. If now 
we take these published values of A for summer midday and use equation (1) to 
calculate the expected absorption of our cosmic radio waves, making due allowance 
for the fact that they transverse the absorbing region only once, and that they are 
incident over a cone of angles, we arrive at values for logp quite close to those 
observed if it is assumed that v?<(w + w,)". When, however, we take the mean 
winter midday values of A published from deBilt, and perform the same calculation, 
we deduce a value for log which is about half the measured value. 

Suppose, however, a different assumption is made, that in equation (1) v 
is not necessarily negligible compared with w,+w,, when w, represents 
the frequencies used in the measurements from which A is determined 
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(e.g. w,=27x3x 108), but that v<w.+w, when w.,=27x23-4x 108, the 
frequency of the cosmic radio noise. Then we should find 
logp, _ (w+)? +" 
log p, (we +ez)? © 
The suggestion is now made that v?<(,+«,)? in summer and on ‘normal’ 
days in winter, but that on ‘abnormal’ days in winter vx w,+ w,. The ratio of 
the absorption measured on 24:3 Mc/s to that measured on frequencies near 
3 Mc/s, from which A is deduced, would then be in accordance with equation (1) 
in summer, but would be twice as great on the abnormal winter days. 
This suggestion implies that, on the majority of days in winter, which are of 
the ‘abnormal’ type, the absorbing electrons are largely concentrated near the 
level where v=, +, ~ 2-6 x 10’sec—. This level is at a height of about 60 km. 
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LETTERS TO THE EDITOR 
The First T=1 Level in ‘°F 


The low-lying levels of 18F are of considerable theoretical interest (Elliott and 
Flowers 1955, Redlich 1958), but the spins and parities of the four levels which have 
been found at excitations of 0-941, 1-044, 1-084 and 1-126 Mev have not yet been 
uniquely established experimentally. In particular, the position of the first 
T =1 level is in doubt, and its identification would be of value. Spin, parity and 
isobaric spin of 0+; 1 have been assigned to the level at 1-085 Mev and 0-; 0 have 
been assigned to the level at 1-044 mev (Ajzenberg-Selove and Lauritsen 1959, 
Kuehner, Almqvist and Bromley 1958, Macfarlane and French 1959). Recently, 
however, Hinds and Middleton (1959) have investigated the 16O (He, p)!8F re- 
action leading to these levels and they suggest that the first 7=1 level is more 
probably that at 1-044 Mev. 

() 
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Figure 1 (a). The angular distribution of the protons from the reaction 1O(t, p,)!8O. 
Figure 1(5). The angular distributions of the protons from the !*O(?He, p)'*F reaction 
leading to the 1-044 and 1-084 mev levels. These distributions are derived from the 
results of Hinds and Middleton (1959) and are reproduced for comparison. The 


full curve is the square of the spherical Bessel function Jo (Rr) multiplied by a slowly 
varying form factor. 


We have investigated the !6O(t, p)!8O reaction ata bombarding energy of 5-5mev 
and have obtained the angular distribution of the strong proton group leading to 
the ground state of 80. The distribution is shown in figure 1 (a), and it can be 
well fitted with the square of the spherical Bessel function Jo (Ar), where & is the 
linear momentum transfer in the (t, p) reaction. The angular distributions of 
Hinds and Middleton for the *O(?He, p)'*F reactions leading to the 1-044 and 
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1-084 levels are reproduced in figure 1(b). No absolute cross sections are 
available for the '*O(°He, p) reaction but the proton group leading to the 1-084 
level is extremely weak. The similarity of the angular distributions of the 
**O(t, Po)8O group to that of the 1*O(®He, p,)'8F reaction leading to the 1-044 
level is striking, and it is quite different from that of the *O(8He, pg) group. In 
fact it is also very different from the angular distributions from the (He, p) 
reaction leading to any of the four levels of !*F in the region of 1 Mev, though the 
remaining distributions are not reproduced here. 

It, is believed that the comparison of this result with those of Hinds and 
Middleton (1959), assuming a similar double stripping process for both the 
(He, p) and (t, p) reactions, removes any doubt that the first T7=1 level of 8F 
is that at 1-044Mev, which must then have spin and parity 0+ by comparison 
with the ground state of 1®O. No further positive parity states of spin zero are 
expected on the basis of the shell model calculations in this region of excitations 


and the most likely spin, parity and isobaric spin assignments for the level at 
1-084 Mev are 0-; 0. 
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University of Manchester. I, J. TAYLOR. 
11th March 1960. P. D. ForsyTu. 
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REVIEWS OF BOOKS 


Masers—Microwave Amplification and Oscillation by Stimulated Emission, by 
Gorpon Troup. Pp.x+168. (London : Methuen & Co., 1959.) 13s. 6d. 


Great advances in microwave techniques were made during the years 1940- 
1945 mainly due to their application to radar. During the next ten years, however, 
apart from the extension of these techniques to shorter wavelengths in the milli- 
metric band, no outstanding advances were made and the sensitivity of micro- 
wave receivers was only slightly improved. As so often happens in physics, a 
new burst of research activity in this field has recently been evident, resulting 
in major advances in technique. This is largely the result of the work of 
C. H. ‘Townes which showed that stimulated emission could be used to generate 
and amplify microwave radiation and of N. Bloembergen who showed that 
the principle could be applied very effectively to crystalline solids cooled to 
low temperatures. 

This small book aims at giving an account of the basic theory underlying 
the use of stimulated emission in the microwave region of the spectrum and 
describing recent developments of practical amplifiers and oscillators based on 
this principle—masers as they are called. The first three chapters deals with 
the former in anelementary manner. This is mostly standard theory as taught in 
many honours physics courses, and students may find the book useful in collecting 
together this material and presenting it in a logical sequence. The rest of the 
material in the book is rapidly becoming out of date owing to the extremely 
rapid development of the subject; this is evident at the very beginning since 
the book starts with “‘ notes added in proof”. This makes one wonder whether a 
book such as this is timely and whether the material would not have been better 
presented in the form of a review article. 

One has the feeling that the author is not always in touch with current 
practice although he is clearly familiar with the literature up to 1958. His 
terminology for discussing receiver performance is slightly confusing and is not 
in line with what is used in at least some of the leading laboratories in which 
research is in progress in this field. As an introduction to the subject the book 
will be found useful, but a second edition is already overdue if the book is not 
rapidly to become obsolete. R. A. SMITH. © 


Close Binary Systems, by Z. Korat. Pp. xiv+558. (London: Chapman and 
Hall, 1959.) 105s. 


Double stars whose components are too close together to be resolved in 
telescopes reveal their duplicity by the variations in their combined light and 
in their velocity displacement of spectral lines as the components revolve around 
each other. The study of such close binary systems has been of fundamental — 
importance to astronomy, for they alone provide us with individual masses 
and sizes of stars. Professor Kopal, a leading authority in this field, has now 
written a substantial book on this subject. A detailed treatment is given of the 
many intricate problems which arise out of the tidal interaction, the axial — 
rotations and the mutual reflection of a close pair, and which are relevant to 
the interpretation of observed light curves and velocity curves. There is also 
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a complete exposition of the author’s ‘iterative methods’, among other 

direct methods ’, of determining the elements of eclipsing binaries. These 
form the major part of the book and should be of the greatest value to specialists. 
The remainder (about one fifth), which can be read independently of the bulk, 
contains a fascinating survey of the whole subject, based on the classification 
proposed by the author, of these stars into ‘detached’, ‘ semi-detached ’ 
and ‘contact ’systems. ‘This last part should appeal to all students of astronomy. 
The great merit of the book is its comprehensiveness, though the text is marred 
in places by a tendency towards verbosity. T. KIANG. 


Symbolic Logic and Intelligent Machines, by E. C. BERKLEY. Pp.v+203. (New 
York: Reinhold; London: Chapman and Hall, 1959.) 52s. 


The reader is first introduced to the basic ideas of symbolic logic and Boolean 


_ algebra, the solution of problems by means of summarized Boolean rules and 


Venn diagrams, truth tables and the electrical and other interpretations of 
Boolean expressions. Surprisingly, although the summarized rules include 
negation, there seems to be no mention of the easily understood de Morgan’s 
theorem, which is a powerful and elegant Boolean tool for the circuit engineer. 
The author then deals with the concept of machine intelligence and shows that 
switching circuits can represent simple problems. More complex machines 
and the basic operations of computers are also considered. The switching 
elements are confined to mechanical switches and relays, but rectifiers are some- 
times included to prevent back-feeds. 

Although the book contains useful information, there must, unfortunately, 
be some adverse criticism. Some parts seem unnecessary. How many readers, 
for example, will have so poor a scientific background as to need the sentence 
(page 82) ‘‘ Now let us think of electric current as a flow of small marbles of 
electricity (electrons) along hollow tubes drawn as lines (actually wires) in the 
figure.” ? Yet this sentence has been given an index reference under ‘ Marbles, 
electricity, 82’. Again, a reader, intrigued by the index entries * Geniacs, 193’ 
and ‘ Tyniacs, 193’ will be disappointed to find on page 193, the bibliography, 
that they merely refer to the occurrence of these two words in the title of a 
publication by the author which, it is stated, is included in a certain constructional 
kit for making small electric brain machines. 

The standard of some of the diagrams is very poor, and the adoption of un- 
usual circuit conventions is irritating and unnecessary. Sometimes explanations 
and diagrams are not as helpful as they might be and the reader is left to sort 
things out for himself, not always successfully. An example of this occurs in 


the problem ‘Divorce Mill with Bigamy Alarm’ (page 171). After some 


general discussion, the Boolean circuit equations are finally listed; the text then 
ends abruptly with “ The circuits are shown in Fig. 14-6”. Prominently dis- 
played in this diagram are five two-way push-button keys. The two fixed 
contacts of each key are shown connected directly to a current sink (earth, 
according to the convention on page 82) and the moving contact, directly to a 
current source (small circle according to the convention). The reader, used to 
normal circuit conventions, must therefore be forgiven for concluding that five 
distinct short circuits across the supply are an essential feature of the problem. 
Investigation shows that these key circuits play no part in the problem; it is the 
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rest of Fig. 14-6 that matters. Why have they been included to confuse the 
reader is not explained and hard to understand. One cannot help feeling, there- 


fore, that insufficient care has been taken in the production of the book. 
C. E. WYNN-WILLIAMS, 


Space Charge Waves and Slow Electromagnetic Waves, by A. H. W. BEck. 


Pp. viii+396. (London, New York, Paris, Los Angeles: Pergamon Press, — 


1958.) 90s. 


In the early development of radio the existence of electron inertia formed one 
of the fundamental limitations in extending the range of wavelengths to cover 
decimetre and centimetre waves. At a somewhat later stage it was realized that 
these effects could be put to use, the klystron and cavity magnetron being 
instances where electron inertia is essential to the operation of the device. 

During the 1939-45 war the urgent need for centimetre equipment, though 
valuable in leading to the rapid exploitation of these techniques, encouraged the 


growth of the subject on an empirical basis. Each device tended to be treated — 
by the best ad hoc theory which could be used for intelligent prediction. The — 
advent of travelling wave tubes, magnetron amplifiers, carcinotrons, etc., made it _ 


obvious that all consist in one form or another of the interaction between’a space- _ 
charge wave in the electron beam and a system of cavities or lines in which slow _ 


electromagnetic waves can be set up. 


The present monograph is written with this in mind and stresses the essential _ 


similarity of operation of a wide range of devices. The treatment first applies 
Maxwell’s equations to the circuit in the absence of the beam and deduces the 
circuit properties in all slow wave structures of importance at the present time. 
This is followed by Maxwell’s equations again, modified by the présence of 
space charge, and used to describe the electron beam in the absence of the 
circuit. Space-charge waves play an important part in the description and their 
existence interprets and clarifies much of the earlier ad hoc theory. 

With these two sections done separately it is then possible to consider the 
interaction between circuit and beam in a sufficiently general way to include in 
the framework all the devices now in use. The result is a comprehensive study 
of the present-day u.h.f. valves all treated on a unified system which forms a most 
valuable step towards a general understanding of their operation. 

The cavity magnetron is not included, which is perhaps sensible as the beam 
and circuit geometries here are more difficult and the operation of the valve is 
less well understood. 

The author describes himself in the preface as an engineer and not a mathe- 
matician. His knowledge of the mathematical methods required in this work 
however is extensive and quite rightly in a monograph of this kind he uses the 
most appropriate mathematical formulation irrespective of difficulty. The 
serious reader who is doing work in the field either in research, design or teaching, 
will not object to this and will not find much difficulty in following the mathe- 
matics, especially as the steps are quite well explained. The casual reader who 
wishes to use the book as general education will find that pencil and paper will be 
necessary and so might be discouraged. : 

In conclusion the book can be recommended as being essential to those 
actively engaged in one way or another on microwave devices and undoubtedly 
forms a basic account of the subject which will be of value for a long time to_ 
come. R. LATHAM. 
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Figures 2 and 3. Micrographs showing typical tube extension and rupture processes in 
silicon-iron. 


Figure 6. Néel spike based on a group of large inclusions in silicon-iron. 
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